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1. Introduction

Integral boundary value problems arise in different areas of applied math-
ematics and physics such as heat conduction, chemical engineering, under-
ground water flow, thermo-elasticity, and plasma physics. In mathematics
context, these phenomena can be reduced to some model for the nonlocal
problems with integral boundary conditions. On the other hand, integral
boundary conditions can cover other kinds of nonlocal boundary conditions,
such as three-point boundary conditions and multi-point boundary condi-
tions (see [1-7]), as special cases. Hence, boundary value problems with in-
tegral boundary conditions constitute a very interesting and important class
of problems and have received a great deal of attention, see [8-20] and the
references therein.

In [2], using the fixed-point theorem in cones, Ma and Wang studied
the existence of at least one positive solution for the following three-point
non-singular BVP

{u”(t) +a(t)u'(t) + b(t)u(t) + h(t)f(u) =0, te(0,1),
u(0) =0, au(n) = u(l),
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where 0 < n < 1,0 < api(n) < 1 (¢1 will be given in Sect. 2), h €
C(]0,1],[0,4+00)) and h(t) £ 0, f € C(]0,+00),[0,+00)) is either super-
linear or sublinear. Recently, by applying the fixed-point index theorems, Liu
et al. [17] studied the existence of positive solutions for the following singular
second-order integral boundary value problem under some weaker conditions
concerning the first eigenvalue corresponding to the relevant linear operator

{u“(t) + al(t)u’(t) + b(t)u(t) + h(t)f(u) =0, te€ (0, 1),1
0) = [, 9(s)u(s)ds, u(1) = [y h(s)u(s)ds,

where g,h € L'(0,1) are nonnegative, h(t) # 0 is allowed to be singular at
t=0,1and f € C((0,400), [0, +00)) may be singular at u = 0.

To study the case of systems of equation using the fixed-point theo-
rem in cones, Cheng [21,22] established a product formula for computing
the fixed-point index of the system of equations, especially inhomogeneous
system of equations with different nonlinear features can be solved by this
method. Following this strategy, Liu et al. [23] established the conditions for
the existence of at least one or at least two positive solutions for the following
singular impulsive BVP

—u(t) = ha(8) fr(t, u(t), v(t)), teJ
—v"(t) = ha(t) f2

(t,v(t), u(t)), teJ
=AU |i=¢, = I1 x(ultr)), k=1,2,...,m,
—AV|i=p, = Dok (v(tk)), k=1,2,....m,

au(0) — fu'(0) = 0, av(0) — fv'(0) =
yu(l) + du'(1) = 0, yv(1) 4+ 6v'(1) = 0,

with various kinds of nonlinear feature of f1, fs.

Motivated by the work mentioned above, in this paper, we are concerned
with the multiplicity of positive solutions for the following system of singular
differential equations

u'"(8) + ax (£’ (£) + b1 (Yu(t) + 1 () fi (t,u(t), v(t) =0, t€(0,1),
o(1) + az(D)v' (1) + bz(t)v( )+ et u®) =0, te(0,1),

u(0) = [y g1(s)u(s)ds u(1) = fy ha(s)u(s)ds,
v(0) = [y g2<s>v(s)ds, (1) = [y ha(s)v(s)ds,

(1.1)

where a; € C([0,1],R), b; € C([0,1],(—00,0)), fi € C([0,1] x (0,400) X
(0, +0), [0,4+0)), ¢; € C((0,1),[0,+00)) and g;, h; € L'[0,1] are nonnega-
tive for ¢ = 1,2. In this paper, ¢;(t) #Z 0 is allowed to be singular at ¢t = 0,1
and f;(t, z,y) may be singular at = 0 or y = 0. We are mainly interested in
handling the singularity of fi, fo on second and third variables, to overcome
this difficulty, we shall do spectral analysis for the relevant linear operator of
the corresponding differential system, and then construct a Cartesian prod-
uct cone K x K, and compute the fixed-point index in K x K under some
conditions on f; concerning the first eigenvalue corresponding to the rele-
vant linear operator. Based on the properties of the fixed-point index, the
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existence of at least one or at least two positive solutions for the singular
differential system (1.1) is established.

The paper is organized as follows. In Sect. 2, we give some preliminaries
and establish several lemmas. In Sect. 3, the main results are formulated and
proved. In Sect. 4, we give two examples.

2. Preliminaries and Lemmas

In this section, we present some preliminaries and lemmas that are useful to
the proof of our main results.

Let E = C([0,1]) = {u | w:[0,1] — R is continuous} be a Banach space
with the norm |[ul| = max;cjoq) [u(t)| and P = {u € C([0, 1], [0, +00)) | u(t) >
0,t € [0,1]} be a cone in E. Clearly, E x E is also a Banach space with
norm |[|(u,v)|| = max{||u|,||v]|} for any (u,v) € E x E. A function u €
C(]0,1])NC?((0,1)) is said to be a positive solution of BVP (1.1) if it satisfies
the BVP (1.1) and u(t) > 0,v(t) > 0 for ¢t € (0,1).

Lemma 2.1 [2]. Assume that a; € C([0,1]),b; € C([0,1],(—00,0)). Let @1,
and @2 ; be the unique solution of BVP

{ 1) +ai(t)eq ; () + bi(H)e1,:(t) =0,
©1,:(0) =0, 1(1)=1,

and

a;
©2,i(0) =1, 2,(1)=0,

respectively. Then @1, is strictly increasing on [0,1], while @, is strictly
decreasing on [0,1] (i=1,2).

{ @y () + ai(t)ps ;i (t) + bi(t)p2.:(t) =0,

For convenience in presentation, we now list some assumptions and lem-
mas which are used throughout the paper.

(Hy) a; € C([0,1]), b; € C([0,1], (—00,0)), i = 1,2;
(Hs) gi,h; € L'([0,1]) are nonnegative, and k1 ; > 0,ks; > 0,k; > 0, where

k i _]‘_fo 9022 z(s)ds, k22_f0 9012 (S)ds7
k3 i fo ©2,i(s)hi(s)ds, kii=1- fo ©1,i(8)hi(s)ds,
ki = Ky ikai — k2,zk37ia 1=1,2.

