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Abstract. A modification of Szdsz—Mirakyan operators is presented that
reproduces the functions 1 and e2%*, a > 0 fixed. We prove uniform
convergence, order of approximation via a certain weighted modulus of
continuity, and a quantitative Voronovskaya-type theorem. A compar-
ison with the classical Szasz—Mirakyan operators is given. Some shape
preservation properties of the new operators are discussed as well. Using
a natural transformation, we also present a uniform error estimate for
the operators in terms of the first- and second-order moduli of smooth-
ness.
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1. Introduction

The mappings which are nowadays called Szasz—Mirakyan operators were
introduced independently by the two authors mentioned and Favard between
1941 and 1950 (see [10,14,18]). For z € [0,00) and f : [0,00) — R for which
the right-hand side is absolutely convergent, they are defined by

oo k
Suf (@)= S (fiz) =3 f (:) e wen ()
k=0 :

The operators S,, have many properties similar to those of the classical
Bernstein operators given for f € C|0, 1], say. In particular, both are positive,
linear and, for i = 0, 1, reproduce the functions e; (z) = x%. In 2003, King[13]
introduced a sequence of positive linear operators which modify the Bernstein
operators and preserve the test functions eg and es on [0, 1]. King’s approach
was further investigated by several authors which we do not cite in this text.

King-type modifications of Szdasz—Mirakyan operators were also consid-
ered. For example, Duman and Ozarslan [9] constructed Szész-Mirakyan-type

Y Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00009-016-0804-7&domain=pdf
http://orcid.org/0000-0003-0982-9459

6 Page2of 14 T. Acar et al. MIOM

operators which reproduce the test functions ey and ey on [0, 00), and quite
a general approach is described by Aral et al. in [4].

Motivated by the above-mentioned papers, we propose to construct
Széasz-Mirakyan-type operators which reproduce the functions ey and e29%,
a > 0 fixed and we formulate a sufficient condition under which the new
operators perform better than S,,.

For functions f € C'[0,00), such that the right-hand side below is ab-
solutely convergent, we introduce operators as

R, (Fio) = R, (fia) = e W@Z e (i) (1.2)

x > 0,n € N; such that the conditions
R* ( 2at. :l?) — 62117; (13)

are satisfied for all x and all n. The operators R} are linear, positive and
preserve the constant functions. Note that for a, () = z, the operators (1.2)
reduce to the classical Szdsz—Mirakyan operators (1.1). However, this case
will not be included in our considerations.
Using (1.2) and (1.3), we explicitly require
62aac — enan(r)(eh/”fl)

which is the case for
2ax

n(e2e/n —1)
Thus, the operator (1.2) can be rewritten in the form:

R, (fiw) = e I)Z mn (i)

k=0

Qp (-T) =

2ax oo

:e_(e"’“/”l)zm"”))kf< ) (1.5)

o k! (e2a/n _

Sn (f; @n (2))

where

©On (:23) = (Sn (62at))71 ° e2am
Note that in the excellent paper [3], Aldaz and Render introduced linear
positive operators which preserve the same exponential functions. In addition,
general King-type operators which preserve some exponential functions were
studied by Birou [6].

Quantitative Voronovskaya theorems for various types of operators have
been studied intensively in the last decade. This kind of results is useful to
describe the rate of pointwise convergence and the error of approximation
simultaneously. In the recent paper [2], Acar et al. proved quantitative forms
of Voronvskaya’s theorem on unbounded intervals for general linear positive
operators by means of a weighted modulus of smoothness. Moreover, a similar
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theorem for generalized Szasz—Mirakyan operators was proved via different
weighted moduli of smoothness by Acar et al. [1].

The paper is organized as follows. In Sect. 2, we give some lemmas
which will be necessary to prove our main results. Section 3 contains the
proof of uniform convergence of the operators and also a statement concern-
ing the degree of this uniform convergence. A quantitative Voronovskaya-type
theorem for R} is given in Sect. 4. In Sect. 5, we present some shape preserv-
ing properties of the operators (1.2) and we compare the operators R} with
the classical ones. In the last Sect. 6, considering an isomorphism between
(C*[0,00), [/l (9,00)) and (C'[0,1], ]|l (9. 1), we present a uniform estimate for
R} in terms of the first- and second-order moduli of smoothness.

2. Preliminary Results

We give the following lemmas without proofs, since they are similar to the
corresponding results for Szasz—Mirakyan operators and require some ele-
mentary calculations.

