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Abstract. Let A = (AV, d) be a minimal Sullivan algebra where V is finite
dimensional. We show that the Hochschild cohomology HH™*(A; A) can
be computed in terms of derivations of A. This provides another method
to compute the loop space homology of a simply connected space for
which 7. (X) ® Q is finite dimensional.
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1. Introduction

Let A = @,>0A" be a commutative graded algebra over a commutative ring
k, and M a Z-graded A-module. The A-tensor algebra T'4(M) is defined by
Ta(M) = ®r>oTk (M), where

TA(M)=M®@s M®---@4 M (k> 1 factors) and TS(M) = A.

The exterior algebra ApM is the commutative graded algebra obtained as
the quotient of T4 (M) by the ideal generated by elements of the form z®@y —
(=1)l#llvly @ x, where x,y € Tx(M). The exterior product induces a graded
commutative algebra structure on Ay M.

Let Z = ®;Z; be a Z-graded free k-module. There is a canonical iso-
morphism of commutative graded algebras

0:NA(AR Z) — AR N Z.

We assume that (4,d) is a differential graded algebra with a differential
d: A" — A" and A® Z is an (A4, d)-differential graded module; then
(AM(A®Z),d) and (A®AZ, d) are endowed with canonical differential graded
algebra structures and ¢ becomes a homomorphism of differential graded
algebras.
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A derivation 6 of degree k is a linear mapping A™ — A"~ such that
0(ab) = 0(a)b+(—1)*1%laf(b). Let Dery A denote the vector space of all deriva-
tions of degree k and Der A = @ Dery A. With the commutator bracket,
Der A becomes a graded Lie algebra. Using the grading convention A™ = A_,,,
we may regard a derivation of degree k as increasing the lower degree by k.
There is a differential 0 : Dery A — Der,_1 A defined by 66 = [d, ].

Moreover, Der A is a differential graded A-module with the action
(af)(x) = ab(x). With the grading convention A_, = A" if 6,0’ € Dery A
and a € A%, then af € Der,_; A and

a0, b0') = (—=1)11191ab[0, 0'] + ab(b)0’ + (—1)12°11%"1pg’ (a)0). (1)

If A=AV and V is finite dimensional, then Der A =2 A ® V#, where V#
is the graded dual of V (Lemma 5). With the above grading convention,
V# = @;>1(V#); is positively graded.

On L = s~ ! Der A, we define a bracket of degree 1 by

{a, 8} = s7"[s, s3] (2)

and a differential §'(a) = —{d’, a}, where d’ = s7'd € L_5. We extend the
bracket to AuL=A® L&A L& ... by {a,b} =0 for a,b € AYL = A, and
{a,a} = —(=1)!*l(sa)(a), @ € L. Tt is then defined inductively on A5>L by
forcing the Leibniz rule

{an B A7} ={a, B} Ay + (=D)IHDIFIE A fa, 7} 3)

Hence for a;, 5; in L,

{ oA ANam, B A A Bn}
=D (D)% ag A A Aai, B} A AB A By (4)
]

where " means omitted and e;; = >3, [ llei| + X, 5 [8k]135]- The above
bracket (called Nijenhuis—Schouten bracket) turns A4 L into a Gerstenhaber
algebra. See [15, Sect. 2] for instance.

The differential 4’ extends into an algebra differential dy on A4 L in the
same way, that is, dgpa = —{d’, a}, for a € A4L. It comes from the Leibniz
rule (3) that dy is a derivation. Moreover, the Jacobi identity ensures that
dp is compatible with the bracket. Hence, (AL, dg) becomes a differential
graded Gerstenhaber algebra [11, Lemma 5].

From now on, we assume that k is a field of characteristic 0. Let A =
(AV,d) be a Sullivan algebra where V is finite dimensional and Z = s~V #,
The isomorphism s~ ' Der AV 22 A ® Z transfers a bracket of degree 1 on
A ® Z. Moreover if s716,5710' € Z and a,b € A, one uses Eq. (1) to obtain

{a®s'0,b2s 10}
= (—1)lal+l (ae(b) ® 5710 + (—1)l01% by (q) @ s—le) . )
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The bracket is then extended to A ® AZ by the Leibniz rule. In the
same way, the differential is extended to A ® AZ by Da = —{d’, a} where
d = s1d.