Lemma 2.2 [17]. Assume that (Hy) and (Hz) hold. Then for anyy € C((0,1))
ALY((0,1)), i = 1,2, the BVP

[0+ a0 O 0 0 QD
0) = [, gi(s)ui(s)ds, us( fo i(8)u;(s)ds, '

has a unique solution u; that can be expressed in the form

= /1 H;(t,s)y(s)ds, te]0,1], (22)
0
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where
(ks ; (Oka; [F
Hi(t,s) = Gy(t, s)pi(s) + 2= (O, 1?902’ 2 / Gi(T, s)pi(s)gi(T)dr
i 0
s o1t ailObsi 761 g sym(riar,
1 0
t
pilt) = exp ( / ai<s>ds) ,
0
oo L eniea(s), 0<t<s<1l,
Gl(tas) - E {(P17i<3><,02,i(t), 0 <s<t< 17 Pi = @17i(0). (23)

Furthermore, u;(t) > 0 on [0,1] provided that y;(t) > 0 on (0,1).
Lemma 2.3 [17]. Suppose that (Hy) and (Hz) hold, then for any t,s € [0,1],

i=1,2, we have
0 < Gi(t,s) < Gi(s,s8), 0< Hi(t,s) < H(s), (2.4)
Hi(t,s) = vi(t)#(s),
where v;(t) = min{¢1 (1), p2.:(t)}, t € [0,1], and

H(s) = Gi(s,s)pi(s) + k?’l;—lkm/o Gi(1,8)pi(s)gi(T)dr

. . 1
+ % / Gi(7, 8)pi(s)hi(T)dr.
i 0

Since ¢; € C((0,1),[0,+00)) and ¢;(t) # 0, there exists to,; € (0,1) such
that ¢;(to;) > 0,4 = 1,2. Choose § € (0, 1) such that to; € (6,1 —0) , then
we have

H;(t,s) > vs(s), teld1—0],s€]0,1],

where

0 = mi i (1), ¢2.i(t)}= min min{¢ ;(8), po.i(1 —6)} < 1.

<% ié?ig}te%ﬂ%]{d”’() $2,4(t)} Z.g{lig}mm{dn, (0), 2,i(1 —0)} <
Let

K ={u€ Plu(t) = y(t)|[ul,t €[0,1]},

where v(t) = min{~v;(¢),¥2(¢)}. Then K is a subcone of P. It is easy to verify
that for any u € K, we have minye(s1_5 u(t) > 7sllul|. For any r > 0, let
K,={uec K||u|| <r},0K, ={uec K||ul|=r}and K, = {u € K| |ul <
r}.

To deal with the singularity of ¢; and f;, we list here two more assump-
tions:
(Hs) ¢ € C((0,1),[0,+00)), ci(t) # 0 and [, Hi(s)e;(s)ds < +oo, i = 1,2.
(H4) Ci EC((Ov 1)7 [07 —I—OO)), ci(t) 5—607 fi GC([O’ 1] X (07 OO) X (07 00)7 [0’ +OO))

and for any 0 < r; < R; < 400,11 =1,2,

lim sup H(s)ci(s) fi(s,u(s),v(s))ds = 0,
T ()€K \ Ky X Ky \ Ky J ()

where e(n) = [0, 2] U [2=L,1].

‘n
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It is easy to see that (H,) is strong enough to imply (Hjz). In fact, from
(Hy) it follows that for any 0 < r < R < 400 by taking u(t) = v(t) = R €
Kgr\K,, we have

lim Hi(s)ei(s) fi(s, Ry R)ds = 0,

n—+oo e(n)

then fe(n)j‘ﬁ(s)ci(s)fi(s,R,R)ds < +oo. Since f; € C([0,1],(0,+o0),

(0,400),RT) and ¢; € C[+, 2=1], we have

/01 H(s)ei(s)ds < 400,

i.e., that (Hy) implies (H3).
For any (u,v) € (K\{0}) x (K\{0}), we can define mappings A, :
K\{0} - P, B, : K\{0} — P and T : K\{0} x K\{0} — P x P as follows

Ay (u)(t) :/o Hy(t,s)er(s) f1(s,uls),v(s))ds, (2.6)
B, (v)(t) :/0 Hs(t, 8)ea(s) fa(s,v(s),u(s))ds, (2.7)
T(u,v)(t) = (Ap(u) (1), Bu(v)(t)), te€[0,1]. (2.8)

Also we can define mapping T; : E — FE as
1
(Tiu)(t) = / H;(t,s)ci(s)u(s)ds, te€]0,1],i=1,2. (2.9)
0

It is well known that if (u,v) solves the operator equation (u,v) = T'(u,v),
then (u,v) is a positive solution of system (1.1).
For any 7:0 <7 < 6, we define I ; : £ — E:

1—7

(Tru)(t) = H;(t,s)ci(s)u(s)ds, forallte0,1],uec E,i=1,2...
(2.10)

Lemma 2.4 [17]. Suppose that (Hy)—(Hs) are satisfied, then for the operators
T; defined by (2.9) and T ; defined by (2.10),

(i) T; : K — K is completely continuous linear operators;

(ii) the spectral radius r(T;) # 0, T; has positive eigenfunction corresponding
to its first eigenvalue A1 ; = (r(T;))~' ; and Ty; has positive eigenfunc-
tion corresponding to its first eigenvalue A ; = (r(Tr;))™';

(iil) there exists an eigenvalue Xl,i of T; such that \;; — A1, as 7 — 0F.