Lemma 1. Let a > 0. Then, we have

R: (e“t;x) _ enan(z)(ea/nil)

(62{12/(1;71) (e?/m—1)

e

2ax

e(e/m) (2.1)

Lemma 2. We have
R} (eg;x) =1, R} (e1;2) = aw, (2),

Ry, (eg;w) = ozfI (z) + M.

Lemma 3. Let o¥ (t) := (t —2)", k=0,1,2,... Then

:L((pg t ,:L‘) =1, (22
Ry (oh(t);2) = an(z) —2 (2.3
(goi (t);z) = (an () — z)? + n (x)' (2.4)

n

Moreover, considering equality (1.4), we find

2ax

li _— = = - 2.
e <n (e2a/m —1) a:) “ (25)

2
. 2azx 2ax
i n <n(/_1)‘x> TEnoy | T 2O

|
8
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3. A Quantitative Result

Here, we explore the rate of uniform convergence of the operators R} on
[0,00). The use of the unweighted Chebyshev norm makes sense in C*[0, 00).
This is the (small) subspace of C[0, 00) of all real-valued continuous functions
on [0,00) with the property that lim, . f(x) exists and is finite, endowed
with the uniform norm.

In 1970, Boyanov and Veselinov [7] showed that uniform convergence of
any sequence of positive linear operators in the above setting can be checked
as follows.

Theorem 1. The sequence A, : C*[0,00) — C*[0,00) of positive linear oper-
ators satisfies the conditions
lim A, (e_kt; 33) =e M k=012,

n—00
uniformly in [0,00), if and only if
lim A, (fi2) = f (@)
uniformly in [0,00), for all f € C*[0,0).
The two authors mentioned applied their theorem to Szasz—Mirakyan
and Baskakov operators.

To obtain an estimate for the rate of convergence in the above theorem,
we will use the following modulus of continuity:

W' (f;6) == sup |f(t) = f(x)],
z,t>0

le=v —e—t| <5

which is well defined for every § > 0 and every function f € C*[0,00) (see
Holhos [12]). The modulus w* (+;8) has the property:

(e

If (&) = f(@)] < <1+;26_t)> w* (f;6),0 > 0. (3.1)

For more details on w* (+;0), we refer the reader to [12]. There also the fol-

lowing statement can be found.

Theorem 2. If a sequence of positive linear operators A, : C*[0,00) — C*
[0,00) satisfy the equalities:

[Aneo — 1”[0,00) = Qn,
14 () = €l g o0y = B
14 (72 = ™[l oy =
then
1Anf = Flljgy < 2" (£3 V/an 200 +7m) , £ € C*[0,0).

Remark 1. The assumption that au,, 8., v, tend to zero as n goes to infinity
(made in [12]) is not needed.

The following theorem deals with uniform convergence of R;;.
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Theorem 3. For f € C*[0,00), we have

where
B = 1B (e7*) = e gy -
Y = [R5 (€)= el g.ocy -

Page 50f 14 6

Moreover, 3, and 7y, tend to zero as n goes to infinity, so that R} f

converges uniformly to f.

Proof. The inequality immediately follows from Theorem 2. Taking definition

(1.5) and equality (1.4) into account, for A > 0, one can write as

o k
Ry (e M) = e non@ 37 (na ()"
B !
k=0
_ o nan (@) gnan(@)e”
— enom(z)(e N -1)

7(€2575_1) (e7/m-1)

2ax eNm_q
— 67 eA/m \ e2a/m_y

Take A =1 first. Using the inequality

U—v U+ v
for 0 < v < u,
Inu —Inwv 2
we have
1—u
e U _ Tt < Tn (ze™ ™" +ze™ "),

1n_ .
where u,, = e?% (;Tnfl) . On the other hand, since

_ 1
maxze %% = —
z>0 eb

for every b > 0, we can write as

—zu —x (1_u7l) ( 1 1)
e —e T —— | — + -
2 eu, e

Thus
1R, (75 2) = el g ooy = Bn <

as n — oQ.
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For A = 2, we have

e~ %Vn _ e—2z <

(4 — ’UTQL)
dev,,

2/n
where v, = 3% (ﬁ) . Therefore

(4 —v7)

i (3.3)

[Ry (e 2) — 67%”[0,00) =Tn <

as n — oo. Hence, by Theorem 2 (or Theorem 1), the proof is complete. [

4. A Quantitative Voronovskaya-Type Theorem

We will now examine the asymptotic behavior of the operators R by proving
a quantitative Voronovskaya theorem.

