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Abstract. Let G be a group with the weak maximal condition on non-
permutable subgroups. We prove that if G is a generalized radical group
then G is either quasihamiltonian or a soluble-by-finite minimax group.
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1. Introduction

A group G is said to have the weak maximal condition, denoted by max-oo
if, in every ascending chain of subgroups

HisHsHys s Hy <o

at most finitely many of the indices |H; 1 : H;| are infinite. There is a corre-
sponding weak minimal condition, min-co, connected with descending chains,
these being natural generalizations of the maximal and minimal conditions
respectively. These concepts of weak maximal and weak minimal condition
were first discussed in the papers of Zaitsev [16-18] and Baer [1] who showed
that for soluble groups the conditions max-oco, min-co and minimax are
equivalent. Zaitsev [17, Theorem 5] also showed that a locally soluble group
with the weak minimal condition is a soluble minimax group.

More general conditions than the weak maximal condition have been
defined. For a property P, a group G is said to satisfy the weak maximal con-
dition on P-subgroups if there is no infinite ascending chain Hy < Hs < H3 <
-+ H, < --- of P-subgroups of G with each |H;;; : H;| infinite. Similarly,
we can define the weak minimal condition for P-subgroups by considering
descending chains. The structure of groups satisfying the weak maximal (re-
spectively minimal) condition on non-normal subgroups was investigated by
Kurdachenko and Goretskii [9] who showed that a locally (soluble-by-finite)
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group G satisfies the weak maximal condition (respectively, weak minimal
condition) on non-normal subgroups if and only if G is either a Dedekind
group or is an almost soluble minimax group. Also L. A. Kurdachenko and
H. Smith studied the structure of groups satisfying the weak minimal and
weak maximal conditions on non-subnormal subgroups in [10,11]. Groups
satisfying the minimal condition on non-quasinormal subgroups were studied
in [3].

In this paper, we investigate generalized radical groups satisfying the
weak maximal condition on non-permutable subgroups and recall that a
group is called generalized radical if it is the last term of an ascending normal
series whose factors are locally nilpotent or locally finite. We recall also that
a subgroup H of a group G is said to be permutable or quasinormal in G if
HK = KH for every subgroup K of G, a concept introduced by Ore [13]. We
shall often denote the weak maximal condition on non-permutable subgroups
by max-oco-qu. Of course the class of groups satisfying max-co-qn contains
the class of soluble minimax groups and also the class of quasihamiltonian
groups, those groups in which every subgroup is permutable. Such groups
were classified quite precisely by Iwasawa [7].

The layout of the paper is as follows: In Sect. 2 we obtain several prelim-
inary results that will be useful in the proof of our main theorem. In Sect. 3
we prove the main result of our paper which is as follows:

Theorem 1.1. Let G be a generalized radical group satisfying maz-oo-gn. Then
either G is quasihamiltonian, or G is a soluble-by-finite minimax group.

We note that similar results can be obtained for groups with the weak
minimal condition on non-permutable subgroups, some details of which ap-
pear in [4,5]. Our notation is generally that in standard use, where not ex-
plained, and can be found in [14]. The authors would like to thank the referee
for several suggestions that improved this paper.

2. Preliminary Results

It is clear that every subgroup and factor group of a group satisfying max-
oo-qn also satisfies max-oco-qn.

We note the following easily proved fact. Its proof appeared in [5] but
we give its simple proof for the sake of completeness:

Lemma 2.1. Let C < B < A be subgroups of a group G and suppose A, B,C
are permutable where |A : B|, |B : C| are infinite. Let x € G. Then at least
one of |A{x) : B(x)|, |B(x) : C(x)| is infinite.

Proof. Tt is easy to see that |A(x) : B(z)] = |A : B(AN (x))| and that
|IB(AN{(x)): B|=|AnN{(x): BN {(x)|, so
|A: B| = |A{z) : B(z)| - |[AN {(z) : BN {(x)].