Lemma 2.5. If (H,),(Hs) and (Hy4) hold, then

(i) for any R > r > 0 and v € K\{0}, A, : Kr\K, — P is completely
continuous;

(ii) for any R > r > 0 and v € K\{0}, B, : Kg\K, — P is completely
continuous;

(i) T : (K\{0}) x (K\{0}) — P x P is completely continuous.
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Proof. (i) First, for any r > 0, and v € K\{0}, we will show

1
sup / H4(s)c1(s) f1(s,u(s),v(s))ds < +o0. (2.11)

u€OK, JO

At the same time, this implies A, : K\{0} — P is well defined.
In fact, by (Hy), for any fixed v € K\{0}, there exists a natural number
[ such that

sup Hi(s)er(s) f1(s, u(s), v(s))ds < 1.
uedK, Je(l)

If u € OK,, then yyr < u(t) < r fort € | lTl], where fyl = minte[l 1)

T
{61.1(8), 621 (8)} > 0. Let My = max{fi (¢, u(t), v(t) [t € [}, 5], u € OK,},

then we have

sup / HA(s)e1(8) f1(s,u(s),v(s))ds

u€dK, Jo

< sup H4(s)c1(8) f1(s,u(s),v(s))ds

u€dK, Je(l)

+ sup / H(5)er ()1 (5, u(s), v(s)ds

uc€dK,
<1+ Ml/ Hc1(s)ds < +oo, (2.12)
0

i.e., (2.11) holds.

Next, for any v € K\{0}, A, : Kg\K, — P is continuous. Let u,,, ug €
Kg\K, and ||u, — ug|| — 0(n — o). For any € > 0, by (H,) there exists a
natural number m > 0 such that

sup H(s)e1(8) fi(s,u(s),v(s))ds < < (2.13)
weRr\K» Je(m) 4
Set vy = mlnte [L,m= {le 1( )’¢2,1(t)}, then v,r < UO(t) < R, ypmr <
un(t) < R, t € [nl%,mml}. Let a1 = minfo(t)|t € [L, ™1} ap =
max{v(t)[t € [L, ™=1]} since fi(t,z,y) is uniformly continuous w.r.t. z
on [%, m—] [Ym™, R] X [a1,az], we have

Jm |1 (E un(t), 0(t)) = fult, uo(?), v(t))] = 0

holds uniformly on ¢ € [%, mT_l] Then the Lebesgue-dominated convergence
theorem yields that
m—1

lim N " HA(s)c1(8)f1(s, un(s),v(s) — fi1(s,uo(s),v(s))|ds — 0.

n—-+o0o

Thus, for the above € > 0, there exists a natural number N such that for
n > N, we have

|7 A uns)005) = s ma(s) v(s)ids < 5. (2.14)
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It follows from (2.4), (2.13) and (2.14) that when n > N,

[Aptin, — Ayuol <2 sup H(8)er(8) f1(s,u(s),v(s))ds
u€Kp\ K, Je(m)

m—1
m

Jr/1 H()e1(s)]f1(s, un(s), v(s) = f1(s, uo(s), v(s))|ds

€ €
< 2x 1 + 3= €.
Therefore, A, : I_(R\Kr — P is continuous.

Assume that B C I_(R\KT is a bounded set. Then for any u € B, r <
lu]| < R, from (H4) and from (2.12), A,(B) is uniformly bounded. By the
Arzela—Ascoli Theorem, we only need to show A,(B) is equicontinuous.

For any € > 0, from (Hy), there exists a natural number k such that

sup J4(s)c1(s) f1(s,u(s), v(s))ds < <
wERp\K, Je(k) 4
Let v = minte[%7%1{¢1’1(t),¢271(t)}, M = max{fi(t,u(t),v(t))|

t €[+, 5], u € Kg\K,}. Since G1(t, s) is uniformly continuous on [0,1] x

[0,1], ¢1.1 and ¢2 1 are uniformly continuous on [0, 1], then for the above € > 0

and fixed s € [, %], there exists o > 0, for all ¢,¢" € [0,1], |t — /| < o, such

that
-1

1
|G1(t,s) — G1(t',s)| < (GMk/() pl(s)cl(s)ds> €,
|61,1(2) — P ()]
~1

< <6Mk/0 /0 G1(S,T)p1(7')[k‘37lgl(7')+k171h1(7)]01(8)d7d8) kie,
2,1 (t) — pa,1(t)]

g(GMk /0 /0 G1(s,7')p1(7')[/€4,1gl(7')+k2,1h1(7)]cl(3)d7ds) .

Hence, for all t,¢' € [0,1], |t — /| < o and u € B, we have

|[Apu(t) — Ayu(t’)] <2 sup Hi(s)er(s) fi(s, u(s), v(s))ds
uE€KRr\K; Je(k)
+ sup /T |G1(t,s) — G1(t', s)|p1(s)er(s) f1(s,u(s),v(s))ds
wERR\K, J %

"‘uef(lgm/i ) kf1\¢1,1(t>—¢1,1(tl)\/0 G1(s,7)p1(7)[k3,191(7)
+k11h1(7)]e1(s) f1(s,u(s), v(s))drds

+ sup / ke daa () — o ()] / G (5, 7)p1 () a1 (7)

'LLERR\KT
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+ ko1hi(T)]e1(s) f1(s,u(s),v(s))drds
€ € € €
<2X -+ -+ -+ - =€

4 6 6 6
Therefore, A,(B) is equicontinuous. (ii) In the similar way we can get the
proof. Then we can get (iii). O

Lemma 2.6. If (Hy), (Hz2) and (Hy) hold, then

(i) for any R >r >0 and v € K\{0}, A,(Kr\K,) C K;
(ii) for any R >r >0 and u € K\{0}, B,(Kgr\K,) C K;
(iii) T((K\{0}) x (K\{0})) C K x K.

