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Abstract. A new method to construct semi-copulas is introduced. These
semi-copulas are called focal semi-copulas and their construction is based
on linear interpolation on segments connecting the diagonal of the unit
square with two focal points. Several classes of semilinear semi-copulas,
such as lower semilinear semi-copulas, upper semilinear semi-copulas,
ortholinear semi-copulas and biconic semi-copulas with a given diagonal
section, turn out to be special cases of focal semi-copulas. Subclasses of
focal semi-copulas, such as focal (quasi-)copulas are characterized as
well.
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1. Introduction

Aggregation functions are used in several fields of applied sciences as tools to
convert finitely many input values into a representative output value. These
values are usually assumed to belong to the unit interval [0,1]. Two prop-
erties are fundamental for any aggregation function. They coincide in the
point (0,...,0) as well as in the point (1,...,1), and they are increasing.
Subclasses of aggregation functions are obtained by adding more properties.
For instance, semi-copulas are binary aggregation functions that have 1 as
neutral element. Semi-copulas turn out to be appropriate tools for capturing
the relation between multivariate aging and dependence [2,9,14]. Some other
properties such as 1-Lipschitz continuity and 2-increasingness have respec-
tively led to the notions of quasi-copulas and copulas [24]. Quasi-copulas
appear in fuzzy set theoretical approaches to preference modeling and simi-
larity measurement [5-7]. Copulas turn out to be appropriate tools for linking
a joint distribution function with its margins [27]. For this reason, they have
become very popular in statistics and probability theory [18].

Recall that a semi-copula [12,13] is a function S: [0, 1]?> — [0,1] satis-
fying the following conditions:
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(i) for any x € [0, 1], it holds that
S(xz,0)=5(0,z) =0, S(z,1)=5(1,z) =z;

i) for any x,x € such that * < 2’ an < it holds that
(ii) f y x, 2’ y,y € [0,1] h th "and y < ¢/, it holds th
S(z,y) < S(a',y).

The semi-copulas Ty and Tp given by Tv(x, y) = min(z, y) and Tp(x,y) =
min(x,y) whenever max(z,y) = 1, and Tp(z,y) = 0 elsewhere, are respec-
tively the greatest and the smallest semi-copula, i.e. for any semi-copula S,
it holds that Tp < S < Tm.

A semi-copula S is semilinear [19] if for any x € [0,1]%, there exists
y € [0,1]2, y # x, such that S is linear on the segment connecting the points
x and y. The semi-copulas Tns and Tp are semilinear.

A semi-copula @ is a quasi-copula [16,17,23] if it is 1-Lipschitz contin-
uous, i.e. for any x,2’,y,y’ € [0,1], it holds that

Q") — Qz,y)| < |a" — x|+ |y —yl.

A semi-copula C'is a copula [1,22,24] if it is 2-increasing, i.e. for any z,2', y,
y' €[0,1] such that z < 2’ and y < 3/, it holds that

Vo(lz, '] x [y,y]) == C(@',y") + C(z,y) — C(2',y) — C(x,y') > 0.

Ve(lz, 2] % [y,y']) is called the C-volume of the rectangle [z,z'] x [y,y/].
The copulas Ty and Ty, with 75, (2, y) = max(x + y — 1,0) are respectively
the greatest and the smallest copula, i.e. for any copula C, it holds that
T1, < C < Tn. Note that for any copula C' it holds that

2
9°C(x,y) >0, (1)
dxdy
for any (z,y) € [0,1]? where the mixed partial derivative exists. If the mixed
partial derivative of a semi-copula exists everywhere, then (1) guarantees that
it is a copula [3].
The diagonal section of a [0,1]> — [0,1] function F is the function
dp: [0,1] — [0,1] defined by dp(x) = F(x,2). A diagonal function [10] is a
function 0: [0, 1] — [0, 1] satisfying the following conditions:
(D1) §(0) =0, 6(1) =1;
(D2) § is increasing;
(D3) for any x € [0, 1], it holds that d(x) < x;
(D4) ¢ is 2-Lipschitz continuous, i.e. for any z, a2’ € [0, 1], it holds that

|6(2") — §(x)| < 2]’ — x|

The functions dm(x) = 2 and dw(x) = max(2z — 1,0) are examples of
diagonal functions. Moreover, for any diagonal function ¢, it holds that
ow <9 <dm.-

The set of all diagonal functions will be denoted by D; the subset of twice
differentiable functions in D will be denoted by D9. The set of all [0, 1] — [0, 1]
functions that satisfy conditions (D1)—(D3) will be denoted by Dg; the subset
of absolutely continuous functions in Dy will be denoted by DE°.
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The diagonal section of a copula C' is a diagonal function. Conversely,
for any diagonal function 4, there exists at least one copula C' with diagonal
section ¢ = §. For instance, the copula Cj defined by

o(z) +5(y)>

C’(g(x,y)zmin (xvyv 2

is the greatest symmetric copula with diagonal section § [8,11,25].

Interpolation is a basic method for constructing semi-copulas, quasi-
copulas and copulas. Linear interpolation has led to several classes of semi-
linear semi-copulas with a given diagonal section. For instance, biconic semi-
copulas [20] are obtained by linear interpolation on segments that connect
the diagonal of the unit square to the vertices (0,1) and (1,0), while ortho-
linear semi-copulas [21] are obtained by linear interpolation on segments that
are perpendicular to the diagonal of the unit square. Some other classes of
semilinear semi-copulas, such as lower and upper semilinear semi-copulas [10]
and horizontal and vertical semilinear semi-copulas [4], are obtained by lin-
ear interpolation on horizontal and/or vertical segments that connect the
diagonal of the unit square to the boundaries of the unit square.

Characteristic for biconic semi-copulas with a given diagonal section is
that always one of the vertices (0, 1) and (1,0) is involved in the interpolation
procedure. In other words, the segments on which the linear interpolation is
performed always contain one of these vertices. Moreover, such segments cover
the whole unit square. Inspired by the above observation, we introduce focal
semi-copulas with a given diagonal section by considering linear interpolation
on segments that connect the diagonal of the unit square with either one of
two specific points located outside the unit square. These two points are called
focal points. The segments on which the linear interpolation is performed
cover the unit square for an appropriate choice of these focal points. Choosing
the focal points to be symmetric leads to symmetric focal semi-copulas with
a given diagonal section. For instance, choosing the symmetric focal points
(0,1) and (1,0) [resp. (—o00,00) and (oo, —00)] leads to the class of biconic
(resp. ortholinear) semi-copulas with a given diagonal section, while choosing
the symmetric focal points (—oo, 1) and (1, —0c0) [resp. (0, c0) and (o0, 0)] leads
to the class of lower (resp. upper) semilinear semi-copulas.

