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Abstract. In this paper, we establish the existence of a positive solution
to
{ fMj\’,A(DQu) = 7““?0“”) —nh(z)u? in Q
u=20 on 897

where €2 is a smooth bounded domain in R, n > 1. Under certain condi-
tions on k, f and h, using viscosity sub- and super solution method with
the aid of comparison principle, we establish the existence of a unique
positive viscosity solution. This work extends and complements the ear-
lier works on semilinear and singular elliptic equations with sublinear
nonlinearity.

Mathematics Subject Classification. Primary 35J60, 35B09; Secondary
35J75, 491.25.

Keywords. Pucci’s operator, Positive solutions, Singular and sublinear
nonlinearity, Viscosity solutions.

1. Introduction
The goal of this paper is to establish the existence of a positive solution to
—M;A(DZU) = “k(”;# —nh(z)u? in Q
{ u=0 on 012,

where Q C R", n > 1is a smooth bounded domain, 0 < «, ¢ < 1 and pu,n are
nonnegative parameters and M7 1.4 is the extremal Pucci’s operator, defined
below. We will specify the conditions on k, f and h later. For a given A\, A
satisfying 0 < A < A < oo, extremal Pucci’s operator is defined as follows:

/\/l AZelJr)\Zez,

e; >0 e; <0

(1.1)

where e;s are the eigenvalues of M and M € S,,«,, where S, «, is the set of
all n x n real symmetric matrices. In case when A\ = A =1, it is easy to see
that
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M;A( 2u) = Au.

There have been a good amount of research works for singular semilinear
elliptic equations of type

—Au = 7”]“("2)(30(“) —nh(x)u? in Q
u>0 in Q (1.2)
u =0 on 0f,

where a > 0. These problems arise in several branches of engineering and
sciences and also have interesting applications such as steady state of thin
films [1,2], modeling of MEMS devices [21]. There is a vast literature on
this subject, but we just name those article which are closely related to this
article. Crandall et al. [12] studied (1.2) for the existence of a solution in case
when pf(u) = 1 and n = 0. Lazer and Mackenna [19] also dealt with the case
pf(u) =1 and n = 0 in (1.2) and established the existence and regularity
results for the solution at the boundary.

Recently, Yijing and Wu [29] established the existence of a solution to
(1.2), where ¢ > 1 and nh(z) = —y > 0 and pf(u) = 1. Their precise theorem
says that 3 4* > 0 such that (1.2) has a solution for all v € (0,7*) and no
solution for v > v* see also [10,11]. Very recently, Yijing [30] established the
existence of a solution to (1.2) in case when puf(u) =1andn = —1 and o > 1.
There are several other interesting papers in this direction which deals with
similar type of singular equations as (1.2), see for instance [5,6,18,20,27,28]
and the references therein.

We remark that recently fully nonlinear elliptic equations with singu-
larity has been considered in [16], where the authors showed the existence,
uniqueness and regularity of the solutions up to the boundary. When g = 1 in
(1.1), then this kind of equations are studied in [16] and for the choice of
kE(x) = 0 in (1.1), this equation reduces to the equation considered in [22].
There have been also a good amount of interest on the existence and regu-
larity questions to equations involving extremal Pucci’s operator, see [14,15],
where authors obtained Hélder estimate for the gradient of positive viscosity
solutions of a class of fully nonlinear elliptic equations, including the extremal
Pucci’s equations without singular nonlinearity and see also Theorem 2 [16],
where authors obtained the regularity for the solutions of (1.1) up to the
boundary when n = 0. For the existence of eigenvalue, maximum principle
and related regularity questions to fully nonlinear homogeneous operators
and for the Dirichlet problem for singular fully nonlinear operators, we refer
to [3,4]. For the recent developments on this area, we refer to survey paper
[26]. Now, in the context of above research works, it is natural to ask whether
can we obtain the existence of a positive solution to an equation which in-
volves extremal Pucci’s operator and singular and sublinear nonlinearity?
The aim of this paper is to answer this question. More precisely, we establish
the existence of a positive viscosity solution of (1.1). Due to nondivergence
nature of the operator and singular and sublinear nonlinearity occurring in
(1.1), it is of much interest to study (1.1), where the standard tools are not
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applicable. We use the viscosity sub- and super solution method and com-
parison principle to establish the existence of a unique viscosity solution to
(1.1) under certain conditions on k, f and h and using standard arguments,
we show the nonexistence of the solution to (1.1). We consider the cases
f(0) >0, f(0) =0, and f(0) < 0, separately for the existence of a positive
viscosity solution. There is a lot of research works for the existence of positive
solutions to semilinear elliptic equations (1.2) in these cases but as far as our
understanding goes, there is not much work available for equations involving
extremal Pucci’s operator with singular and sublinear nonlinearity.