Proof. We only prove (i). For any u € Kz\K, , t € [0,1], by (2.4) we have

(Avu)(t):/o Hi(t,s)c1(s) fr(s,u(s),v(s))ds

1
SAQ%®q®ﬁ®M%Mw®,

hence

1
[l < [ i(en(s)ils,u(s),v(s))ds
0
On the other hand, by (2.5) we have

1
<mmwzéfmwmwm@M$wmm

zfvwﬁﬂWMﬂh@M@w@ws
0
> ()| Ayul].
Hence, A,(Kg\K,) C K. O

Lemma 2.7 [24]. Let T : K — k be a completely continuous mapping. If there
exists ug € K\{0} such that

u—Tu # puy, u € IK,, u>0,
then the fized-point index i(T, K, K) = 0.
Lemma 2.8 [24]. Let T : K — K be a completely continuous mapping and
wTu #u foru € 0K, and 0 < u < 1. Then i(T, K,, K) = 1.

Lemma 2.9 [21]. Let X be a Banach space and let P; C X be a closed convex
cone in and W; a bounded open subset of X with boundary OW; (i = 1,2).
Suppose that A; : P,NW; — P; is a completely continuous mapping and that
Aiui 7é U;, Yu; € P;N 8Wi, then

Z(A7 P1><P2 n (W1 X WQ), P1 X PQ):i(Al, P10W1, Pl)"i(A27 P2 N WQ, PQ),
where A(u,v) = (Aju, Aqv), V(u,v) € (P x Py) N (W7 x Wa).

Lemma 2.10 [24]. Let P be a cone in Banach space X. For r > 0, denote
Po={zeP: |z <r}, Pr={z€P: |lz[ <r} and OP, ={z € P: ||z| =
r}. Suppose that A : P, — P is a completely continuous operator.
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(i) If |Aul| < ||u]| for w € OP,, then the fixed-point index i(A, P, P)
AP, P)

1;
(i) If ||Aul| > ||u|| for uw € OP,, then the fixed-point index i( 0.

3. Main Results

Lemma 3.1. If (H1), (H2), (Hy) and the following condition hold:

(Hs) There exist p >0, 17> 0, A >0 such that for all0 < x <p, y >0 and
0<t<1,

1
filt,z,y) < np, T]/ H(s)er(s)ds < 1,
0

and for all0 < ysp<ax<p,y>0andtelsl—1,

1-6
- < 1
fQ(taxay) Z >\pa A/ H2 (275> CQ(S)dS > 1.
é

Then, for any u,v € K\{0}, we have i(A,, K, K) =1, i(By, Kp, K) = 0.

Proof. For any v € K\{0} and v € K\{0} with |ul| = p > 0, we have
0 < u(s) <p,v(s) >0 for any s € (0,1). So, by (2.4), (2.6) and (Hs), we

have

lAuul < / H(s)er(s) fa (s u(s), o(s))ds

1
< / A ()e1(s)ds < p = [Jull;
0

that is ||A,ul| < |lul| for any v € 9K,, v € K\{0}. Therefore, by Lemma

2.10, we obtain i(A,, K,, K) = 1.
For any v € K\{0} and v € 0K, we have vsp < v(s) < p, u(s) > 0 for

any s € [0,1 — 0]. So, from (Hs) and (2.7), we obtain

Byv (;) _ /01 H, (;s> ea(8) fols, 0(s), u(s))ds
-/ h, (35) 2t (s ute)

2
> p)\/ H, (,s> co(s)ds
s 2

>p = [lvlf;
that is, ||Byv| > ||v|| for any v € 0K, u € K\{0}. Therefore, by Lemma
2.10, we obtain i(B,,, K,, K) = 0. O

In the same way, we can get the following three lemmas.
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Lemma 3.2. If (H,), (H2), (Hy) and the following condition hold:

(Hf) There exist p > 0 and n1,m2 > 0, such that for all0 <z < p,y >0
and 0 <t <1,

1
fl(taxay) S mp, 771/ jfl(s)cl(s)ds < ]-7
0

and

1
fa(t,2,y) < map, 772/ H5(s)ea(s)ds < 1.
0

Then, for any u,v € K\{0}, i(4,,K,,K) =1, i(B,,K,,K) = 1.

Lemma 3.3. If (Hy), (H2), (H4) and the following conditions hold:

(HZ) There exist p > 0, and A1, A2 > 0 such that for all vsp < x < p, y >0
and t € [0,1 — 9],

1-6
o 1
filt,z,y) > \ip, )\1/ Hy <2,s> c1(s)ds > 1,
5

and

1-6
o 1
fa(t,z,y) > Aap, )\2/ Hy (2,8) ca(s)ds > 1.
5

Then, for any u,v € K\{0}, i(4,,K,,K) =0, i(B,, K,,K) =0.

For any y > 0 and ¢ = 1,2, we denote

. . . fz(t7]"7y) . . . fi(t,l‘,y)
o) = liminf min 2828 g0y giminf min 21009
fuolw) =lmpf min == fieol) =lminf min, =57
1 ta ) 00 . 7 ta ’
f(y) = limsup max M, 12°(y) = limsup max M
z—0+ t€[0,1] T z—+oco t€[0,1] z

Lemma 3.4. Suppose the conditions (Hy),(Hz) and (Hy) are satisfied.
(i) If

inf > A1, 3.1
ye(l()f}+oo)f1,o(y) 1,1 ( )

then for any v € K\{0}, there exists r1 > 0 such that
(A, K, K) =0, VO<r<m.
(i) If
ye(ioI,IJfroo) f2,0(y) > A2, (3.2)

then for any w € K\{0}, there exists ro > 0 such that
i(Bu, K., K) =0, Y0<r<r.
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Proof. We only prove (i). It follows from (3.1) that for any prescribed y > 0
there exists a corresponding 71 > 0 such that fi(t,z,y) > A2, 0 < 2 <
r1,y > 0, and thus for every u € K,, and any fixed v € K\{0}, we have

1
(Ayu)(t) = / Hy (t,5)e(s) fu (s, u(s), o(s))ds (3.3)

> Ais / Hi(t, s)e (s)u(s)ds
= Alyl(Tlu)(t), t S [O, 1}

Let ¢* be the positive eigenfunction of T; corresponding to A; 1, then ¢* =
M,1T1¢*. We may suppose that A4, has no fixed points on 0K, (otherwise,
the proof is ended). Now we show that

u— Ayu # pp*, u€ K., p>0. (3.4)

