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Abstract. In this paper, we consider the following nonhomogenous
Schrodinger—Kirchhoff type problem

—(a+b [y [Vul’dz) Au+V(z)u = f(z,u) + g(z), forz e RN,

u(z) — 0, as |z| — oo,

(0.1)

where constants ¢ > 0,b > 0, N = 1,2 or 3, V € C(R",R), f €
C(RY x R,R) and g € L?*(R"™). Under more relaxed assumptions on
the nonlinear term f that are much weaker than those in Chen and
Li (Nonlinear Anal RWA 14:1477-1486, 2013), using some new proof
techniques especially the verification of the boundedness of Palais—Smale
sequence, a new result on multiplicity of nontrivial solutions for the

problem (1.1) is obtained, which sharply improves the known result of
Theorem 1.1 in Chen and Li (Nonlinear Anal RWA 14:1477-1486, 2013).
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1. Introduction and Main Results

In this paper, we consider the following nonhomogenous Schrédinger—Kir-
chhoff type problem
—(a+b [pn [VulPdz) Au+V(z)u = f(z,u) +g(z), forze RN,
u(z) — 0, as |z| — oo,
(1.1)
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where constantsa > 0,6 >0, N = 1,20r 3,V € C(R",R), f € C(RN xR, R)
and g € L?(R") satisfy some further conditions.
We note that when a =1, b =0, and g = 0, the problem (1.1) reduces
to the following semilinear Schrodinger equation
{ —Au+V(z)u= f(z,u), forxe RN,
(1.2)
u(z) — 0, as |x| — oo,
which has been studied extensively by many authors, and there is a large
literature on the existence and multiplicity of solutions for the Eq. (1.2), for
example, we refer the reader to [1-3] and references therein.
When V =0, ¢ =0 and R" is replaced by a bounded domain Q ¢ RV,
the problem (1.1) reduces to the following nonlocal Kirchhoff type problem

{ —(a+0b [, |Vul?dz) Au = f(z,u), in Q;

u =0, on 0. (1.3)

The problem (1.3) is related to the stationary analog of the Kirchhoff equation
uy — [a+b / |Vul*dz | Au = g(z,t), (1.4)
RN

which was proposed by Kirchhoff in [4] as a model given by the equation of
elastic strings

L
0%u P  E ou o 0%u
Por |\ h T 2L/‘ax| ) oz =0 (15)
0
The Eq. (1.5) is an extension of the classical D’Alembert’s wave equation
by taking into account the changes in the length of the string during the
transverse vibrationa.

It was pointed out in [5] that Kirchhoff type problem (1.3) models sev-
eral physical and biological systems, where u describes a process which de-
pends on the average of itself (for example, population density). Moreover,
a lot of interesting studies by variational methods can be found in [6-15]
for Kirchhoff type problem (1.3) on bounded domain with several growth
conditions on f.

In the recently years, Kirchhoff type problems setting on the unbounded
domain or whole space R have also been attracted a lot of attention. In
[16], by means of Fountain Theorem, Jin and Wu obtained the existence of
infinitely many radial solutions for the problem (1.3) in RV . In [17], Wu got a
sequence of high-energy solutions for the problem (1.3) in R via Symmetric
Mountain Pass Theorem. These results had been subsequently unified and
shapely improved by Ye and Tang in [18] using minimax methods in critical
point theory, and they also obtained infinitely many small energy solutions
for the problem (1.3). In [19], the authors established an abstract theorem
concerning multiple critical points of a class of functionals involving local and
nonlocal nonlinearity. As an application, they studied the problem (1.3) in
RN assuming on the local nonlinearity the general hypotheses introduced by
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Berestycki and Lions in [20]. In [21], Nie and Wu considered the following
Schridinger—Kirchhoff type problem with radial potential

{ —(a+0b [, |Vul*de)Au+ V(|z))u = Q(|z|) f(u), in RV;

u(z) — 0, as |x| — oo. (1.6)

Four existence theorems of nontrivial solutions and a sequence of high-energy
solutions for the problem (1.6) were obtained by Mountain Pass Theorem and
Symmetric Mountain Pass Theorem. These results had been subsequently
generalized by Wang in [22] to the p-Schrddinger—Kirchhoff type problem
case. In [23], Alves and Figueiredo studied a periodic Kirchhoff equation in
RN with nonlinear perturbations, and the existence of positive solutions was
obtained for the subcritical nonlinearity case and critical nonlinearity case.
In [24], using minimax theorems and Lusternik—Schnirelmann theory, He and
Zou studied the multiplicity and concentration behavior of positive solutions
for the following Kirchhoff type equation

