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Abstract. We investigate the problem of entire solutions for a class of
fourth-order, dilation invariant, semilinear elliptic equations with power-
type weights and with subcritical or critical growth in the nonlinear
term. These equations define noncompact variational problems and are
characterized by the presence of a term containing lower order deriva-
tives, whose strength is ruled by a parameter \. We can prove existence
of entire solutions found as extremal functions for some Rellich—Sobolev
type inequalities. Moreover, when the nonlinearity is suitably close to
the critical one and the parameter A is large, symmetry breaking phe-
nomena occur and in some cases the asymptotic behavior of radial and
nonradial ground states can be somehow described.
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1. Introduction

In recent years, much interest has been addressed to a class of equations
shaped on

A(|z|*Au) = |z|7P|u|? %y in R" (1.1)
where the dimension n and the parameters «,  and ¢ > 2 are asked to
satisfy suitable restrictions. In particular, in the case of the pure biharmonic
operator, we quote, e.g., [1-4,6,15-17,19,20].

Equations like (1.1) arise in a natural way from variational inequalities
of the form

2/q
Saq /|x|7’3|u\qu < /|x|a\Au|2dm Yu € C°(R™\{0})
R R
which, for ¢ > 2, can be considered as nonlinear versions of the weighted

Rellich inequality (this case occurs taking ¢ = 2 and —f8 = o — 4).

Y Birkhauser
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In addition, (1.1) can be viewed as a higher order version of equations

like

— div(|z|*Vu) = || %u|9" %y in R™ (1.2)
where again n € N, a,b € R and ¢ > 2 are subject to some constraints. Even
(1.2) comes from a class of variational inequalities which are often known in
the literature as Caffarelli-Kohn—Nirenberg inequalities ([5]) and can be read
as interpolation of the linear weighted Hardy inequality with the weighted
Sobolev inequality.

As one can expect, both for (1.1) and for (1.2), the restrictions on the
parameters are needed to guarantee that the supporting variational inequal-
ities hold true. In particular, these restrictions necessarily involve some dila-
tion invariance which is a typical feature of any problem displaying scaling
processes.

In this work, we study a class of equations which are built as linear
combination of (1.1) and (1.2). In particular, we are interested in the existence
of nontrivial solutions to

A(|z|*Au) — A div(|z|*2Vu) = |2|7P|u/?"%u  in R" (1.3)
Jgn 2| Aul? dz < oo '
where n > 5, ¢ > 2,
—4
4—n<a<n,ﬁ=n—w, (1.4)

and ) is a real parameter subject to some limitation. In particular, we look
for ground states of (1.3), i.e., solutions to (1.3) characterized as minimizers
for the following problems:

o= np e AU AR AL o]V da
a,q = )

e (o lal = ufe )

Here D%2(R";|x|¥) is the space defined as the completion of C°(R") with
respect to the norm

(1.5)

Julfy = | fal* A0 e (16)
R

We point out that the role of entire solutions and especially of ground states
of (1.3) is rather meaningful since this kind of solutions naturally appear as
limiting profiles in the blowup analysis of related classes of nonlinear prob-

lems.
As discussed later, thanks to already known variational inequalities (see
[8,14]), one has that S, 4(A) > 0 and the minimization problem (1.5) makes

sense whenever
2n

n—4

2< g <2 = (1.7)

and
Jgo 2| Aul? da

weD*2(®Rle|*) Jgn 2|22 Vul? dz’
u#0

A > —7, where 7, = (1.8)
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In particular, it is known that if n > 5 and « € (4 — n,n) then v, > 0.
Moreover for o € [0,n) then v, = (n — a)?/4. These facts are discussed in
[9,13,18].
Taking ( as in (1.4) makes problem (1.3) invariant with respect to the
action of the weighted dilation group
p e (pru)(e) = p"F ulpr) (o> 0). (1.9)
This invariance is responsible of a lack of compactness in the study of the
minimization problem (1.5). Adapting some techniques already used for dif-
ferent problems ([4,8]), we develop a suitable argument allowing us to recover
some local compactness, and we get a first existence result, stated as follows.