This work complements and extends earlier research works on singular
elliptic equations due to the following:

(1) In contrast to [30], this work establishes the existence of a solution to
(1.1) which involves extremal Pucci’s operator and where n > 0 and
0 < a < 1. This work complements the work of [30] even for fully
nonlinear equations in the sense of viscosity solution.

(ii) This work extends the work of [9-11,19,29] and many others to extremal
Pucci’s equation in the framework of viscosity solution at least in case
when 0 <a<1,0<qg<1.

We organize this paper as follows. Section 2 deals with the preliminaries and
the auxiliary results which are needed in the proof of our main results. In Sect.
3, we state and prove the existence of a unique viscosity solution to (1.1). We
also show the monotonicity of the solution with respect to the parameter 7.
Section 4 deals with the case f(0) = 0. In Sect. 5, we establish the existence
of a positive solution in case f(0) < 0. We establish a nonexistence result in
Sect. 6. Finally, two examples illustrating the main results are constructed in
Sect. 7.

2. Preliminaries and Auxiliary Results

We begin this section with the basic definitions and auxiliary results which
have been used in this paper.

Definition 2.1. A function v € C() is an L"-viscosity subsolution (superso-
lution) of (1.1) in Q if for all ¢ € ngocn(Q) and a point = at which u — ¢ has

local maximum (minimum) we have
essliminf, . (— M , (D?¢) — 22O | pp(y)ut) <o,

2.1
(ess limsupyéx(—/\/lx) (D?¢) — y)f u) +nh(y)u?) > 0). 2

When a function satisfies an equation or inequality in the L™-viscosity
sense, then we will simply say that equation or inequality holds in the vis-
cosity sense.

From the definition of Pucci’s extremal operator, it is easy to see that

ML A(=M) = =M; (M) (2.2)
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and
MK_A(M) + M AV) < M:\"—,A(MJFN) < M:\"_A(M)
+ ML A(N), VM,N € Spun (2.3)

Lemma 2.2. (Lemma 2.2 [22]) Let 2 be a regular domain and let u € VVlQOC"(Q)

NC(Q) be a nonnegative solution to
M; A (D?u) +e(@)u <0 in €, (2.4)

with c(z) € L*(Q). Then either u vanishes identically in Q or u(z) > 0 for
all x € Q. Moreover, in the latter case for any xg € OQ such that u(xg) = 0,
then

u(xg — tv) — u(zg)

lim sup

<0,
t—0 t

where v is the outer normal to Of).

Theorem 2.3. (Theorem 5 [16]) Let fi, — f in L™(Y). Suppose that uy is
L"-viscosity solution of

{ —MIA(DQU;C) = fk n

up =0 on 09, (2:5)

and the sequence uy, is bounded in L>°(Q). Then a subsequence of {uy} con-
verges uniformly to a function u which satisfies

{ ~MS (D)= f  in Q

u=0 on 0S. (2.6)

The following eigenvalue problem is considered in [23], see also [7].

Theorem 2.4. [Theorem 1.1 [23]] Let us consider the following boundary value
problem
—M;\"A( 2u)=pu in Q
u>0 in (2.7)
u=0 on Of).