This paper is organized as follows. In the following three sections, we
introduce three different classes of focal functions with a given diagonal sec-
tion. For each class, we characterize the corresponding subclasses of focal
semi-copulas, focal quasi-copulas and focal copulas. Finally, we provide some
conclusions.

2. Class 1: Focal Points (—a, 1) and (1, —a)

In this section, we introduce functions that are constructed by linear inter-
polation on segments connecting points on the diagonal of the unit square
to the focal points (—a,1) and (1,—a), with a € [0, 00]. This interpolation
scheme is depicted in Fig. 1 for some segments.
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(—a,1) (1,1)

(070) .

Figure 1. Some segments on which a focal function of class 1
is linear

Let us introduce the notations
T+ ay

= - 77 2
T lta+a -y’ (2)
Y+ ax
=, 3
l+a+z—y 3)
with a € [0, c0], and
Il = {(xay) € [07 1]2|y S .T},
L= {(z,y) € [0, 1]z <y},
D = Il n 12.
Let 6 € Dg and a € [0, 00]. The function A;,: [0,1]* — [0, 1] given by
ot
y%? if (‘an) GIla
Aé,a(xay) = 5(8) . (4)
r—, if (iC,y) 6127
s

is well defined. This function is called a focal function since it is linear on
segments connecting the points (z,z) and (—a,1) as well as on segments
connecting the points (x,z) and (1, —a). Since the points (—a, 1) and (1, —a)
are symmetric, any focal function As, is symmetric. For any focal function
As,q, condition (i) of the definition of a semi-copula always holds. Note that
a focal function As, is uniquely determined by its diagonal section. Clearly,
a focal function As, is continuous if and only if ¢ is continuous.

Remark 1. (i) If a = 0, then the definition of a biconic function is
retrieved [20].
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(ii) If @ = oo, then the definition of a lower semilinear function is
retrieved [10].

2.1. Focal Semi-Copulas of Class 1

In this subsection, we characterize the elements of D&° for which the corre-
sponding focal function As, is a semi-copula. For a focal function As 4, this
characterization involves the use of the functions As, us: ]0,1[— R defined
by
x x —6(x)
A = d =—"2 5
s(2)=—— and ps(z) = ——" (5)
Proposition 1. Let 6 € DE° and a € [0,00]. Then, the focal function As,
defined in (4) is a semi-copula if and only if the function \s is increasing.

Proof. Suppose that As is increasing. To prove that As, is a semi-copula, it
suffices to prove its increasingness in each variable. Since As, is symmetric,
it suffices to prove its increasingness in each variable on Is. We prove that
As o is increasing in the second variable (the proof of the increasingness in
the first variable is similar).

Let (z,y), (x,y") € I such that y < ¢'. Let us introduce the notation

!’
I1aY__ The increasingness of Aj,q 1s then equivalent to

T+atz—y"
L) L 8()

S1 S

S1 =

= x(As(s1) = As(s)) = 0. (6)

Since s < s1 and s is increasing, inequality (6) immediately follows.
Conversely, suppose that A, is a semi-copula. Let y,y’ €10, 1[ such that
y <y and x € [0,1] such that x < y. Clearly, the points (z, (tatly=2y ond

y+a
/— . . . .
(z, Wf#) are located in I. The increasingness of As, in the second

variable implies

1)y — 1)y —
A (a:, (a:+a/+ )y x) 4y <x, (z+a+1)y x) S0, (7)
Y +a y+a

or, equivalently,

z(As(y') = As(y)) = 0.

Hence, the increasingness of s follows. O

Ezample 1. Consider the diagonal function dng. Clearly, dm € DES. One
easily verifies that the function As,, is increasing. The corresponding focal
semi-copula is Ti.

Ezample 2. Consider the diagonal function §(z) = z!'*? with 6 € [0,1].
Clearly, § € DE°. One easily verifies that the function As is increasing. The
corresponding family of focal semi-copulas is given by

ytea if (ﬂf,y) GIla

A5,a(xay) = { 9

xs?, if (z,y) € I,

where s and ¢ are given in (2) and (3).
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2.2. Focal Quasi-Copulas of Class 1
In this subsection, we characterize the elements of D for which the corre-
sponding focal function As, is a quasi-copula.
Proposition 2. Let 6 € D and a € [0, 00]. Then, the focal function As, defined
in (4) is a quasi-copula if and only if the following conditions are fulfilled:
(i) the function \s defined in (5) is increasing;
(ii) the function s4:10,1[— R defined by

xT

sale) = ( )Ha (1 Mo(a))

1—x

18 INCreasing;
(iii) the inequality

z(a +1x—i(cl +c) No) > 0

holds for any x €)0, 1] where the derivative exists.

1—

Proof. Suppose that conditions (i)—(iii) are fulfilled. Due to Proposition 1, the
function As, is increasing. Therefore, to prove that As, is a quasi-copula,
we need to show that it is 1-Lipschitz continuous. Recall that the 1-Lipschitz
continuity is equivalent to the 1-Lipschitz continuity in each variable. Since
As,q is symmetric, it is sufficient to show that A;, is 1-Lipschitz continuous
in each variable on I. We prove that A, is 1-Lipschitz continuous in the first
variable on I5 (the proof of the 1-Lipschitz continuity in the second variable is

similar). Let (z,y), (2/,y) € Iz such that < 2’. Let us introduce the notation
z'tay

Trate =5 The 1-Lipschitz continuity of As, is then equivalent to

x/5(52> —:U@ <z

S92 S

S9 =
-,

or, equivalently,

o 14+a . 14+a
a’ <1 52) P5.a(s2) — @ (1 ; S) P5.a(s) > 0.