We may suppose that |A{z) : B(z)| is finite. Then |A N (x) : BN (x| is
infinite, so BN (z) = 1. However, |B(x) : C{x)||BN{(z) : CN{x)| = |B: C]
also and hence |B{x) : C(z)| infinite. This completes the proof. O
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One consequence of this lemma is the following frequently used corollary:

Corollary 2.2. Suppose Ay < Ay < Az < --- is an ascending chain of per-
mutable subgroups of G with |A;1+1 : A;| infinite for all i. Let x € G. Then
there is a subsequence {ij};>1 such that |A;, (x) : A;(x)| is infinite for all
j=>1

The next result is also very useful.

Lemma 2.3. Let G be a group satisfying maz-co-qn and suppose that there are
subgroups X, Y with Y < X such that X/Y is a direct product of infinitely
many nontrivial subgroups. Then

(i) X is permutable in G.
(ii) X(z) is permutable in G, for all z € G.

Proof. (i) It is easy to see that X/Y = Dr;>1(C;/Y), where each of the
subgroups C;/Y is itself an infinite direct product of nontrivial subgroups.
Clearly, X = [],~, Cj, the product of the groups C;.

Let H = HiZl CQZ‘,Dn = ngn Cgi and let K = Hizl OQi—laEn =
[[;<, Coici. Then H < HEy < HE5 < - - is an ascending chain of subgroups
of G and |E,; : E,| is infinite for all n. Since G satisfies max-oo-gn there
is a natural number k such that HFE} is permutable in G. Similarly there
is a natural number [ such that K D; is permutable in G. It follows that
X =HK = HE; KD, is permutable in G.

(ii) By Part (i), Cj is permutable in G, for each k > 1. If we write
L, = C1Cy---C, we have an ascending chain L1 < Lo < L3 < -+ of
permutable subgroups of G with |L,,11 : Ly| infinite for all n.

Fix z € G. By Corollary 2.2 there is a subsequence Ly, < L, < L, <

- such that |Ly,, (x) : Ly, ()| is infinite for all [ > 1. Since G satisfies
max-oo-qn there exists a positive integer m such that Ly, (z) is permutable
in G. Since [, 4, =L, is permutable in G, we deduce that X (z) is permutable
in G, as required. O

We continue this section of preliminary results with the following useful
lemma. In general, even the intersection of two permutable subgroups need
not be permutable.

Lemma 2.4. Let G be a group satisfying mazx-oo-qn and suppose that G con-
tains subgroups L,B with L <« B. Suppose that B/L = Dr;>1C;/L and
Ci/L = Drj>1B; ;/L. Then Ni>1Ci(x) = L{z) for all x € G. In particular,
L is permutable in G.

Proof. We note that, by Lemma 2.3, C; is permutable in G and hence we
can form the subgroups C;(z), for each x € G. Let d € N;>1C;(z). Then
d € C;i(z) for all i and we may write

d = cpx'™  for all n, (1)
where ¢, € C,, and i, € Z for each n. This implies c,;il cp = a1 g7 €

BN {(z) for all k. If BN (x) =1, then ¢, = ¢; for all k,j, so ¢; € Np>1Cx =L
and hence d € L(z). Therefore, L(x) = N;>1C;(z) in this case.
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Assume that B N (z) # 1. Then there exists [ # 0 such that 2! € B.
Then, for some natural number k # 0, we have 'L € Dr*_,C; /L. Let W/L =
Dr;>xCi/L. If W N (x) # 1, then there exists m € Z such that 2™ € W so
that @™ L € Dr;~;C;/L. This implies that x!™ € L, so there exists a positive
integer u such that LN (x) = (x#).

Now, in Eq. (1), we write i; = ug; +r; with 0 < r; < u and observe
that d; = c¢;a2%" € C;. Equation (1) then becomes

d=d,z"™ for all n.

Since 0 < r; < p, there are infinitely many r; with a common value t.
Therefore,

dx~t e miZlci =L

and consequently d € L(x). Therefore, N;>1C;{x) = L(z), so L{zx) is a sub-
group of G, for each z € G and hence L is permutable in G. This completes
the proof. O

We conclude this section with a further elementary lemma which helps
us handle elements of finite order:

Lemma 2.5. Let G be a group satisfying maz-co-qn and let x,y € G, where
y has finite order. Let L < G and suppose that {Ax}r>1 is a collection of
subgroups of G such that L is a normal subgroup of Ay for all k. Suppose that
(Ar : k > 1)/L = Dry>1 A;j/L. and Ap(x)(y) is a subgroup for all k. Then
L{z){y) is a subgroup of G.