{ —(a+eb [, |Vul*dz)Au+V(z)u = f(u), in R3;

. ) 1.7
ue HYR®), u>0, in R3, (L7)

where € > 0 is a parameter, a and b are positive constants, and f is a con-
tinuous superlinear and subcritical nonlinearity. Soon after, with the aid of
the Nehari manifold methods and minimax methods, Wang et al. general-
ized this result to the critical nonlinearity case in [25]. Recently, without the
usual compactness conditions, the authors studied the existence of a positive
solution for the following Kirchhoff type problem in [26]:

a—l—)\b/ \Vu\2+)\b/u2 [~Au+bu] = f(u), in RN.  (1.8)
RN RN

To overcome the lack of compactness, they used the “monotonicity trick”

introduced by Jeanjean in [27] to construct a cut-off function to obtain the
bounded Palais-Smale sequences for the problem (1.8).

For the nonhomogenous Schrédinger—Kirchhoff type problem (1.1), there
is little known result of the existence and multiplicity of solutions except for
[28]. In [28], by applying Ekeland’s variational principle and Mountain Pass
Theorem, Chen and Li studied the problem (1.1) with the nonlinearity f sat-
isfying the Ambrosetti-Rabinowitz type condition, and the existence of two
solutions was obtained. Precisely, they assumed the following assumptions.

(Vi) V. € CO(RN,R) satisfies inf V(z) > Vi > 0 and for each M > 0,
meas{z € RN : V(z) < M} < +oo, where Vj is a constant and meas
denote the Lebesgue measure in RV,

(f1) f € C(RN x R,R) and

2N :
|f(x,1)] < O+ [tP7!) for some 2 < p < 2* =3 N-2 N>2;
= +oo0, N <2

where C'is a positive constant.
(f2) f(z,t) = o(|t]) as |t| — O uniformly in = € RV.
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(f3)

where F(x,t) fo f(x,s)ds.
(f1) There exists p > 4 such that

pF(z,t) — f(x,t)t <0, V(z,t) € RN x R.
We restate the corresponding result in [28] as in the following.

Theorem A (see [28], Theorem 1.1). Assume that g € L*(RN), g £ 0, (V1),
(f1), (f2) and (fi)—(f1) hold. Then there exists a constant mqg > 0 such that
the Eq. (1.1) has at least two different solutions in E whenever ||g||rz < mo.

Remark 1. (i) Since the problem (1.1) is defined in R which is unbounded,
the lack of compactness of the Sobolev embedding becomes more deli-
cate using variational techniques. To overcome the lack of compactness,
the condition (V7), which was firstly introduced by Bartsch and Wang
in [29], is always assumed to preserve the compactness of embedding of
the working space.

(ii) It is worth pointing out that the combination of (f4)—(f;) implies the

range of p in condition (f]) should be 4 < p < 2*. Precisely, for any
z € RN, z€ R, define

h(t) := F(z,t '2)t*, Vte [1,400).
Then, for |z| > 1 and ¢t € [1,|z|], (fi) implies that
B (t) =ttt [,uF(x,t_lz) — t_lzf(;v,t_lz)} <0.
Hence, h(1) > h(|z|). Therefore, (f;) implies that

et > elzt, Yae RY and |z >1,  (1.9)

'zl

where ¢ = inf,cpv =1 F(2,t) > 0. If p < 4, by (f]), we have

F(z,z) > F(x

1
|ﬂ%mg/u@@mmgc/u+mwﬂm@gcw+mw
0

for all (x,t) € RN x R, which implies that

F(z,t
hmsup# <C uniformly in z € RV,
lt]=+o0 T

This contradicts (1.9). Hence 4 < p < 2*.

Motivated by the works mentioned above, in the present paper, we shall
consider the nonhomogeneous Schrodinger—Kirchhoff type problem, and we
are interested in looking for multiple solutions of the problem (1.1). Under
more relaxed assumptions on the nonlinear term f that are much weaker
than those in [28], using some new proof techniques especially the verification
of the boundedness of Palais—Smale sequence, a new result on multiplicity of
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nontrivial solutions for the problem (1.1) is obtained, which sharply improves
the result of [28].