52

Since z < ', s < s9 and 15,4 is increasing, it holds that

. 14+a N 14+a
% (1 SQ) Ys.a(s2) — @ (1 - S) Vs.a(5)

52

1_s 1+a
> ( S ) (Vs,a(82) = ¥s5.a(s)) = 0.
Conversely, suppose that As, is a quasi-copula. Proposition 1 implies the
increasingness of As. Let z,2’ €]0,1[ such that z < 2’ and y € [0, 1] such
that 2’ < y. The 1-Lipschitz continuity of As, in the first variable implies
that

10(s2)  d(s)

=t <g . 8
1:82 s— <o -u (8)
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Dividing by 2’ — z and taking the limit 2’ — x, inequality (8) becomes
1 1-—
(14+a+z—y)?

where the derivative exists. Setting x = y, the last inequality reduces to

(1+a)(1 - As(a)) — 2(1 — 2)Nj(a) > O,

As(s) +x

or, equivalently, 1§ ,(z) > 0, where the derivative exists. Since 0 is absolutely
continuous, it holds that 15,4 is absolutely continuous. The fact that 15 ,(z) >
0 on the interval ]0, 1[, where the derivative exists, then implies that 5, is
increasing. Similarly, the 1-Lipschitz continuity of As, in the second variable
implies condition (iii). O

Ezample 3. Consider the diagonal function of Example 2. Clearly, condi-
tions (i)—(iii) of Proposition 2 are fulfilled. The corresponding family of focal
functions is a family of focal quasi-copulas.

2.3. Focal Copulas of Class 1

In this subsection, we characterize the elements of D9 for which the corre-
sponding focal function As, is a copula.

Theorem 1. Let § € DY and a € [0,00]. Then, the focal function As,, defined
in (4) is a copula if and only if the following conditions are fulfilled:

(i) the function \s defined in (5) is increasing;
(ii) the function hsq: ]0,1[— R defined by

hM@g—ma+@(lxxy3g@

18 INCreasing;
(iii) the inequality
z(l—a—2z)8(z) +2(a+z)d(x) >0 9)
holds for any x €10, 1].
Proof. Suppose that As, is a copula. Due to Proposition 1 condition (i)
immediately follows. For any (x,y) € I2\D, the 2-increasingness of As,
implies that
82A6,a(x7y) >
0zdy -
Substituting the expression of A;,, the latter inequality becomes
x+a x(l—a—2x—1y))\ .,
+ As(s
(u+a+x—w2 Gratz—p?) 0
(1+a)z(at+x)(1—y)
(+atz—y)?

where the derivatives exist. Setting y = x, the latter inequality reduces to

(a(1+a)+2x(1 —2))Ns(z) + 2(1 — z)(a + z)Ns (z) >0, (11)

0.

A3 (s) >0, (10)
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where the derivatives exist. Some elementary manipulations yield hj ,(z) > 0
where the derivative exists. Hence, condition (ii) follows. Finally, the fact that
Vas . (S) > 0 for any square S = [z,2] x [x,2'] centered around the main
diagonal yields

Vag o ([2,2] x [2,27]) = 0(x) + 0(2") = Asa(z,2') = Asa(a’,2)

=0(z) +0(z") — 22 (Ss) > 0.
Dividing by (2’ — z) and taking the limit ' — z, condition (iii) immediately
follows.
Conversely, suppose that conditions (i)—(iii) are fulfilled. Due to Propo-
sition 1, As, is a semi-copula. To prove that As, is a copula, we need to
show its 2-increasingness. We distinguish the following three cases:

(a) If (x,y) € I2\D, then the 2-increasingness of As;, is equivalent to
inequality (10). Since hs, is increasing, inequality (11) holds and the
left-hand side of inequality (10) is greater than or equal to

T+ a z(l—a—xz—y) .,
((1+a+x—y)2+ (1+a+x—y)3>)‘5(3)

(I +a)z(e+2)(1—y)a(l+a)+2s(1—s) o(s)
l4+a+z—y)* sQ—s)(a+s) 07

Some elementary manipulations show that the positivity of the latter
expression is equivalent to

(1+a)(y —z)A5(s) = 0
Since As is increasing, the latter inequality clearly holds.
(b) If (x,y) € I1\D, then the proof of the 2-increasingness of A, is identical
due to its symmetry.

(¢c) Finally, let S = [z,2'] X [z,2] be a square centered around the main
diagonal. Its volume is given by

Vas. (9) = 6(z) +6(2") — 245.4(, 2').
Due to (a), it holds that

2
0% As,q(u,v) >0,
Oudv -

for any (u,v) € I\ D, which implies that

5‘2A5a (u,v)
dv > 0.
Vi= / /  udv 0
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Some elementary manipulations yield

SVEY ’ A
Vl :/ (a 6!0’(”733) - a 5’a(u’v)v—u> du

ou ou
= 0(z) — Asalz,a’) — 1_|1_a /w u(l _u)é’(u)u-l- (a4 u)é(u) ”
1

=4(a') — Asa(z,2’) —

! —
—(5(2") — (@)
1 / W8 (w) — (a+ u)d(u)
1+al/, u
Note that inequality (9) is equivalent to
u(l —a —2u)d (u) + 2(a + u)d(u) > 0,

+

for any w €]0, 1]. Dividing by (1 4 a)u, the latter inequality becomes

I u(l—a—2u)d(u)+ 2(a+ u)d(u)

>0,
1+a U -

which implies that

vy L /m u(l —a = 2w (w) +2a+wdw) o
1+a/, U
Some elementary manipulations yield
l-a,, 2 (" 426 (u) — (a+ u)s(u)
V2—1+a(6(x)—6(x))—l+a/m < du.

It now follows that
2V 4+ Vo = 0(x) + 6(2") — 2A5,4(x,2") = Va, . (S) > 0.
O
Example 4. Consider the diagonal function of Example 2. Clearly, the condi-

tions of Theorem 1 are fulfilled. The corresponding family of focal functions
is a family of focal copulas.

In the following proposition, we provide sufficient conditions for the
conditions of Theorem 1.
Proposition 3. Let § € D and a € [0, 00]. If the following conditions

(i) the function \s defined in (5) is increasing;
(i) the function \s is convex;
(iil) the function ps:]0,1] — R defined by

(o) No@) _ 0)

2

x x
18 decreasing,

are fulfilled, then the focal function As, is a copula.
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Proof. Suppose that conditions (i)—(iii) are fulfilled. Condition (ii) clearly
implies inequality (10) and hence condition (ii) of Theorem 1 follows. Inequal-
ity (9) can be written as

z(1 —22)8 (z) + 226(z) + a(26(z) — x8'(x)) > 0. (12)
Since ps is decreasing, it follows that
o) = 8 (z)a? —42956(95)
or, equivalently, 2§(z) > xd’(z). Denoting the left-hand side of inequality (12)
as f3, it then holds that
B> x((1—2z)+2)8(z) + a(28(x) — x5 (z))
= z(1 — )8 (z) + a(26(z) — zd'(x)) > 0.