Then there exists ¢ € I/Vlif(Q) N C(Q) for all p < oo and py > 0 such that
(¢, i) is a solution of (2.7). Furthermore, any other solution of (2.7) is of
the form (ui, ko) for k> 0.

The following theorem is a consequence of the characterization of the
eigenvalue; see [23] for the complete details.

Theorem 2.5. If u € W2™(Q) N C(Q) is a solution of

loc

{ MIA(DQU) +nu>0 in Q

u<0 on 09, (2:8)

for some n < pi, then u <0 in Q.
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3. Existence of a Positive Solution

Let us consider Equation (1.1), where we assume that k, f and h are nonneg-
ative continuous functions unless otherwise stated and u,n are nonnegative
parameters. Since the problem under consideration is fully nonlinear and sin-
gular in nature, we regularize this problem and use the notion of the viscosity
solution to prove the existence of a viscosity solution by passing the limit in
the sequence of solutions to the regularized problem corresponding to (1.1).
Let us consider the following regularized problem corresponding to (1.1):

(S5) { —Mj’A(DQu) = uk(fl];gg) —nh(x)u? in Q

u=20 on 0f),

for each § > 0. We denote the solution of S5 by us and if § = 1 , then the
solution will be denoted by w,, and equation by S,, instead of 'Z,Ll and S 1,
respectively. We start by proving the following comparison lemma which is
valid for all § > 0, which will be used later in the paper.

Lemma 3.1. Suppose h,k are nonnegative continuous functions on §) and f
is a nonnegative nonincreasing continuous function. Let u,v € C(Q) satisfy
the following inequation in the viscosity sense

M A(D?u) + m — nh(z)u? <0 < MY, (D)
k(z)f(v) ¢
+/~Lm —nh(x)v? in Q

and u > v on 0. Further, if either u € V[/lic orv € WZQOC" then u > v in Q.

Proof. We prove this lemma by method of contradiction. Let us consider
A={z e : v(z)>u(x)}.
If A # ¢, then A is an open set and also

M (0%0) I eyt - w5 (0%) - )
+nh(x)v? <0 in A.
That is,
f) W)

M A (D)~ M5 (D7) + k() | L
+nh(z)(v? —u?) <0 in A

As f is a nonnegative nonincreasing function, the second and third terms are
nonnegative on A and therefore we get the following

M A (D?u) = M\ (D*0) <0 in A,
which implies

MLA(D (u—v)) <0 in A
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Now, as u = v on 04, so by the maximum principle, see (Corollary 3.7(2) [8]),
we get u > v in A, which contradicts the definition of A and hence the lemma
is proved.

Lemma3.1 implies that positive solutions u,, of 5,, form an increasing
sequence because u, and u,1 satisfy
M ADung0) + ppHsie —h(z)ul 1y = 0 < M (D%up) o)
R houg.

The following theorem establishes the existence of a viscosity solution to the
regularized problem.

Theorem 3.2. Suppose that h and k are bounded nonnegative continuous func-
tions such that info k > 0 and f is a nonnegative, nonincreasing continuous
function with f(0) > 0. Then for any positive 0 < § < 1, there exists a
unique solution us of Ss. Furthermore, there are positive constants m, M
independent of § such that

mo < us < Mo+ ¢, (3.2)
where 0 < B < 1 and ¢ is defined in Theorem?2.4.
Proof. Since f(0) > 0, so by the continuity of f, we can find an € > 0 such

that f(s) > 0 for s € [0,¢]. Let us define a constant ¢ = inf o f(s) > 0.
Choose m > 0 sufficiently small such that

¢ < pinfo k(z)e
— (m|@lle ) + 1)06(MIL||¢HL°°(Q) + 77||hHL°O(Q)||¢q”L°°(Q))7

and m| @~y < € where ¢ is defined in Theorem 2.4, which is always
possible as cpinfg k£ > 0. This value of m satisfies

info k(x)ep
(mo(z) + )

muf ¢(x) < - st;zp h(z)mipi(x) for x € Q.