Theorem 1.1. Let n > 5 and assume (1.4). Then:

(1) For g€ (2,2*) and X € (—yq,00) problem (1.3) admits a ground state.

(ii) For q = 2**, for every o € (4 — n,n) there exists Ao, > —74o such that
problem (1.3) admits a ground state if X € (—7a,Aa) (the value Ay is
given by (3.17)).

By exploiting the rotational symmetry of the domain and of the weights
in (1.3), we can drop the upper bound on ¢ in (1.7) by looking for radial
ground states for problems (1.3), namely, nontrivial, radial weak solutions of
(1.3) characterized as minimum points for

Jon 2| Au)? dz + X [5,, [2]*72|Vul? dx

Srad(y) = inf (1.10)
a,q 2,2 mn.| . a _ 2/q

ueDragfoalﬁl ) (Jan 2| Plule dz)
where DEAZ(R"; |z|*) is the space of radial functions belonging to

D%2(R"; |z|*). We have that:

Theorem 1.2. Let n > 5 and assume (1.4). Then for every q € (2,00) and
A > —(n—a)?/4, problem (1.3) admits a radial ground state. Moreover such
a ground state has constant sign and is unique up to the weighted dilation
(1.9).

The second part of our work consists in the study of global ground states
of (1.3) given by Theorem 1.1. In particular, we are interested in investigating
radial symmetry or not of these solutions. We find symmetry breaking in
different situations. A first result in this direction is the following.

Theorem 1.3. Let n > 5 and A > 0. There exist @ > 0 and g € (2,2**), both
depending on X, such that if ¢ € (q,2] and |a| <@ then Ss q(X) < SEI(N).
In particular, if ¢ € (q,2**) and |a| < @ then global ground states of (1.3) are
not radially symmetric.

The previous result is obtained by noticing that Sp -+ (A) < Si%h. (A)
and using some continuity of the mappings (o, q) +— Sa,q(A) and (o, q) —
5229(X). We have no sharp information on the region of values (o, ¢) for which
global ground states of (1.3) are nonradial. On the other hand, for fixed ¢
and «, again symmetry breaking is displayed for A large, as stated in the next
result.
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Theorem 1.4. Let n > 5 and assume (1.4). Let 2* = -2 be the critical
exponent for the first-order Sobolev embedding.

(i) If ¢ € (2*,2**) then for X large enough (depending on q) any global

ground state of (1.3) is not radially symmetric.
(i) Ifq € (2,2*] and
2
1 n—44a 1 1
_ 1.11
n—1 ( 2 ) ~ q—2 q+2 ( )

then for A large enough (depending on q) any global ground state of (1.3)
18 not radially symmetric.

When ¢ € (2,2*) we can better describe the limit profile of ground states
of (1.3) as A — oo. To this aim, we need to introduce the lower order problem

—div(|z|*"2Vu) = |z|Plu|?"%u in R"
Jon 121472 Vul? dz < 0o

The natural variational space for problem (1.12) is D12(R"; |z|*~2) defined
as the completion of C2°(R™\{0}) with respect to the norm

lul2 0y = / 2|2V e
R"n

(1.12)

Ground states of problem (1.12) are defined as weak solutions of (1.12) min-
imizing

~ ) Jgn 272 |Vu|? da
in

S0 = pra e (Jo bl =Pl dz)*' ™
u0 ke
We finally can show:

Theorem 1.5. Let n > 5, ¢ € (2,2%) and assume (1.4). If Ay — oo and
uy, € D*2(R™; |z|%) is a ground state of (1.3) with A = i, then there exists a
1

sequence (px) C (0,00) such that, for a subsequence, A;“jpk * U CONVErges
strongly in DY2(R™; |x|*~2) to a ground state of (1.12). The same holds for
radial ground states.