To obtain the multiplicity of solutions for the nonhomogeneous
Schrédinger-Kirchhoff type problem (1.1) in RV, we make the following as-
sumptions.

(f1) feC(RN x R, R) and

2N N > 2
|f(z,t)] < C(1+|t|P~!) for some 4 < p < 2" = {_1:502,’ N< 2:
where C' is a positive constant.
(f3) F(tﬁ’t) — 400 as |t| — 4oo uniformly in x € RV,

(f1) There exist L > 0 and d € [0, 2] such that

4F(z,t) — f(x,t)t < d|t]*, fora.e z € RN and V|t| > L.
Next, we give some notations. Define the function space
H'(RN) = {u e L*(RY) : Vu € L*(RN)}

with the norm

2

iz = / (IVaf? + u?)dz
RN

Denote

E={uecH (R /(|vu|2 +V(@)ud)dz < +oo
RN

with the inner product and the norm

(u,v) = /(Vu Vo + V(@)w)de, |ullp = (u,u)?.
BN
Obviously, the following embedding
E < L*(RY), 2<s<2*
is continuous. Hence, for any s € [2,2*], there is a constant as; > 0 such that
[ullzs < asllulle- (1.10)

It is well known that a weak solution for the problem (1.1) is a critical
point of the following functional I defined on E by

b
I(u) = % / |Vu|2dx+1 /\Vu|2d:z:
RN RN

+%/V(m)u2dx— /F(m,u)dw—/g(%)udﬂc (1.11)

RN RN RN
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for all u € E. We say that a weak solution u € F for the problem (1.1) is a

negative energy solution if the energy I(u) < 0, and a weak solution v € F

for the problem (1.1) is a positive energy solution if the energy I(v) > 0.
Now, we can state our result as follows.

Theorem 1.1. Assume that g € L*(RYN), g # 0, (Vi) and (f1)-(f1) hold.
Then, there exists a constant go > 0 such that the problem (1.1) has at least
two different solutions in E whenever ||g|lL2 < go, one is negative energy
solution, and the other is positive energy solution.

Remark 2. Theorem 1.1 sharply improves Theorem A. In fact, (f3)—(fs) are
much weaker than (f})—(f1). To be precise, by (f5)—(f}), the inequality (1.9)
in Remark 1 holds. Hence,

F(z,t)
t4

>t Vae RN and |t| >1,

which implies (f3). Moreover, note that p > 4, then (f;) and (1.9) imply

4F (z,t) — f(x,t)t = pF(z,t) — f(z, )t + (4 — p)F(x,t) < (4 — p)F(x,t)
< (A= p)eft]* <0 <dtf?

for all z € RN and [t| > 1. This shows (f4) holds by taking L = 1. Con-
sequently, (f5)—(f1) imply (f3)—(f4). Thus, Theorem 1.1 sharply improves
Theorem A.

In Theorem 1.1, we consider the case y = 4. For the case u > 4, we also
have the following result about the existence of one negative energy solution,
one positive energy solution for the nonhomogeneous Schrodinger—Kirchhoff
type problem (1.1) in RY, which is a corollary of Theorem 1.1 and more
general than Theorem A. To begin with, we need the following assumptions.

(f4) There exists L' > 0 such that

d = inf  F(z,t) > 0.
z€RN |t|=L"

(fY) There exist >4 and d’ € [0, c/(I’j,;Q)) such that
pF(z,t) — f(z,t)t < d'|t|?, fora.e xz € RN andV|t| > L.
Now, we can state the Corollary as follows.

Corollary 1. If we replace (f3)—(fa) with (f)—(f{) in Theorem 1.1, then the
conclusion of Theorem 1.1 remains valid.

The paper is organized as follows. In Sect. 2, we present some lemmas,
which are bases of Sects. 3 and 4. In Sect. 3, we study the existence of the
negative energy solution for problem (1.1). In Sect. 4, we obtain the existence
of the positive energy solution and prove Theorem 1.1 and Corollary 1.
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2. Some Lemmas

To apply variational techniques, we first state the key compactness result.

Lemma 2.1 (Lemma 3.4 in [30]). Under the assumption (V1), the embedding
E < L*(RY), 2<s<?2°

is compact.

The following lemma can be obtained by a similar argument as Lemma 1
in [17] or Lemma 1 in [18].

