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Abstract. The tangent bundle T¥M of order k, of a smooth Banach
manifold M consists of all equivalent classes of curves that agree up to
their accelerations of order k. For a Banach manifold M and a natural
number k, first we determine a smooth manifold structure on TFM
which also offers a fiber bundle structure for (my, T*M, M). Then we
introduce a particular lift of linear connections on M to geometrize T* M
as a vector bundle over M. More precisely based on this lifted nonlinear
connection we prove that 7% M admits a vector bundle structure over M
if and only if M is endowed with a linear connection. As a consequence,
applying this vector bundle structure we lift Riemannian metrics and
Lagrangians from M to T*M. In addition, using the projective limit
techniques, we declare a generalized Fréchet vector bundle structure for
T°°M over M.
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Keywords. Banach manifold, linear connection, connection map, higher
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1. Introduction

Higher order tangent bundles T*M of a smooth manifold M as the space of
all equivalent classes of curves that agree up to their accelerations of order
k, is a natural generalization of the notion of tangent bundle T'M. Higher
order geometry had witnessed a wide interest due to the works of Bucataru,
Crampin etc., Dodson and Galanis, de Leén and Rodrigues, Miron, Morimoto
and others [4,7,8,13,15,16]. The geometry of 7% M in the finite dimensional
case is developed by Miron and his school [15]. They studied higher order
Lagrangians and also prolongation of Riemannian metrics, Finsler structures
and Lagrangians to T%M.

However, even for the case of n = 2, constructing a vector bundle (for
abbreviation v.b.) structure on T?M over M is not as evident as in the case
of T'M . More precisely sometimes it is impossible to define a v.b. structure on
T?M. Dodson and Galanis [8] proved that for a Banach manifold M, T?M can
be thought of as a Banach vector bundle over M if and only if M is endowed
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with a linear connection. The author proved the same result in a different way
to geometrize the bundle of accelerations with more tools like second order
covariant derivative, exponential mapping and an appropriate second order
Lie bracket [18]. In this paper, to geometrize higher order tangent bundles,
first we introduce an special lifted connection which will plays a pivotal role
in our main theorem. Then we prove that for any k € N, 7% M can be thought
of as a v.b. over M with the structure group GL(E") if and only if M admits
a linear connection. Furthermore, this result considerably eases constructing
a v.b. structure on 7;; : T9M — T*M for j > i. We shall also show that if
for some k > 2, (7, T* M, M) becomes a v.b. isomorphic to ©F_ T M, then
for any n € NU {00}, 7™M admits a v.b. structure over M. More precisely
in the case of infinite order, T°°M becomes a Fréchet manifold which may
be thought of as a generalized v.b. over M. Moreover, the structure group
becomes a generalized Fréchet lie group which represents the advantage of
using projective limit techniques.

Another old problem in geometry is that of prolongation of Riemannian
and Lagrangian structures to the tangent bundles T*M. These problems
can also be solved as a consequence of our main theorem. Finally, using the
restricted symplectic group and the classical Lagrangian of electrodynamics
we propose two examples to support our theory. However, for more examples
we refer to [19,20].

Through this paper all the maps and manifolds are assumed to be s-
mooth, but except in Sect. 4, a lesser degree of differentiability can be as-
sumed. Whenever partition of unity is necessary, we assume that our mani-
folds are partitionable [12,18].

Most of the results of this paper are novel even for the case that M is
a finite dimensional manifold.

2. Preliminaries

Let M be a manifold, possibly infinite dimensional, modeled on the Banach
space E. For any x¢ € M define
Cro i ={7:(—€,6) — M ; v(0) =29 and 7 is smooth}.
As a natural extension of the tangent bundle T'M define the following e-
quivalence relation. The curves 71,72 € Cy, are said to be k-equivalent,
denoted by 1 &% 4, if and only if ’ygj)(O) = 'yéj)(()) for 1 < j < k. De-
fine TfOM = Cy,/ %’;0 and the tangent bundle of order %k or k-osculating
bundle of M to be T*M := |J,,; T¥M. Denote by [y, zo]i the representa-
tive of the equivalence class containing v and define the canonical projection
7, : TFM — M which projects [, 7o]x onto zo.
Let A = {(Uq, a)}acr be a C* atlas for M. For any « € I define

UE N (Us) — a(Ua) x EF
ol r— (0 09)(0), (0 09) O gy o1 (0))
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Theorem 2.1. The family B = { (71, 1 (Uy), ¥X)}oer declares a smooth man-
ifold structure on T*M which models it on EFtT,