Assume by contradiction that there exist ug € 0K,, and poy > 0 such
that uwg — Ayug = poe*, then pg > 0 and ug = Ayug + pop™ > pop™. Let o=
sup{p : up > pp*}, then i > po,ug > fip™, A\ 1Tiug > MapTie™ = fip*.
Therefore, by (3.3),

up = Apuo + piop”™ = A1Tiug + pow™ = ™ + pop” = (1L + po)e”,
which contradicts the definition of fi. So (3.4) is true and by Lemma 2.7 we
have
(A, K, ,K)=0.
Then i(A,, K, K) =0, V0<r<ry,ve K\{0}. O

Remark 3.5. If f1(t,z,y) is singular at x = 0 or fo(t, x,y) is singular at y = 0,
we have f1,0(y) = f2,0(x) = 400 for any z,y > 0, hence inf, ¢ (o o0 f1,0(y) >
A11 or infue(o,400) f2,0(2) > A1 2 holds automatically (see the assumptions
(3.1) and (3.2) in Lemma 3.4). But if f1(¢,2,y) is continuous at z = 0 and
f1(t,0,y) = 0 for any ¢ € [0,1], y > 0, the assumption inf,c g to0) f1,0(y) >

filt,z.y)

A1,1 may not hold, since the limitation liminf, o+ min,ep 1) = is of %

type.
Lemma 3.6. Suppose the conditions (Hy),(Hz) and (Hy) are satisfied.

(i) If

sup  f(y) < Ava, (3.5)
y€(0,400)

then for any v € K\{0}, there exists r5 > 0 such that
(A, K, K)=1, V0O<r<rs.
(i) If

sup  f3(y) < A1e, (3.6)
y€(0,+00)

then for any uw € K\{0}, there exists r4 > 0 such that
i(Bu, K, K) =1, Y0<r<ry.
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Proof. We only prove (i). It follows from (3.5) that for any prescribed y > 0
there exists a corresponding r3 > 0 such that for all 0 < r < rs,

filt,z,y) <Az, 0<az<rs,y>0. (3.7)
For any u € 0K, and any fixed v € K\{0}, it follows from (3.7) that

(Avu)(t):/o Hi(t,8)c1(s) f1(s,u(s),v(s))ds

<A / Hy(t, s)ex (s)u(s)ds
= )\1’1(T1U)(t), te [O, 1},

and hence A,u < A\ 171w, v € 0K, v € K\{0}. We may suppose that A,
has no fixed point on 9K, (otherwise, the proof is finished). Now we show
that A,u # pu for any v € 0K,, p > 1. Assume, by contradiction, that
there exist ¢ € 0K, and ps > 1 satisfying A, = pep. Then, ps > 1 and
pap = App < A 1T1p. By induction, we have uyp < A7 T (n=1,2,...).
Thus,

iy > Ml msllel w5

el = Atallell — AT,
By the Gelfand’s formula we have

. H2 1
r(T) = lim /|70 > 22 > —,
(1) = Jim 317l = 2>
which is contradiction with r(7}) = /\1_% So Ayu # pu for any u € 0K, p >

1. By Lemma 2.8, we have i(A,, K,,K) =1, V0<r<rs ve K\{0}. O

Remark 3.7. If fi(t,x,y) is continuous at x = 0 and f;(¢,0,y) = 0 for any
t € [0,1], y > 0, the assumptions sup,c g 4o0) f1(¥) < A1,1 may hold, since
the limitation limsup,_, o+ maxcpo 1) Llzy) ¢ of % type.

Lemma 3.8. Suppose the conditions (Hy), (H2) and (Hy) are satisfied.
(i) If

inf oo (y) > i1, 3.8
ye(l(){l+oo)f17 (ZU) 1,1 ( )

then for any v € K\{0}, there exists Ry > 0 such that
i(Ay, K, K)=0, YR>R.
(i) If

inf oY) > Ao, 3.9
ye(l(){l+oo)f2, (v) 1,2 (3.9)

then for any u € K\{0}, there exists Ry > 0 such that
i(Bu, Kr, K) =0, YR> Ro.
Proof. We only prove (i). By (3.8) and Lemma 2.4, it is easy to see that for

any prescribed y > 0 there exists a corresponding sufficiently small 7 > 0
and R; > 0 such that for all R > Ry,

fl(taxay)zAT,l'r7 $ZVTR7?J>07
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where A1 is the first eigenvalue of T, ; defined by (2.10) and ~, =
minepr,1—7{#1,1(t), $2,1(¢)}

Let o, be the positive eigenfunction of 7% ; corresponding to A; 1, then
or = Ar1Tr1¢pr. For every uw € 0Kp,t € [r,1 — 7] and any prescribed
v € K\{0}, we have u(t) > v, ||u|]| = v+ R, so

(Ayu)(t) = / Hy (1, 8)en () f1 (s, u(s), v(s))ds

> Hi(t, s)er(s) f1(s, uls), v(s))ds

> A1 Hi(t, s)cr(s)u(s)ds

T

= )\Tyl(Tﬂ,-,l’UJ)(t), t e [0, 1]

We may suppose that A4, has no fixed points on 0Kp (otherwise, the
proof is ended). Following the procedure used in Lemma 3.4, we have

u— Ayu # ppr,  u€0Kp, p>0.
By Lemma 2.7, we have i(A,, Kr,K) =0, VR > Rs, ve K\{0}. O

Lemma 3.9. Suppose the conditions (Hy),(Hz) and (Hy) are satisfied.

(i) If

sup  fr7(y) < Aw, (3.10)
y€(0,4+00)

then for any v € K\{0}, there exists Rg > 0 such that
i(Ap, Kp,K) =1, YR > Rs.

(i) If
sup  f57(y) < A1, (3.11)
y€(0,+00)

then for any u € K\{0}, there exists Ry > 0 such that
i(By,Kr,K)=1, VR> Ry.