That is,
k(z)pf (me)
(m¢ +6)~
Thus u = m¢ is a subsolution of the problem S;.
Let us consider v = M ¢+ ¢, where 3 < max{(aQTU, 1}, and again ¢ is
the eigenfunction from Theorem 2.4. After differentiating twice, we get
D*v = MD*¢+ (8 —1)¢"">D¢ @ Do + B¢ D¢,

where z ® z is an n x n matrix with (4, j)-entry z;z;. Let us calculate

—M;A(D2m¢) < — h(x)(m¢)? in .

L

+ﬂ¢ﬁ 1D2¢) + k() f(Mp+¢°) _nh(x)(M¢+¢5)q

{M+< v)+ER2L —ph(2)vt = M\ (MD?¢+53(3-1)¢°2D¢ ® D¢
(M op+¢pP+0)e

(3.3)
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Now, using Inequalities (2.2),(2.3) to (3.3) and noting that ¢ is an eigenfunc-
tion, we obtain

M A(D20)+ DI _ph(ays < MY, (MD?¢)+ MY, (B(B—1)6~2D¢ & Do)
+M3\~_ A(BpP—1D2¢) + %}\W
k(@) (Mé + 679
= —Muté— B(1— B)dP—2\D|> — Bui ¢°

B8
+uk(z)(f;é\;1:1>+d> ) _ nh(z)(Me + ¢P)4.

(3.4)
Here in the last inequality, we have used that

M A(B(B—1)¢° "D @ Do) = —B(1 — B)A|Dg|*¢" 2,

which is a consequence of (2.2), 5 — 1 < 0 and the fact that D¢ ® D¢ has
|D¢|? as the only nontrivial eigenvalue. From (3.3), we get

M A (D20) + “EEEL) — ph(@)ot < — Ml ¢+ [uk(@) f(M + ¢#)p=P+2-5
—B(L = HAIDY|?|¢7~2 —qh(x)(M + ¢°)
< My ¢ + k(@) f(0)§— 420
—B(L = HAIDY|?|¢7~2 —qh(a)(M + ¢°)7.
(3.5)
The last inequality follows because f is nonincreasing function and M ¢+¢° >

0. Further, since ¢ = 0 on 99, and ¢ € C*(Q) so by Lemma 2.2, there exist
a neighbourhood, say N of 92 and a constant L > 0 such that

|D¢| > L >0,
in N. So we can find some constant C > 0 such that
B(1— )" 2ADY* = Cp72 in N. (3.6)

Now, since 2 — 3 > af and ¢ = 0 on 9€, so from (3.5) and (3.6), we can find
M > 0 such that

pik(x) f (v)
(v+0)~

On the other hand, in Q\N, by choosing M > 0 large enough in (3.5), we
find that v satisfies (3.7) also in Q\N. Thus v satisfies Equation (3.7) in
Q and therefore v is a supersolution of Ss. Now by using subsolution v and
supersolution v, constructed above and applying monotone iteration method,
we find a solutions us of Ss which vanishes on 9f). Furthermore, we can choose
M large enough such that (3.2) is also satisfied. Also, by using regularity
results of [24](see Theorem 3.1 and also Theorem 2.1, Theorem 4.1 [25]), we
find that us € W2 (Q).

Mj\LA( v) + —nh(z)v? <0 in N. (3.7)

Theorem 3.3. Under the assumptions of Theorem 3.2, there exists a unique
solution u of (1.1).
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Proof. Let us choose a sequence d,, = % and corresponding solutions u,,
obtained in the above theorem. As u, satisfies the following equation
k n
0= M\ (D?uy) + W — nh(z)ul < M 5 (D)
; U+ * .
k n
NG TCR I
q
(Un + Py
So we have
k(@) f (1 41)

M:,A(Dzurﬁl) + - nh(x)ungl =0< M;\F,A(D%‘n)

J )

(i o)

in Q. Therefore by Lemma 3.1, we find that u,, is a monotonic increasing
sequence satisfying Inequality (3.2). Further, by using the standard diagonal
argument and Theorem 2.3, we find a subsequence {u,, } which converges
uniformly to a function u which solves (1.1). Since the sequence is monotonic
increasing, so {u,} converges to u. The uniqueness of the viscosity solution
follows by the standard arguments. This completes the proof.

