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1. Introduction

According to Stein [10], the Littlewood—Paley g-function is defined in the
Euclidean case by

Vxengwxm::(AH”W«%UDCanwﬁi,

where % (f) is the Poisson integral of f defined on R™x]0, 400, by
F(Lﬂ) t

= 2t la—yl?) s

and V is the standard gradient on R™*!. According to Stein [10], it is well
known that the Littlewood—Paley g-function is bounded from the Lebesgue
space LP, p €]1,+o0] into it self. The Littlewood—Paley theory constitutes
one of the most important ways to study many function spaces as the Hardy
spaces HP, or the various forms of Lipshitz and BMO spaces, and remains
closely related to the theory of Fourier multipliers in harmonic analysis. For
more details, we refer the reader to Stein [10]. In the literature, many au-
thors notably A. Achour, A.Fitouhi, and K. Stempak [1,2,11] generalized
the Littlewood—Paley g-function to several other hypergroups and integral
transforms, and showed similarly its LP-boundedness.

Y Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00009-016-0748-y&domain=pdf

4334 A. Hammami and S. Omri MJOM

The spherical mean operator Z is defined by [7]

Z(f)(rz)= [ flrnz+r)don(n,§), (r,x)€RxR",
Sn
where S™ is the unit sphere of R**! and do,, is the surface measure on S™
normalized to have total measure one. The Fourier transform associated with
the spherical mean operator is defined by [7]

Z(n = | +°° [ (costu)e ) (1) (),

where dv, 1 is a measure that will be defined later. Many harmonic analysis
results related to spherical mean operator and its the Fourier transform .#
have already been proved by Rachdi and Trimeche [7,9] or also by Hleili and
Omri [3,5,8]. Hleili and Omri [3] defined the Littlewood-Paley g-function
associated with the spherical mean operator by

1/2

—+oo
€ [0, +o0[xR", g(f)(r,z) = ( | v <r,x,t>2tdt) ,

where % (f) is the Poisson integral associated with the spherical mean op-
erator (see [3]). The authors showed that for every p €]1,2] and for every
f € LP(dvp41) the function g(f) belongs to the space LP(dv,41) and satisfies

9%
19y < ———If
S \/23(19*1)%

The aim of this work is to extend this result to every p €]1, +00[.

|P7Vn+1'

2. The Spherical Mean Operator

2.1. Eigenfunction Associated with the Spherical Mean Operator

In [7], Nessibi, Rachdi and Trimeche showed that for every (u, ) € C x C",
the function ¢, ) defined on R x R™ by

(r,x) =% (cos(,u.)e_im')) (r,x), (2.1)

is the unique infinitely differentiable function on R x R", even with respect
to the first variable, satisfying the following system:

0
el (ry1, .oy @) = —iAju(r, &1, ..., Tn ), 1<j<n,
8l‘j
gngl Wr, Ty, ey ) — Au(r, 21, ooy ) = —p2u(r, oy, ..o, T,
0
w(0,...,0) = 1, a—u((),:cl,...,xn) =0, (x1,...,2n) € R™
r
. 0? n o0
where {»—1 is the Bessel operator defined by f»-1 = — 4+ ——, and

2 2 or? r or

no 92
A= Z - —— denotes the Laplacian operator. Then, according to Nessibi,
i=1 023
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Rachdi and Trimeche [7], it is known that for every r, u € Ry

Cos (Juga () () = =12 (r0) (2.2)

where jn_1 is the modified Bessel function [6]. In [7], the authors proved also
that the eigenfunction ¢, ) defined by relation (2.1) is explicitly given by

V(’I’, {II) €R x Rn7 P(p,N) (’I“,{,C) = j"T_l (T V /1,2 + ‘)‘|2)6_i<)\|x>7 (23)

From the properties of the modified Bessel function j no1, We deduce that the
eigenfunction ¢, ) is bounded on xR™ if, and only if, (1, A) € T, where

T=RxR"U{(ir,z), (r,z) e RxR", |r| < |a|}, (2.4)
and in this case
sup ‘go(u,,\)(r,xﬂ =1. (2.5)
(r,z) ERXR™

In the following, we denote by

o dupg is  the measure defined on  [0,+oo[xR™ by
r*drdx

2= 3n¥T (%)

e %. (R x R™) the space of continuous functions on R x R™, even with respect

to the first variable.

® 60, (R x R™) the space of continuous functions on RxR", even with respect

to the first variable such that lim,2 |21 f(r,2) = 0.

dvp41(r,x) =

e €% (R x R™) the space of functions of class C¥ on R x R™, even with respect
to the first variable.

e ©>° (R x R™) the space of infinitely differentiable functions on R x R™, even
with respect to the first variable.

e S. (R x R™) the space of infinitely differentiable functions, rapidly decreas-
ing together with all their derivatives, even with respect to the first variable.
e 9. (R x R™) the space of smooth functions on RxR" with compact support,
even with respect to the first variable.

e Y, =[0,+00[xR™ U {(is,y) ; (s,y) € [0,+00[xR"; s < |y[}.

e %Py, the o-algebra defined on Y, by By, = 07! (%Bor([o, +oo[xR™))
where 6 is the bijective function defined on the set Y, by 60(s,y) =
(Vo7 + [y, 1).