Proof. We only prove (i). By (3.5), for any prescribed y > 0 there exists
a corresponding Ry > 0 and 0 < o < 1 such that fi(t,z,y) < oAy 2 for
x> Ry. Let T ju = oA 1T1u, then Ty ; : E — Eis a bounded linear operator
and Ty 1 (K) C K. Since A1 1 is the first eigenvalue of 77 and 0 < ¢ < 1, we
have

(T(Tl’l))_l = (O’)\Ll)_l(T(Tl))_l = 0'_1 > 1. (312)

Let € = 5(1 — 7(T1,1)), then by the Gelfand’s formula, we know that there
exists a natural number N > 1 such that n > N implies that |77 <
[r(Th 1) + €o]™. For any u € E, define

N

bl * = [r(T10) + eV T
i=1
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where 77, = I is the identity operator. It is easy to verify that [[u]* is a new
norm in F. Let

1
My = sup /0%(s)cl(s)fl(s,u(s),v(s))ds,

u€IKR,
by (2.11) we know that My < +o0.

Select Rfy > max{Ry,2Mge; "'}, where Mg = ||Mo|*. Since ||lul* >
[r(T11) + €o]Y 7 |ul|, we may choose R3 > R} large enough such that |jul| >
Rs implies |lul|* > RY.

Next, we prove

Ayu # pu, u € 0Kp,, u> 1. (3.13)

If otherwise, there exist u; € 0Kpr, and p; > 1 such that A,u = piug. Let
a(t) = min{uy (t), Ro}, D(u1) = {t € [0,1] |u1(t) > Ro}, then @ € OKp,,

pug (t) = (Auqp)(t) :/0 Hy(t, s)e1(s) f1(s,u1(s),v(s))ds
< / Hi(t,s)e1(s) f1(s,u1(s),v(s))ds
D(uy)
+f A ()ex () (s, (5), v(s))ds
[0,1\D(u1)

< 0/\1,1/0 H1(t,8)61(8)u1(s)d3+/0 H(s)er(s) fi(s, uls), v(s))ds
< (Thaw)(t) + Mo, t€[0,1].

Since 71,1 (K) C K, wehave 0 < (77  (Ayu1)(t)) < (T{ | (Tr 1w +Mo)(1)) (j =
0,1,2,...,N — 1), and consequently

1Ty (Apun)|| < (|75, (Tyauy + M), j=0,1,2,...,N -1

Hence,
N
1Avul| =D [r(Tia) + e IT L (Avua)|
i=1
N . .
< Do Ir(T) o)V T (T Mo)|| = (T4 + Mo
i=1
From the selection of R, we obtain My < 9 Rj. Since [lui]| = R3

implies ||uq||* > Ry, we have
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N
pallua | = Ay | < | Toawl|* + Mg = [r(Tia) + el |1 T] yua || + Mg

i=1

N—-1 , )

= [r(Tr1) +eo] D [F(Taa) + o)™ THIT yua |l + 1T ua || + Mg
=1
N—-1 ) )
< [r(Ti) +e) Y [r(Tia) + el ™ HIT yua |
i=1
+ [r(Tu1) + eo] ™ ual| + Mg
N

r(Ti) + el Y [r(Th) +eo " 1T | + Mg
i=1
. €

= [r(T11) + eo] lua " + Mg < [r(T11) + €o] [lual]” + 5036

<)+ el bl + Phol” = | @)+ 3]l
This together with 7 > 1 implies that ir(TM) + % > 1, that is r(T11) > 1,
which is a contradiction with (3.12). This implies that (3.13) holds. It follows
from Lemma 2.8 that i(A,, Kgr,, K) = 1. O

Theorem 3.10. If (Hy), (Hs),(Hy) and (Hs) are satisfied, and the following
conditions hold:

(i)
inf > A1, inf 2 (y) > Aia;
ye(0,+oo)f1’0(y) L1 ye(0,+oo)f1 (y) 1,1
(i)
sup  f3(y) < Az, sup  f5°(y) < Ao
y€(0,+00) y€e(0,+00)

Then, system (1.1) has at least two positive solutions (uy,v1) and (ug,vs)
with 0 < [(u1, v1)[| <p < |[(uz,v2)]-

Proof. For any v € K\{0}, v € K\{0}, it follows from Lemma 3.1 that
i(Ay, Ky, K) =1, i(By, Kp, K) = 0. Next, according to Lemmas 3.4 and 3.9,
and then additivity of fixed-point index, we can find ry,rs, Ry, Ro, which
satisfy 0 <71 < p < Ry, 0 <719 < p < Rs, such that

i(Ap, K)\K,,, K) =1, i(Ay, Kp,\Kp, K) = —1;

i(Bu, Kp\K,,, K) = =1, i(By, Kr,\K,, K) = 1.
Since A4, : K\{0} — K, B, : K\{0} = K, T : K\{0}xK\{0} - KxK
are completely continuous, from Theorem 2.9, we get
i(T, K\K,, x K,\K,y, K x K) =i(Ay, Kp\K,,, K)
X i(By, Kp\Kr,, K) = —
i(T, Kp,\Kp x Kp,\Kp, K x K) =i(Ay, Kp,\K,, K)
X i(By, Kpy,\Kp, K) = —
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So, system (1.1) has at least two positive solutions (uy,v1) and (ug,ve) with

0 < [(ur,o)] < p < |[(ug; va2)]-

O

In the same way, we can prove the following theorems.

Theorem 3.11. If (Hy),(Hsz),(H4) and (HE) are satisfied, and the following

conditions hold:
(i)
sup flo(y) < )‘1,17
y€(0,400)
(i)
sup  f3(y) < Az,
y€(0,4+00)

sup  fo(y) < A
y€(0,4+00)

sup  f37(y) < Ara.
y€(0,400)

Then, system (1.1) has at least two positive solutions (ui,v1) and (ug,vs)

with 0 < [[(u1,v1)|| < p < ||(uz,v2)]].