Proof. Clearly W% is well defined and {J,.; ™ (Ua) = TFM. WF is surjec-
tive. In fact, for any (z,&1,...,&) € 1a(Us) X Ek the class [y, v, (z)]x, with
v = oy and F(t) = x + t& + - - + ¢, is mapped to (z,&1, ..., &) via
Uk Tt is easy to show that ¥F is also injective.
For any a, 8 € I with Ug, := Ug N U, # 0, the overlap map
-1
Uk == WE oWk 4y (Upa) X E¥ — 15(Usa) x EF

is given by

ko (2, 61, &) = Th([y, zolk)

= (852701 (8302 ). 0307 10))
= (0wt 010 (505 07 Oy W00 01O (O))
~ (930le) W (@)6rs . 3 {0030

b b @EO 0),9 0)

Jj1+j2=k

+ ..+dwﬁa<x><v'<0>,.-w’<0>1})

= (d}ga(x), dYga(w)&1, dga () (§2) + %dwﬁa(w)(&, §1)s- s

1
X = Apa@RE] + D afy, 1) d a1 165

J1tie=k
4+ 4 dkd)[ga(l')(fh cee 751)

where V5, = Yoyt and Y(t) =z +t& + - + t*¢,. as before. Moreover,
we used the following explicit formula for the chain rule of order &

(¥ 07)M(0) = dk(wﬁa OW)(O)(l ~~71)

= ZZ T

d' 7/’604(7( ))[V(Jl)(o),---,7(”’)(0)] (1)
where the second sum is over all (ordered) i-tuples (ji,...,7J;) of positive
integers, such that j; +---+4j; = k and my of the numbers [1, ..., [; are equal

to 1,mq are equal to 2 and so on ([3, p. 234], [14 p. 359]). The coefficient
r 1 Will henceforth be denoted by af; . O

Jilgitmaloomy!
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Due to the transition functions of the bundle (7, T* M, M), we can see
that generally it is a smooth fiber bundle.

To compute the local forms for the change of charts of TT*M on over-
laps, we remind some facts about fiber bundles. Let p : E — M be a smooth
Banach fiber bundle with fibers diffeomorphic to the Banach manifold F' and
the Banach spaces E and B are the model spaces for F' and M respectively.
Suppose that ® = (¢, ¢) : E|ly — ¢(U) x ¢(E|y) € ¢(U) xE be a local trivi-
alization where (U, ¢) is a chart of M and let (¥ = (3,), V') be another local
trivialization with UNV # 0. Then W o ®~1(x,&) = (oo~ 1) (z), Gya(x,§))
where Gy : UNV x ¢(E|yny) CUNV x E — E is smooth. The canonical
induced trivialization for TFE is

T(‘IJ © (1)71)(1‘175;34’77) = ((1/’ o ¢71)(I)7 G\I/<I>(x7£)v d(’l/) o ¢71)($)y7
1 Gya (2, )y + 0:Gua(x,&)n). (2)

for any (x,&,y,1) € #(UNV)x ¢(E|ynv) x B x E. (Throughout this paper the
symbol 9; denotes the partial derivative with respect to the i-th variable.)
Now using the transition functions for the bundle 7, : TFM — M we
can compute the transformation rule of natural charts of TT*M. For any

u=(2,&1,...,&) € Uy x E¥ and (y,m1,...,n,) € EFFL we have

T\Ijg(x(uv Yy,m, ... 777k) = (‘Ilga(u)a dquﬂa(x)y N/ITERE 717]6)) (3)
where
1
M= = {dsa(@) (i) + D aly, ) [A*0sa(@) (i1, 2165,)
J1t+je=i
+ AP0 (@) (11€), 5 G21nj,)] + -+ id e () (€1, &1y &1, m)
+ deﬁa (l‘) (Z'Elvy) + Z az(ljl,j2)d3wﬁa (.’L‘) (j1!£j17j2!§j2’y>
J1tj2=i
di+1wﬁa(x)(€17£17 e 7617?/)}
1 aZH
= o (W 0 8) (6o
and

C: (—6,6)2 — o (U,) CE

(t,s) — x+sy+2tj(fj + 7).
j=1

3. Tangent Bundle of Order k for Banach Manifolds

This section includes two parts. In the first part for any linear connection
V on M, in the sense of Vilms [21], we determine a v.b. morphism K :
TTFM — @?leM which may be thought as an special lift of connections.
This kind of lift, named connection maps by Bucataru [4], induces nonlinear
connections on T* M. Then using K as a key, we determine a v.b. structure
on m : TFM — M which is followed with a suitable converse.
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3.1. Connection Maps in Higher Order Geometry
Consider the C°°(T*M)-linear map J : X(T*M) — X(T*M) such that
locally on a chart (7}, ' (Uy), U¥) is given by
‘]Oé(ua Y, s - - ?nk) = (u7 O’ya M- -- 77776—1)'
for any u = (z,&1,...,&) € TFM and every (u;y,m1,...,m) € T,TFM.