® V541 the measure defined on By, by v,41(B) = vp41(0(B)).

2.2. Generalized Translation Operator and Convolution Product

According to Nessibi, Rachdi and Trimeche [7], for every (r,z) € [0, +00[xR™,

the generalized translation operator 7, ;) associated with the spherical mean

operator is defined by
L%

Tira) (f)(s,9) = WQ(%) /OTr f(\/?"2 + 52 + 2rscosf, x + y)(sin )" 1db,
(2.6)
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whenever the integral in the right hand side is well defined. The convolution
product of two measurable functions f and g is defined on [0, +oco[xR"™ by

+o0 .
I g(r, 3?) = /0 o TT,*I)(f)(S’ y)g(87 y)dyn+1(5’ y)a (2'7)

whenever the integral of the right-hand side is well defined, where f (s,y) =
f(s,—y). Then, it is well know that for every p € [1,+00], 7, 4 is bounded
form LP(dv,41) into itself and satisfies

1Tl < 1. (25)
Moreover, for every f € Lp(dl/n+1) p € [1, +oo[, we have

Tr T 1Z =0. 2.9

T () = Tl 29)

We have also the following Young inequality [7], that is for every p,q,r €
[1,400] such that %—i— é = 1+% and for every f € LP(dv,11) and g €
L(dvy,+1), the function f * g belongs to the space L"(dv,+1), and we have

L gl <o 91lgmi - (2.10)

2.3. The Fourier Transform Associated with the Spherical Mean Operator

The Fourier transform .# associated with the spherical mean operator is
defined on L'(dv,+1) by [7]

+oo
V(ILL7 )‘) €T, y(f)(:u'v )‘) = /0 - f(’l", x)‘P(p,A) (Tv LL‘) an+1(T7 1‘),

where ¢, ) is the eigenfunction given by relation (2.3), and T is the set
defined by relation (2.4). Then, according to [7], it is known that for every
f € Ll(dl/n+1),

F(f)=F(f)o0, (2.11)

where .7 is the integral transform defined on L (dvn41), by

— Foo .
Vo) eRXR.F (NN = [ [ frna)ien rs)e O v, ()

(2.12)
We know also that for every f,g € L'(dv, 1), we have

F(f*9) = Z(f)Z(9). (2.13)

Moreover, relation (2.5) implies that the Fourier transform .# is a bounded
linear operator from L!(dv,y1) into L>(dv,+1), and that for every

fe LNdvyia)
17 (F)lloonsr S N1 - (2.14)

Theorem 2.1 [Inversion formula]. Let f € L*(dv,y1) such that
F(f) € L (dyny1), then for almost every (r,xr) € R x R™, we have

(r,2) / / N2 (o) s (1, A)
Ty
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Theorem 2.2 (Plancherel theorem). The Fourier transform % can be ex-
tended to an isometric isomorphism from L?(dv,.1) onto L*(dy,y1). In
particular, we have the following Parseval equality that is, for every f,g €

L*(dvp1)
“+oo —_—
/0 [ 1029 ) v (r.2) = [, 700t NF @) Nt 11, ).
(2.15)

3. The Generalized Poisson Integral Associated with the
Spherical Mean Operator

3.1. The Generalized Poisson Integral Associated with the Spherical Mean
Operator

In [3], Hleili and Omri introduced the Poisson kernel associated with the
spherical mean operator, by

V(’I", I) eERx an pt(rv 1') = // 67t|0(s,y)| P(s,y) (T’, w)d’ynJrl(sa y)v t>0
Ty

2l
- n . (3.1)
V(2 +r? + |x|?)ntt
According to [3], the generalized Poisson integral associated with the spherical
mean operator is defined for every f € L'(dv,41) by

V(r,z,t) € R x R"x]0, 4o, Z (f)(r,z,t) = 2'(f)(r, x),

where £! is the convolution operator defined on L!(dv,y1), by 2 (f) =
p¢ * f. Then, by inversion formula, we deduce that for every f € L*(dvy11),

V(D) = [N E ()1 N T i (1), e
= /0+OO / e_t\/32+‘y‘2<§(f)(s,y)j%(rs)e“ymdunﬂ(s,y), ae. (3.2)

Lemma 3.1. Let f € L' (dvy,11)N%0..(RxR™), then the function % (f) belongs
to € (R x R™ x [0,4+00[), and satisfies

V(r,z) e RxR™, % (f)(r,z,0) = f(r,z). (3.3)

In the following for every nonnegative real number 7, we denote by
By = {(r,x) e RxR" | r* + |z]*> < n*} and B} = B, N (Ry x R"). For
every measurable function f on R x R™, we denote by supp(f) the support
of f.
Proposition 3.2. Let n be a positive real number, and f € Z.(R x R™). If
supp(f) C By, then

(i) For every (r,z,t) € B, x ]0,+00[, we have
U)o o] 28 (2 Sl
ot T 7w (2n 4 1)! (12 4+ 72 + |g|2)ntL

(3.4)