<0,
X

O

Ezample 5. Consider the diagonal function é(z) = 5% . Clearly, the condi-
tions of Proposition 3 are fulfilled. The corresponding focal function is a focal
copula.

Note that the conditions of Proposition 3 are not necessary in general.
This fact is illustrated in the following example.

Ezample 6. Consider the diagonal function of Example 2. Note that the
function As is not convex, while the conditions of Theorem 1 are fulfilled.

3. Class 2: Focal Points (0,1 + ¢) and (1 + ¢, 0)

In this section, we introduce functions that are constructed by linear inter-
polation on segments connecting points on the diagonal of the unit square to
the focal points (0,1 + ¢) and (1 + ¢,0), with ¢ € [0, 00]. This interpolation
scheme is depicted in Fig. 2 for some segments.

Let us introduce the notations

(14 )z
— 7 1
— (13)
(I+c)y
=— 14
1 l+c+y—a’ (14)
with ¢ € [0,00]. Let § € Dg and ¢ € [0, oc]. The function Cs.: [0,1]* — [0,1]
given by
_5 )
yf(li )ql (q)7 lf(‘r7y)6117
Ci () = L (15)
€T (]' )pl—f])j)’ if (mvy)EIQ»

is well defined. This function is called a focal function since it is linear on
segments connecting the points (z,z) and (0,1 + ¢) as well as on segments
connecting the points (z,z) and (1 + ¢,0). Since the points (0,1 + ¢) and
(14 ¢,0) are symmetric, any focal function Cs . is symmetric. For any focal
function Cj., condition (i) of the definition of a semi-copula always holds.
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(0,1+¢)

(0,0) (1+¢,0)

Figure 2. Some segments on which a focal function of class 2
is linear

Note that a focal function Cs . is uniquely determined by its diagonal section.
Clearly, a focal function Cs . is continuous if and only if ¢ is continuous.

Remark 2. (i) If ¢ = 0, then the definition of a biconic function is
retrieved [20].
(ii) If ¢ = oo, then the definition of an upper semilinear function is

retrieved [10].

3.1. Focal Semi-Copulas of Class 2
In this subsection, we characterize the elements of D§° for which the corre-
sponding focal function Cj . is a semi-copula.

Proposition 4. Let 6 € DE° and ¢ € [0,00]. Then, the focal function Cjs .
defined in (15) is a semi-copula if and only if the following conditions are
fulfilled:

(i) the function 75.:]0,1[— R defined by
I~ 1+c
wee) = (1) wslo)

1—=x
s decreasing;
(ii) the inequality

e CH

holds for any x €]0, 1] where the derivative exists.

1—
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Proof. Suppose that conditions (i) and (ii) are fulfilled. To prove that Cjs .
is a semi-copula, it suffices to prove its increasingness in each variable. Since
Cs.c is symmetric, it suffices to prove its increasingness in each variable on
I,. We prove that Cj . is increasing in the second variable (the proof of the
increasingness in the first variable is similar). Let (x,y’), (z,y) € I such that

y < 9/. Let us introduce the notation p; = % The increasingness of
Cs.c is then equivalent to
p1 —6(p1) p—4(p)
r—1—y)——— -2+ (1 —y)——=
(L=y)=— o -y )
1—p 14c 1-py 1+c
—0-0)(52) me - -9 (S) w20

Since p < p; and 75, is decreasing, it follows that

- (22 N ) = (=) (* p1p1>1+c o)

_ 1+c
2 (1 - y) (w) (TS,c(p) - Té,c(pl)) 2 0.

Conversely, suppose that Cs . is a semi-copula. Let y,y" €]0,1[ such
that y < ¢’ and « € [0, 1] such that # < y. The increasingness of Cs . in the
second variable implies

p—6(p) NP1 —6(p1)
1l—y)y———=—-(1—y )——————= > 0. 16
(1=t gyt (16)
Dividing by 3’ — y and taking the limit ¥’ — y, inequality (16) becomes
(1 + C).T(l — y) I
AT I >0,
I+c+x— y)QM(p) -
where the derivative exists. Setting x = y, the last inequality reduces to
(1 +op(x) — (1 — z)ps(z) = 0,

or, equivalently, 7'376(30) < 0, where the derivative exists. Since ¢ is absolutely

s (p) —

continuous, it holds that 75 . is absolutely continuous. The fact that 75 .(z) <
0 on the interval ]0, 1], where the derivative exists, then implies that 75 is
decreasing. Condition (ii) can be proved similarly using the increasingness of
Cs.c in the first variable. O

FEzample 7. Consider the diagonal function of Example 2. Clearly, the condi-
tions of Proposition 4 are fulfilled. The corresponding family of focal functions
is a family of focal semi-copulas.

3.2. Focal (Quasi-)Copulas of Class 2

Consider a diagonal function ¢ and let d; be the diagonal function defined by
d1(z) =22 —1+40(1 — x). Let As, 4, with a € [0,00], be the focal function
defined in (4), and Cs, be the focal function defined in (15). One easily
verifies that

Ct;,a(xvy) =T+ y—= 1 + A51,a(1 -, 1- y)
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If As, 4 is a (quasi-)copula, then Cjs, is a (quasi-)copula as well [15]. This
transformation allows us to characterize focal (quasi-)copulas in a straight-
forward manner.

Proposition 5. Let § € D and ¢ € [0,00]. Then, the focal function Cs . defined
in (15) is a quasi-copula if and only if the following conditions are fulfilled:

(i) the conditions of Proposition 4;

(ii) the function pgs defined in (5) is increasing.
Proposition 6. Let § € D and ¢ € [0,00]. Then the focal function Cs . defined
in (15) is a copula if and only if the following conditions are fulfilled:

(i) the conditions of Proposition 4;
(ii) the function ks.:10,1[— R defined by

11—z

ks.o(x) = (2(1+c— ) pg(z)

X

18 decreasing;
(iil) the inequality

(1 —2)d (x) — 2(x — 6(x))) + (1 —2)((1 — 22)d (x) + 26(x)) > 0

holds for any x €10, 1].

4. Class 3: Focal Points (—b,1 + b) and (1 + b, —b)

In this section, we introduce functions that are constructed by linear inter-
polation on segments connecting points on the diagonal of the unit square
to the points (—b,1 + b) and (1 4 b, —b), with b € [0, oo]. This interpolation
scheme is depicted in Fig. 3 for some segments.