Definition 3.1. A connection map on T*M is a vector bundle morphism
L2 k k k k k
K=(K K,....,K): TT"M — (@izl TM,®¢=17kfv@i=1M)

such that for any 1 < a <k — 1,[k{ oJe :kf{a and ]k( oJb = m,
Bucataru defined this connection map in the finite dimensional context
[4]. Note that
KKOJk“—KOJkaloJ OJ
and J 0J9 = (K 05 =) 0 Jo = ..

Lemma 3.2. Locally on a chart (7, ' (Us), ¥E) the connection map

_ 1 k
el Ul o KoTUE ' = Ky = (Kav.... Ka)

at (w;y,n1,...,m) € T.T*M s given by
Kla (wy M- s Mk)

= 69 (.0 M (@)1 M ()i + Mo (w)y) (1)

Proof. Since K is bundle morphism there are local maps ]\14 wi Uy x EF —
L(E,E),1 <4 <k, such that

Ka(:,0,...,0) = (2, Ma (u)y) & (2, Ma (0)y) & & (5, Mo (u)y)-

a+

1
Moreover, due to the facts I%' 0J% = 7, and [a(: K oJ, we get

Ka(u§0a771707-~-70) :KonJ(u;nlaOa"'aO)

= (@) @ (2, M (W) & & (z, M (uw)m)

and likewise

Ko(150,0,70,0, ..., 0) = (2,0) & (2, 12) @ (&, M () -+ & (&, M (u)a).

which completes the proof. O

For any «, € I with Ug, # 0, the compatibility condition for M}
and Mg, 1 < i < k, on the overlaps comes from the fact @leTz/Jga oK, =
Kp o TV}, . We apply equality (3) and the local form of K to obtain

g () i+ Mo (Wimt + -+ Ma ()]
= T+ Mg (@) 1+ Mg (@2 + -+ Mg ()7 (5)
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for any v € TFM and any (u,y,n1,...,0) € T,T*M. Moreover, §j =
diyga(x)y and 71, ..., 7 are as in the Eq. (3).

Theorem 3.3. Let V be a (linear) connection on M with the local components
{Tu}aer. There exists an induced connection map on T* M with the following
local components.

]\14'01 (xagl)y = Foz(xagl)y
2

Mo (61,82 = 5 (320 Ma (0,60, 1€)+ Mo (2,60 M (w63,
i=1
k 1/ k1 ,
M o (1.7513"'7&6)?4 = %(Zaz M o (xagla”'agkfl)(yvlgi)
=1

k—1
+ Moz (xvgl)[Ma (‘rvglv’ .. 75]@71)?‘/})

The proof of the compatibility condition for ]\Z4a and Mg on overlaps can be
found in [19].

Note that kernel of K is a distribution, say Hn, on T%*M complemen-
tary to the canonical vertical distribution V. The horizontal distribution
Hrry, is called the nonlinear connection associated to K [15].

3.2. T*M as a Vector Bundle

For k > 2, the bundle structure defined in Theorem 2.1 is quite far from
being a v.b. due to the complicated nonlinear transition functions. Here we
propose a v.b. structure on 7 : T*M — M which makes it a smooth v.b.
isomorphic to k copies of TM. The converse of the problem is also true,
i.e., a v.b. structure on T%M isomorphic to @ TM, for k > 2, yields a
linear connection on M. Moreover, it will be shown that if for some integer
k > 2,T*M becomes a v.b over M with the before-mentioned property then
T M also admits a v.b. structure over M for any ¢ € N. These v.b. structures
simplifies the study of higher tangent bundles. For example as a consequence,
we propose a lifted Riemannian metric to 7% M which only depends to the
original given metric on the base manifold M.