Lemma 2.2. Assume that g € L*(RN), (V1) and (f1)-(f2) hold. Then I is
well defined on E, I € CY(E,R) and for any u, v € E,

(I'(u),v) = a+b/ |Vu|*dx /VuVde—&—/V(J;)uvdx

RN RN
/f (z,u)vdx — / g(z)vdx. (2.1)
RN
Moreover, V' : E — E* is compact, where ¥(u fRN ,u)dx — fRN g(z)

udx.

Lemma 2.3. Assume that g € L>(RY) and (f1)-(f2) hold. Then there exist
some constants p, a and 3 > 0 such that I(u) > « whenever ||ul|lg = p and

lgllre < B.
Proof. For any € > 0, by (f1)—(f2), there exists C. > 0 such that
|f(z,t)| < €lt| + C(e)t|P~r, VY(x,t) € RN xR, (2.2)
1

|F(z,t)| < /|f(x,st)t|d8 < elt? 4+ C P, V(z,t) € RN x R. (2.3)

By (1.10), (1.11), (2.3) and Hélder inequality,
2

b 1
I(u):g/|Vu|2dx+Z /|Vu|2dx +§/V(x)u2dx
RN RN RN

—/F(axu)daz— /g(m)udx
RN RN
1
me{a }|| 1% — /qudm—/ g(x)udx
RN
min{a, 1}
> — " llulls = (ellullz: + Cellul7,) = lgllz2lull:

min{a, 1}
> te hy
min{a, 1
Ju [ (e 1

— azellulf; — ahCellullyy — azllgllzzulle

— a3e) Jullp — aClully ™ — asgllze].
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Choose € = mm{a DS 0, and take

ll

min{a, 1}

h(t) = t—abCtP™", vt > 0.

Note that 4 < p < 2%, we can conclude that there exists a constant p > 0
such that
h(p) = maxh(t) > 0.

t>0

Therefore, take 5 := ih(p) > 0, it has
1
I(u) > §ph(p) =a>0
whenever |[ul|g = p and ||g||z2 < §. This completes the proof. O

Lemma 2.4. Let assumptions (f1)—(f3) hold. Then there exists a function
e € E with |le||g > p such that I(e) < 0.

Proof. For every M > 0, by (f1)-(f3), there exists C(M) > 0 such that
F(x,t) > M[t|* —C(M)|t]*, ¥V (x,t) € RN xR. (2.4)

Choose ¢ € E with ||¢]|p« = 1, then (1.11), (2.4) and Holder inequality imply

that
2

2
I(tg) = & /|V¢\ dz +— /|v¢| dz +§/V(x)¢2dx

BN
—/F(x,tqb)dm—t/g(ac)qﬁdx

RN
14
< MWHE ,H¢”%t4 — M||g|[3at* + C(M)|g]3 1>
ft/g(x)qﬁdx
RN
b ,1
< - (M= Sl et + [P Lo 1 consl.)
+gllz2 16|zt

which implies I(t¢) — —oo as t — +oo by taking M > 2||¢[|%,. Hence, there
exists e = tp¢ with o large enough such that |le||g > p and I(e) < 0. The
proof is completed. O

Recall that, we say I satisfies the (PS) condition at the level ¢ €
R ((PS), condition for short) if any sequence {u, } C F along with I(u,) —
c and I'(up) — 0 as n — oo possesses a convergent subsequence. If I sat-
isfies (PS). condition for each ¢ € R, then we say that I satisfies the (PS)
condition.

Lemma 2.5. Let assumption (V1) and (f1)—(f2) hold. Then any bounded
Palais—Smale sequence of I has a strongly convergent subsequence in E.
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Proof. Let {u,} C E be any bounded Palais—Smale sequence of I. Then, up
to a subsequence, there exists ¢; € R such that

I(un) — c1, I'(up) — 0 and sup|ju,||z < +oo. (2.5)

Since the embedding
E < L*(RY), 2<s<?2*

is compact, going if necessary to a subsequence, we can assume that there is
a u € E such that

Uy — U, weakly in I;
Up — U, strongly in L*(R™N); (2.6)
up(x) — u(z), a.e. in RV,