Let us introduce the notations

x+blx +y)
— S A 1
b 1+2b+2—y’ (17)
_ y+bz+y) (18)
1+2b+2—y’

with b € [0, 00}, and (see Fig. 4 for an illustration)

T ={(z,y) €[0,1)10<y<1/2and y <z <1-—y},
Toi={(zy) €01P0 <2 < 1/2andw <y <1},
T :={(z,9) €[0,1}1/2<y<land 1 —y <z <y},
Ti={(x,y) €[0,1P[1/2< e < Tand 1 -z <y <},
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\\\\ ~~"~~ (11)
3
(0,0)
(14b,—b) ™

Figure 3. Some segments on which a focal function of class 3

is linear
(0,1) (1,1)
T
15 Ty
Ty
(0,0) (1,0)

Figure 4. Tllustration for the triangles Ty, T, T3 and T}y
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Let § € Dg and b € [0, 00]. The function Bs;: [0,1]2 — [0, 1] given by

yT) if (x,y) eTla
5(u) .
T—, if (xay) €T27
B = 19
6,b(x7y) u ’UJ*(S(U) . ( )
x—(l—y)ﬁ, if (z,y) € T3,
y_(l_x)%gj})7 if (x,y)€T4,

is well defined. This function is called a focal function since it is linear on
segments connecting the points (x,2) and (—b, 1 + b) as well as on segments
connecting the points (z,z) and (1 + b, —b). Since the points (—b,1 + b) and
(140, —b) are symmetric, any focal function By is symmetric. For any focal
function, condition (i) of the definition of a semi-copula always holds. Note
that a focal function Bsp is uniquely determined by its diagonal section.
Clearly, a focal function Bg, is continuous if and only if § is continuous.

Remark 3. (i) If b = 0, then the definition of a biconic function is
retrieved [20].
(ii) If b = oo, then the definition of an ortholinear function is retrieved [21].

4.1. Focal Semi-Copulas of Class 3

In this subsection, we characterize the elements of D§° for which the corre-
sponding focal function Bsy is a semi-copula.

Proposition 7. Let 6 € D& and b € [0,00]. Then, the focal function Bgsy
defined in (19) is a semi-copula if and only if the following conditions are
fulfilled:

(i) the function \s defined in (5) is increasing on the interval ]0,1/2];

(ii) the function &54:10,1[— R defined by

2b+1

() = (i;i) v ps ()

is decreasing on the interval [1/2,1].

Proof. Suppose that conditions (i) and (ii) are fulfilled. To prove that Bs is a
semi-copula, it suffices to prove its increasingness in each variable. Since Bs
is symmetric, it suffices to prove its increasingness in each variable on To UT5.
We prove that Bj,, is increasing in the second variable (the proof of the
increasingness in the first variable is similar). Let (x,y), (z,y") € To UT5 such
that y < ¢’. Let us introduce the notation u; = %. If (z,y),(x,y) €
T5, then the increasingness of Bs, is equivalent to

Uy

IO}

= x(As(u1) — As(u)) > 0.

(20)

Since u < w; and As is increasing on the interval ]0,1/2], inequality (20)
immediately follows. If (x,y), (x,y’) € T3, then the increasingness of By is
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equivalent to

or, equivalently,

1420 1

-0 () s -0-0 (E2) T g 20

1 1—U1

Since y < ¢/, u < uy and & is decreasing on the interval [1/2,1], it holds
that
b

(1-y)b+u) (btu o (1 —y)b+ur) (b+u )™
(1—u) (1 _ u) Esp(u) — =) (1 — Ul) &s(uy)

b

- (1—y)b+u) (b+w
- (1 — ul) 1—wu
If (x,y) € To, and (z,y’) € T3, then the preceding cases imply that
Bsp(z,y') — Bsp(z,y) =
(Bsp(,y") = Bsp(x, 1 —x)) 4+ (Bsp(x,1 — x) — Bsp(z,y)) > 0.

Conversely, suppose that Bsy is a semi-copula. Let y,y" €]0,1/2] such that
y < ¢ and z € [0,1] such that # < y and x + 3’ < 1. Clearly, the
points (z, EFAVY_(Eb)Ty o (o, (2E20HDy =402y gre Jocated in Ty. The

. . yro Ly
increasingness of Bsy in the second variable implies

20+ 1)y — (1450 20+ 1)y — (140
By, <x (x+2b+ ,)y (1+ )z>—Ba,b <x (x+2b4+ 1)y — (1 + )x) >0,
y +0b y+0b

)Hb (€5.(u) — E5(ur)) > 0.

(21)
or, equivalently,

z(As(y') = As(y)) = 0.

Hence, the increasingness of As on the interval ]0,1/2] follows. Let y,y" €
[1/2,1] such that y < ¢’ and z € [0,1] such that x < y and  +y > 1. The
increasingness of Bsy in the second variable implies

e

1—u 1-— (751
Dividing by 3’ — y and taking the limit ¥’ — y, inequality (22) becomes

u—08(u)  (L—y)y+b) (u—"05w)
1—u  2b+1 ( 1—u ) 20,

where the derivative exists. Setting y = x, the last inequality reduces to
2b+1)x—(1+b—2)d(z)+ (1 —2)(z+b)d (x) >0,

or, equivalently, £, (z) < 0, where the derivative exists. Since ¢ is absolutely

continuous, it holds that &5, is absolutely continuous. The fact that & (z) <

0 on the interval [1/2, 1], where the derivative exists, then implies that &5 is
decreasing on the interval [1/2,1]. O

> 0. (22)
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Example 8. Consider the diagonal functions dng and dw. Clearly, o and
dw belong to DE°. One easily verifies that the functions As,, and As,, are
increasing on the interval ]0,1/2], and that the functions &s,, 5 and sy, » are
decreasing on the interval [1/2,1[. The corresponding focal semi-copulas are
T\ and Ty, respectively.

FEzample 9. Consider the diagonal function of Example 2. Clearly, § € Dg°.
As mentioned before in Example 2, \s is increasing. One easily verifies that
&5 1s decreasing on the interval [1/2,1[. The corresponding family of focal
semi-copulas is given by

yvg, if (.’L‘,y) S Tl,
zu?, if (z,y) € 11,
_ 1
Bualwn) = Yo - (102 ity e,
—u
v(1 = .
y—(l—x)(lfv)a if (z,y) € Ty,

where v and v are given in (17) and (18).