Theorem 3.4. Let V be a (linear) connection on M and K be the induced
connection map introduced in Theorem 3.3. The following trivializations de-
fine a vector bundle structure on my, : TFM — M with the structure group
GL(EF).
F 1 (Us) — ¥a(Ua) x EF
[77 x]k — (7a(0)7 7:1(0)7 Zi(h/a z]k)7 ey Z(l;(h/a 'r]k))
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where Yo = P 07y and

2(ale) = 5{ O+ Mo b (0,7 ORAO) ],
£l = {0 + gy M (0L OB E0)
et M (02400 VOO

Moreover, for any (,&1,...&k) € Va(Uag) x EF we have
00 (260,60 8) = (V50 (@), dVga(@)Er, - d¥iga(@)é)-

Proof. Clearly for any a € I, ®¥ is well defined and injective.
For any (z,£1, ... ,&,) € ¥a(Us) X EF we show that there exits a curve ~

in M such that <I>k(['y, xlg) = (2,81, .., &) U R(t) =z +t& + 7{252— Ma
(x,€1)&1} then 22 ([y, 7|x) = & where Yo (t) = ¥, ! 0 2(t). Now by induction
we assume that for ¢ — 1 < k there exists 4;_1, a polynomial of degree i — 1,
such that ;1 = ¢; ! o %1 and 2% ([y;,z]x) = & for 2 < j <i—1. Now ¥
is defined by setting

i(t) = yi-1(t) + % {ifi G _12) Mo (@, €75 (0)

Moc (J} 517 2'72 )(0)7 R (2_11)'77,(111)(0))51}

and 7, (t) = ¥, 07;(t). Set v = yx. As a result, 2 ([y, z];) = & which means
that ®F ([, z]x) = (v,&1,...,&). Since proj; o ¢ = 7. it follows that T% M
is a fiber bundle.

For any «, § € I with Ug, # 0, we prove that <I>ka = @goq)’;_l induces
a linear isomorphism between fibers. In fact, we have

O (2, 61,80, ., &) = Ph ([, 2k)
= (W 0 M(0), (5 0 7Y (0), 2B ([ 2lw), - 2h(1s 2lh))-

Step 1. Since g0y =vgo oy 0y =1hga 07, for any 2 < i < k, we get

0 ~)® 1
W+ Mg ($pa(), (50 07)'(0))

(Y80 ©7)~D(0)
2]

—‘r---—|-i]_\llg (wga(x),...,

izp([v, 2lk) =

(Y80 07)71(0)
(i—1)!

) (e o /0)
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Using the chain rule formula (1), we conclude that

(1/)[30z 0 f_}/)(i) (O) !

izh([nels) = e+ Mo (Y9a (), (¥50 29 (0)
(0 07) D (0)
(i —2)!
i— o ~)(—1)
+eet ]\415 (wﬁa(x)’ R (wﬁa(l‘ 1)1)| (O)> (wﬁa o 77)/(0)

= g {00
+ Z a€j17j2)d2¢ﬁa($)[7(jl)(0)’:y(jz)(o)]
J1+j2=1
+-+ d"Ypa(@)[F(0), ..., 7 (0)]}

) o 2)(i-1)
+ Mg (Ypa(®), (¥ ©7)(0)) (wﬁa(i 1)2)! =

by o ~)E=1)
bk B (wﬁa($)""’ (wﬁa(i 7)1)! (0)> (¥pa ©7)'(0)
1 ~(i—1)

i—1 FE-1D N
— Ma ($,€17~-~,(i_1)!>’7(0)]

x (2_11),{ D al, P sa(@)F(0),792)(0)]

J1t+je=i
4ot d%ga(x)ﬁ’(ﬂ),-~-ﬁ'(0)]}

X 0 7)(—1)
+ Mp (Ypa(2), (Ypa ©7)'(0)) (wﬁa(i 1)2)! &

i—1 05)t—b
+-+ Mg <q/)5a(x),..., (Wsa 07) (0)> (tpa ©7)'(0)

(i—1)!
. _ _ ~5(i=1) _
Step 2. Setting z = 5(0),& = 7(0),....&—1 = =¥ = 7'(0)ym =
~(2) (1)
717!(0),...,771'_1 = (27_71)' and
i—1 tl
cilt,s) = 3(0) +57'(0) + > (79 (0) + 57"+ (0)),
=1 "

then, Eq. (5) implies that
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~(i—1) S (i—1)

d’nga(w)[]\ba (x,gl)h 4oy iMIa (m,fl""vm)ﬁl(o)}
= i (@) 3 (0) n " (Ypa o) 0,0)

(i—1)!  9sdti—1 (i—1)!
i1 (hpa © i)
0s0ti=2 (i —2)!

ot (wﬁa o Ei) %) _
Vati—1 W(O’ 0)) %(wﬁa 0;)(0,0).