The main result states:

Theorem 1. Let A = (AV,d) be a Sullivan algebra over a field k of char-
acteristic 0, where V. = @;>2V" is finite dimensional and L the desuspen-
sion of Der AV with the desuspended differential and Z = s~'V#. Then,
v :(AaL,dy) — (ARAZ, D) extends to an isomorphism of differential graded
Gerstenhaber algebras.

Let A be the kernel of the augmentation ¢ : A — k. We denote by
C*(A; A) = Hom(T(sA), A) (resp. HH*(A; A)) the Hochschild complex (resp.
cohomology) of the cochain algebra A with coefficients in A [12]. We recall
the following result.

Theorem 2 ([11]). If A = (AV,d) is a Sullivan algebra, then there is a map-
ping ¢ : (AaL,dy) — C*(A; A) which induces an isomorphism of graded
Gerstenhaber algebras in homology.

Note that if A is not a Sullivan algebra, then ¢ does not necessarily
induce a bijective map in homology [1, Theorem 6.2].

By combining Theorems 1 and 2, we get an easy method to compute
the Gerstenhaber bracket on HH*(A; A), when A = AV is a Sullivan algebra
for which V is finite dimensional.

2. Resolutions to Compute HH*(A; A)

The Hochschild cohomology is usually computed using a semifree resolu-
tion [5]. Let (A, d) be an augmented differential graded algebra, not neces-
sarily commutative. The bar construction B(A; A; A) is defined as follows (see
for instance [7,10]).

Bi(A;4;A) = A@ TF(sA) @ A.

An element alay|as| - - - ax]b € AQT*(sA)® A is of degree |a|—|—|b|—|—2:f:1 |sa|.
The differential d = dy + d; is defined as follows.

do : Br(A; A; A) — Br(A4; A4, A), dy:Br(A4;A4;A) — Br_1(4; 4; A),

k
do(alalaz| - ax]b) = (da)larlaz| - arlo = Y (1) alaa| - - da - |ax]b

i=1

+(=1)®afar]ag| - - - ax](db),
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dy (alay|as]| - - - ag]b)

= (aay)[az| -~ aplb =Y (~1)*Dafay |- |a;_1a;] - - |ar]b

i=2
— (=) Wala]ag| - ag1)(ard),
where €(i) = |a|] + Z |saj|. There is a quasi-isomorphism B(A4; A; A) —

(A, d) which provides a semifree resolution of A as an A ® A°?-module [5,
Lemma 4.3]. Therefore the Hochschild cochain complex is given by

(C*(A; A), D) = Homag 00 (B(A; A; A), A) = (Hom(T(sA), A), Dy + Dy),
where the differential is expressed as follows [9]:
(Dof)([arlas| .- lax]) = d (f ([allazl \ak]))
+Z Flay] ... |dai] . .. |ag))

and

(D1f)([aslaz| . lax]) = =(=1)"***Mlay f(az| . .. |ax])
+(=1) W f(lar] .. |ax-1])ar

k
3 DO (] - Jaimrag] - ak),
1=2

where €(i) = |f| + |sai| + -+ + |sa;—1]-

We now define another resolution for a Sullivan algebra (AV,d). Let f :
(A,d) — (B,d) be a map between commutative differential graded algebras.
There exists a relative Sullivan algebra (A ® AV, d) and a quasi-isomorphism
¢ such that the following diagram commutes [13,16].

(A,d) —L (B, d) (6)

WT -
(A® AV, d)
Given a Sullivan algebra (AV, d), the multiplication p : (AV®@AV,d’) —
(AV,d) is a morphism of differential graded algebras, where d' = d®1+1®d.

There exists a commutative differential graded algebra (AV @ AV ® AsV, D),
where sV™ = V™*1 guch that the following diagram commutes [6].

