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1. Introduction

A pseudo-Riemannian manifold (M, g) is called homogeneous, if I(M), the
group of isometries of M, acts transitively on M. Equivalently, for any given
points p,q € M, an isometry ¢ of M exists such that ¢(p) = ¢ [15].

Homogeneous manifolds of dimension three have been completely stud-
ied through Riemannian and Lorentzian manifolds. Until recent years, most
of the works in dimension four were focused on the Riemannian spaces (see
for example [2]), while little was studied about different signatures [8,9]. A
classification of four-dimensional pseudo-Riemannian homogeneous manifolds
with non-trivial isotropy has been given in [14] to present the solutions of the
Einstein—Maxwell equation.

Einstein metrics and spaces with constant scalar curvature are impor-
tant families of pseudo-Riemannian metrics with wide applications in geom-
etry and applied physics. It is well known that every Einstein metric is nec-
essarily Ricci-parallel (i.e., (VxRic) = 0, for all vector fields X tangent to
M). Other properties, based on the Ricci tensor, were introduced by Gray
[13]:

(M, g) admits a cyclic-parallel Ricci tensor, or belongs to class <7, if

(VxRic)(Y, Z) + (VyRic)(Z, X) + (VzRic)(X,Y) =0,  (L1)
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for all vector fields X, Y and Z tangent to M. The Equation (1.1) is equivalent
to requiring that Ric is a Killing tensor, that is,

(VxRic)(X,X) =0, VX e X(M). (1.2)

The Eq. (1.2) is also known as the first odd Ledger condition. It is
a necessary condition for a (pseudo-)Riemannian manifold to be a D’Atri
space. Hence, to classify homogeneous pseudo-Riemannian manifolds of a
given dimension satisfying (1.2) is the first step to understand D’Atri spaces
of that dimension [1].

(M, g) admits a Codazzi Ricci tensor, or belongs to class 4, if

(VxRic)(Y, Z) = (VyRic)(X, Z), (1.3)

forall X, Y, Z € X(M). These two conditions which are known as Einstein-
like property, are in fact generalization of Einstein and Ricci-parallel metrics.

Several authors investigated Einstein-like metrics through different kinds
of homogeneous spaces, in both Riemannian and pseudo-Rimannian signa-
tures. In the pseudo-Riemannian case, most of investigations focused on
the three-dimensional case and few works also have been done in dimen-
sion four [7]. In [3], the complete classification of Einstein-like metrics on
three-dimensional homogeneous Lorentzian manifolds was obtained. The
same author classified three-dimensional curvature homogeneous Lorentzian
manifolds equipped with either Einstein-like or conformally flat metric [4].
Einstein-like metrics have been studied in the class of three-dimensional
Lorentzian manifolds admitting a parallel null vector field [11]. In order to
study Einstein-like homogeneous four-dimensional spaces, it is necessary to
consider this matter through four-dimensional homogeneous spaces with non-
trivial isotropy and this is the subject of the present work.

This paper is organized in the following way: In Sect. 2 we report
some basic facts on the pseudo-Riemannian homogeneous spaces. Pseudo-
Riemannian four-dimensional homogeneous spaces with non-trivial isotropy,
equipped with a Ricci-parallel invariant metric, will be presented in Sect. 3.
Section 4 is devoted to study non-Ricci-parallel homogeneous pseudo-
Riemnnian four-dimensional manifolds which are cyclic parallel. Finally, the
non-Ricci-parallel invariant metrics g which are Codazzi, also strict examples
of class # will be presented in the last section. The Obtained results are
summarized in the following diagram (Fig. 1):

Class % Class &

Theorem 5.1. Theorem 3.1. Theorem 4.1.
Conformally flat

Figure 1. Set specification of the results
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2. Preliminaries

Working on a homogeneous space permits us to see the whole manifold, as
a single point! In fact, geometrical properties of the manifold can be studied
by expressing the (pseudo-)Riemannian manifold as a coset space M = G/H
with an invariant metric. At this point of view, the geometrical objects on M
will be expressed in Lie terms, in the sense that we apply the Lie algebras g
and b and the factor space m, to study different objects on M = G/H. Many
authors worked on the different subjects of homogeneous spaces. As a sample,
a three-dimensional complete, connected and simply connected homogeneous
Riemannian manifold is either symmetric or it is a Lie group equipped with
a left-invariant Riemannian metric [16]. Similar results were proved for the
Lorentzian signature in [5,6]. In dimension four, pseudo-Riemannian homo-
geneous manifolds were studied in [8,12], where it is proved that a complete,
connected and simply connected homogeneous manifold with non-degenerate
Ricci operator is isometric to a Lie group equipped with a left-invariant
metric of the appropriate signature. Ricci-parallel examples of the pseudo-
Riemannian homogeneous manifolds were also classified in the same articles.