We point out that condition (1.11) has been found in [12] for having
symmetry breaking of ground states of the lower order problem (1.12).

We finally observe that most of the results contained in this work are
presented in [10], generalize in a nontrivial way and complete with new con-
tributions some previous results discussed in [6] limited to the case a = 0.

2. Preliminaries

Here we introduce the space D*2(R";|z|%) for n > 5 and a € (4 — n,n) and
we discuss its main embedding properties. The starting point can be given
by the weighted Rellich inequality stating that

5a/|x|a*4|u|2dx§ /|:c|a|Au|2dx Vu € C°(R™\{0}) (2.1)
R‘I‘L

R™
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with optimal constant

2 272
Jo = [("_2) —(a_2> ] . (2.2)
2 2
We refer to the paper [7] and to its bibliography for a deeper discussion
on (2.1) and some generalizations. Inequality (2.1) allows us to define the
space D*2(R™;|z|*) as the completion of C2°(R™\{0}) with respect to the
Hilbertian norm given by (1.6). Let 2** = % be the critical exponent for the
second-order Sobolev embedding. It is known (see, e.g., [8]) that if g € [2,2**]
and (3 is given as in (1.4) then D%2(R";|x|®) is continuously embedded into
L(R™; |z|?), that is the space of mappings in L9 with respect to the measure
|z|~Pdx.
For future convenience, let us introduce also the space DV2(R™;|z|%)
which can be defined as the completion of C2°(R™\{0}) with respect to the
Hilbertian norm

Julft s = [ 1 19u do.
R™

This definition of D%?(R"; |z|%) is well posed when & > 2 — n, thanks to the
weighted Hardy inequality

ha/\zﬁﬂuﬁdx §/\x|a|Vu|2dx Vue CR®RMN{0})  (2.3)
RTL Rn

which holds with optimal constant

he n—2+a\’
o T 2 .

In fact here we consider the case & = o — 2. Let 2* = n2f2 be the critical
exponent for the first-order Sobolev embedding. As a direct consequence of
the Caffarelli-Kohn—Nirenberg inequalities [5], if ¢ € [2,2*] and § is given as
in (1.4) then DY2(R"™; |x|*~2) is continuously embedded into LI(R™;|x|?).

As noticed in the Introduction, for n > 5 and « € (4 — n,n), the space
D%2(R"™; |2|*) turns out to be continuously embedded into D*?(R™; |z|*~2).
We denote by 7, the embedding constant, defined as in (1.8). The value of 7,
is explicitly known only for « in a sub-interval of the admissible one (4—n,n).
More precisely, there exists a* € (4 — n,0) such that v, = (n — «)?/4 for
a € (a*,n), whereas this expression is not valid for all « € (4—n,n) (see [9]).

Hence, for n > 5, ¢ € (2,2**], @ and § as in (1.4), and A > —~,, the
minimization problem (1.5) is meaningful since the corresponding infimum
value Sy 4(A) is positive. Let us recall the following well-known property
linking the minimization problem (1.5) with (1.3).

Lemma 2.1. If S, ,(\) > 0 and u € D*?(R";|z|*) is a minimum point for
(1.5), then U = T2y is a solution of (1.3), being 7 = Sa oM ( [z |77

2-gq

lul? dz) o
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Since we are interested also in radial ground states of (1.3), we introduce
also spaces of radial functions. More precisely, with obvious notation, we set

DR |a]*) == {u € D*2(R™;[2]*) | u = u(lz])},
Dya(R";|a]®) = {u € DVA(R™; [2|%) | u = u(l])},

with the same restrictions on n, o and «a as before. For n > 5 and o €
(4 — n,n) the value of the best constant embedding of Drad(]R" |x]|*) into
Drlai(R" |#|*~2) is sharp:

fR" $‘Q|Au,‘2d$ _ ('fl— 04)2 (2 4)
weD2EEN[2l*) Jgn [2]*72Vul? dz 4 '
u#0
(see [9,13]).
The Emden—Fowler transform, defined by
4—n—a

u(z) = [z[ = w(=log|z|) (2.5)
provides a nice isomorphism between the space D> (R™;|x|*) and the stan-

dard Sobolev space H?(R), and between Drlgfi(]R”, |z|*~2) and H'(R). Indeed:

Lemma 2.2. Let n > 5 and o € (4 — n,n). For any radial mapping
u: RM\{0} = R let w: R — R be defined by (2.5), and viceversa.