+ M5 (Wpa 08)(0,0), 5 (3a 02)(0,0)) 0,0)

ot M ((Wga 0@)(0,0),..

It is not hard to check that for any 1 <1 <1 —1, %;71(1/%04 0¢;)(0,0) =

1
(%m o ’7)(”(0) and %(wﬁa o Q)(O, O) = (7/}504 © ﬁ)(l) (0)
These last two equations yield

1 ~(i—1) i1 ~(i—1)
~(%) o) @

" o ~)(i=1)
— Mg (d’ﬂa(x)v (Ypa © '_V)I(O)> (1/}[30‘(7; 1)2)! o

. 0 5)(-1)
S (wﬂa(az)7..., (W“(i 7)1)! (0))(¢ﬁa ©7)'(0)

- 1{ Sl sy s @F 0,797 0)]

y — 1)!
(=D

+ -+ d"ga () [7(0), . . . ,7’(0)]}

N o &) (i=1)
— Mp (d’ﬁa(x)a (Vpa © ’_7)/(0)> (d’ﬁa(i ’1)2)! 0

i—1 o 7)(i=1)
M (¢ﬁa(x),..., (wﬁa(i 1)1)! (0))(%@ ©7%)'(0)

Step 3. As a consequence of steps 1 and 2, we get
izh([y, zlk) = idga(2)&; 2<i<k

that is
V(2,61 62,1 6) = (Val2), A (2)61, -, dDga (@) ).
This last means that for any «, 3 € I with Ug, # 0
®f, 1 Uga — GL(EF)
T <d1/1ga(x)(.), o ,dzﬁga(x)(.)).

is smooth. As a result, the family of trivializations {(lel(Ua), ®F)}wer pro-
vides a vector bundle structure for 7 : TFM — M with the fibers isomor-
phic to E*. Moreover, since 7, : T"M — M and &% m : &% [ TM — M
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have the same transition functions and fibers, then they are isomorphic vector
bundles over M. g

The v.b. structure which is proposed in Theorem 3.4 is affective in the
following sense:

Proposition 3.5. Suppose that for some k > 2,7, : TFM — M admits a v.b.
structure isomorphic to ®5_TM. Then m_y : TE"*M — M also possesses
a v.b. structure isomorphic to @f:_fTM.

Proof. Let {(mx 1 (U,),®%)}oer be a family of trivializations for m;, : T*
M — M induced by the atlas A = {(Uqy, Y0 )}acr of M as in Theorem 3.4.
Then for any [, z]x € T¥M, we have

(I)](i([’% x]k) = (wa(x)a (¢O¢ o 7)/(0)? Zi(h/a x}k)a R fo([% x}k))
We claim that {(mx_1 " (Us), @57 1) }aes defines a v.b. structure on mj,_; :
Tk=1M — M where
(Pi_l(h? x]k) = (¢Q(ZL‘), (wa B '7)/(0)7 22(['77 x]k)7 BERE) Z’oi_l(hv x]kfl))'

We show that ®%~1 is bijective. In fact, suppose that ®*~1([yy,z|p_1) =
®F=1([vo,2]_1) then consider representatives of the classes [y1,#]x_1 and
[¥2, %]k—1 such that 'y§k)(0) = vék)(O). Since ®F ([y1, 2]x) = ®X ([y2, ]x) then
injectivity of WX yields [y1,z]x = [y2, 2] which means that [y;,2]x_1 =
V2, ]k —1-

Suppose that (z,&1,...,&_1) € ¥a(Us) xEF~! be an arbitrary element.
Since ®* is bijective, there exists [y, z]; € TFM such that

(I)’é([’)/, x]k) = (.T, 51» s agk—lv 0)
Clearly ®*~1([y,z|p_1) = (x,&1, ..., &k—1), that is, ®X~1 is surjective. Final-
ly,
51 o (Usa) — GLE)

2 (@), - dvsa(@)() )

(k—1)—times

is smooth. According to proposition 1.2 page 45 of [12], we deduce that 75 :
TF=1M — M admits a v.b. structure isomorphic to @¥ =T M. O

If we restrict our attention to C*-partitionable manifolds (see e.g. [18])
then, we have the following inverse for Theorem 3.4.