Let M = G/H be a four dimensional homogeneous space with non-
trivial isotropy. The condition h # 0 permits us to suppose that M corre-
sponds to one of the examples listed in [14], where the complete classification
of pseudo-Riemannian homogeneous four-manifolds is presented and used for
classifying four-dimensional Einstein-Maxwell homogeneous spaces.

In order to classify four-dimensional Einstein-like homogeneous pseudo-
Riemannian manifolds, the first step is to consider case by case the classifi-
cation of homogeneous pseudo-Riemannian manifolds given in [14].

Let g be the Lie algebra of G and h be the isotropy subalgebra. Let
m = g/h be the factor space which is the subspace of g complementary to
bh. Now, the isotropy representation is defined uniquely by the pair (g,b) as
following:

d:g—gl(m), o(z)(y) =z,ylm, forall zeg, yem.

Let g be a matrix with respect to a basis {h1,...,h,,u1,...,u,} of g, where
{h;} and {u;} are bases of h and m for 1 < j < r = dimH and 1 < i <
n = dimM, respectively. We can present a bilinear form on m by the matrix
g. Using the isotropy representation a bilinear form is invariant if and only
if ‘p(x) o g+ gog(x) =0, for all z € . From [14], every invariant pseudo-
Riemannian metric g on the homogeneous space M = G/H corresponds
uniquely with a nondegenerate invariant symmetric bilinear form g on m. For
the invariant bilinear form g, the corresponding Levi-Civita connection A is
determined by the identity

1
A(z)(ym) = §[x,y]m +v(z,y), forall zyeg, (2.1)

where v : g X g — m is the h-invariant symmetric mapping uniquely deter-
mined by

29(v(z,y), 2m) = 9(Tm, [2,Ylm) + 9(Um, [2,2]m), forall z,y,z € g.
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The curvature tensor is then determined by
R:mxm — gl(m)
(z,y) — [Alx), A(y)] — A[z, y]). (2.2)
Finally, the Ricci tensor Ric of g will be deduced by contraction on the first
and third indices of the curvature tensor.

We then have all the needed information to check whether Egs. (1.1)
and (1.3) hold, that is, if M = G/H is Einstein-like. We have applied the
above argument to all the spaces included in Komrakov’s classification [14] of
four-dimensional homogeneous pseudo-Riemannian manifolds with nontrivial
isotropy and checked the possible forms for the covariant derivative of Ricci
tensor to hold on (1.1) and (1.3). The results we obtained are resumed in the
following sections.

3. Four-Dimensional Homogeneous Ricci-Parallel Examples

In this section we study the Ricci-parallel examples of pseudo-Riemannian
homogeneous spaces with non-trivial isotropy. It is obvious that such exam-
ples belong to o7 and A.

A pseudo-Riemannian manifold (M, g) is called Einstein if

Ric = ng, (3.1)

for a real constant 7. It is well known that every Einstein pseudo-Riemannian
manifold is Ricci-parallel. The Einstein examples of homogeneous pseudo-
Riemannian four-spaces with non-trivial isotropy are completely determined
n [14]. In the following theorem we explicitly determine the strictly Ricci-
parallel (that is, non-Einstein) examples of homogeneous pseudo-Riemannian
four-spaces with non-trivial isotropy.

Theorem 3.1. Let (G/H, g) be arbitrary pseudo-Riemannian four-dimensional
homogeneous spaces with non-trivial isotropy, equipped with an invariant met-
ric g. Then (G/H, g) is strictly Ricci-parallel, if and only if it belongs to one
of the cases of the Table 1.

In Table 1, N stands for “neutral metric”, L for “Lorentzian metric”,
{0%,...,0%} is the dual basis of {uy,...,us} and ¥ means that all of the
invariant metrics are strictly Ricci-parallel.