Theorem 4. Let f, f” € C*[0,00). Then, the inequality

n(R; (fix) = f @) + aaf (2) = 3" ()

< Ipn @)1 @) +lgn @) 17 (@) 42 200 () +a+rn (@) @™ (f71/v/n)

holds for any x € [0, 00), where
Po (@) == nR;, (5 (1) 2) + ax,

00 (@) 1= 3 (W (42 () 50) — )

ro(z) = n2\/R;'; ((e*“’ - e*t)4;x> \/R;; ((t _— x)

Proof. By the Taylor expansion of f at the point x € RT, we can write as

£ (@)

(= )’ +h(tz)(t—=x)?, (41

f@)=f(x)+f (2)(t —x)+

where

YR dUR G

and 7 is a number between = and ¢. If we apply the operator R}, to both sides
of equality (4.1), we immediately have

-0 (62 1))

Ry (fiz) = f(z) = f'(2) B}, (95 ()5 2)

< |R;, (h(t.2) o2 (), 2)] -
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Considering the equalities (2.2)—(2.4), we can write as
n (R (fi2) = f (@) + axf' (@) = 5" ()|
< [n; (¢} (1):2) + az] | @)] + 3 [nB; (2 (0);2) — 2] 17" (a)
+ }nR:‘L (h (t,x) gpi (t) ,x)| .

Put p,, (z) :=nR} (%10 (t) ;x)—i—am and ¢, (z) ::% (anL ((pi (t) ;x) — x) :
Hence

[n R, (Fi2) = f @) + aaf’ (@) = 51" (@)]
< Ipn @)1 @)+ lan @)1 @) + [0, (B (8,2) 02 (8)32)]

Note that, by the equalities (2.5) and (2.6), p,, () — 0, ¢, () — 0asn — o0
at any point x € R*. To complete the proof, we must estimate the last term
[nR; (h(t,2) ¢2 (t),z)|. Using the inequality (3.1), we get

|h(t,z)| < <1+ W) W (f56) .

If e=* —et| < 4, then |h(t,z)| < 2w* (f";0). If |e=* —e~t| > 4, then
e~ T_et)?
|h(t,x)] < 2572)(4)*(]"”;5). Therefore, we have |h(t,z)] < 2

—o_ ot 2
(1 I w> w* (f//; 5) Using thiS, we obtain

nR, (B (t,2)] @2 (1), @) < 20w (£'50) By, (- 2)°30)

+%w* (f":0) R ((efm - eit)Q (t —z)* ;x) .

Applying the Cauchy—Schwarz inequality, we infer

nRy (|h(t,2)| @2 (t),z) < 2nw* (f";6) R}, ((t —z)? ;x)

P (1130) \/ Ry (e = ety a) \/ Ry ((t=a)"sa).

Choosing 6 = 1/+/n and using the notation

I (1) = \/nQR;; ((e_”” — ety m) \/n2R;; ((t — )t x)

we arrive at

nlR; (f,0) = f @) +axf (2) = 5" (@)

< Ipn @) " (@) +lan @) 1" ()42 (240 (2) + 2470 (2)) 0" (f751/v/n)

which was our claim. O
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Remark 2. Direct calculations give

22 6 7 5
nh—{go n?R} ((t - x)4 ;x) = §a2x4 + 4a?2? <ax + 12 + 2x2>

2 2 2 9
—2az | S+ Zax®+322 ) —8a%2% | Za+-— ).
a 3 a 4a?

Furthermore, using Mathematica, the following was obtained:

lim n?R} ((e_t - e_m)4 ; a:)

n—oo

9  3\? 1 9 9
o —4x 2,2 < e o - v <
4e <2a T <4a+2> 2ax (2a+4a+4))
1 2

An immediate consequence of the last remark is
Corollary 1. Let f, f” € C*[0,00). Then, the inequality
x
Jim n (R (f,0) — f (2)] = —azf’ (2) + 3" ()

holds for any x € [0, c0).

5. Comparison with Classical Szasz—Mirakyan Operators

In this section, we compare the operators R, with classical Szdsz—Mirakyan
operators. The results obtained in this section show that the new operators
present a better approximation under certain conditions, such as generalized
convexity. A function f € C'[0,00) is said to be strictly (1,¢) convex if

11 1
o (wo) @(x1) @(x2)| >0, 0<z0 <z <22 < 00.

f(xo) f(xl) f(332)

This is equivalent to f o ¢! being strictly convex in the classical sense. For
this concept cf. Ziegler [20] (his remark on p. 426 is important!), his earlier
paper [19], and the very instructive thesis of Bessenyei [5], see Th. 2.7, p. 34,
in particular.