Proof. First suppose that  has finite order. It suffices to show that Ny>1 A
(x)(y) € L{z)(y). Suppose that d € Ng>1Ax(x)(y). Then d € Ay(x)(y) for
all k£ and we have

d = apx'"yin  for alln > 1, (2)

where a, € Ay and iy, jir are non-negative integers for all k. Since both x
and y have finite order we may assume that 7,, = i,,1 and j, = j, 11, for all
n > 1. Denote these common values by r, s respectively. Then, from (2), we
have d = a,x"y*, for all n, where a,, € A,. Then a,, = a,41, for all n > 1
and it follows that a1 € N;>14; = L. Hence d € L{z)(y), as required.

Now let x have infinite order and write Dr;>1A4;/L as Dr;>q (Dr >1
B, ;/L), where for each 4,j, B;; = Ay for some k and then set C;/L =
DerIBi,j/lh

Suppose that d € N;>1C;{(z)(y). Then d € C;(zx)(y) for all i and hence
we may write

d = apz'ry’» foralln > 1,

where a; € C;, iy € Z, ji is a natural number. As earlier, we may assume
that j, = jn4+1 =7, for all n > 1 and some fixed natural number r. Then it
follows that dy~" € N;>1CY%, (z). However, N;>1C;(z) = L{z) by Lemma 2.4.
Therefore, d € L{x)(y) and hence L{z)(y) is a subgroup. O
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3. The Proof of the Main Theorem

Theorem 3.1. Let G be a group satisfying maz-oo-qn. Suppose G contains
a subgroup B of the form By x By X B3 x -+, with B; # 1. Then G is
quasihamiltonian.

Proof. Since B is an infinite direct product we can write B = Dr;>; C}, where
Cj =Dr;>1B;; and |Drj<;11 C; : Drj<; C;| is infinite. By Lemma 2.3, each
C; is permutable in G. Clearly N;>1C; = 1.

Since CY is an infinite direct product it contains an ascending chain

D <Dy <D3<--- <0

of permutable subgroups D; such that |D; ;1 : D;| is infinite for all i. Clearly
we may choose D; to also be a direct product of infinitely many non-trivial
factors.

Fix k and z,y € G. An easy argument involving Corollary 2.2 allows us
to assume that |D; 11 () : D;i{x)|, |Diy1{y) : D;{(y)| are both infinite and since
G satisfies max-oo-qn, there exists a positive integer I such that D;(z), D;(y)
per G. We let D; = Ey, so Ep(z), Ex(y) are permutable in G and Fj is
a direct product of infinitely many non-trivial factors. This implies that
Ei(x)(y) < G for all k and hence Ng>1 E(x)(y) < G. Of course Ng>1 By, = 1.

We claim that Ng>1Ex(x)(y) = (z)(y) and Lemma 2.5 shows that this
is true when at least one of x,y has finite order. Thus we assume that x,y
both have infinite order and it is then easy to see that we may assume (z) N
Er = (yy N E, = 1 for all k. Since each Fj is permutable a theorem of
Stonehewer [15, 13.2.3] shows that =,y € Ng(FEy) for all k, so E < Ex(x)(y).
Furthermore, for each k, either Ei(x) N (y) = 1 or Ex(z) N {(y) # 1, so, by
deleting terms as necessary we may assume that either Ej(x) N (y) = 1 for
all k, or Ey(z) N (y) # 1 for all k.

In the former case [15, 13.2.3] implies that Ey(z) < Ei{(x)(y) for all k,
50 Ng>1Ex(x) < Nk>1Ek(x)(y). Lemma 2.4 shows that Ng>1 Ex(x) = (x), so
(x) < Ex(x)(y) and (x)(y) is a subgroup. Thus (z){y) = (y)(x) in this case.