X
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(ii) For every (r,z,t) € R x R™x]0, +oo[, we have

o (f) Vr2n+ DU [ fllvn
ar(raxat)’ < 2n_%1—‘(%)2 {2n+2 : (35)

(iii) For every 1 < j < n and for every (r,z,t) € R x R"x]0,400[, we have
o 4 1)! o
‘8%(.]0) (T’, .T,t) < ﬁ( n+ ) ||f| Lvny ) (36)

oz, S gnoip(nilye g

Proof. (i) According to relations (2.6) and (3.1), we have
0T 27+ 3] 2n +3
P s ) < = i
ot Vo (24 (r—s)? + |z —yl2)n Tt
Hence by relations (2.7) and (3.7), we have

0% (f) 2n+%n!(2n + 3)||fHOO7V1L+l
20D (0| < o

// dvni1(s,y)
g P+ (r—5)? + |z — gt

therefore, for every (r,z,t) € BS, x ]0,+o00[, we get

o (f) 237+ 501(2n + 3) || flloo,vnia Vat1(By)
ot (r,x,t)| < N @+ 12+ o)+
,]72n+1n!2n+%

Va(2n+ 1)1

Lemma 3.3. Let W be the mapping defined on Z.(R x R™) by
W(r.z,t) € R x R0, +oc[, W(f)(r,z.t) = V2 ())(rz. ), (3.8)

and let f € Z.(R x R™). Then

(i) W(f) € €(R x R"x]0, +o0]).

(i5) Yt >0, W(f)(,,t) € L (dVni1) N Goe(R x R?).

(#i1) lim W (f)(r,z,t) =0.

r24|z|24+t2—+o00

(3.7)

however, a standard calculus leads to vy, 41(B,) =

Proof. (ii) Let n > 0 such that supp(f) C B,, then according to Hleili and
Omri [3, Lemma 4.2, pp. 900], we know that for every (r,z,t) € BS, x]0, +o0],
the generalized Poisson integral % (f) satisfies the following relations:

o(%(f)) Cn?" M| fll o1
S| < s (39)
and for every 1 < j < n
3(%(f)) 0772”+1||f||oo Vn+41
< il 1
oz, OIS @ ey (8.10)

Then, by relations (3.4), (3.9) and (3.10), we get that for every (r,z,t) €
B, % 10, +o0],
Cn'™ 2| f113

Sl 3.11
(@ 12 + a2’ (8:11)

W(f)(r,z,t) <
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in particular for every t > 0, W(f)(.,.,t) belongs to L (dv, 1) and
Cn'™ 2 £11%
lim W(f)(r,x,t) < lim nil o — )
r2+|z|2—+oo (f)( ) r2+|z]2—+o0 (t2 +7r2+ ‘LL'|2)2"+2
(7i1) o If |(r, 2)| = 27, then by relation (3.11), we have

C'™ 21| £113

00, Vnt1 0

li w , &, t) < li =
t2+7‘2+\1:1171|12~>+oo (H(rx,t) < t2+r2+ﬁ}‘1zﬁ+oo (2 + 12 + [z[2)2n+2

o If |(r,x)| < 27, then according to [3, Lemma 4.1 pp 899], we know that for
every (r,z,t) € R x R"x]0, +o00[, we have

U 120+ D22 flliy,., 1
a (f) (7",1', ) < n ( n+ ) 2||f||17 n+1 . (312)
ot V7 (2n)! 2n+2
The proof is complete by means of relations (3.5), (3.6) and (3.12). O

Lemma 3.4. Let f € Z.(R x R™), then for every s > 0, we have

(@) 2#(W(f)(.,.,s)) € E> R xR"x]0,+0c0]).

(ZZ) hmerr‘z‘ertz*)Jroo %(W(f)(, . S))(T, x, t) =0.

Proof. According to Lemma 3.3, we know that for every s > 0 the func-
tion W(f)(.,.,s) belongs to L'(dv,,1) and, therefore, Z (W (f)(.,.,s)) is
well defined; moreover, by relation (3.2), we have for every (r,z,t) € R x
R™x]0, +o0],

wW(f)(.,.8)(r a,t)
+oo . |
- /0 /n 67t\/m‘9\(w(f)(v . S))(lLL, )‘)]anl (T,LL)€Z<>\II>dI/n+1(M, )\)’

which implies that ZZ (W (f)(.,.,s)) € €= (R x R"x]0, +o0]).
(7i) Let s be a positive real number, then by relation (2.2),we get

|r2%(W(f)(., . 8))(r, z, t)‘

“+oo
<J, |
0 n

1+t+t2
t2n+1

Laa (7VEREZW(£)( o 9)) () (00) | doms (1 2)

<C (3.13)

and, by the same way, we may obtain that there is a nonnegative constant C
(not necessarily the same) such that for every (r,z,t) € R x R"x]0, 4+o00],

14t +¢
‘xﬁ%(W(f)(.,.,s))(r,x,t)} < CW? (314)
and )
1+t+t
O
Combining relations (3.13-3.15), we deduce that
C(l+t+1?
U () s 9) 1) < et ) (3.16)