Theorem 3.6. Suppose that k > 2. If wj, : TEM — M admits a v.b. structure
isomorphic to ®%_,TM, then a linear connection on M can be defined.

Proof. For k > 2 one can iterate Lemma 3.5 and conclude that m : T2M —
M admits a v.b. structure isomorphic to TM @& TM. Then according to [§]
Theorem 3.4 or [18] Theorem 2.3 there exists a linear connection on M. [

Corollary 3.7. i. For k > 2,7 : TEM — M admits a v.b. structure
isomorphic to ®%_ TM if and only if M is endowed with a linear con-
nection.
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i.  If for some k > 2,7 becomes a v.b. isomorphic to ®%_TM then for
every i € N the tangent bundle T"M also admits a v.b. structure iso-
morphic to ©;_;TM.

3.3. Lifting of a Riemannian Metric

Invoking Theorem 3.4, we introduce an special lift of a given Riemannian
metric g from the base manifold M to its higher order tangent bundle 7% M.
Let {(Ua,%a)}acr be an atlas for M. Denote by g, : TU, x TU, — R
the local representative of the metric g restricted to the chart (U, ¢, ). Fix
k € N and consider the v.b. trivializations introduced in Theorem 3.4. For
every a € I define the bilinear symmetric form

G M (Uy) x 71 (Ua) — R

mapping ([vl, Tk, [V2, w]k> to

k
>~ ga(a) (prog; o @[, ali). proj; o ¥4 (2. 2ls))

where proj, stands for the projection to the (i + 1)’th factor.
Due to the transition functions ‘I’lfm the family {G, }aer defines a Rie-
mannian metric on 7% M.

Remark 3.8. In the case that M is modeled on a Hilbert manifold (or a self
dual Banach space [12]), we deal with Riemannian metrics. But if we go one
step further then we will loose the definiteness condition of our metrics.

Remark 3.9. Let M be a Hilbert manifold. As a result of Theorem 3.4 and
theorem 3.1, chapter VII [12] we can assume that a system of local trivializa-
tions {(®X, 7w, ' (Ua))}aer consists only orthogonal trivializations that is the
transition maps take values in the orthogonal (or Hilbert) group

O(E*) = {h € GL(E*); (hw, hw) = (v, w);v,w € EF}
(see also [20]).

3.4. Lifting of Lagrangians to Higher Order Tangent Bundles

In this section, using Theorem 3.4, we introduce a lift for Lagrangian form
the base manifold to its higher order tangent bundles. To this end, we first
review the concepts of Lagrangian and Lagrangian vector field from [6,15].

Let M be smooth manifold modeled on the Banach space E. A La-
grangian on M is a smooth map L : TM — R and the associated fiber
derivative is the map

FL:TM —T"M
where FL(v)w = & L(v 4 tw)|;—o for any v,w € T, M.
Definition 3.10. A bilinear continuous map B : E x E — R is called weakly
nondegenerate if for any y € E the map B’ : E — E*; B®(y)z = B(y, z) is

injective. We call B nondegenerate (or strongly nondegenerate) if B is an
isomorphism [6].
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Note that if E is a finite dimensional Banach space, then there is no
difference between strong and weak nondegeneracy.

In a chart (Uy,¥}) of TM, let L, represent L, that is, L, = L o
wéil. The Lagrangian L is called (weakly) nondegenerate if for any chart
(Uas¥08), 03 Lo (2, y) : L2,,,(E,E) — R is (weakly) nondegenerate where d,
denotes the partial derivative with respect to the second variable.

In finite dimensions this reads

2
rank(gi;(z,y)) = romk(la La(2,y)

2 gy i<ia<dimqn = dmM)

where ¢} = (2%, y%)1<;<n is a local chart of T'M.
We define the action of L by A : TM — R, A(v) = FL(v)v and the
energy of L is £ = A — L. Locally, we have

Eo(@,y) = OsLa(2,y)y = La(z,y)-
Definition 3.11. The vector field Zg € X(T'M) locally defined by
ZE : TM|U<, — TTM|UQ

(x,y) — (2,4,9,2Z0 (2, y))
is called a Lagrangian vector filed for L ([6]) where

Zol.y) = S0 Ll )] (91 La(e.y) — O1(OaLolr.v)y))

It is easily seen that Zg is a second order vector field and the family

{]\14a= 0274} aer defines a connection on M. Then theorem 3.4 guarantees
that (7, T M, M) admits a vector bundle structure. A (weakly) nondegen-
erate lagrangian of order k on M is a differentiable map LF : TFM — M
for which 97 4 Lo : L2,,,(E,E) — R, a € I, is (weakly) nondegenerate.