In the latter case we first assume that (z) N (y) # 1. Let d € Ng>1Ek

(x)(y), so
d=epzny’m for all n € N.

Since (z) N (y) # 1, we have 2" = y*® for some r, s € Z. Also j, = sqn +
rn, where 0 < 7, < s. Hence ainryin = gintrnymm — glny™ for alln € N
where [,, = i, + r¢q,. Since, 7, < s, we may assume that r,, = 7,11 = t,
for some fixed natural number ¢, for all n € N. We deduce that dy~? €
Nk>1Ek{x) = (x), using Lemma 2.4. Hence Ng>1Ex(z)(y) = (z)(y), a sub-
group of G.

Finally, we suppose that Ey(z) N (y) # 1 for all k and (z) N (y) = 1. We
let E = FE; X E3 x --+ and note that we may assume E N (y) =1 = E N (x).

Suppose that d € Np>1 By (z)(y) and write

d=z""e,y’m forallm €N,
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where e € Ejy. We recall that Ej is normalized by (x,y). Notice that if
i, =i for r # s, then ey’ = eyy’s and since EN (y) = 1 we deduce that
er = es =1, 50 d € (z)(y). Similarly if j, = js, then d € (z){y).

For all distinct 7, s the equation z're,y’" = x%e,y’s implies that

x(ir_is) — esfry(js_jr),

for some element f,. € E,., since (z,y) < Ng(E,). Thusif r, s, m,n are distinct
we have

T N dm—i
(il'lr ls) m—1ln asay (yjb J,,,) m—1ln
C i, i
and (ac“” l") " =aman (y]" ]m) e

for certain elements a; € F;. It follows from these two equations that a; = 1,
for i = r,s,m,n, since EN (y) = 1. This implies that (js — j,)(im — in) =
(Jn — Jm)(@r —is) = 0, since (z) N (y) = 1, S0 iy = 45 OF jy, = jm. It follows
that Ng>1E%(x)(y) = (x)(y) is a subgroup in this case also. Consequently G
is quasihamiltonian. O

The proof of our next result is very similar to that given in [3].

Theorem 3.2. Let G be a locally finite group satisfying max-oco-qn. Then either
G is quasihamiltonian or it is a Chernikov group.

Proof. Suppose that G is not a Chernikov group. Then, by a Theorem of
Shunkov [8, Theorem 5.8], G does not satisfy the minimal condition on abelian
subgroups. Therefore, G contains an infinite abelian subgroup A, which is not
Chernikov and it is easy to see that A = Dr;>1 (a;), where each a; has prime
power order. The result now follows from Theorem 3.1. O

Theorem 3.2 allows us to easily prove the following proposition:

Proposition 3.3. Let G be a generalized radical group satisfying max-co-qn.
Then G s radical-by-finite.

Proof. Let R be the maximal normal radical subgroup of G' and suppose
R # G. Then there exists N <G such that R < N and N/R is locally finite.
Let L = G/R and suppose K is the maximal normal locally finite subgroup
of L. Since K satisfies max-oo-qn it is either quasihamiltonian or Chernikov
by Theorem 3.2. If K is quasihamiltonian, then K is locally nilpotent, so K
is trivial by the choice of R. Thus K is Chernikov and hence finite.

If L is infinite then K # L and the locally finite radical of L/ K is trivial.
Hence there is a nontrivial normal torsion-free locally nilpotent subgroup
M/K of L/K. Since

Cr(K) ~ Cr(K)/Co(K) N K ~ Cr (K)K /K

it follows that Cs(K) is locally nilpotent. Also L/Cp(K) is finite so Cps(K)
is infinite, contradicting the choice of R. The result follows: O

Our next result generalizes Theorem 3.1. There is a more general version
of this result, but the one given is suitable for our purposes.
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Proposition 3.4. Let G be a generalized radical group satisfying max-co-qn.
Suppose that G contains an abelian subgroup A that has a subgroup K such
that A/ K is periodic and w(A/K) is infinite. Then K(x)(y) is a subgroup for
all z,y € G.