20t (r2 + |x|2 + 12)°
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On the other hand by Lemma 3.3, we know that for every s > 0, W(f) €
%0.(R x R™), since the family (p¢)¢>o is an approximation of identity in
60.e(R x R™), then lim; o+ Z (W (f)(,.,9))(,.,t) = W(f)(.,.,s) uniformly.
Hence,

o Ift — 0, then lim o+ Z(W(f)(.,.,s))(r,z,t) =0.

r2+4|z|2—+o0
e If t > a for some positive constant a, then by relation (3.16) we get

lim t>a UW(f)(.y.8))(r,x,t) =0.

t24r24 2|2 — 400

4. Litellewood—Paley g-Function Associated with the Spherical
Mean Operator

The main idea of this section is to prove the LP-boundedness for 4 < p < +00

and to use nextly the Marcinkiewicz interpolation theorem. To prove the

result for 4 < p < +o00, we are going to apply mainly the Hopf’s maximum
principle to the uniformly elliptic operator [4]

2 nd N9 R
Aoy =cst—otd —st s (4.1)

Theorem 4.1 (Strong Hopf’s maximum principle). Let

n 62 n 8
1,7=1 J=1

be an uniformly elliptic operator on a bounded connected domain @ C R",

such that the functions a;; and b; are continuous on 2. Let u € €2(Q)NE(Q)

such that for every x € Q, Lu(z) > 0. If there exists o € Q such that

SUp,cq u(r) = u(xo), then

Vz € Q, u(x) = u(xo).

Proposition 4.2. Let ag,aq,...,a, and T be positive real numbers and let
Q=] — ag,ag XH a;, a;[x]0, T

Let u € €%(Q)NE(Q), be an even function with respect to the first variable,
satisfying ¥(r,x,t) € Q, Aanlu(r,x,t) > 0. If there is (ro, o, to) € Q, 1o #
0 such that sup u(r,z,t) = u(rg, zo,to), then
(r,z,t)eQ
v(r7 x’ t) e ﬁ7 u(T’ x? t) = u(r()? l‘o? tO)'
Proof. Assume that there is (rg, zo,t0) € Q, r9 # 0 such that
sup u(r,z,t) = u(ro, o, o),
(r,xz,t)eQ

since the function u is even with respect to the first variable then without loss
of generality we can assume that o > 0 Let € be a real number satisfying

0 < e <roand let Q. =&, ap[x H — a;,a;[x]0, T, then (rg,zo,to) € Qe
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and, therefore, sup, , ca: u(r,z,t) = SUD(; 2 1)c0d u(r,z,t) = u(ro,xo, to).
On the other hand, the operator A na defined by relation (4.1) is uniformly
elliptic on the connected bounded domain ). and satisfies according to the
hypothesis A n_1u > 0, hence by Theorem 4.1 we deduce that

V(ﬁ z, t) € QE) 'LL(’I", z, t) = U(T(), Zo, tO)7

consequently

=

Y(r,z,t) €]0,aq[x < |- ai,ai[> x]0, T, u(r,z,t) = u(ro, xo, to),

1

| &
I

since w is continuous on {2, then
n
Y(z,t) € H] —ai,a;[x]0,T[, u(0,z,t) = lir(r)l u(r,z,t) = u(re, xo, to),
i=1 TH

since u is even with respect to the first variable, then

V(T‘, z, t) € Q7 ’ll,(’f‘, z, t) = U(To, Zo, tO)'
However, u is continuous on 2, hence

v(”“? x’ t) e ﬁ? u(’r’ x) t) = u(r()? xo) tO)'

O

Proposition 4.3. Let ag,ay,...,a, and T be positive real numbers and let
n
Q =| — ao, ag[x H] — ai, ai[x]0, T'[.
i=1

Let u € €%(Q) N€(Q), be a function even with respect to the first variable
satisfying

Y(r,z,t) € Q, AnT—lu(T,fE7t) > 0.
If there is (xg,to) € (Hnﬂ] — ai,ai[) x]0,T[ such that sup wu(r,z,t) =

(r,x,t)EQ
(0, zg, to), then

V(r,z,t) € Q, u(r,z,t) = u(0,x0,t0).
Proof. Let M = (0, zg, to), then by Proposition 4.2, it is sufficient to prove

that, there is (r1,z1,t1) € Q such that 1 # 0 and M = u(ry,z1,t1). Suppose
towards a contradiction that this is not true, then

V(r,z,t) € Q, r#0, u(r,z,t) < M. (4.2)
Let ¢ be the function defined on R x R™ x R, by

plr,a,t) = 2 Tlemmoli=()® g,

and H be the subset of R x R" x R defined by H = ¢! (][0, +00[) N 2. Since
) is open and (0, x0,tp) € €2, then there exists a real € > 0 such that

B0,20,t0),e = 1(r,z,t) € R X R™" x R; r? 4|z —zo2 + (t —to)? <2} C Q,
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and, therefore, H N 9Bg 44.10),. = ¢ ([0,400[) N B(0,20,t,),e+ in particular
the set K = H N B (0,2,1,),c i compact. However, since u is continuous on
K, then u attains its maximum on K that is there exists (rq, 22,t2) € K such
that