(i) ue Dfﬁi(R"; |z|*) if and only if w € H?*(R). Moreover
[ el 80P do = [ (10" P+ 25’ + Salu?)
R" R
where wn = |S"!| and &, = (”_2)2 + (’1_2)2.

2 2
(i) uwe DY2(R™; |2|*"2) if and only if w € H'(R). Moreover

/|x|a_2|Vu|2da:=wn/ (102 + o)
R™ R

where h = hg_2 = (w)
(iii) Forq > 2 and 3 asin (1.4), u € LYR"; |z|~?) if and only if w € LY(R).

In this case
/|x| ﬂ\u|de—wn/\w|th

R™

rad

For a proof we refer to [8].

Thanks to Lemma 2.2 the spaces D22 (R™;|x|*) and D2 (R"; [2|*~2)
are embedded into L(R";|z|~?) for every ¢ > 2. In particular, taking ac-
count also of (2.4), the minimization problem (1.10) is meaningful for all

A > —W and ¢ > 2. Moreover, an analog of Lemma 2.1 holds true,
namely:
Lemma 2.3. If S;%4(X) > 0 and u € DZ2(R™;|x|®) is a minimum point for

(1.10), then U = T is a solution of (1.3), being T = SN ( Jgn |27
2
|ul? dx)Tq.
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3. Global Ground States
In this section, we prove Theorem 1.1.

Lemma 3.1. There exists a sequence (uy) in D*2(R™; |z|¥) satisfying

/ (21 A ? + Ml *=2 [ Vu[?) do = S gV T2 +0(1)  (3.1)

2
el 2l dz = 5., (9702 (3.2)
2
[lal P hal? de = 3 S0 (3)7/02 (3.3)
B>
A(|z|* Auyg) — )\div(|x\a_2Vuk) — |ac|_ﬁ|u;€|q_2u;C — 0 in (DZ’Q(R"; |z|*))".
(3.4)
Proof. Set
Pu) :/|x|a|Au|2dx+)\/|1:|"_2|Vu|2dx and  G(u) = /|x|—5\u|de
J 2 2
so that

Sa,q(A) = inf{F(u) | G(u) = 1}.

Since the constraint G(u) = 1 defines a smooth manifold, by the Ekeland
variational principle, one can find a sequence (vy) C D??(R"; |x|*) such that
VF(v), VG(vg))

VG2
VF(vg), VG(vg) denote the Riesz representative in D?2(R"; |z|%) of the
functionals F'(vi), G'(vi), respectively, and (,) stands for the inner prod-
uct in D*2(R"; |x|*) corresponding to the norm (1.6). One can easily check
that the sequence (vy) is bounded in D?2(R";|x|%), up — %Sa,q(/\) and
supy, |G’ (vg)|| < co. Hence

F'(vg) — G’ () — 0 in (D**(R™; |z|*))’ where py = <

2
F'(vg,) — pG' (vg,) — 0 in (D*2(R™; |z|*))" where p = gSa,q()\) .

Now the sequence
iy = Sa7q()\)1/(q_2)vk

turns out to satisfy (3.1), (3.2) and (3.4). Finally, for every k one can find
pr > 0 such that
n—44+ao
up(z) = pp * Uk(prz)
satisfies (3.3). The sequence (uy) always verifies (3.1), (3.2) and (3.4) because
the functionals F' and G are invariant with respect to (1.9). O