(AV @ AV, d') —= (AV, d) (7)

:Tw

(AV @ AV @ AsV, D)

Moreover, the differential on AV @ AV @ AsV is defined by
Dvelel)=di®l®l, DAI®vel)=11dv®l,
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and D(1 ® 1 ® sv) is defined by induction on the degree of v by the formula

(sD)*

il

[ee]

DI®les)=v2101-10v®1+»

i=1

Here, s is the derivation of degree —1 on AV ® AV ® AsV defined as

swelel)=s5(level)=101®sv, s(1®1®sv)=0.

(v®l1®1).

Let

sD)?
azz( i!) (ve1e1) e AZH(VaV)®sV.
i=1

The condition D? = 0 yields
(dv®l—-1®dv)®1= Da.
Proposition 3. The quasi-isomorphism
v : (A\VRAV @ AsV, D) — (AV,d)
is a semifree resolution of (AV,d) as a AV @ AV -differential module.

Proof. From the commutativity of the above diagram, one deduces that the
quasi-isomorphism

©: (AN V@AV @ AsV, D) — (AV,d)
is a morphism of A ® A-modules. Let V =V; & Vo & -+ be a decomposition
of V such that dV; C A(V1@®---®V;_1). The filtration of AV @ AV ® AsV by

submodules P(n) = AV@AV @As(V1@---@V,) shows that the above quasi-
isomorphism (AV @ AV ® AsV, D) — (AV,d) is a semifree resolution. O

Therefore, the Hochschild cohomology HH*(AV; AV) is given by
HH*(AV; AV) 2 Extaygay (AV, AV) i
>~ H*(Hompaygay (AV @ AV @ AsV,AV), D).
Proposition 4. There is a quasi-isomorphism
(ANV @AV @ AsV, D) — B(AV; AV; AV)
such that the following diagram commutes.

J

(AV @ AV @ AsV, D) B(AV; AV AV) .

~ ~

¥ P
(AV.d)
Proof. Recall that the map ¢ : B(AV; AV; AV) — (AV, d) satisfies ¢([]) = 1
and ¥ ([a1] - |ax]) =0, for k > 0 [6, Lemma 4.3]. Moreover, p(sV) =0 [4].

As (NV@ AV @ AsV, D) and B(AV; AV; AV) are semifree resolutions of
AV as AV ® AV-modules, there is a quasi-isomorphism

7: (AV @AV @ AsV, D) — B(AV; AV AV).

However, we give an explicit formula for ;.
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Let v € V4, then dv = 0. Define j(sv) = 1®[v] ®1. As d([v]) = v[] —[]v,
JD(s0)) = (0@ 1 -1 v) & 1) = o] — [Jo = Dy(s).

Let Vo, = V1 @ Vo @ --- @ V;. Now assume that j has been defined on
sV<;, such that ) commutes with differentials. We need to define 7 on sV; .
Let v € V;41. Recall that

oo
Dfvelol
D(sv)=v@1®1-1®v®l+a, where a=)_ (sD)*(v®lel)
— k!
As o € AV @ AV ® s(V<;), by hypothesis, d(3(Dsv)) = 5(D?(sv)) = 0.
But B>1(AV; AV; AV) is acyclic; hence, j(Dsv) is a boundary. Moreover,
d([v]) =v[]—1[]v — [dv]

and

J(Dsv) = v[] = [|v+y(a) = d([v]) + [dv] + j().
Therefore, 3(Dsv) = d([v] + 3), where 8 € A(V<;) @ TZ2s AT (V<;) @ A(V<i).
Define j(sv) = [v] + S, then dj(sv) = j(Dsv) as required.
We extend 7 to A=2(sV) by

](S’Ul VANIAN S'Un = ' Z 0'(1) |.7(v0'(7l))}7
oceS,

where v; € V. ]