Below, we show the monotonicity properties of the solution of (1.1) with
respect to 7.

Proposition 3.4. Let u; and ug be positive solutions of (1.1) corresponding
to m1 and ng, respectively, where 0 < 11 < ng. Then us < uy in Q.

Proof. Let us consider a set A ={x € Q : ua(z) > wi(z)}. If A = ¢, then
we are done. So we suppose that A # ¢ and observe that

My (D2) + PO < 0= M5 (D?00)
1
+,uk(f£)af(7l2) - h(z)ug
Ua
This implies that
+ 2 Ve 2 f(ul)_f(U’Q) q __ .49
M A (D7ur) =My (D u2) +pk(z) o o + meh(x)uz —ui] < 0.
1 2

Since f is nonincreasing function so the last two terms are nonnegative on
A, we get

M):A(DQ(ul —u2)) <0 in A,
and u; = ug on JA. An application of maximum principle, see (Corollary

3.7(2) [8]) yields that uy > us in A, which implies that A = ¢ and hence the
proposition is proved. ]

In the above theorem, we have shown the existence of a unique positive
solution to (1.1) under the condition f(0) > 0. Now the question is what
happens if f(0) =0 and f(0) < 0. Next, we discuss these two cases.
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4. Case f(0) = 0.

As we have assumed that f is nonnegative and nonincreasing in Theorem 3.3
and f(0) = 0, so this implies that f = 0 and therefore (1.1) reduces to the
following equation

{—M;A( 2u) = —nh(x)ud in Q

u=20 on Of). (4.1)

It is clear that u = 0 is a solution of (4.1). Further, any nonnegative solution
of (4.1), by maximum principle, is u = 0. Thus this problem cannot have a
positive solution.

Remark 4.1. We remark that all the above results also hold if we replace
/\/l; A by fully nonlinear operator

F:OxRxR"xS(n)— R, (4.2)

satisfying the following conditions (i)—(iii) for some v > 0 and for all u, v € R,
p,q € R" and M, N € Spxn.

(i)
M;,A(M_N) _’Y|p_q| _’V|U’_,U| < F(.’E,U,p,M) —F(.’E,U,Q,N)
< M A(M = N)+7lp = g +|u— v,
(ii) F(x,tu,tp,tM) =tF(x,u,p, M) for all t > 0,
(iii) F is convex in (u, p, M) and satisfies the following comparison principle.
Let u,v € C(Q) be L™ viscosity sub and supersolution of ' = 0 and one of u
or v is in VVIZOZL(Q) and v < v on 012, then v < v in .
Under the above assumptions on F, the existence of eigenfunction is

available in [23], and consequently the maximum principle is given by Theo-
rem 2.5.

Next, we discuss the case f(0) < 0.

5. Case f(0) <0

As we are dealing with the case f(0) < 0, so we assume that f: [0,00) — R
instead of f : [0,00) — [0,00). We consider the following problem with
singular nonlinearity

{—M;A(DQU) = Lxgﬁ(") —nh(z)u? in Q

1
U =0 on 0f), (5-1)

where 0 < 17 < 1 and k, h are nonnegative continuous functions with k €
L*>°(Q) and positive on a subset of positive measure of 2, f: [0,00) — R is
a bounded continuous function such that f(0) <0, 0 < h(z) < k(z) Vz € Q.
Let us consider

Qs ={x € Q:d(x,00) > d},
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where d(z, 982) represents the distance of the point z from the boundary 9f2.
For each 6 > 0, let us consider the following problem
—./\/lj\r’A(DQU(;) + cpvs = (k(x) — coh(x))xq; in (5.2)
vs =0 on 0, '
where xq, denotes the characteristic function of the set Qs, c1 = ||| 1)/
and 0 < ¢ =7/f < 1 with 3 = 2. By Theorem 2.1 [17], there exists solu-
tion vs of (5.2) and also

||v5||cl,g(Q) < Ollk(z) = cah()|| oo ()  for é > 0.