A key tool in our argument is the following compactness lemma. This
result is an adaptation of a tool already used in previous works, like [4] or
[8]-
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Lemma 3.2. Let (uy) be a sequence in D*2(R™;|z|v) satisfying (3.4). If
up — 0 weakly in D*?(R™; |x|*) (3.5)
lim sup/ 2| 7P |ug|? dz < Sy (V)@ Dforsome R >0, (3.6)
Br

then |z|=P|ug|? — O strongly in Li _(BR).

loc

Proof. Fix R’ € (0, R) and take a cutoff function ¢ € C2°(Bg) such that ¢ =
1 on Brs. We point out that the sequence (¢?uy) is bounded in D?2(R™; |z|*).
Using @?uy, as a test function in (3.4) we obtain

/¢2ukA(|x|O‘Auk) dx—)\/(pQUk div(|z|* ?Vuy,) dz
Rn Rn

:/|z|’ﬁcp2\uk|qu+o(l). (3.7)
R"L
By (3.5) uy — 0 weakly in HZ _(R™\{0}) and then, by compactness, u; — 0
strongly in H (R™\{0}). Hence, we have that

/|x|a\A(cpuk)|2d:r = /|:L'|ag02|Auk|2d:17+o(1)
R Rn
/|x|a(Auk)A(¢2uk) dz = /|z|a¢2|Auk|2dx+o(1)
R™ R»
/|m|a*2Vuk . V(gpzuk) dz = /|x|a*2|V(<puk)|2dx+o(1).
R™ R

Then, after integration by parts,

/anUkA(|x|“Auk) dz = /|x|a|A(gpuk)|2 dz + o(1)
R”L ]R"L

/@21% div(|z|*?Vuy,) dz = —/|ac|°‘_2|V(<puk)|2 dz +o(1).
Rn RVL

Consequently (3.7) reduces to

[lallatu P dz 3 [l 2 V(ou) P do = [ ]2l do + (1),

Rn R"L ]Rn
(3.8)

By (3.6) there exists gy > 0 such that

/ |z| P lug|?dz < g < qu()\)‘I/(q’Q) Vk large. (3.9)

Br
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Therefore, using the Hélder inequality and (3.9), we estimate
2/q

J et ot < 2 [l Pugrar ) @)
R™ Rn

On the other side, by definition of S, 4(\),

/ 12| A () dz + A / 1212V (ug) [ dz > Sy ()
Rn Rn

2
q

X /|x|75|<puk|qu . (3.11)
Rn
Therefore from (3.8)—(3.11) it follows that
2/q 2/q
Sua | [ lelPlewfran | <l | [lal Flomlras |+ o)
B n

As 9 < Sa.q(N)%@72) we infer that

[ lal Pl dz 0
R7l

and then, since ¢ = 1 on Bg and R’ is arbitrary in (0, R), |z|™%|uz|? — 0
strongly in L (Bg). O
Proof of Theorem 1.1, part (i). Let (uy) be a sequence in D*2(R";|x|*)
satisfying (3.1)—(3.4), as given by Lemma 3.1. Since A > —~,, by (3.1), the
sequence (uy,) is bounded in D??2(R"; |z|%) and then it admits a subsequence,
still denoted (uy), weakly converging to some u € D?2(R";|z|%). If u # 0,
then v is a minimizer for S, 4(\) and u, — w strongly in D*?(R"; |z|*).
The proof of this fact is definitely standard: one can adapt to our situation
a well-known argument (see, e.g., [21], Chapt. 1, Sect. 4). Hence we have to
exclude that u = 0. We argue by contradiction, assuming that v = 0. In this
case, by Lemma 3.2,

/|x|*ﬁ|uk|q dz — 0, (3.12)
By
Therefore, by (3.3),
1
/ el Pt do — S,/ (3.13)

BQ\Bl

Since g € (2,2**) and uy — 0 weakly in H2_(R™\{0}), the Rellich compact-
ness theorem implies that up — 0 strongly in L?(B2\B;), in contradiction
with (3.13). Therefore, u cannot be zero and the proof is complete.