4.2. Focal Quasi-Copulas of Class 3
In this subsection, we characterize the elements of D for which the corre-
sponding focal function Bs; is a quasi-copula.
Proposition 8. Let § € D and b € [0, 00]. Then, the focal function Bsy, defined
in (19) is a quasi-copula if and only if the following conditions are fulfilled:
(i) the conditions of Proposition 7;
(ii) the function vsp: 10,1[— R defined by

2b41

o) = (=) (=)

is increasing on the interval 10,1/2];
(iil) the function us defined in (5) is increasing on the interval [1/2,1].

Proof. Suppose that conditions (i)—(iii) are fulfilled. Due to Proposition 7, the
function Bs, is increasing. Therefore, to prove that Bs, is a quasi-copula,
we need to show that it is 1-Lipschitz continuous. Recall that the 1-Lipschitz
continuity is equivalent to the 1-Lipschitz continuity in each variable. Since
Bsp is symmetric, it is sufficient to show that Bsy is 1-Lipschitz continuous
in each variable on T5 U T3. We prove that Bsy is 1-Lipschitz continuous in
the first variable on Ts U T5 (the proof of the 1-Lipschitz continuity in the
second variable is similar). Let (z,y), (2',y) € T> U T3 such that x < z’. Let

; : bz’ +
us introduce the notation us = % If (z,y),(2',y) € Ts, then the

1-Lipschitz continuity of Bs is equivalent to

o(u o(u
x/(2)_x()§x/_x7
us u
or, equivalently,
—2b—1 —2b—1

, x/ b1 T b+1 0
— —z | —— > 0.
* <1+b—x> Vas(uz) x(1+b—x> vas(u) 2
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Since < z’, u < ug and vs, is increasing on the interval ]0,1/2], it holds
that

—2b—1 —2b—1

ZL'/ b1 €T b+1
x| ———— vsp(ug) —x | ——— vs.p(u)
1+b—2 ’ 1+b—2 ’

>z <x) i (vs,p(ug) — vsp(u)) > 0.

1+b—2x
If (z,y), (¢/,y) € T3, then the 1-Lipschitz continuity of B is equivalent to

(1= y)(us(uz) — ps(u)) = 0. (23)
Since u < wug and ps is increasing on the interval [1/2,1], inequality (23)
immediately follows. If (z,y) € Ty and (2/,y) € T3, then the preceding cases
imply that

Bsp(2',y) — Bsp(w,y)

= (Bsp(2,y) = Bsp(1 = y,9)) + (Bsp(1 — y,y) — Bsp(x,y)) <2’ — .
Conversely, suppose that Bsy is a quasi-copula. Proposition 7 implies
the increasingness of As on the interval |0,1/2] and the decreasingness of &5
on the interval [1/2,1[. Let z,2’ € [1/2,1] such that < 2’ and y € [0,1]
such that 2’ < y and z +y > 1. Clearly, the points (w

1+b—2x
(W, y) are located in T5. The 1-Lipschitz continuity of Bsy in

the first variable implies that
(204 )2’ — (' + b)y 20+ 1)x — (z+b)y
B - B
s, < 11b—a Y 8,b T1b—2 Y
- (2b+1)a" — (@' +b)y  (2b+ Dz — (z+b)y
- 1+b6—2a/ 1+b—x
or, equivalently,

,y) and

)

(1= 9)(p5(a') — pis()) = 0.
Hence, the increasingness of us on the interval [1/2,1[ follows.
Let z, 2’ €]0,1/2[ such that z < 2’ and y € [0,1] such that 2’ <y and
a2’ +y < 1. The 1-Lipschitz continuity of Bsp in the first variable implies that

x’M — x@ <z -z (24)
U9 u
Dividing by 2’ — x and taking the limit 2’ — z, inequality (24) becomes
(5 _ /

(u) +$(2b—|— D(14+b—1y) (d(u) <1,

u (x —y+2b+1)2 u
where the derivative exists. Setting y = x, the last inequality reduces to

(2b+1)x — (x +b)d(z) —z(1+b—x)d (x) >0,

or, equivalently, vg,(x) > 0, where the derivative exists. Since § is absolutely

continuous, it holds that v, is absolutely continuous. The fact that v, (z) >
0 on the interval ]0,1/2], where the derivative exists, then implies that vs
is increasing on the interval ]0,1/2]. O
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FEzample 10. Consider the diagonal function of Example 2. Clearly, the condi-
tions of Proposition 8 are fulfilled. The corresponding family of focal functions
is a family of focal quasi-copulas.

4.3. Focal Copulas of Class 3

In this subsection, we characterize the elements of § € DY for which the
corresponding focal function Bs is a copula.

Theorem 2. Let § € DY and b € [0,00]. Then, the focal function Bsy defined
in (19) is a copula if and only if the following conditions are fulfilled:

(i) the conditions of Proposition T,
(ii) the function f5p:10,1[— R defined by

b r )T pY

fop(@) = 2(b+2) (M> s(x)
is increasing on the interval 10,1/2];

(iii) the function gsp: ]0,1[— R defined by

o) = (=01 +0-0) (352) 7 iste)

is decreasing on the interval [1/2,1].

Proof. Suppose that Bs, is a copula. The conditions of Proposition 7 immedi-
ately follow. For any (z,y) € T>\(DUO), the 2-increasingness of By implies
that

aQBﬁ,b(xa y) >
0xdy -

Substituting the expression of Bsy, the latter inequality is equivalent to
1+b—y z(1—xz—y) ,

A
((1+2b+x—y)2 * (1420 +2—y)3 5()
(L+2b)a(b+2))(L+b— )

1+2b+z—y)*

0.

AN (u) >0, (25)

where the derivatives exist. Setting y = x, the latter inequality reduces to
(14+b—2)(1+2b) +2(1 —22))Ns(z) + (b + x)(1 + b — z)\§(x) > 0, (26)

where the derivatives exist. Some elementary manipulations yield f;,(z) > 0,
where the derivative exists. Hence, condition (ii) follows.

Similarly, for any (z,y) € T3\(D U O), the 2-increasingness of By,
implies that

1+20+x—y)?2 (1+4+2b+z—1y)3

(1+20)(1—y)b+z)A1+b-y) ,
- (1+2b+xz—y)° Ha(u) 2 0

(( 1+b—y (1—y)(1—x—y)>u,
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where the derivatives exist. Setting y = x, the latter inequality reduces to

(1+b—2)(1+2b) — (1 —2)(1 —2z))us(x)
—1=2)(b+2)(1+b—2)us(z) 20,

where the derivatives exist. Some elementary manipulations yield gg) »(z) <0,

where the derivative exists. Hence, condition (iii) follows.