(k — cah)xa; — (k— cah)xq in LP(Q) for all p € [1,00) as § — 0 and C*7 is
compactly embedded in C'. So there is a subsequence of vs which converges
to v in C! as § — 0 and by the stability result for viscosity solution, see
Theorem 3.8 [13], v satisfies

{—WQAD%wa=k@ywwm)inQ.

Furthermore, since (k(x) — coh(z))xq; > 0 so vs > 0. We also know that

v=20 on Of). (5-3)

Since by assumption k(z) — cah(x) > 0, so by maximum principle v > 0.
Since v = 0 on JQ and v > 0 so by the Hopf type lemma, see (Theorem 2.2
[17]), there exists a neighbourhood say N C 2 of 99 such that

e =inf{|Dv(z)| | x € N} > 0. (5.4)

Furthermore, since vs — v in C*(Q) as § — 0, so we can find a §; such that
for 0 < § < 61, we have

€
b§p| |Dvs(z)|—|Dv(x)| | < sg}p | Dvs(x)— Dv(z)| <sup |Dvs(z) — Dv(x)| < 7
Q

In particular, for all z € N, we have
€

€
© < Dus(@)| - IDo(e)| < &,

or
[Dv(@)] - 5 < | Dus(a).
So by Equation (5.4), we find that
ggmﬂww@erN}bm<6<ﬁ

Further, we can choose d5 > 0 sufficiently small such that
N =0NQ CN, V0<§<d. (5.5)
Since we also have vs(x) = 0 on 9N for all § so choose a 0 < d3 < min{dy, o2}

such that

0 < wvs, () <supvs, forz € Q\Qs,. (5.6)
an

Let us fix 03 and denote it by d, that is, 6 = d3. Let us also set

a=minvs and A = maxuvs.
Qs Qs
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So we have following

min{|Dvs(z)| : € Q\Q} > 5.

0<wvs(x) <A forze Q\Qs. (5.7)

Here we also have vs > $0 on 025, see [9]. So by maximum principle, we get
vs > 50 in 5. Now we will present the following existence theorem.

Theorem 5.1. Let f : [0,00) — R is a bounded continuous function and

f(0)<0,0<a<1andl_T"‘<q§1.Letussetﬁ:ai+l.Iff(tﬁ)2

7%‘7;};2 + Bt := —M + Bt on [0,a], and if f(t?) > 2Bt on [a, A], then
(5.1) has at least one positive solution.

Proof. The idea of the proof is to truncate the function around origin. Let
us set g(t) = f(t)t~* and for each n € N, define

_Ja(®), if t>py,
olt) = {max{gmn),g(t)}, 0<t< . 68

where {p, } is a decreasing sequence of positive real numbers such that p,, — 0
asn — o00. Aslim,_,o+ g(t) = —o0, so each g, = g(p,) on some interval (0, p'],
and so g, can be extended to have the value g(p,) at 0. Now we will consider
the following truncated boundary value problem

{M;\'A( 2w) = k(x)gn(w) — nh(z)w? in Q

w =0 on 09, (5.9)

and show that it has a positive solution by constructing a positive subsolution
and an appropriately ordered supersolution. Let us take u = v? , where 6 > 0
fixed as in the discussion before the statement of the theorem, and after
differentiating twice we get

D?u = (8 — 1)v) > Dvs @ Dvs + Bv; " Dvs,

where again r ® x is an n X n matrix with ¢j-entry (xlxj) and z = (1, T2,
cey X))

— M A (D?u) = =M, (B(8 — 1)v] "> Dvs @ Dvs + vy~ D?vs).
Now using (2.3), we obtain

— M \(D?u) < =M A (B(B = 1)) 2 Dus ® Dvs) — M, (Bv] ' D?v;).