Proof. Let x,y € G. As in the proof of Theorem 3.1 we may write A/K =
Drj>; Cj/K where each C;/K is an infinite direct product of non-trivial
groups, for all 7 > 1. By Lemma 2.3, each C; is permutable in G and, as in
the proof of Theorem 3.1, C; contains a subgroup E; such that K < E; and
E;,E;(x), Ej(y) are permutable. Furthermore, we may assume that E;/K
is a direct product of infinitely many non-trivial factors. Then E;(z)(y) is a
subgroup for all j and hence N;>1 E;{(z)(y) < G.

If x,y € G and at least one of z, y has finite order then we use Lemma 2.5
to deduce that K (z)(y) = M;>1E;{(z)(y). Hence K (z)(y) is a subgroup of G,
so we may assume that x and y are both elements of infinite order.

If E;{(z) N (y) =1 for all ¢ > 1, then by [15, 13.2.3], E;(z) < E;(x)(y)
for all i. Therefore, N;>1 E;(z) < N;>1E;(x)(y). Since N;>1 E;(x) = K(x), by
Lemma 2.4, it follows that K (z)(y) is a subgroup in this case.

Consequently we may suppose that F;{(x) N (y) # 1 for all i. Suppose
first that (x) N (y) # 1.

In this case we have ©" = y® for some r, s # 0. If d € N;>1E;{(x)(y),
we have d = b,z'»yi», for all n, where b; € By, iy, jr € Z. We write jp =
Qs + 1k, 0 <rp <sand lp =1 + rqgr to reduce this, using 2" = y°, to

d=bpalry™. (3)

Since r, < s, we may assume that r,, = r,,11 = r, for all m. Then Eq. (3)
reduces to

d = by, a:l"yr,

so dy™" € Np>1E,(z). Now Lemma 2.4 implies that dy=" € K(z) and,
therefore, d € K (x)(y). Hence N;>1 E;(x)(y) = K(x)(y) is a subgroup in this
case.

Hence we may suppose that E;(z) N (y) # 1, for all ¢ and (z) N (y) = 1.
In this case suppose that E1 N (y) # 1 and that d € N;>1 E;{(z)(y). As usual,
write

d = z'b,y’m  for all n. (4)
Since E1 N (y) # 1 and E, /K is periodic, it follows that K N (y) # 1 Hence
Kn(y) = (y*) for some p # 0. Thus y* € E; for all i. We write ji = qru+rg
where 0 < 7, < u, for some ¢y € Z and ¢, = bpy"?* € Ej. Then, from
Eq. (4), we have
d=z"c,y™.

Since, 0 < 7y < u, we may assume that r,, = r,,+1 =, for all m € N. Then
dy™" € Nj>1E;(z). By Lemma 2.4, dy~" € K(z) sod € K(x)(y) and K(x)(y)
is a subgroup of G in this case.

Finally, we suppose also that Fy N (z) = 1 = E; N (y) so, by [15,
13.2.3], z,y € Ng(E;) for all i. Hence z,y € Ng(K) and we can form the
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groups F;(x)(y)/K. By Theorem 3.1, N;>1 E;(z)(y)/K = (Kz)(Ky). There-
fore K (z){y)/K is a subgroup of E;{x)(y)/K and hence K (x)(y) is a subgroup
of G. O

We use this to prove the following theorem:

Theorem 3.5. Let G be a generalized radical group satisfying max-oo-qn. Then
either G is quasihamiltonian, or G is soluble-by-finite of finite rank.

Proof. Since G is a generalized radical group satisfying max-oo-qmn, it follows,
by Proposition 3.3, that G is radical-by-finite. Let N be a normal radical sub-
group of G such that G/N is finite. Now, we consider the abelian subgroups
of G. If G contains an abelian subgroup A of infinite rank, then A contains
a subgroup of the form A; x Ay x Az x --- it follows, by Theorem 3.1, that
(G is quasihamiltonian.