M/ = sup U(T’,.’b,t) = u(r2,$27t2)'
(rx,t)eK

Now, since (rg, z2,12) € K, then ¢(ra, 2, 12) = e2rs—lw2—mol’=(t2—t0)” _1 >
in particular 7o # 0 and by assertion (4.2) we get M’ < M. Now let

M" = sup 90(7'71'775)3
(rx,t)eK

since (e,z0,t9) € K then M" > (e, zg,tg) = €2 —1 > 0. Let § €
10, %[, and let ¢ be the function defined on Q by
o(r,x,t) = ulr,x,t) + dp(r,z,t).
For every (r,z,t) € Q, we have
Aancp(r,a:,t)
= (16r% + 4]z — o[ + 4(t — t9)* +2n + 2) 2 —lamwof = (t=10)* 5
Since V(r,z,t) € Q, AnT—lu(T7.'I],t) > 0, then for every (r,z,t) € Q
Aunig(r,z,t) > 0. (4.3)

Let (r,2,t) € 0B(0,2,t0),e5
— If (r,z,t) € H then o(r,z,t) < 0 and, therefore,

o(r,x,t) = u(r,z,t) + dp(r,z,t) < u(r,z,t) < M.
— If (r,z,t) € H then (r,z,t) € K, hence
o(r,x,t) = u(r,z,t) + dp(r,x,t) < M+ 6M" < M.

Hence,
Y(r,z,t) € 0B(0,20,t0),e, P(1,2,1) < M. (4.4)
Let (r3,23,13) € B(0,00,t),c Such that sup o(r,z,t) = ¢(rs, x3,13),
(12, t)€EB 0,2 .t9) e
then

¢(T3,(£3,t3) = ¢(0,$0,t0) = U(O,(to,to) = M7

and by relation (4.4) we deduce that the function ¢ attains its maximum in

(r3,3,13) € B(0,2o,t0),e-
o If r3 # 0, then

2 2

0 0
A%¢(T37$3,t3) = %(737933,753) + Ap(rs, w3, t3) + 87;5(7"37133,%) <0.
(4.5)
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o If r3 = 0, since u is even with respect to the first variable, then for every

0 0? 10
(z,t) € R" xR, %(O,x,t) =0, and th:refore 8—:;(0, x,t) = lli% ;a—z(r,x,t),
in particular £, u(0,z,t) = (n + 1)2—1;(0, x,t), hence
r
¢ 0%¢

Aui¢(0,23,13) = (n+ l)ﬁ(o’x&tg) + A¢(0, 23, t3) + @(Oal’&ts) <0

(4.6)
Relations (4.5) and (4.6) show that AnT—lng(rg,x37t3) < 0 which contradicts
relation (4.3) and prove that assertion (4.2) is not true. O
Theorem 4.4. Let ag,aq,...,a, and T be positive real numbers and let

Q :] - a(),a()[)(] - ai7ai[x]O7T['

Let u € €%(Q) N (), be a function even with respect to the first variable
satisfying

Y(r,z,t) € Q, AnT—lU(T,ZEJf) > 0.
If u attains its maximum in ), then u is constant.

Proof. The result follows immediately from Proposition 4.2 and Proposi-
tion 4.3. O

Theorem 4.5. Let h € €2 (R x R"x]0,+00[) N € (R x R™ x [0, +00[), be a
function even with respect to the first variable. If

(i) Y(r,z) e R x R™  h(r,z,0) > 0.

(i4) 1im7“2+|m|2+t2*>+00 h(r,z,t) = 0.

(#3i) Y(r,z,t) € R x R™ x [0, +o0], AnT—lh,(T,x,t) < 0. Then, h is nonneg-
ative.

Proof. Suppose that there is (r1,21,%1) € R x R™ x [0, 4+00[ such that
h(ry,x1,t1) < 0. (4.7)

Since h is continuous on RxR™ x [0, +00[, and according to i), we deduce that
h is bounded on R x R™ x [0, +o00[ and attains its minimum in (rg, 2o, to) €
R x R™ x [0, 4oc[; furthermore, we have h(rg,zo,t0) < h(ri,z1,t1) < 0,

hence according to i) we have to > 0. Now, let bg,b1,...,b,,e be positive
n

real numbers such that € > sup(to,¢;) and such that the set Q; = H 0] —
-7:

b;, b;[x]0,2¢] contains (79, zo, o). Let g = —h, then g satisfies the hypothesis
of Theorem 4.4 on £, and attains its maximum in (rg,xg,%o) € 1. This
implies that
V(T,,I,t) € Qla h(r7xat) = h(’r'o, antO) <0.
In particular
h(?“o, X0, E) = h(’l“(), xo, to) < 0. (48)
Relation (4.8) holds for every € > sup(to, t1) and consequently

lim h(’l"o,l‘o,E) = h(T0,$0,t0) <0,
g—+o0

which contradicts the hypothesis 7). O
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Theorem 4.6. Let f € Z.(RxR™), then for every (r,z,t) € RxR"x]0, +00],
we have

W (f)(r,z,2t) <% (W(f)(.,., 1)) (r,z,1). (4.9)