In view of (2.1), it has

(I'(un) = I'(u), g, — )

a+b / \Vu,|?dx / Vuy, - V(u, —u)dz + / V(2)|un — uldx

— a+b/|Vu| dzx /Vu V (upn,—u)dz /[f(x,un)—f(x,u)](un—u)dm

RN
a+b/\Vun| dx /|V —u|2dx—|—/V )tn, — ul*dz

/|Vu\ dm—/\Vun| dz /Vu V(ty — u)dx

- /[f(x7u7z) = f(z,u)](un — u)dz

RN

> min{a, 1} |un — ul% — bl: /|vu|2dx—/|vun\2dx

— / Vu - V(u,—u)dx— / [f(x, upn)— f(z,w)](u, — u)dz.
RN RN
(2.7)
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Then, (2.7) implies that

min{a, 1}||un —ul|m < I (wn) =T (un), un — u)

+b (R/ [Vul dm—/|Vun| dm) /Vu V(un — u)dz

+ /[f(:v,un) — fz,w)](un — u)dx. (2.8)

RN

Define the functional h,: F — R by

hay(v) = / Vu-Vudz, VoveekE.
RN

Obviously, h, is a linear functional on F. Furthermore,

hu(v)] < / Vu - Volde < Jullz ]|
RN

which implies h, is bounded on E. Hence h, € E*. Since u, — u in E, it
has limy, oo hy(tn) = hy(u), that is, [y Vu - V(u, —u)dz — 0 as n — oo.
Consequently, by (2.6) and the boundedness of {u,}, it has

b / |Vu\2dx—/ |V, |2de /Vu-V(un—u)dxﬁO , m— +o0.
RN RN RN
(2.9)

By (2.2), using the Hélder inequality, we can conclude

/[f(xvun) - f(l’,u)](un — u)dx

RN

< [+ €@ [ lhun +ul + unf
s
P — uldz
< fe+ OO (lunllze + lullz2) un — ull 2
et CONunllZs + ] ) tm — -

Therefore, it follows from (2.6) that
/[f(:c,un) — f(z,w)](up, —u)dz — 0, asn — oco. (2.10)
BN
Moreover, combining (2.5) with (2.6), then
< I'(up) —I'(u),up, —u>—0, asn — oo. (2.11)
Consequently, (2.8-2.11) imply that
U, — u, strongly in E as n — oo.

This completes the proof. O
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3. Negative Energy Solution

In this section, we will get a negative energy solution for the problem (1.1)
using the Ekeland’s variational principle. We consider a minimization of I
constrained in a neighborhood of zero and find a critical point of I which
achieves the local minimum of 1. Furthermore, the level of this local minimum
is negative.

Lemma 3.1. Assume that g € L*(RY), g #0 and (f1)-(f3) hold. Then
—oo < inf{I(u):u € B,} <0,
where B, :={u € E : |lu|lg <r}.
Proof. By (f1)—(f3), it follows from the proof of Lemma 2.4 that
F(x,t) > Cit|* — Colt|>, ¥V (z,t) € RN xR,

where O and Oy are positive constants. Since g(z) € L?>(R"™) and g # 0, we
can choose a function v € E such that

/ g(z)v(z)dz > 0.
RN
Thus,

t2
I(tv) = @ /|Vv\ da:+ /|V1}| de | + ) / V(z)vide

max{a, 1}t2 b
< BS54 Sholitt — Cullolirt + Calol3af?

—t / g(x)vdr <0
RN

for t > 0 small enough, which implies inf{I(u) : u € B,} < 0. In addition, by
(1.10), (1.11), (2.3) and Hélder inequality,

_a 2 b 2 1 2
= 2/|Vu| dx+4 /|Vu\ dx +2/V(x)u dx
RN
/qudx—/()udac

RN
> —/F(x,u)dx— /g(x)udm
RN RN
> —(ellullZz + Cellullzy) — llgllzelullz2
> —asellully — apCellully — azllgllzz|lul e,
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which implies I is bounded below in Ep. Therefore, we obtain
—oco < inf{I(u) : u € B,} < 0.
This completes the proof. ]

Ekeland’s variational principle is the tool to obtain a negative energy
solution, we give it here for readers’ convenience.

Theorem 3.2 ([31], Theorem 4.1). Let M be a complete metric space with
metric d and let [ : M +— (—oo, +o0] be a lower semicontinuous function,
bounded from below and not identical to +00. Let € > 0 be given and u € M
be such that

I(u) <infl +e.
M

Then there exists v € M such that
I(v) < I(u), d(u,v) <1,
and for each w € M, one has
I(v) < I(w) + ed(v, w).