Proof. We apply the notation of [14] to identify four dimensional homoge-
neous spaces with non-trivial isotropy. A homogeneous space of type n.m*:q is
the one corresponding to the g-th pair (g, h) of type n.m*, where n = dim(h)
(=1,...,6), mis the number of the complex subalgebra h® of so(4, C) and k is
the number of the real form of h® [10]. We considered all the spaces included
in Komrakov’s classification of M = G/H, four-dimensional homogeneous
pseudo-Riemannian with nontrivial isotropy which appeared in Theorem 2
of [14], and checked the possibility of being Ricci-parallel. We summarize
below the full details of the case 1.1!' : 1 in Komrakov’s list. We studied
the other cases in the same way. For this homogeneous pseudo-Riemannian
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four-manifold M = G/H, there exists a basis {hy,u1,...us} of g, where the
non-zero brackets are
(hi,u1] = uy,  [hi,us] = —u3,  [u1,us] = [ug, us] = uz, [us,us] = us,

and the isotropy is h = span{h} [14]. Then, by taking m = span{u,...us}
we have the following isotropy representation for h; and invariant metrics
with respect to {u;}:

100 0 00 a 0
000 0 0b 0 ¢

H=10 0 -1 0| 9|a 00 0] (32)
000 0 0 ¢ 0 d

for some real constants a, b, ¢, d. The metric g in this case is non-degenerate
if and only if a?(c? — bd) # 0. It is obvious that if bd > ¢? the manifold is
Lorentzian, otherwise if bd < ¢? then g is of signature (2,2). Setting A; =
A(u;), the invariant Levi-Civita connection is completely determined using
Eq. (2.1):

b a—c b
0 T bd+aoc—c2 S s I?c 0 bOd
A= 0 0 2(bd—c2) 0 Ay = 0 bd—c2 (b) bd—c?
0 0 o |’ 0 ()2 5 0 ’
ab —b be
0 0 _Q(bd—c2) 0 bz 0 oo (3.3)
0 0 0 0 0o\
—bd+actc? de
A3 = 2(;&—6{5) 0 0 0 bd <‘2 0 bd—c2
0 % 0 a+c ) 0 _(l2—aC O
N 2(b;ﬁc2> 0 0 0 bd C2 0 - bdcjc2
Next, we use (2.2) to calculate R;; := R(u;,u;). The curvature tensor of
(G/ H g) is completely determined by
0 — b2(2a2+bd7(32) 0 N b((bdch)(a+c)+2a2c)
4a?(bd—c?) , , 4a2?(bd—c?)
bd—ac—c b
Rip= | © 0 R 0
0 0 0 0
0 0 - 0
I(bd—c2)
b(3bd—3c? —a?)
4a(bd—c?) 0 0 0
0 < 0 ___db
Ria — 2(bd—c?) 2(bd—c?)
13 = 0 0 b(—3bd+3c%+a?) 0 )
T da(bd—c?)
0 b> 0 cb
2(bd—c?) 2(bd—c?)
0 — b((c?—bd)(a—c)+2a°c) 0 B c?(a®?—c?)+bd(a®+c?)
4a?(bd—c?) 4a?(bd—c?)
0 0 —bad+(cbd+a22)c—c3 0
Ry = 4a(bd—c
0 0 0 0
0 0 b(a+c) 0

I(bd—c?)
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0 0 0 0
(bd+ac+2a2—c2)b
- 4a(bd—c?) 0 0 0
Ro3 = 0 b2 (2a°+bd—c?) 0 b((c? —bd)(a—c)+2a°c) )
N 4a?(bd—c?) 4a?(bd—c?)
b
A(bd—c2) 0 0 0
2 0 0 0
0 __cb 0 __bd
_ bd—c2 bd—c2
Ra=1y 0 -2 0 ’
0 b2 0 be
bd—c? bd—c?
0 0 0 0
bd(a+c)+a207c3
4a(bd—c?) 0 0 0
Ry = 0 _blbd=c?)(atc)+2a%c) (o _ c*(a’=c?)tbd(a+c?)
( b 4a2?(bd—c?) 4a?(bd—c?)
I(bd—c?) 0 0 0
Consequently, the Ricci tensor Ric is given by
b ab
0 0 2a + c?—bd 0
Ric= 0 %b2 (_ai2 + cszd) 0 _% + c223%d
3+ 2% 0 0 0
be 2bc 3 c? 2c2
0 ~3ar T 20 0 3 "3 tEm

(3.4)
Moreover, using (3.3) and (3.4), we have the following nonzero component
for the covariant derivatives of the Ricci tensor

C b(a®—c1bd) - bla—2c)(a®—c+bd)
A Ricosz = T2a2(bd—c2) A1 Riczy = T 4a2(c?—bd)
b (a®—cP1bd) . be(a?=c?+bd)
A2RZCQ4 = m, A2RZC44 ;( Wb’d) (3 5)
ior, — 2 la"—c+bd) ioq, — blat2ec)(a”—c”+bd) '
A3R1612 = b2(a22(c2;bi3i) y A3R1014 = 24522(02;})621) ’
. _ be(a®—c+ . _ c(a”=c"+
AsRicoy = 2aZ(Gd=c2) A4Ricys = T aZ(bd—c?)

where by A; Ricj; we mean (A(u;)Ric)(uj, uy). According to (3.5) it is easy
to check that g is Ricci-parallel if and only if

bd = c* — a?, (3.6)

but this is the necessary and sufficient condition to be Einstein, according to
the Eq. (3.1). Thus, this case is not contained in the Table 1. O

One can easily find in the Table 1 some examples which are not always
strict Ricci-parallel. For example, case 1.1'.2 with p # 0, % is not even Ricci-
parallel; same is the case 1.11.3 when b # a.