Proof. Let f € Z.(R x R™), s be a positive real number, and O4(f) be the
function defined on R x R™ x [0, +o0[, by O4(f)(r,z,t) = 2% (W (f)(.,.,s))(r,
x,t) = W(f)(r,z,s+1). Our goal is to show that the function ©,(f) satisfies
the assumptions of Theorem 4.5. According to Lemma 3.3, it is clear that
for every s > 0, the function (r,z,t) — W(f)(r,x,s +1t) € €°(R x R"x]0,

oo[) N €. (R x R™ x [0, +00[). On the other hand by Lemma 3.4, % (W (f)
(,,8)) € € (R x R"x]0, +00[); furthermore by Lemma 3.3, we deduce that
for every s > 0, W(f)(.,.,8) € L' (dvp+1) N 6o (R x R™) which implies by
Lemma 3.1 that % (W (f)(.,.,s)) € G (R x R™ x [0,400[); this means that
O4(f) € €2 (R x R"x]0, +00]) N%. (R x R™ x [0, +00[) and by relation (3.3)
we have ©(f)(r,z,0) = 0. From Lemmas 3.3 3.4, we have

Os(f)(r,z,t) =0

lim
r2+|z|2+t2—+4o00
Now, according to relations (3.3) and (3.2), we have

We have, for every g,h € €2 (R x R"x]0, +00]),

Aui(fg) = gAna(f) + fAn1(9) + (6f39 Z of dg 8fag)

or Or “ Oxj Ox; Ot Ot

(4.11)
We know that AnT—l(%(f)) = 0, and by the same way for every 1 < j < n,

A (82/;;)) - aij (A%%(f)) —0. (4.12)
and also
Ay <Mgt(f)) - % (A%%(f)) ~0. (4.13)

Then, by a standard calculus, we get

AH(é‘%(f)) _ 0 (AE%UDJFQ@%U) _ nou(f) (4.14)

or r2 o  r2 or
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Combining relations (3.8),(4.11),(4.12), (4.13) and (4.14), we deduce

that
A W ()
= Aus 8( z:; Z/I(]f)))2+AT<8(GZ(/?§f)))2
Sy ey e 2

GERD) G

Relations (4.10) and (4.15) imply that
V(r,z,t) € R x R" x [0, +00], A%@S(f)(r,x,t) <0,

and Corollary 4.5 achieves then the proof. O

According to [3], the Littlewood—Paley g-function associated with the
spherical mean operator is defined for f € Z.(R x R™) by

1/2

+oo
vvm>em+wvﬁmgquw—(A wc&qnmwaMQ

Lemma 4.7. For every nonnegative functions f,h € Z.(R x R™), we have

+oo
/ / (g(f)(r,2))*h(r, 2)dvm 1 (r, )
0 R
+o0 +oo
4/0 /0 /n |V?/(f)(7",:c,t)|2 U (h)(r,x, t)dv,41(r, x)tdt.

Proof. By relations (3.8) and (4.9) and using Fubini’s Theorem we get

+o0 )
[ [ o) e
0 R™
<

/Omt(/om [ a2 (v )‘2)(r,x)dl/n+1(r,x)>dt_

Since 2% is a self-adjoint operator in L2 (dvp+1), then we deduce that
+o0 9
[ 62) i 2) s (. 0)
0 R7
+oo +oo . . 2
< / ¢ (/ D) (r2) V25D )| dvma (1, x)) dt.
0 0 R"
t

The result follows by the change of variables s = 3. O



4346 A. Hammami and S. Omri MJOM

Lemma 4.8. For every positive functions f,g € Zo(RxR™) such that Supp(f)U
Supp(g) C B,,, we have

too  ptoo
/o / | Aag (% ()% (9)) (r,z, t)tdtdv,, 41 (r, )

T
= / F2(r, x)g(r, x)dvy 1 (r, ). (4.16)
0 R
Proof. By the relation (4.11), we get
Aus (U (U (9)) = U (9)Aucs (U (f)?) + U () Dus (% (9))
+23(@/(f)2) 3(9(;:9)) N 22”: 3(7(;if)2) A% (g))

or Oz,
(% (f)*) 0(%(9))
+2m— 5 (4.17)
Using the fact that AnT—l (% (f)) = AnT—l (% (g)) =0, we obtain
A (%(f)2> =2v(z (). (4.18)

On the other hand,

pLEINIED) 5y i) o, o) g

Uf)INU ) + 2% (f) VU ()] (4.19)

Since % (f) and % (g) are bounded, then using relations (4.11), (4.18) and
(4.19) we deduce that there is a positive constant C' such that

—+oo —+oo
/0 /0 /n

+oo +oo
<C / / N (f)(r, z,t)]? tdtdvy 1 (r, z)
0 0 R™

Aocs (% (1) (9)) (r,:c,t)‘ tdtdin (r, )

“+oo +oo
e [ [ v o v, ),
0 0 R™

Using now the relation (4.18) and [11, proposition 4.3], we get
L
<50mmwfwmwa<+m

Then, we have

+oo +oo
/ / A% (% (f)*%(9)) (r,z, t)tdtdv, 1 (1, x)
0 0 R"

An 1 2% (g)) (r,z, t)‘ tdtdvy, 1 (r, x)

¢ ¢
= lim I 2 . » ). .
= ! / /O /[—m" Nos (% (f)*%(9)) (ry, t)tdtdvy i (r,x). (4.20)

§—+o0 Jo
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By Fubini’s theorem, we obtain

& r€
/ / / A% (%(f)Q@/(g)) (r,x, t)tdtdv, 41 (r, x)
0 JOo J[=&¢m
&+ 21O+ K(©). (4.21)

where

(&) = Ji J§ Sy Cos (% (2% (9)) (r,, vy (r )t

o(2 (1w (9)

B W fO Jeqn = (& @, t)tdtda.