3. Gerstenhaber Structure on the Hochschild Cohomology

Recall that the tensor algebra TV is endowed with a coalgebra structure
when the reduced diagonal is defined
B n—1
A1 @ @)=Y (118 Q1) ® (Vig1 @+ @ vp).
i=1
The multiplicative structure on
HH*(A; A) = H*(Homaga(B(A; A; A), A)) = H.(Hom(T(A), A))

derives from the above defined comultiplication on T(A). Moreover, AV is
endowed with a cocommutative coalgebra structure defined by

A(@y A Ay) Z D e0)(@o@) A AZa() ® (To(isn) A A Tam),
i=1 o

where o is an (i,n — i) shuffle and €(0) its Koszul sign. The restriction of j

to AsV — T'(A) is a morphism of coalgebras. Therefore,

Hom(y) : (Hom(T'(A), A), D) — (Homay (AV @ AsV,AV), D)

is a map of differential graded algebras. As Hom(y) is a quasi-isomorphism,
we deduce that H,.(Hom(j)) is an isomorphism of algebras. Moreover, there
is a mapping (AaL,d) — (C*(A; A), Dy + D1) which induces a morphism of
Gerstenhaber algebras in homology [11].
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Lemma 5. Assume that V' is finite dimensional and let (v;), i € {1,...,n}, be
a homogeneous linear basis of V.. Fori € {1,...,n}, let 6; be the derivation
of NV uniquely determined by

= J O iy,

0iv;) = {1 ifi=j.

The graded AV -module Der AV is freely generated by the derivations 0;, (i =
1,...,n).

Proof. Let us denote by V# the graded dual of V. The restriction of each ; to
V is an element of V# of upper degree —|v;|. Thus, we have an isomorphism
of graded AV-modules

Der AV = Hom(V,AV) = (AV) @ V#.
O
The derivation #; referred to in the proof of the above lemma will be
denoted by (v;, 1).

Proof of Theorem 1. Let A = AV where V is finite dimensional. The isomor-
phism Der A = A ® V# extends to an isomorphism of graded algebras

©:Aas Y (DerA) 2 A s HARVH) 2 A A(s~1VH).
It is explicitly defined by
o(sHa101)...5 Han0,)) = (—1)|a1|+“'+|a"‘(—1)Ea1 e pS 01 .. 570,
where (—1)¢ satisfies
a15 01 .. .ans 10, = (1) ay...ans 01 ...5710,.
The next two lemmas will complete the proof.
Lemma 6. The map ¢ is a morphism of Gerstenhaber algebras.

Proof. Clearly, ¢ commutes with brackets. Denote the wedge product a A 3
by ag.

o({a, B7}) = o({e, B}7) + (=1)TDIBlp(3{a,~})

= o({a, B} e(y) + (=1)IeFDIBlo(B)p({a,7})
{o(a), o(B)}o(y) + (—1) U8l (B) {p(a), ()}
= {p(a), p(B)p(7)}
= {p(a), p(B7)}

By an induction argument, one deduces that ¢ is a morphism of Gerstenhaber
algebras. O

Lemma 7. The map ¢ : (Aas (Der AV),dy) — (AV @ A(s~2V#), D) com-
mutes with differentials.

Proof. The differential D on AV ®A(s~1V#) is defined by Da = —{p(d'), a},
where d’ = s~'d. As ¢ is compatible with brackets, we deduce that

p(dor) = —p({d', a}) = —{eo(d), ()} = D(p(e)).

Hence, ¢ commutes with differentials. O
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Remark 8. The Gerstenhaber structure on Homay (AV @ AsV, AV) is defined
through the isomorphism

Homay (AV @ AsV,AV) 2 AV @ A(s71VH).

Moreover, the AV-module (AV @ A(s~'V#), D) is the “dual” of the Sullivan
model of LX described by Sullivan and Vigué-Poirrier [17]. However, the
former carries the Gerstenhaber structure of the free loop space homology.

4. Computation of the Free Loop Space Homology

We apply the above result in the computation of the free loop space homology.
Let X be a closed oriented manifold of dimension m and LX = map(S?!, X)
the space of free loops on X. The loop homology of X is the homology of LX
with a shift of degrees, H, (LX) = Hy4,, (LX) and an associative and graded
commutative product

p: Hp (LX) @ Hy (LX) — Hpyq(LX)

called loop product [2]. When coefficients are taken in a field, there is an
isomorphism of graded vector spaces [14]

HH.(C*X;C*"X) >~ H* (LX),
which dualizes in
HH*(C*X;C.X) = H,(LX).