Let L be a nondegenerate Lagrangian on M. Then L is a nondegenerate
Lagrangian of order where

Lt . rm ' (U,) — R
k

[k — Y La(7a(0), proj; o @k ([v,alk)); a €l
i=1

(see also [17] and [15] for different lifted Lagrangians).

4. Infinite Order Tangent Bundle

For any * € M and 71,72 € C, define the infinite equivalence relation
denoted by ~*° as follows

v~ vp  if and only if for any k€N, 7y & 5.

The equivalence class containing -y is called an infinite tangent vector at  and
is denoted by [7, z|. Alternatively, we may set [y, z]oc = N3, [7, ]i where
the intersection in non-empty since v belongs to [y, z]; for any k € N. The
infinite tangent space at x, To° M is defined to be To°M := C,/ =S°. The in-
finite tangent bundle to M is denoted by T°°M where T M := UyepT° M.
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The canonical projection my, : T°°M — M projects the equivalence class
[7, ©]oo onto x. If no confusion can rise, we write T°°M for both T*°M as a
manifold and T°°M as a bundle over M.

We now propose a generalized Fréchet manifold (v.b.) structure for
T>°M that will be of aid in considering T°°M as the projective limit of
Banach manifolds (v.b.’s) T*M.

There are natural difficulties with Fréchet manifolds, bundles and even
spaces. For example, the pathological structure of the general linear group on
Fréchet spaces puts in the question defining a v.b. structure for T>°M [2,9].
Moreover, there are serious drawbacks in the study of differential equations
on Fréchet manifolds [1,11]. To overcome these difficulties, we will use the
projective limit tools to endow T°°M with a reasonable manifold and v.b.
structure.

First, we give some hints about a wide class of Fréchet manifolds, i.e.,
those which may be considered as projective limits of Banach manifolds (For
more details see [8] and the references therein). Let {M?, ¢7'}; ;e be a projec-
tive family of Banach manifolds where the model spaces {E'}; ¢y, respective-
ly, also form a projective system of Banach spaces with the given connecting
morphisms {p’" : E/ — E; j > i}; jen. Elements of M := lim M" consist of
all threads (z;);cy € [[;2 M* where ¢7*(x;) = 2; for all j > i. Suppose that
for every thread (z;);cy € lim M i there exists a projective system of charts
{U?, ¢*}ien, such that z; € U’ and liLnUi is open in M := 1&an Then
M admits a Fréchet manifold structure on F with the corresponding charts
{m Ut, lim qbz)} Furthermore, for any i € N we have the natural projections
¢i s M — M?*; (zg)ken — z; and p; @ (ex)ren — €.

i+1 times

In our case for any natural number i, M*:=T"M and E':=E xE--- x E
with the usual product norm || . ||;. For j > 4, the connecting morphism

¢’ . TIM — T'M maps the class [v,z]; onto [y,z]; and p/* : B/ — E!
is just projection to the first ¢ + 1 factors. The canonical projective systems
of charts are {(7rf1(Ua),<I>ia)}ieN rising from Theorem 3.4. Consequently,
T°° M admits a smooth Fréchet manifold structure modeled on the Fréchet
space F = @El C TTiZ,. Note that F is a Fréchet space with the associated
metric

-yl

204 @i =i lls)

where z,y € F := liLnE"',xi = pi(),y; = pi(y) and p; : F — B (24) ey —
x; is the canonical projection.

In a further step, we will try to supply 7o : T°M — M with a gen-
eralized v.b. structure. Suppose that for any i € N, (7;, E*, M) be a Banach
v.b. on M with the fibers of type E* where {E%, p’*}; jcn also forms a pro-
jective system of Banach spaces. With these notations we state the following
definition from [9].

Definition 4.1. The system {(m;, %, M), f/'}; jen is called a strong projec-
tive system of Banach v.b.’s over the same basis M if;
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(i)  {E" f7'}; jen is a projective system of Banach manifolds.
(ii) For any (z'),cy € F = @Ei, there exists a projective system of
trivializations 7% : m;7}(U) — U x E! of (E*,m;, M), such that x' €
U C M and (idy x p?*) o7 = 7% 0 fI% for all j > i.
Now the projective systems of v.b’s is defined by setting E? := T°M,
7l = (! X idgi) o ®!, and ¢7%, p/* as in the previous part.
For any i € N define the Banach Lie group

HYEY) = {(lr,.... L) € [ LB B); p*oly =lkop™ forall k<j<i}
j=1
Using proposition 1.2 of [9], we conclude that 7o : T°M — M admits a

generalized v.b. structure over M with fibers isomorphic to the Fréchet space
F = linIEl and the structure group H°(F) := @H? (E).