Conversely, suppose that conditions (i)—(iii) are fulfilled. Due to Propo-
sition 7, Bsy is a semi-copula. To prove that Bsy is a copula, we need to
show its 2-increasingness. We distinguish the following cases:

(a) If (z,y) € To\(D U O), then the 2-increasingness of B, is equivalent
to inequality (25). Since fs is increasing, inequality (26) holds and the
left-hand side of inequality (25) is greater than or equal to

1+b—y z(l—z—y) /
= | A
((1+2b+x—y)2 tarmraoygp) W
(I 420)z(b+2)A+b—y) (1+b—u)(1+2b) +u(l —2u) ()
(1+2b+2—y)! u(1+b—u)(a +u) o
Some elementary manipulations show that the positivity of the latter
expression side is equivalent to

(1+2b)(y — 2)A5(u) > 0.

Since \s is increasing, the latter inequality clearly holds.

(b) The proof of the 2-increasingness of By, for any (x,y) € T5\(D U O) is
similar to the previous one.

(¢) Let S = [z,2'] x [1 —2/,1 — 2], with 2’ < 1/2, be a square centered
around the opposite diagonal of the unit square (the proof when x > 1/2
is identical due to the symmetry of Bj). Its volume is given by

Vi, (S) = —w(z) —w(2’) + Bsp(z,1 — z') + Bsp(2',1 — ).
Due to (a), it holds that
2
0 Bg’b(s,t) >0,
Jsot  —
for any (s,t) € To\(D U O), which implies that

-t 42
angSt)
dt ds > 0.
Vi= /1 / ds0t =

Due to (b), it holds that

2
0°Bsp(s,t) >0,
Jsot  —
for any (s,t) € T3\ (D U O), which implies that

32355 (s,t)
Vo = dt d > 0.
2 /1 /1 : ©9sot —

Since ¢ is a diagonal function, it holds that

(1-251/2) "2 >,
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for any s €]0,1/2], which implies that

V= (-asa) [ M2

ds > 0.
1—x’ S + b

It now follows that
Vi+Vao+Vs=—w(x)—wx')+ Bsp(z,1 —2') + Bsp(z',1 — x)
= VB;.(S) > 0.

(d) Finally, let S = [z, 2'] x [z, 2'], with 2’ < 1/2, be a square centered around
the main diagonal (the proof when = > 1/2 is identical). Its volume is
given by

Vs, (S) = 6(x) 4+ 6(2") — 2Bsp(z,2").
Due to (a), it holds that

2
0*Bs p(s,t) >0,
osot  —
for any (s,t) € To\(D U O) which implies that
82351, S t
Vi= dt > 0.
b / . osot T

Since ¢ is a diagonal function, it holds that
1 s(1—28)8(s) +2(b+ $)d(s)
142b S
for any s €]0,1/2], which implies that
1 /”3 s(1—28)8(s) +2(b+ s)d(s) ds > 0.
1+2b S

It now follows that
2V1 4+ Vo = 0(x) + 6(2") — 2Bsp(z,2") = Vi, . (S) > 0.

>0,

‘/2:

O

Ezxample 11. Consider the diagonal functions dng and dw. Clearly, the con-
ditions of Theorem 2 are fulfilled. The corresponding focal copulas are Tng
and Tt,, respectively.

Ezample 12. Consider the diagonal function dp(z) = ﬁ with 6 €
[—1, 1]. Clearly, the conditions of Theorem 2 are fulfilled. The corresponding
family of focal functions is a family of focal copulas.

In the following proposition, we provide sufficient conditions for the
conditions of Theorem 2.
Proposition 9. Let 6 € DY and b € [0, 00]. If the following conditions

(i) the functions \s and us defined in (5) are increasing;
(i) the function A\s is convex on the interval ]0,1/2];
(iii) the function us is concave on the interval [1/2,1],

are fulfilled, then the focal function Bsy is a copula.
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Proof. The proof is similar to the proof of Proposition 3. 0

Ezample 13. Consider the diagonal function d(x) = ﬁ Clearly, the
conditions of Proposition 9 are fulfilled. The corresponding focal function is

a focal copula.

Note that the conditions of Proposition 9 are not necessary in general.
This fact is illustrated in the following example.

Ezxample 14. Consider the diagonal function d(z) = 5*-. Note that the func-
tion ps is not concave on the interval [1/2, 1], while the conditions of Theo-
rem 2 are fulfilled.

5. Conclusion

We have introduced the notion of a focal function with a given diagonal
section. We have constructed three classes of focal functions with a given
diagonal section. For each class, we have also characterized the correspond-
ing classes of focal semi-copulas, quasi-copulas and copulas. Biconic functions
with a given diagonal section, ortholinear functions, lower semilinear func-
tions and upper semilinear functions turn out to be special cases of these
focal functions.

Several commonly used operations allow us further to identify other
classes of semilinear (quasi-)copulas. The diagonal splice operation amounts
to gluing parts of two (quasi-)copulas that share the same diagonal sec-
tion [26]. For quasi-copulas (resp. symmetric copulas), this method always
leads to a quasi-copula (resp. copula). The resulting (quasi-)copulas are non-
symmetric in general. Since the focal (quasi-)copulas of classes 1-3 are sym-
metric, applying the diagonal splice operation on these focal (quasi-)copulas
will always lead to a (quasi-)copula. For instance, a horizontal (resp. verti-
cal) semilinear (quasi-)copula with diagonal section ¢ is obtained by applying
the diagonal splice operation on the (quasi-)copula As o (resp. Cs o) from
class 1 (resp. class 2) and the (quasi-)copula Cs o (resp. As o) from class 2
(resp. class 1).

It is well known that appropriate transformations of (quasi-)copulas
result in new (quasi-)copulas. For instance, consider a (quasi-)copula C' with
diagonal section 4. The function F': [0,1] — [0,1] defined by F(z,y)
x — C(x,1 —y) is a (quasi-)copula with opposite diagonal section w(z) =
F(z,1 — z) = x — 6(z) [24]. Applying this transformation on focal
(quasi-)copulas of classes 1-3 enables us to obtain similar classes of focal
(quasi-)copulas with a given opposite diagonal section.