Since vs is a solution of (5.2) and Dvs® Dvs has | Dvs|? as the only nontrivial
eigenvalue so we get
— M A (D) < =AB(3 — 1)o7 [Dus|” + Bug ™ [(k — cah)xa, — c1va].
(5.10)

One can rewrite

5”?7102@(95 = 571?7102@(95 + ﬁ%@flCthQ\Qa - 511?7102@(9\95'
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Now since ¢z = 4 and xq, (z) + Xa\0,(2) =1V z € Q, so we have

Buy " eahxa, = Beahvy M (xas + xavas) — U5 nhxovos 511
_ g-1  B-1 (5.11)
=nhvs "~ —v5 nhxa\os-
From (5.10), (5.11) and noting that ¢; = §|[h||z=(q) = %h, we find that

_M;\F,A(D%l) < =AB(B — 1)U§72|D05|2 + ﬁv?ilk)m(S

51 51 (5.12)
+vs nhxao\as — nhvs [1 + U(s].

Further, sine 0 < g — 8+ 1 <1 and vs > 0, so

qu_ﬁﬂ <1+ vs.

2

So from (5.12) and noting that 3 — 2 = —fa, |Dvs|? > S and k > h, we
obtain

— M A (D?u) < =AB(B — 1)vy ?|Dus|® + Buy " kxa, + 0§ 'nhxave, — nh(vy)?
< [_ AB(B—1)c?
= 4|kl Loo ()

+BVs X (e : a<vs(2)<a} T+ 5%Xn\95] k(vs) ™™ = nh(vf)?.

X{z€Q: 0<vs(z)<a}

(5.13)
By (5.7), we know that for x € Q\Qs, we have 0 < v5(z) < A, so
ﬁ”éXQ\Q(; < ﬂv(SX{:vEQ :0<v;s (z)<a} + ﬂ”éX{weQ s a<vs(z)<A}-
Consequently, we have
A —1)e?
M (D) < [( - e+ 5”6>X{xenz 0<vs (2)<a}

+(25’U5 X{zeQ : aSv(;(:c)SA}] k(vé)_a

—nh(vg)q (5.14)

k(z)f(v

< HER) (g

= M@IW gy

Thus v = v? is a subsolution of (5.9) for each n. Since f is a bounded

continuous and f(0) < 0, so we can find a positive constant C' satisfying
C > max;>o f(t)t~*. Let v be a solution of

{—Mj\i,\( ) =k(x)C in Q

v=0 on 0f), (5.15)

which again exists by Lemma 3.1[13]. This v works as a supersolution for
(5.9) and therefore we have a supersolution v and a subsolution u of (5.9).
Further, also note that

k(x)C = k(z) maxg>o f(£)t7°
> k(z)max;>o f(t)t~* — h(zx)t9,

for any ¢t > 0. Since u > 0, so
k(z)C > k(z) f(u)u™® — h(x)ul. (5.16)
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Thus, in view of (5.16) and (5.15) we get
— M3\ (D*v) =k(z)C
> k(z)f(w)u™ — h(x)ul
> —Mj \(D?u) (by (5.14)), (5.17)
that is,
~ M{\(D*u) € ~MF,(D*)  in Q
M\ (D*0) = M\ (D*u) <0 in Q
M A(D* v —u)) <0 in Q. (5.18)

Again, since v — u = 0 on 99, so by maximum principle, see (Corollary
3.7(2) [8]), we get u < v in Q. Now, for each n € N, let w,, be a solution of
(5.9) satisfying u < w,, < v. Note that we have an L* upper bound for w,,
and strictly positive lower bound. Now using W?2"-interior estimate, see [24]
and compact embedding, we find a subsequence of w,,, which converges uni-
formly to a positive solution w of (5.1) in C1(Q) N C(Q). This completes the
proof. O

In the next section, we deal with the nonexistence of the positive solu-
tion.