If k is of characteristic 0 and X is simply connected, there is an isomorphism
of Gerstenhaber algebras [8-10]

¢ :H, (LX) — HH (C*X;C"X).
Moreover, if A = (AV,d) is the minimal Sullivan model of X, then one
has an isomorphism of Gerstenhaber algebras [7, Proposition 3.3]
HH*(A;A) 2 HH*(C*X;C*X).

We assume that 7.(X)®Q is finite dimensional; hence, the minimal Sullivan
model of X is of the from (AV,d), where V is finite dimensional. There are
isomorphisms of Gerstenhaber algebras

H,(LX,Q) —= HH*(A; A) ~—— H,(AsL,dy) —> H,(\V ® AZ,d),

where L = s~ !(Der AV) and Z = s 'V#. In this section, we describe a
spectral sequence of AV ® AZ that simplifies the computation of H, (LX, Q)
in some cases.

Proposition 9. If 7.(X) ® Q is finite dimensional and (AV,d) is the minimal
Sullivan model of X, then L = Der(AV,d) is semifree over (AV,d).

Proof. The minimal Sullivan model is of the form (A(V} @ --- @ V},),d) such
that dVi =0 and dV; CA(V1 @ --- @ V) for 1 <i < n.
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Define a filtration on L as follows.
F,L={ecl: Vi@ ---dV,_,) =0}
We get a filtration
{0}=FhCFRLC---CF,1«LCF,L=L.

For instance, if V,, = <vp1,...,vp>, then 1L = AV ® Z1, where Z!
is spanned by {011,...,01 %} and 01 ; = (vn4,1). If Viioy = <wvp11,...,
Up—1,>, then FoL/FiL = AV ® Z?% is spanned by {fa1,...,02,;}, such
that 02 ; = (vn_1,5,1). Moreover, §Z2 C (AV) ® Z' = FiL. In general,
FyL/Fy 1L = NV ® Z* where Z* is spanned by derivations {0 1,...,}
with 04 ; = (Vn—k41.4,1) and 6Z% C (AV) @ (Z' @ --- @ ZF~1). This defines
a semifree filtration of £; hence, (£, ) is a semifree differential module over
(AV,d). O

It comes from the definition that [F,L, F L] C F,.L, where r =max{p, ¢}.
Hence [F,L,F,L] C Fpi.L. The filtration induces a spectral sequence of
differential Lie algebras such that E?n’* = FpL/Fn 1L 2 A® Z™* and
do =da ®1. Hence, E}, , = H(A) ® Z™. The E'-term, together with differ-
entials, yields

El

d
1 1 1

HA) @7l — L HA) o zr 1. s H(A) o 7).
In particular, if (AV,d) = (A(V} @ V3),d) with dV; = 0 and dV, C AV;, then
the above spectral sequence collapses at the E2-level.

Ezample 10. Consider the Sullivan algebra (A(x,y),d) with |z| =2, |y| =5
and dy = z3. Here, H = (Az)/(z3) and Z! (resp. Z?) is spanned by z; = (y, 1)
(resp. 2o = (,1)). Hence E' = H ® Z. Moreover, d1z; = 0, dyzo = 322
and dq(z2z2) = 0. Therefore, the E%-term is spanned by {21,221, 220, 2222}
as a vector space. We note that zzy and x22, are of respective degrees 0 and
—2.

We can now define a spectral sequence that is useful to compute the
loop space homology for certain spaces. Let X be a simply connected compact
oriented m-manifold of which 7. (X)®Q is finite dimensional and A = (A(V1 @
-+ @®V,),d) its minimal Sullivan model, where dV; C A(V; & --- @ V;_1). Let
7 = s W# and ZF = s‘lVfikH. We define a filtration on A ® AZ by
F,=A@NZ'® - @& ZP). It verifies

A=FyCcFh C---CF,=AQNZ.