Now, we could give the result of negative energy solution for the problem
(1.1).
Theorem 3.3. Assume that g € L*(RYN), g # 0, (V1) and (f1)—(f3) hold.
Then there exists a constant go > 0 such that the problem (1.1) has a negative

energy solution whenever ||g||L2 < go, that is, there exists a function ug € E
such that I' (ug) = 0 and I(ug) < 0.

Proof. The proof is almost the same as ([8], pp. 534-535), we give it here for
the completeness. By Lemmas 2.3 and 3.1, taking g9 = 3 > 0, we know that

—co<infI <0< a<infrl
B 0B

B, »

whenever ||g||2 < go. Set

1
— € (0, inf[—inf[), n € N.
n dB, B,

Then, there is u,, € E,, such that

1
I(un) < infl+ ~. (3.1)
B, n

By Theorem 3.2 (Ekeland’s variational principle), then
1 _
I(uy) SI(u)—i—EHu—unHE, Vu € B,,. (3.2)
Note that

1
I(up,) <infI+ — < inf I.
B, n 0B,

Thus u,, € B,. Define M,, : E — R by

1
Mn(u) = I(w) + —llu —unl £
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By (3.2), we have u,, € B, minimizes M,, on B,. Therefore, for all ¢ € E
with [|¢||g = 1, taking ¢ > 0 small enough such that u,, +t¢ € B,, then

M, (up, + to) — My, (uy,)

> 0,
P >
which implies that
I _
(un +te) — I(un) PR
t n
Thus,
, 1
<I (un)7¢ >2> ——.
n
Hence,
1
1 (un)lle < (3.3)

Passing to the limit in (3.1) and (3.3), we conclude that
I(up) —infI  and ||[I'(un)||lg — 0, as n — oco. (3.4)
B

P

Note that ||u,||g < p, hence {u,} C E is a bounded Palais—-Smale sequence of
I. By Lemma 2.5, {u,} has a strongly convergent subsequence, still denoted
by {u,} and u,, — ug € B,, as n — oo. Consequently, it follows from (3.4)
that

I(’LL()) = lllf.[ <0 and I/(Uo) =0.

P

This completes the proof. ]

4. Positive Energy Solution

The aim of this section is to get a positive energy solution for the problem
(1.1) with the aid of Mountain Pass Theorem. Hence, we recall the classical
Mountain Pass Theorem due to Ambrosetti-Rabinowitz.

Theorem 4.1 ([32], Theorem 2.2). Let X be a real Banach space and I €
CY(X, R) satisfying (PS) condition. Suppose 1(0) =0 and

(Iy) there are constants p, o > 0 such that I|pp, > «, and

(I2) there is uy € X\B,, such that I(u;) < 0.

Then I possesses a critical value ¢ > a. Moreover, ¢ can be characterized as

c=inf max I(u),
Y€ET uey([0,1])

where
I'={yeC([0,1], X): v(0) =0,7(1) = u1}.

Lemma 4.2. Let assumptions (V1) and (f1)—(f41) hold. Then any Palais—Smale
sequence of I is bounded.
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Proof. Let {u,} C E be any Palais—Smale sequence of I. Then, up to a
subsequence, there exists ¢; € R such that

I(un) — 1, and I'(u,) — 0. (4.1)
The combination of (1.10), (1.11), (2.1), (4.1), (V1) with (f4) implies

—

cr + 1+ flunlle = I(un) — <I (n); un)

/|Vun|2dm+ /V x)u dx—i—/F(m,un)dx—z/g(x)undx

RN
d
/|Vun|dx+ /V udx—z/udx
RN
3
+ [ Fw,up)de - gl lluallze
A7L
a 2 1 2 1 2
> 1 |Vuy|“dx + 1 V(z)usde — 3 Vou; dx
RN RN RN
~ 3
+ | Flz,un)dz — Jasgllzz||unl
An
a 2 1 2 1 2
> 1 |Vuy|“dx + 7 V(z)u;de — 3 V(z)u;dx
RN RN RN
~ 3
+ [ Faaun)do = Saslglzelunlle
Anp
1 ) - 3
2 7¢ min{e, 1}||un”E+16 V(@)upde+ [ F(z,up)de—7as|gllrzunle,

RN Ap
where F(z,uy,) = 1 f(@,un)un, — F(2,u,) and A, = {z € RN : |u,| < L}.
Hence,

3
e 1+ (14 Saallglis ) e

1 1 ~
> 16 min{a, 1}|jun % + 6 V(x)uldx + /F(z,un)dx. (4.2)
RN A"L

For z € RY and |u,| < L, by (2.2) and (2.3), it has

~ 1
[E (@, un)l < 71F (@, un)llun] + |F (2, un)]

A

5 5
16|un|2 + 10(6)|un|”

[+ Ol u?