Theorem 3.12. If (Hy), (H2),(Hy) and (HY) are satisfied, and the following

conditions hold:
(i)
inf

> Ad,
y€(07+oo)f1,0(y) 11

(i)

inf

> A9,
e roo)) f2,0(”y) 1,2

inf  fioo(y) > Aii;

y€(0,+00)

inf fQ,OO(y) > 5\172.

y€(0,400)

Then, system (1.1) has at least two positive solutions (ui,v1) and (ug,vs)

with 0 < || (ug, 01)] < p < I|(uz, v2)]|.

By Lemma 2.9, we can also prove the following theorem.

Theorem 3.13. If (H;),(H2) and (Hy) are satisfied, and one of the following

conditions holds:
(i)

sup  f7(y) < Avi,

y€(0,+00)
and
ye(%r}-{w) f20(y) > A1z,
(i)
sup  f1(y) < A,
y€(0,+00)
and
sup  f5(y) < A12,
y€(0,400)
(i)
inf  fio(y) > A1,
y€(0,+00)
and
ye(l()f}f_oo) J2,0(y) > A2,

inf

> A
e (0 t00) f1,oo(y) 1,1

sup - f37(y) < A
y€(0,+00)

inf

> A
Ve (0t 00) f1,oo(y) 1,1

inf

0o >5\ ;
ye(07+oo)f2, (y) 1,2

sup  fT7(y) < Ax
y€(0,4+00)

sup  f57(y) < A2
y€(0,+00)

Then, system (1.1) has at least one positive solution.
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4. Examples

Consider the following integral boundary value system

u”(t) —u(t) + fyl() 0, te(0,1),

vi(t) —v(t) + ty2( ) =0, te(0,1),
u(0) = fol s) u(l) = fql u(s)ds, (4.1)
v(0) = (s) 5, wv(l)= [, v(s)ds

where y1,y2 € C((0,1)) N Ll((O, ). System (4.1) is a special case of the
(1.1), where a1(t) = a2(t) 0,b1(t) = ba(t) = =1, c1(t) = 2(t) = 1,
hi(t) = ha(t) = g1(t) = g¢2(t) = 1. Obviously ¢ (t), c2(t) are singular at
t=0.

Based on Lemma 2.1, let ¢ ; and ¢2; be the unique solutions of the
following two boundary value problems, respectively

{sa’{,i(t) —¢1i(t)=0, te(0,1),
¢1,:(0) =0, v1,:(1) =1, i=1,2,

@g,z(t) - 4102,7,(2‘:) = Oa te (Oa 1)7
©2,i(0) =1, ai(1) =0, i=1,2.
Then it is easy to verify that
@l,i(t) = 62 1 (et —-¢ t)7 @271@) = ﬁ(GZ_t - et)a

-1 4—(e—1)°
kl,i = k4,i = k2,i = k3,i = 2+17 kl = (e(+1)2) )

2
e+1?
pi =100 = F5, pilt) =1,
o . (et—e_f‘)(eQ_s—es)7 0<t<s<l,
Z( 33) T 2(e2-1) (65 o e—s)(eQ—t . et)’ 0 S s S t S 1.
By computation, we know that 0 < G;(t,s) < 2s,t,s € [0,1] and
1t 1t
H(s) = Gi(s,s) + E/ Gi(s,7)dT + E/ Gi(s,T)oT < 2s
0 0
4
+£ <80s, sel0,1],

then 0 < fol H(s)ci(s)ds < +oo for i =1,2.
Example 4.1. Let
2\ 2+ sin(l
fl(t’x,y) = (x% +I3> M7
A
1 9\ 2+ cos(lny)

fz(t,ﬂf,y) = (:pZ +x ) Ta
where A, B > 0 are arbitrary real positive numbers. Assume that p =1, then
forall0<z<1,y>0and0<t <1, we have

3 3
fl(taxay)SZ7 fQ(taxay)SE
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Since 0 < folﬁ(s)ci(s)ds < 400 fori = 1,2, we can choose A, B large
enough such that
3 1 3 1

Sl o<
AT [FA(s)ea(s)ds” B[] A(s)ea(s)ds
1 1 .
Choose 1 € (A, 7 S)CZ(S)dS) and ng € (B, REACEOn 8), then the as
sumption (HY) in Lemma 3.2 is satisfied. It is easy to verify that f1, fa satisfy
(Hy). Since inf e 0, 400) f1,0(4) = Infye(0,400) f1,00(4) = infyc0,400) f2,0(¥) =
inf,c(0,400) f2,0(y) = 4+00. So by Theorem 3.12, we conclude that the follow-
ing singular integral boundary value system

W(8) = u(t) + } (uh (1) +u(t)) HRGOL 0, ¢ e (0,1),
V(t) — o(t) + %@aw+&@0%ﬂ%;%2=m te(0,1),
u(0) = fql u(s)ds, u(l) = fl u(s)ds,
v(0) = [, v(s)ds, fo

has at least two positive solutions (u1,v1) and (uz,vs) with 0 < ||(u1,v1)|| <
1< [[(uz, v2)]-

Example 4.2. Let
filt,z,y) = (14 |Inzx]) (2 +sin(lny)),

1
folt,z,y) = (1 + sin? x) (24 cos(Iny)) .
1t is easy to verify that f1, fo satisfy the assumption (Hy) and
inf  fio(y)= _inf )f2,0(y) = +00,

y€(0,400) y€(0,+00
inf  f(y) = inf fO(y) = 0.
. o) ye(lt)l}+oo)f2 (y)

So by Theorem 3.13, we conclude that the following singular integral boundary
value system

W (t) —ut) + (1 + |Inu(t)]) (2 + sin(lnv(t))) = 0, € (0
/(t) o(t) + % (1 + sin® ﬁ) (2+cos(Inu(t)) =0, te(0
= Jy u( (1)
= J ol (1)

has at least one posztz’ve solution.

) )

~4~

i

e

Il
ﬁh:—/v

[}

u(s) s,
v(s)

Acknowledgements

The authors are grateful to the referees for their valuable suggestions and
comments. The work was supported financially by the National Natural Sci-
ence Foundation of China (11371221, 11571296).