References

[1] Alsina, C., Frank, M.J., Schweizer, B.: Associative Functions: Triangular Norms
and Copulas. World Scientific, Singapore (2006)



Vol. 13 (2016) Focal Copulas 2933

[2] Bassan, B., Spizzichino, F.: Relations among univariate aging, bivariate
aging and dependence for exchangeable lifetimes. J. Multivar. Anal. 93, 313—
339 (2005)

[3] De Baets, B., De Meyer, H., Diaz, S.: On an idempotent transforma-
tion of aggregation functions and its application on absolutely continuous
Archimedean copulas. Fuzzy Sets Syst. 160, 733-751 (2009)

[4] De Baets, B., De Meyer, H., Mesiar, R.: Asymmetric semilinear copulas. Kyber-
netika 43, 221-233 (2007)

[5] De Baets, B., Fodor, J.: Additive fuzzy preference structures: the next genera-
tion. In: De Baets, B., Fodor, J. (eds.) Principles of Fuzzy Preference Modelling
and Decision Making, pp. 15-25. Academia Press, New York (2003)

[6] De Baets, B., Janssens, S., De Meyer, H.: On the transitivity of a para-
metric family of cardinality-based similarity measures. Int. J. Approx. Rea-
son. 50, 104-116 (2009)

[7] Diaz, S., Montes, S., De Baets, B.: Transitivity bounds in additive fuzzy pref-
erence structures. IEEE Trans. Fuzzy Syst. 15, 275-286 (2007)

[8] Durante, F., Kolesdrova, A., Mesiar, R., Sempi, C.: Copulas with given diago-
nal sections, novel constructions and applications. Int. J. Uncertain. Fuzziness
Knowl.-Based Syst. 15, 397-410 (2007)

[9] Durante, F., Klement, E.P., Mesiar, R., Sempi, C.: Conjunctors and their
residual implicators: characterizations and construction methods. Mediterr. J.
Math. 4, 343-356 (2007)

[10] Durante, F., Kolesdrovd, A., Mesiar, R., Sempi, C.: Semilinear copulas. Fuzzy
Sets Syst. 159, 63-76 (2008)

[11] Durante, F., Mesiar, R., Sempi, C.: On a family of copulas constructed from
the diagonal section. Soft Comput. 10, 490-494 (2006)

[12] Durante, F., Quesada Molina, J.J., Sempi, C.: Semicopulas: characterizations
and applicability. Kybernetika 42, 287-302 (2006)

[13] Durante, F., Sempi, C.: Semicopulae. Kybernetika 41, 315-328 (2005)

[14] Durante, F., Spizzichino, F.: Semi-copulas, capacities and families of level
sets. Fuzzy Sets Syst. 161, 269-276 (2010)

[15] Fuchs, S., Schmidt, K.D.: Bivariate copulas: transformations, asymmetry and
measures of concordance. Kybernetika 50, 109-125 (2014)

[16] Genest, C., Quesada Molina, J.J., Rodriguez Lallena, J.A., Sempi, C.: A char-
acterization of quasi-copulas. J. Multivar. Anal. 69, 193-205 (1999)

[17] Janssens, S., De Baets, B., De Meyer, H.: Bell-type inequalities for quasi-
copulas. Fuzzy Sets Syst. 148, 263—278 (2004)

[18] Joe, H.: Multivariate Models and Dependence Concepts. Chapman &
Hall, London (1997)

[19] Jwaid, T.: Semilinear and semiquadratic conjunctive aggregation functions.
PhD dissertation, Ghent University, Ghent (2014)

[20] Jwaid, T., De Baets, B., De Meyer, H.: Biconic aggregation functions. Inf.
Sci. 187, 129-150 (2012)

[21] Jwaid, T., De Baets, B., De Meyer, H.: Ortholinear and paralinear semi-
copulas. Fuzzy Sets Syst. 252, 76-98 (2014)

[22] Klement, E., Kolesarové, A.: Extension to copulas and quasi-copulas as special
1-Lipschitz aggregation operators. Kybernetika 41, 329-348 (2005)



2934 T. Jwaid et al. MJOM

[23] Kolesarovd, A.: 1-Lipschitz aggregation operators and quasi-copulas. Kyber-
netika 39, 615-629 (2003)

[24] Nelsen, R.: An Introduction to Copulas. Springer, New York (2006)

[25] Nelsen, R., Fredricks, G.: Diagonal copulas. In: Benes, V., Stépén, J. (eds.) Dis-
tributions with Given Marginals and Moment Problems, pp. 121-127. Kluwer
Academic Publishers, Dordrecht (1997)

[26] Nelsen, R., Quesada-Molina, J., Rodriguez-Lallena, J., Ijbeda—Flores, M.: On
the construction of copulas and quasi-copulas with given diagonal sec-
tions. Insur. Math. Econ. 42, 473-483 (2008)

[27] Sklar, A.: Fonctions de répartition & n dimensions et leurs marges. Publ. Inst.
Stat. Univ. Paris 8, 229-231 (1959)

Tarad Jwaid and Bernard De Baets

KERMIT

Department of Mathematical Modelling, Statistics and Bioinformatics
Ghent University

Coupure links 653

9000 Ghent

Belgium

e-mail: tarad. jwaid@ugent.be

Bernard De Baets
e-mail: bernard.debaets@ugent .be

Hans De Meyer

Department of Applied Mathematics, Computer Science and Statistics
Ghent University

Krijgslaan 281 S9

9000 Ghent

Belgium

e-mail: hans.demeyer@ugent .be

Received: May 11, 2015.
Revised: August 6, 2015.
Accepted: November 17, 2015.



	Focal Copulas: A Common Framework for Various Classes of Semilinear Copulas
	Abstract
	1. Introduction
	2. Class 1: Focal Points (-a,1) and (1,-a)
	2.1. Focal Semi-Copulas of Class 1
	2.2. Focal Quasi-Copulas of Class 1
	2.3. Focal Copulas of Class 1

	3. Class 2: Focal Points (0,1+c) and (1+c,0)
	3.1. Focal Semi-Copulas of Class 2
	3.2. Focal (Quasi-)Copulas of Class 2

	4. Class 3: Focal Points (-b,1+b) and (1+b,-b)
	4.1. Focal Semi-Copulas of Class 3
	4.2. Focal Quasi-Copulas of Class 3
	4.3. Focal Copulas of Class 3

	5. Conclusion
	References