If all the abelian subgroups of G have finite rank, then, by the Baer—
Heineken Theorem [2], G also has finite rank. We prove that G is soluble-by-
finite in this case. Clearly we may assume that G is non-quasihamiltonian.
Since G has finite rank [6, Theorem A] implies that there exist normal sub-
groups 1 <T < L < M < G such that T is locally finite, L/T is a torsion-free
nilpotent group, M/L is a finitely generated torsion-free abelian group and
G /M is finite.

Since T satisfies max-co-qn, Theorem 3.2 shows that T is either quasi-
hamiltonian or Chernikov. If 7" is quasihamiltonian, then 7' is locally nilpo-
tent, so T = Drye, T, where 7 is a set of primes. If |n| is infinite then G
is quasihamiltonian by Theorem 3.1. Therefore, |7| is finite. Since a locally
finite p-group of finite rank is Chernikov each 7}, is Chernikov and hence so
isT.

Without loss of generality, we may assume that 7" is finite. Since

Cu(T)/C(T) = Cu(T)/Cu(T)NT =~ Cy(T)T/T

is soluble, Cp/(T) is soluble. Moreover, G/M and M/Cy;(T) are finite, so G
is soluble-by-finite. This completes the proof. O

We now prove our main theorem, mentioned in the Introduction.

Proof of Theorem 1.1. 1t follows by Theorem 3.5 that if G is not quasi-
hamiltonian, then G is a soluble-by-finite group of finite rank. To prove the
theorem we may assume that G is soluble and, for a contradiction, not mini-
max. Then G contains an abelian subgroup that is not minimax, by a result
of Baer [14, Theorem 10.35]. Let A be such an abelian group and note that
A contains a finitely generated torsion-free subgroup K such that A/K is
periodic and 7(A/K) is infinite. Hence A contains a collection of subgroups
K; < K such that K/K; is finite and N;>1K; = 1. It follows that A/K; is
a periodic group such that 7(A/K;) is infinite. Using the first part of the
argument of Proposition 3.4 we see that G has a torsion subgroup. Indeed if
x,y € G are both of finite order, then we can form the groups K;{(z)(y) and
then their intersection D = N;>1K;{(x)(y). If d € D, then d = k;x™y™ for
certain k; € K;,m;,n; € Z. Since =,y have finite order we may assume that
m; = r,n; = s, for fixed integers r, s and then we see that k; = k; for all ¢, j.
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Since N;>1K; = 1 this implies that k; = 1 for all ¢ and hence D = (z)(y),
so that (x)(y) = (y){(x). (Indeed using an argument similar to that given in
the proof of Lemma 2.4 it is possible to show that (z)(y) is a subgroup when
only one of these elements has finite order.)

Thus G is generated by its elements of infinite order and we let x,y be
two such elements. We claim that K contains a subgroup F' of finite index
such that x,y € Ng(F). Proposition 3.4 implies that each subgroup of K
of finite index is permutable in G. Since K is permutable in G, [15, 13.2.3]
implies that if K N (z) =1 and K N (y) = 1, then z,y € Ng(K) and we let
F = K in this case. If K N (z) # 1, then |K(z) : K| is finite, so there is a
normal subgroup F of K (z) contained in K such that K(z)/F is finite. Since
F is permutable, if F'N (y) = 1, then F' is also normalized by y and our claim
follows. If F'N (y) # 1, then,

[F() () : F = [F(x){y) : F(x)| - |[Flz) : F|

is finite and there is a normal subgroup X of F(x)(y), lying in F', such that
x,y € Ng(X) and |F(x)(y) : X| is finite. We note that the group X {(x)(y)
is polycyclic. Furthermore X" is normalized by z,y, for all natural numbers
r. Let N be a normal subgroup of X (z)(y) of finite index. Since X (z)(y)/N
is finite, there is an integer k such that X* < N. Of course X*(x)(y) is a
group, so X*(x)(y) = X*(y)(x). Hence N(z){y) = N(y)(z). We now invoke
[12, Theorem A] to deduce that (z){y) = (y){(x). Since x,y were arbitrary
elements of G of infinite order, we deduce that G is quasihamiltonian, which
is the contradiction sought. The result follows. O
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