For £ > 27, and from [11, Lemma 4.2], we deduce that

ALITHG) (¢ 1 1) < o

Hence,

2
o« Li&)=[S Jean ai (% (£)*% (9)) (r, 2, t)tdtdvy 1 (1, ).
As the same way and using again [11, Lemma 4.2], we show that

|I ( )| §4n+2 —>§—>+ooo (423)

: eo?(w(frPu)
And K(§) = /O /[—5,5]n ( /O 5 (r,x,t)tdt) Ay (r,2). Tn-

tegrating by parts and using relation (3.3), we get

/€ i (%(f)2%(g)) (r,x, t)tdt
0

ot?

2
= QDG (0~ (2 (172 (@) 2.0) + (10, 2)a(r.2),
by [11, lemma 4.1], for £ > 0, and (r,z) € [0, +oo[xR"™
2
DL o)~ (w172 @) (r2.6)| < o
Consequently,

+oo
lim K(g):/o / (f(r,2))g(r, @) dvn 1 (r, ). (4.24)

E—Fo0

Then, the result follows from relations (4.20), (4.21), (4.22), (4.23) and (4.24).
O
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In [3], Hleili and Omri defined the maximal function f* associated with
the spherical mean operator by

frrx) = sup |2 (f)(r,z)

: (4.25)

and they showed that for every f € Z.(R x R™), the maximal function f*
belongs to the space LP(dv,41) and satisfies

« P\
1 Tnes <2 (52) Ui (4.26)

Lemma 4.9. For every nonnegative functions f,h € Z.(R x R™), we have
+o0 9
[ [ o)) (r,o)
0 n
+o0 9
< 2/ / |f(r, x)| h(r, z)dvy41(r,z) + 8
0 n

+oo
/ £4(r, )9 (F) (r, 2) g () (1, ) v 1 (r, ).
0 R™

Proof. Using relation (4.18) and Lemma 4.7, we get
+oo 9
|| e o) ne i)
0 n

+o0o +oo
0 r\)\2 t
<2 [ [ A (PP ) 2 W ot
(4.27)
Now, by a standard calculus, we have
Ao ((PH()) 2! (1)
= A ((2U()? 2 (h) = 4P (FV(2'(f) | V(2 (h)). (4.28)

Combining relations (4.16), (4.25), (4.27) and (4.28), and using again Cauchy-
Schwarz inequality, we get the desired result. O

Proposition 4.10. For every p € [4,400[ and for every nonnegative function

f € Z. (R xR™), the function g(f) belongs to the space LP(dv,i1) and we
have

lg(f)

2-p 3p-14 2-p 3p—4
where A, = V2 <8W + \/1 + 641"’(172)2”> _

|p7Vn+1 g Apr||p>Vn+1’

(p—1)P (p—1)P

2 1

Proof. Let q be the conjugate exponent of g, that is — + — = 1, and let
p q

f,h € Z. (R x R™) be nonnegative functions, such that ||h||g,.,,, <1.
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From Lemma 4.9 and the generalized Holder’s inequality, we get

/;OO / . (9(f)(r,2))h(r, x)din 1 (r, )

S A VR o[l PR 1161 P (1001 PRPS

Therefore, using relation (4.26) and [3, Proposition4.6], we deduce that

+oo )
~/O /n (g(f)(r, :E)) h(T,x)an+1(r, ac)

3p—4
2p

23p" (p — 2)

< 2Hf||127,un+1 +8 ||f||p,t/n+1 ||g(f)||p,l/n+1~

(p—1)r
Hence,
2 tee 2
9= s ([ [ @O0 0)
g, 4y <1 N0 n
2—p 3p—4
8p 2 (p—2) = 2
< (V3 lps + 202 T )
(p—1)r
6ap S (p—2)

2 f 1271/,1+1'
peeram CO1H

O

Proposition 4.11. For every p € [4, 400 and for every f € P, (R x R™), the
function g(f) belongs to the space LP(dv,11) and we have

19(Plpvnin < Bpll fllpwnis-

Proof. Let p € [4,+00[ and f € Z. (R x R") such that Supp(f) C B,
without loss of generality, we can assume that f is real valued and we

I - —f+If]
2 = 2

to 6. (R x R™) and satisfies Supp(f*) C B,. From [11, Lemma 4.5], we
know that for every real number 0 < € < 1, there is a nonnegative function
hi € Z. (R x R™) such that Supp(h1) C Bgy2 and