6. Nonexistence of the Positive Solution

In the previous section, we have shown the existence of a positive solution
o (1.1) under the condition that h(z) > 0 for all z € Q, infok > 0 and
f(0) > 0. Here we show the importance of conditions on h and k. If h and
k do not satisfy the above-mentioned conditions, then there does not exist
any positive solution to (1.1). The result states that under the assumptions
supg k < 0 and h(z) < 0, (1.1) does not have a positive solution. Here for the
convenience, we assume that h is some negative constant, say, h(z) = —, for
x € Q, where v > 0. Under the above assumptions, (1.1) can be rewritten as
follows:
e

u=20 on Of.
Since k(z) < 0 in £, so we can find a constant ¢(7y) such that if v — 0, then
¢(vy) — 0 and

{M:\’:A(DQU) _ pk(2)f(w) +ynu?  in Q (6.1)

pik(x) f(w)

o + ynu? < ¢(y)u for u > 0.

Thus if u € W™ N C(Q) is a positive solution of (1.1), then u also satisfies

loc
the following equation

{—M;A(DQU) <c(y)u in Q

u=20 on 01, (6.2)

and by Theorem 2.5, ¢() > . Thus for v > 0 sufficiently small, (6.1) does
not have a positive solution.
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In case when supg & < 0 and h(z) > 0 in Q, one can see that (1.1) does
not have any positive solution. Indeed, suppose if u(x) > 0 and satisfies

—MIA(DQ’U,) = 7“k(2)(1f(“) —nh(x)u? in Q (6.3)
u=20 on 0f),
then it is easy to observe that u also satisfies
f./\/l;A(D2u) < —nh(z)u? in Q (6.4)
u=20 on 0f. '
Since u > 0, so we get
~M{ (D?*u) <0 in Q
{u =0 on S (6.:5)

Now by maximum principle, we get u(xz) < 0, for all x € Q, which is a
contradiction and therefore (1.1) does not have a positive solution.

Remark 6.1. We remark that we have the nonexistence of the solution to
(1.1) in the case when

(i) supg k < 0 and h(z) < 0;

(i) supg k < 0 and h(z) >0
In case, when infg k > 0 and h < 0, it will be of interest to establish the
existence or nonexistence of the solution of (1.1).

7. Examples

This section deals with two examples illustrating main theorems.

Ezample 7.1. Consider the following equation

—le| e—lal .
_M;A(DQ'U/) =< u(f(u) - 771+‘I|2 ud in (71)
u=20 on 01,

where 0 < a<1,1—a/2<g<1,n>0,and

£(t) = [T mﬁ_(Mﬂ)} if ¢€0,A4]
[eT¥ + BAF — (M +1)], if t €[4, o00),
where A = AP + 1, and 4, M and 0 are same as in Theorem 5.1. For
appropriate positive value of [, one can show that f satisfies the assumptions

of Theorem 5.1 and thus by an application of Theorem 5.1, Equation (7.1)
has a positive solution.

Let us take some example of f verifying the assumptions of Theorem
5.1.

Example 7.2.

£(t) = [log(1+1t) + pth —M],  if te0,4]
"\ [log(1 +14) + BA% — M), if te[A 00),
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where again A = A? +1 and A, M and §8 are from Theorem 5.1. Note that
for t € [0, A], t° € [0, A]. Set g(t) = f(t) — Bts = log(1 +1t) — M, and notice
that ¢(0) = f(0) = —M and g is non-decreasing function so

g(t’y > —M fort €0,
Further, we can choose [ large enough such that log(1 4+ laﬁ) > BA4+ M. So
g(t?) =log(1 + 1t°) — M > log(1 + la”) = M > BA >t for t € [a, Al.
That is,
F?) =g(t?)+pt>2pt in t€a, Al
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