A function f € C?[0,00) (the space of twice continuously differentiable
functions) is strictly (1, ) convex with respect to ¢ (z) = €*** a > 0, if and
only if

"

[ (x) > 2af (), =>0. (5.1)
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This follows immediately from the definition in the limiting case g = 1 =
To = X.
By Corollary 1 and (5.1), we have the following

Corollary 2. If the function f € C? [0, 00) is strictly (1, ) convex with respect

to ¢ (x) = €27 a > 0, then for all x > 0, there exists ng = no(x) € N, such
that for n > ng, there holds:

fz) <R, (f,2).

On the other hand, we recall the following theorem of Cheney and Shar-
ma [8] (see also Stancu [17]).

Theorem 5. 1. If f € C'[0,00) is convez, then f(x) < S, (f,x) x >0.
2. If f € C'[0,00) is convez, then Spi1 (f,z) < S, ( z) x>0,n>1.
3. If [ is decreasing (increasing), then S, (f) is decreasing (mcreasmg)

Theorem 6. Let f € C'[0,00) be decreasing and convex. Then, for each x > 0,
there exists n; = ni(x) € N, such that for n > ny, the inequalities

R:L(f’x)— n+1(f7 ) f(.%‘)
hold.

Proof. Using 2. and 3. of Theorem 5 and recalling that
on (z) = (Sn (eQat))—l o 207
(see 1.5), one has ¢, (z) < @n41 () and hence
Ry, (fa 95) - RZH (fv 95) = Sn (f,on (33)) — Snt1 (f, Pn+1 (37»
= [Sn (fsn () — Snt1 (f, n ()]
+ [Snt1 (f, n (2)) = Snta (f,n1 (2))]
> 0.

This means
R:L(f?‘r) =z n+1(f, ), x> 0.

Since f is decreasing and convex, by Corollary 1, there exists ny = ni(x) € N,
such that for n > n,, we get

Ry (fiz) > f(2).
This completes the proof. O

Theorem 7. Let f € C'[0,00) be increasing and strictly (1,¢) convex with
respect to ¢ (x) = €*** a > 0. Then

f(z) <R, (f,z) <Su(fiz), x2>0.
Proof. From the remark of Ziegler in [20, p. 426], we know that
f@) <R, (fx), zz20mn=1,

because the function f is (1,¢) convex with respect to ¢ (z) = €2%®, a > 0.
Since ¢ (z) = €29 is convex and by Theorem 5, 1, we have

Sn () = . (5.2)
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Since (S, ()" is increasing, using (5.2), we get

(Sn (‘P))_l 0 Sn () > (Sn (50))_1 o .
Thus
22 (S (@) o) (@),

and hence

Ry, (f.2) < Sp(f,2).

6. One Further Uniform Estimate

In this section, employing a technique developed by Gonska [11] and Péltanea
[15], we present another quantitative result for the uniform convergence of the
operators R} in terms of the first- and second-order moduli of smoothness.
Very recently, Péiltanea at al. [16] have obtained quantitative results on the
degree of approximation using a suitable transformation which reduces the
approximation problem on [0, 00) to that one on [0, 1]. We will use a similar
approach adopted to our situation.
The spaces (C*[0,00), (|9 o)) and (C'[0,1], [|[[jg ;) are isometrically

isomorphic. Define

Y (y)=e?, yel0,00),
and let

T:C[0,1] — C*[0,00)

be given by
T(f) () =) =,), feC01],yel0,00).

with the observation

lim f* (1) = Jim f (4 (2)) = £ (0).

t—o0

Clearly, T is linear and bijective. Moreover, for all f € C'[0, 1], one has

1T fllg,00) = sup |f (@) =[1fllj0,-
te[0,00)

Hence, T is isometric with
T (f*) = [0y, for f* € C*[0,00).

We recall here a general quantitative result involving the first- and second-
order moduli of smoothness. Such estimates were first established by Gonska
(see [11]) and later refined by Péltanea as far as the constants are concerned.
Péltanea’s result (see [15, Corollary 2.2.1]) reads as follows.