4. Examples of Class .o/

In the previous section we studied the Ricci-parallel examples of pseudo-
Riemannian homogeneous 4-spaces with non-trivial isotropy. It is obvious
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Table 2. Strict examples of class &7

Case Class &
1.1':3 b#a

1.1 :4 b#0
1.1%2:3 b+#a
1.12:4 b# —a
1.12:5 b#0

1.4 :1 d=—4a, b#0
1.4 :2 p=0,b#0
14':5 b#0

2.5 :1 b#0
2.52:1 b+#0

that such examples belong to both classes of Einstein-like spaces. Strict exam-
ples of class &7, i. e. non-Ricci-parallel spaces of this kind, are determined in
the following theorem:

Theorem 4.1. Let (G/H, g) be an arbitrary non-Ricci-parallel pseudo-Rieman-
nian four-dimensional homogeneous spaces with non-trivial isotropy, equipped
with an invariant metric g. Then (G/H,g) is in class <7 if it belongs to one
of the cases of the following Table 2.

Proof. Like for Theorem 3.1 we bring the details of the cases 1.1' : 1 and
1.1' : 3 and the other cases were treated by similar arguments. For the
case 1.1' : 1, Eq. (3.5) enables us to consider Eq. (1.1). Straightforward
calculations yield that a homogeneous space of type 1.1' : 1 belongs to class
o/ if and only if bd = ¢? — a? which is equivalent to be Ricci-parallel. This
shows that we do not have any strict cyclic parallel space of this type.

Now, let (G/H, g) be a homogeneous space of type 1.11 : 3. With respect
to a basis {hy,u1,...,us} for g, the non-zero brackets are

[hi,ur] = ui,  [hi,us] = —ug, [ui,u3] = hy + uo,

where h = span{h;} [14]. The isotropy representation and invariant metric g
with respect to the basis {u1,...,us} are the same as Eq. (3.2). The Levi-
Civita connection will be determined by applying the Eq. (2.1) and we get

b c b
0 &1 LRERE
pumy 5 —

M=ty 0 0 o |0 M 0 0 £ ol
0 0 0 0 0 0 0 0
0 0 0 0 -£ 0 0 0
-2 0 0 0 0 0 0 0

A3:2 C,A4— c
0 £ 0 £ 0 0 = 0
0 0 0 0 0 0 0 0
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We then specify the curvature tensor from the Eq. (2.2) and the non-zero
components are

=y
>

C b—a
oL RN
0o 0 X 0
= 4a = .
R12 O 0 0 0 9 R13 0 O —32;}‘,»40, 0 )
0O 0 0 0 0 0 0 0
be 2
R %0 0 o
Riy = 1q Royg=| 4a
14 o o 0 0o |’ 3 0 L oo |
0O 0 0 0 0 0 0 0
0O 0 0 0
£ 0 0 0
R — 4a
0O 0 0 0

0 0 22 9

_ b 0 _ be

Ric = b2a 2a? 2a?
2000

0 —52 0 -5z

To check when p is Killing, we first determine the covariant derivative of the
Ricci tensor.

b(a—b) c(a—b)
0 0 @ 0 ) (aO—b) ez 0 S
Ao = 0 b(bqa) 2a? c(bqa) ; Asp=| 22 0 0 0 )
0 X-o) g clp) 0 0 0 0
0o o b 0 0 0
Ago=A20=0.

It is clear that the Killing equation always holds and so any homogeneous
space of type 1.1' : 3 belongs to class <7 The strict examples of this type were
determined by excluding the Ricci-parallel examples of the
Table 1. O

5. Examples of Class %4

Finally, we will consider 4-dimensional homogeneous Einstein-like spaces of
class # which are not Ricci-parallel. All of this kind of spaces is determined
in the following theorem.