< Z [e + C(G)LP_Q] |t |2
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Take A > max {20[e + C(e)LP~2],V; }, then

~ A
F(z,up) > —1—6\un\2, Ve e RN, |u,| < L. (4.3)

Let A= {z e RN : V(z) < A}. By (Vi) and (4.3), we can conclude

1i6 V(x)ulde + /ﬁ(x,un)dx > 1i6 / (V(z) — A)|uy|*dz
RN An ‘un‘SL
1
> P . 2
2 15 / (V(z) — A)L dx
ANA,
1 ~
> 1—6(% — A)L*meas(AN A,)
1 ~
> 1—6(% — A)LQmeas(A). (4.4)

Note that meas(A) < +oo due to (V4), it follows from (4.2) and (4.4) that

3
g+ 1+ (1 + 4a2||9||L2) lunlle
1

16 (Vo — A)L*meas(A),

1
> - mina, 1 ual[} +

which implies {u,} C E is bounded in E. Hence, the proof is completed. O

Theorem 4.3. Assume that g(x) € L*(RN), g # 0, (V1) and (f1)—(f1) hold.
Then the problem (1.1) has a positive energy solution whenever ||g||rz < go,
that is, there exists a function uy € E such that I'(u1) =0 and I(uy) > 0.

Proof. We will apply Theorem 4.1 to prove Theorem 4.3. Next, we shall
verify [ satisfies all the conditions of Theorem 4.1. By Theorem 3.3, we know
go = [ > 0. Then I satisfies (I;) whenever ||g|lr2 < go by Lemma 2.3.
Lemma 2.4 implies that I satisfies (I2), and I satisfies (P.S) condition by
virtue of Lemmas 2.5 and 4.2. Evidently, I € C'(E, R) and I(0) = 0. Hence,
applying Theorem 4.1, there exists a function u; € E such that I'(uy) = 0
and I(u1) > « > 0. The proof is completed. O

Proof of Theorem 1.1. The desired conclusion directly follows from Theorems
3.3 and 4.3.

Proof of Corollary 1. It is sufficient to prove that (f5)—(fy) imply (f3)—(f1)
by applying Theorem 1.1. In fact, For any (x,z) € RN x R, define

k(t) == F(x, ;)t“, Vt € [1, +00).
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Then for |z| > L' and t € [1, |Li,|], (f7) implies that

z z z -1
K1) = fla, 5) (=)t + b (, D)t
R Y
P (@, 2) = f(,2)7]
< d/tﬂfl‘i|2
- t
= d't' 3|z

Thus,

L”
< /d’t”’3|z|2dt
1

d’|z[" d'|z[?

T (-2 =2

Hence, for any z € RY and |z| > L', by (f), one has
Y, AR s
F =k(1) >k —
(z,2) (1) 2 (L’ + w—2 (u—2)Lr=2

, 2\, 12l d’|z["
> f  F(x,t a -
- [meRI{fI}\t|:L' (=, )} ( L’) + w—2 (u—2)Lr—2

c d
c .« n
= (77~ s

By d' € [0, “452), set Cy = 5 — gz > 0, it has

F(z,2) > Cylz|*, Vz € R and [2| > L.

Hence,

F
(z,2) > Cylz/*™*, Vo e RN and |2| > L. (4.5)

Note that p > 4, then (4.5) implies (f5). Furthermore, it follows from (4.5)

and (fy) that
4F(x,2) — f(x,2)z = pF(x,2) — f(z,2)z2+ (4 — p)F(x, 2)
< @) — (5 — HCyl2)
for all z € RY and |z| > L'. This, together with u > 4, shows there exists
L > 0 such that
AF (z,2z) — f(z,2)z < 0,

which implies (f4). Hence, the proof is completed.

Vor € RY and |z| > L,
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