Theorem 8. Let K = [a,b], K/ C K and for i € NU{0}, x € R, we consider
the ith monomial e; (z) = 2*. If L : C(K) — C(K') is a positive linear
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operator, then for f € C(K), x € K', and each 0 < h < %length (K), the
following holds:

L () = @) < 1L (eo) = 11 @)+ 5 L eg = 52) | (f5)

L)+ gyt (e = as0) [ wa (730,

where wy (f;h) and we (f; h) are the first-order modulus of continuity and the
second-order modulus of continuity is given by

w1 (f;h) =sup{|f (x) — f(y)|: 2,y € [0,1], [z — y| < h},

w (f;h):sup{‘f(x)—Qf (“y) + )

2
respectively.

:x,ye[o,lm—yszh},

Remark 3. The condition h < %length (K) in the above can be eliminated for
operators which preserve linear functions. For K = K’ = [0, 1] and Ley = ey,
this implies

1
ILf =l < 7 ILex — exll gy wi (f5h)
h

+ 14 g0z (2061 = erllp oy + 162 callg) [ 2 (i)
for0 < h < %
The above uniform estimate follows from
|L(e1 —z;x)| = |L(e1;z) —xL (1; )
< [ILex = erlljp,00
and
L ((61 — ) ;:z:) = L (eg;x) — 2xL (e1;x) + 2*L (eg; )
< 1Le2 — e2lljg,00) + 2[1Lex — e1lljg o0y -

Let S* : C*[0,00) — C*[0,00) be a positive linear operator reproducing
the constant functions. Then, L : T"' o S* o T : C[0,1] — C]0,1] is a
positive linear operator to which the uniform version of P &ltanea’s theorem
is applicable. This leads to the following.

Theorem 9. If S* and L are as given above, then for all f* € C*[0,00) and
all0 < h < %, the following inequality holds:

15 F* = 1l
1 *
< n 5™ (v) — ¢||[o,oo) w1 (f;h)[o,l]

1
4 [1 + T (HS* (w2) - w2H[O,oo) + 215" () — ¢||[0,oo)):|
xws (f:R)g.) - (6.1)

Here, f = f* oL
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Proof. For L : T~! 0 §* o T, the quantities from Remark 3 can be rewritten
as follows:

().
||Lf - f||[071] = ||(1171 o S*) (f © "/)) -7t (f 01/))”[071]
(s = T )
= H(S*f*) O d]_l - f* © 7*/J_IH[O,l]
=157 F" = f*llj0,00) -

(ii). Using the fact T~ (f*) = f*oy =t = f, T(f) = f* = f o1, we
get

[Ler — el = [(T7 o s OT) (e1) — elH[O,l]
= H( 1o5) elH[O,l]
S*(¥)o (T_l © T) (el)H[o,l]
= HS* (1) o QL
= | *(1/))0 oy |y
= [15" (%) = ¥lljp,00) -

(iii).
1Lea = e2ljg. 1 = [[(T7" 0.87) (T (e2)) = T (T ()| gy
= [[(T7057) (%) =771 (¥*) [0y
=[5" (1/’2) ot —4? Ow_lu[o,l]
- HS* (1/}2) - 7/’2||[o,oo) :

Hence, we have

* pk * 1 *
[S*f* = f ||[o,oo) SEHS (v )*¢||[000)W1(f§h)[0,1]

[”W (I8 @) — 2 ) +2118" () - u}n[o,m))}

x wa (f; h)[o,u :
O

Remark 4. In the statement of the theorem, the quantities wy (f; h>[0,1] and
w2 (f;h)}p,1) may be rewritten as follows:

wi (f3h)p ) =™ (f75h)

from above. Moreover
w2 (fih)g ) =sup{[f(z—s)—2f(2) + f(z+s)|:x+s€0,1],[s] <h}

. * —1 * 1 (THY
—sup{|( 0w ) @) 2700 (552
+(ffop™") (W] s |z —yl < 2h,h <1/2}
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= Sup{|f* (t) —2f* (ln2 —1In (eft + 678)) + fF (s)|
Y () =1 (s)] < 2h,h < 1/2}.
Note that in the above, since |t —y| < 1 and |[e7! —e™8| < et +e7% <2,
then In2 —In (e~ +e7%) > 0, so f* is defined there.

From Theorem 9, choosing h = 4/ % (Yn + 20,), there for n large enough,

and recalling (3.2) and (3.3), we arrive at the following.

Corollary 3. For all f* € C*[0,00) (f = f*ov~1) and n large enough, we
have

IRLF* = £ o

<w <f; % (Yn + Qﬂn)> + 2ws (f; ! (Yn + 2%))

2

[0,1] [0,1]
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