Theorem 5.1. Let (G/H, g) be an arbitrary non-Ricci-parallel pseudo-Rieman-
nian four-dimensional homogeneous space with non-trivial isotropy, equipped
with an invariant metric g. Then (G/H,g) is in class A if it belongs to one
of the cases of the following Table 3:
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Table 3. Strict examples of class &

Case Class A

1.1t 1 b=0,a # *c
1.1t:2 b=0,p#0,3
1.1%2:1 b=0

1.1%2:2 b=0,p#0,1
1.31:2 1#0

1.3' : 4 v

1.3':5 l1#0o0orl=0,u+#0,2
1.31:7 v

1.31:12 p#l+1

1.3':13 1#-4%,3

1.31:14 1#0,1

1.3 : 15,16, 19, 22,26 — 29 v

1.3':21,24,25 1#0,2

1.31: 30 [#lorl=1pu+#+1
1.4 :2 p=3,b#0

1.41:9 d# —2a(h*+h+r)
1.4': 10 r# —h — h?

1.4 : 11 d # —2ar

1.4%:12 r#0

2.21:2 p#0,+£2

2.21:3 v

251 :3—4 2h —h? +49 #0
2.52.9 r2+p7é0

3381 p#0

3.32:1 p#0

Proof. The proof is based on case by case study of Komrakow’s list. We
bring the details of the case 1.1' : 1 and just apply the similar arguments
for the other cases. According to the Eqgs. (3.5), (1.3) satisfies if and only if
either b =0or d = 022“2. The second solution yields that the Ricci tensor
is parallel and we must exclude the Ricci-parallel solutions from the first
solution. Clearly ¢ # +a in this case according to the Eq. (3.6). O

Two pseudo-Riemannian manifolds (M, g) and (M, g) are called con-
formally equivalent, if g = e*/§, for f € C°°(M). By this definition, (M, g)
is called conformally flat if that is conformally equivalent to a flat manifold
(M, g). In dimension n > 4, conformal flatness translates into the following
system of algebraic equations:

1
Wijkh = Rijren — §(gik9jh + 9jn0ik — 9in0jk — YjkOin)
r
+6(gikgjh — gingjr) = 0,
for all indices 4, j,k,h =1,...,4, (5.1)
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where W denotes the Weyl tensor and r is the scalar curvature. To belong to
class 4 is a necessary condition for being conformally flat. A complete classifi-
cation of four-dimensional conformally flat homogeneous pseudo-Riemannian
manifolds was obtained in [10]. As a conclusion of the Theorem 5.1, we have
the following corollary:

Corollary 5.2. Let (G/H, g) be a pseudo-Riemannian four-dimensional homo-
geneous space of the Table 3. Then (G/H,g) properly belongs to strict class
A (i.e., it is not conformally flat), if it is one of the cases of the following
Table 4:

Proof. We consider case by case the strict examples of class %, which are
presented in the Table 3. For the case 1.1' : 1, the non-zero components of
the Weyl tensor are

_ b%(a®—2bd+2¢?) _ b(a®c—2bcd+2¢® —3abd+3ac?)
Wiazs = ——5oga—c) Wigzs = 12a(bd—c?) )
b(a®—2bd+2c2) b
Wisiz = “pa=e) Wigeq = —3,
_ b(a®c—2bcd42c®4+3abd—3ac?) _ bd(a®—2bd+2c?)
Wiz = — 12a(bd—c?) v Wiass = —5aga—a)
b(a®—2bd+2c?
Wagoq = —%-

Thus, the Weyl tensor vanishes identically if and only if b = 0 and so the
strict examples of class %, belonging to the case 1.1! : 1, are conformally flat
and so not contained in the Table 4. The other cases were checked by similar
arguments. O

Table 4. Proper examples of strict class %

Case Proper class &

1.3':2 d#0

1.3' : 4 d#0

1.31:5 bu(p — 1) # 2cl(p— 1) — d(I1? + p) and (2¢ + dl)? + p? # 0

1.3 7 d # b\ —2c

13':12 b(l4p—1)(p—13)#0
1.31:15  b#—d
1.31:16  b#d

1.3': 19 b#0

131:21  b(i-1)#0
1.3 : 24 (b—2d(I> = 1))(
1.31:25 (b+2d(I2 = 1))(
1.3':28 b # 2d

1.31:29  b#-2d

1.3 : 30 b+d—Ild— ub#2c

1.4%:9 A+ (@*+p—r)?#0and (p+ 3)*+ (dar + a+4d)? # 0
14':10 r#h+h?

2.52:2 s#0

[ —
[ —
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Note that, as also shown by the above Corollary 5.2, differently from the
Riemannian case, a (locally) homogeneous conformally flat pseudo-Rieman-
nian manifold need not be (locally) symmetric (see also [10]).
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