Vol. 13 (2016) Spectral Analysis for a Singular Differential System 4781

References

[1] Ma, R.: Positive solutions for a nonlinear three-point boundary-value prob-
lem. Electron. J. Differ. Equ. 1999(34), 1-8 (1999)

[2] Ma, R., Wang, H.: Positive solutions of nonlinear three-point boundary-value
problems. Electron. J. Differ. Equ. 279(1), 216-227 (2003)

[3] Eloe, P. W.; Ahmad, B.: Positive solutions of a nonlinear nth order bound-
ary value problem with nonlocal conditions. Appl. Math. Lett. 18(5), 521—
527 (2005)

[4] Li, J., Shen, J.: Multiple positive solutions for a second-order three-point
boundary value problem. Appl. Math. Comput. 182(1), 258-268 (2006)

[5] Liu, B., Liu, L., Wu, Y.: Positive solutions for a singular second-order three-
point boundary value problem. Appl. Math. Comput. 196(2), 532-541 (2008)

[6] Liu, L., Liu, B., Wu, Y.: Nontrivial solutions of m-point boundary value prob-
lems for singular second-order differential equations with a sign-changing non-
linear term. J. Comput. Appl. Math. 224(1), 373-382 (2009)

[7] Liu, B., Liu, L., Wu, Y.. Multiple solutions of singular three-point
boundary value problems on [0,+00). Nonlinear Anal. Theory Methods
Appl. 70(9), 3348-3357 (2009)

[8] Zhang, X., Feng, M., Ge, W.: Symmetric positive solutions for p-Laplacian
fourth-order differential equations with integral boundary conditions. J. Com-
put. Appl. Math. 222(2), 561-573 (2008)

[9] Webb, J.R.L.: Nonlocal conjugate type boundary value problems of higher
order. Nonlinear Anal. 71(5-6), 1933-1940 (2009)

[10] Kong, L.: Second order singular boundary value problems with integral bound-
ary conditions. Nonlinear Anal. 72(5), 2628-2638 (2010)

[11] Jankowski, T.: Differential equations with integral boundary conditions. J.
Comput. Appl. Math. 147(1), 1-8 (2002)

[12] Jankowski, T.: Positive solutions for second order impulsive differential equa-
tions involving Stieltjes integral conditions. Nonlinear Anal. 74(11), 3775-
3785 (2011)

[13] Hao, X., Liu, L., Wu, Y.: Positive solutions for second order impulsive differ-
ential equations with integral boundary conditions. Commun. Nonlinear Sci.
Numer. Simul. 16(1), 101-111 (2011)

[14] Wu, J., Zhang, X., Liu, L., Wu, Y.: Positive solutions of higher-order nonlin-
ear fractional differential equations with changing-sign measure. Adv. Differ.
Equ. 2012(1), 1-14 (2012)

[15] Jiang, J., Liu, L., Wu, Y.: Positive solutions for second order impulsive dif-
ferential equations with Stieltjes integral boundary conditions. Adv. Differ.
Equ. 2012(1), 1-18 (2012)

[16] Jiang, J., Liu, L., Wu, Y.: Positive solutions for p-Laplacian fourth-order dif-
ferential system with integral boundary conditions. Discrete Dyn. Nat. Soc.
(2012)

[17] Liu, L., Hao, X., Wu, Y.: Positive solutions for singular second order
differential equations with integral boundary conditions. Math. Comput.
Model. 57(3), 836-847 (2013)

[18] Liu, B., Li, J., Liu, L.: Nontrivial solutions for a boundary value problem with
integral boundary conditions. Bound. Value Probl. 2014(1), 1-8 (2014)



4782 F. Sun et al. MJOM

[19] Wang, Y., Liu, L., Wu, Y.: Extremal solutions for p-Laplacian fractional
integro-differential equation with integral conditions on infinite intervals via
iterative computation. Adv. Differ. Equ. 2015(1), 1-14 (2015)

[20] Wang, Y., Liu, L., Zhang, X., Wu, Y.: Positive solutions of an abstract frac-
tional semipositone differential system model for bioprocesses of HIV infec-
tion. Appl. Math. Comput. 258, 312-324 (2015)

[21] Cheng, X., Zhong, C.: Existence of positive solutions for a second-order ordi-
nary differential system. J. Math. Anal. Appl. 312(1), 14-23 (2005)

[22] Cheng, X.: Existence of positive solutions for a class of second-order ordi-
nary differential systems. Nonlinear Anal. Theory Methods Appl. 69(9), 3042—
3049 (2008)

[23] Liu, L., Hu, L., Wu, Y.: Positive solutions of two-point boundary value prob-
lems for systems of nonlinear second-order singular and impulsive differential
equations. Nonlinear Anal. Theory Methods Appl. 69(11), 3774-3789 (2008)

[24] Guo, D., Lakshmikantham, V.: Nonlinear Problems in Abstract Cones. Acad-
emic Press, Inc., New York (1988)

Fenglong Sun and Lishan Liu
School of Mathematical Sciences
Qufu Normal University

Qufu 273165, Shandong
People’s Republic of China
e-mail: sfenglong@sina.com

Lishan Liu
e-mail: mathl1s@163.com

Lishan Liu, Xinguang Zhang and Yonghong Wu
Department of Mathematics and Statistics
Curtin University

Perth

WA 6845

Australia

e-mail: yhwu@maths.curtin.edu.au

Xinguang Zhang

Department of Mathematics and Informational Science
Yantai University

Yantai 264005

Shandong

People’s Republic of China

e-mail: zxg1232420@163. com

Received: February 23, 2016.
Revised: June 25, 2016.
Accepted: July 6, 2016.



	Spectral Analysis for a Singular Differential System with Integral Boundary Conditions
	Abstract
	1. Introduction
	2. Preliminaries and Lemmas
	3. Main Results
	4. Examples
	Acknowledgements
	References