As F,F, C F,, where r = max{p, ¢}, F,F, C F,+,. Moreover, {F},, F,} C
F,, where s = max{p, q}, {Fp, F;} C Fp44. This filtration yields a spectral
sequence of Gerstenhaber algebras for which E' = H*(A) ® AZ and which
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converges to H, (A ®@ AZ,d) = H,(LX,Q). Using this technique, we can re-
cover the loop space homology of complex projective spaces and perform
computations for other homogeneous spaces.

Ezample 11 [3,7,9]. Consider X = CP(n) of which the minimal Sullivan
model is (A(x,y),d), de =0, dy = 2™+, Therefore,
H,.(CP(n),Q) = H.(Azx/(x" T RA(21, 22n), d), dzon =0, dz; = (n + 1)z" 22,,.
Here, z; and zy, are of respective degrees land 2n. Homology classes are
{2928 iz, atiz2k 0 k>0, 0<j<n—-1, 1<i<n}.
Brackets can be computed from the Lie algebra structure of derivations on
(A(z,y),d). For instance, {z'zon,2920,} = 0, {ai21, 2729, } = ja*ti 12,
{212k xzaizh} = (i — faezz™ti 25T In particular, {221, 2729,} =
jxd 23, hence, adk(le) #0, for k> 1.
Ezample 12. We consider the minimal Sullivan model of X = Sp(5)/SU(5)
which is given by A = (A($6,$10,y11,y15,y19,d) with dl‘i = O, dyll =
22, dyis = w6710, dy19 = 72,. The rational cohomology is given by classes

of {1, 76,210, T6Y15 — T10Y11, T10Y15 — T6Y19, T6(T10Y15 — T6Y19)}. The loop
space homology is computed from the complex

(A ® A(z10, 214, 218, W5, Wy),d), dz; =0,
dws = 2x6210 + 10214,
dwg = 1214 + 2710218-

It contains H*(X) ® A(z10, 214, 218)/I, where I is the ideal generated by
{dws,dwy}, but also zrgw; and z1ow;. Nonzero brackets include

{$6w5,$621k} = l’szfy {936109,561025} = 156va
{$10w579€6zf} = 3310257 {2107 (3762115 - $10y11)2f} = —Ilozf,
{214’ ($6y15 - 33102!11)2?} = 1’625, {218, (x10y15 - 936y19)Zf} = —336Zf-

Hence, for a = zgws, ad® o #0, k> 1. It is the same for 5 = x1gwg.
We have the more general result.

Theorem 13. Let X be a homogeneous space of which the minimal Sullivan
model is given by (A,d) = (AN(x1, ..., Tn, Y1, Ym),d), where dz; = 0 and
dy; € N(x1,...,x,). Then the graded Lie algebra sH,(LX, Q) is not nilpotent.

Proof. We consider the complex (AQA(z1, .. ., Zm, W1, ..., Wy),d) where z; =
s Ny, 1), w; = sz, 1), dzj = 0 and dw; = > %zj. We need to find
coefficients ¢; € Q such that o =), ¢;z;w; is a dy-cocycle.

di (3 qiwiw;) = Z Z 4iTi gij Zj
= Z(Z qle GER )

In particular, diov = 0 if ), qixia—i? = ¢;f;, for j = 1,2,...,m. It is the

: of; .
case if one takes ¢; = |z;| as ), |xl|x1% = ¢, f;, where ¢; is the degree of
k2
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the homogeneous polynomial f;. This is the Euler Theorem for homogeneous
functions in the graded case.

If we denote by Z' and Z?, the respective spans of {z;} and {w;},
and H = H*(X,Q), then d;Z* = 0 and d12?> C H® Z'. As a € H ® Z*
and di(H ® A\?Z?) C H® AT Z' ® Z?, then « cannot be a dj-coboundary.
Moreover, {«, 2;z;} = |z;]2;2; hence, sH,(LX, Q) is not nilpotent. O
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