V(r,z) € [0, +00[xR", 0< hi(r,z) — fH(r,z) <e. (4.29)

consider fT = . Then, fT is nonnegative, belongs

On the other hand, the function hy = hy — f = hy — f+ + f~ is nonnegative,
belongs to the space Z. (R x R™), and satisfies Supp(hse) C Bat2. Moreover,

V(r,x) € [0,400[xR", 0< ha(r,x) — f~(r,z) = hi(r,z) — fH(r,x) <,

and f = hy — hg. Since, the mapping f — g¢(f) is sub-linear in the sense

g(fr + f2) < g(fr) + g(f2), we deduce that g(f) < g(h1) + g(h2). Using
Proposition 4.10, it follows that for every f € Z.(R x R™)

||g(f)||17,l/n+1 < Hg(hl) PsVn41 + Hg(h2)||1771/n+1
< AP (||h1||pﬂ/n+1 + ||h2

p7Vn+1) :
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Now, from relation (4.29) and Minkowski’s inequality, we get

<|If

S =

PsVn41 +e (Vﬂ+1 (B(;r+2)) )

1
and by the same way |[h2[lpv, 1 < | fllpvoss +€ (Vns1(Ba )" This means
that for every e e R, 0 < e < 1,

19 pns < 24 (1 lparnss & (vns1(BE2))7)
PsVn+1 < 2Ap||f||;0,l/n+1 = Bp”f

Theorem 4.12. For every p € [4,4+00[ and for every f € LP(dv,41), the
function g(f) belongs to the space LP(dvy,11) and we have

19CHlpvnir < Bpll fllpwn s

Proof. Let p € [4,+00[ and let f € LP(dv,4+1), then there is a sequence
(fi)ken C Ze (R x R™) such that limy—io ||f — fillpya,. = 0. Since the
mapping g — ¢(f) is sub-linear, then for every k, k" € N, we have

l9(fx) — 9(fi)| < 9(fx — fr),

hence, by Proposition 4.11, we get
lg(fr) = 9(fe)lpnin < N9(fe = fe)lpnin < Bpllfe — firl

This means that ((g(fx))zcy is @ Cauchy sequence which converges in L?

(dvn41). We put g(f) = limg— 400 9(fx)-
Tt is clear that g(f) is independent of the choice of (fx)ken, and we have

||g(f)||p7l’n+1 < hmk—’-‘roo BP||fk||p7Vn+1 = Bp”f 0

Theorem 4.13. For every p €]1,4o00[ and for every function f € LP(dvp41),
the function g(f) belongs to the space LP(dv,41), and we have

and, consequently, ||g(f)] O

PyVn+1-

0.

—
v,
Pt b koo

Ivan+1 .

llg(f)l P S D;DHf”p,VnJrl? (4.30)
where
Cp, if p €]1,2]
D, = Bf, _— if p € [4,400]
2% B, * ,ifpe[2,4]

Proof. The result is a consequence of Theorem [3, Theorem4.7], Theorem
4.12 and Marcinkiewicz interpolation theorem. O

Theorem 4.14. For every p €]1,+oo[ and for every f € LP(dvp41), the func-
tion g(f) belongs to the space LP(dv,y1) and we have

||f| Pmi1 S 4DqH9(f)
p

where Dy is the constant given by relation (4.30) and q = 1
p—

|p7Vn+1 )
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Proof. Let f € P, (R x R™) and ¢1(f) be the function defined on [0, +oo[xR"

by
1
2 2
tdt) .

+oo N )
%(f)(T‘,.’E, t) = /O /” etV 82+|y|2y(f)(5’y)j"T*l(Ts)eMylx)dyn-ﬁ-l(s’y)'

+oo
9()r) = ( [ e

From relation (3.2), we know that

Hence, for every (r,z,t) € R x R"x]0, +00[, we have

WD (1,2,1) = 74 (— /52T PV Z(5)) (),

and, therefore, using Plancherel’s theorem, we get

lgr (D130,
+oo +o0
L e e
0 0 n

1, = 1
91 Brr = FIF DB = 1B

Let h € Z. (R x R™), then by Schwarz’s inequality, we have

F(f)(r, x)f vy i1 (7, x)) tdt.

“+oo
/ flr,z)h(r, x)dvyq (r, x)
0 R

= ||gl(f+ h)||§,l/n+1 - ||gl(f - h)||%,ljn+1

+o00
< 4A /n g1 (f)('r; x)gl(h)(r7 x)an+1(7’7 317)7

1 1
and, therefore, for every p, ¢ €]1, +o0o[ such that — + — =1, we get
p q

+oo
/O A f(r,z)h(r, z)dvnga (r,2) < Allgr(F)llpwn 191 (M) g

In particular if ||A[|4,,, ., <1 then by relation (4.30), we deduce that

“+o0
/ [ Hh )1 (.3) < Dy () o
0 n

Since,

1/

+oo
PyVn+41 = Sup {/ f(rv J?)h(’l", $)an+1(T,Z‘)} I
0 R™

[llg.u, sy <1

thena ||f||P7Vn+1 < 4Dq||9(f)||P,Vn+1' D
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