Remark 4.2. In the case where M is a finite dimensional manifold, T°°M
becomes a Fréchet v.b. over M with fibers isomorphic to the known Fréchet
space R*°.

Ezample 4.3. In this example, we introduce the restricted symplectic group
Sp2(H) ([10]) and we propose a vector bundle structure for (m, T%Sps(H),
Spa(H) for k € NU{oo}. Let (H, (,)) be an infinite dimensional real Hilbert
space and J be a complex structure on H. The symplectic group Sp(H) is
defined by

Sp(H) ={9 € GL(H) : g*Jg = J}.
The Lie algebra of Sp(H) is
sp(H) ={z € B(H); «J =—Jz*}

Denote by B2(H) the Hilbert?-Schmidt class Bo(H) = {g € B(H) : Tr(g*g) <
oo} where T'r is the usual trace and B(H) is the set of all bounded linear
operators on H. Define the restricted symplectic group to be

Sp2(H) ={g € Sp(H) : g — 1 € B2(H)}

Then the Lie algebra of Spa(H) is spy(H) = {z € Ba(H) : «J = —Jx*} which
is a closed subspaces of Bz(H), and hence a Hilbert space [10]. Moreover, for
any g € Spa(H),

(T'Sp2(H))g = gspa(H) C B2(H)
is an inner product space endowed with the left invariant Riemannian metric
(v,w)y = (g7 v, g7 w) = Tr((gg*) tow*);  v,w € T,Spa(H) (6)
However, the Riemannian connection on Sps(H) is given by the local form
(Christoffel symbol)
297 Ty(g2, 9y) = 2y + yz + 2"y +y*z — oy — ya*

for any g € Spa2(H) and z,y € sp,(H).
As a consequence, for any k € N, 7y, : T*Spy(H) — Spa(H) admits a
vector bundle structure with fibers isomorphic to sp,(H)* and the structure
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group GL(sp,(H)). Since the base manifold is a Riemannian manifolds, for
k € N, the above vector bundle can be considered as a vector bundle with
O(spy(H)*) as its structure group (Remark 3.9).

Moreover, mo, : T°Spa(H) — Spa(H) becomes a generalized vector
bundle with fibers isomorphic to sp,(H)> = liilﬁpz('}‘l)i and the structure

group H°(spy(H)>).

Ezample 4.4. Let (M,g) be a pseudo Riemannian manifold. Consider the
Lagrangian

L(a,y) = meg(@)(y9) + ~A@)y:  (2.y) € T,M

where 0 # m, ¢, e are known physical constants and A is a 1-form on M. L
is known as the classical Lagrangian of electrodynamics and g is called the
gravitational potential and A is the electromagnetic potential [15].

Following the formalism of Sect. 3.4 and also [15] we consider the La-
grangian

L* . T"M — R
(sl — meg(e) (proj, @5 (17, 2],), projy o @ ([, 1,)
+ 22 A(w) proj, o B (11,1,

Clearly, L* is a nondegenerate Lagrangian of order k on M which is known
as the Lagrangian of electrodynamics of order k [15].

We remind that a k-semispray on M is a map S : TFM — TT*M,
such that for any u = (z,&1,...,&) € T¥M the map S, := T¥* 0 So \I/’;_1
is given by

Salw) = (561,262, k&, (k+1)Ga(w))

where G, : ﬂ',;l(Ua) — E is a differentiable map. The family {G, }.cr are
local components of the semispray S.

For U C M identify 7, ' (U) with its image W¥ (7' (U)). For the La-
grangian L* consider the k-semispray S with the local components

Glu) = 5 e t@) (L (1) = 0101 L ()6
— Do 1 LF(u)280 — - -+ — OpOp 10 LF (u) k& }

where g(z) is considered as a map from T, M to T M (see e.g. [5] for the
finite dimensional case).
Now the curve ¢ : (—e,e) — M is a motion of the Lagrangian system
(T*M, L*) if ¢ satisfies the system of k + 1 order differential equation
dk-i-l 1 d2 1 dk
el = (ki + 1)G(c(t), ¢ (), 502 H@c(t))
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