666 P. Caldiroli and G. Cora MJOM

Now we focus on the case of critical exponent ¢ = 2**. To this purpose,
let us denote by S** the best constant for the second-order standard Sobolev
embedding, defined by
Jgn |Au)? da

o mn - 2/2%%
e (Jgn lul? da)

S** =

As S** > 0, one can introduce the space D??(R") as the completion of
C°(R™) with respect to the norm ||Aul/zz. One has that C°(R™\{0}) is
dense in D*2(R™) and then D*2(R") coincides with the space D?2(R"; |z|¥)
with o = 0 and S** = Sp 2++ (0). Let us recall the following result.

_n—4
Lemma 3.3 [11]. The function U(z) = (1+|z[*) * is a minimizer for S**
in D*2(R").

A condition for existence of a ground state for problem (1.3) in case of
critical exponent is stated by the following result.

Lemma 3.4. If Sy 2+ (\) < S** then Sq 2+ ()\) is attained in D*?(R"; |z|*).

Proof. As in the proof of Theorem 1.1, part (i), there exists a sequence (ug)
in D%2(R";|z|*) satisfying (3.1)—(3.4) and there exists u € D??(R";|z|¥)
such that uy — u weakly in D*?(R";|z|%) and strongly in H{_(R™\{0}).
If w # 0 then, with a standard argument, u turns out to be a minimizer.
Assume by contradiction that v = 0. Then (3.12) and (3.13) hold. Let us fix
a cutoff function ¢ € C°(R™\{0}) such that 0 < ¢ < 1 and ¢(z) = 1 for
1 < |z| < 2. Arguing as in the first part of the proof of Lemma 3.2 we obtain
(3.8). By (3.1) and (3.2), we also have that

Jlaliateu P de 3 [ a2V (ou) P da
R”L R”L

< S (N) / lz| 7P| pug|?” dz +o(1). (3.14)
R'ﬂ/

Since
[al2vumpa <o [ (Vup+id) as
R™ B3\ B

for some constant C' > 0, and uj, — 0 strongly in H. (R™\{0}), (3.8) reduces
to

/ 2| A(pup) ? dz = / o PPl drto(l).  (3.15)
R™ R
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Now we apply the identity
a (12 a\ 2
o Al F0)2 = [ Al + ol o - Vuf? + & (n 24 2)° ja~u?
+2alz| 7% (x - Vw)Aw + o? (n -2+ %) |z| 4w (z - Vw)

+a (n -2+ %) || 2w Aw

with w = puy, and, using again the fact that uj, — 0 strongly in H _(R™\{0}),
we infer that

2
el iatu P dz = [ [agelpu)] o+ o).
Rn Rn

Hence from (3.8), (3.14) and (3.15) it follows that

2
PEE

R 2
Sz O | [lal o do | = [ Al do+ o)
RTL

R

2 57 / 22" dz |+ o(1).
R”
Since

ok dx:/|$|7ﬁ|ﬁﬁuk|2** da

/ 2]/
R’n

and, by hypothesis, S, 2+ (A) < S**, we deduce that

/|x|’ﬂ\<mwc|2w dz —0

in contradiction with (3.13), as ¢ = 1 on By\Bj. O
Lemma 3.5. If
a?\ (a? —4a)(n —3) —2(n —2)%(n — 4)
—Ya <A - — 3.16
o< (o5 ) T T T O
then Sq 2+ (X) < S**.
Proof. Set u(z) = |z|~2U(x) where U is as in Lemma 3.3. One can check

that

/|x| |Au|2dx*/|AU|2dx+A /\x| U2 da

R™

/\x|a 2|Vul|?*dz = B /|z| U da

R™

/|:c\ Blul?” da:*/U2 dz

R
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a? a? (n—2)%(n—4)
Ay = (L) (Lo nm2nd)
(o) (e s )
B _ n—4+a 2+(n—4)2
“ 2 4(n—3)
For detailed computation see [8] or [10]. Then
. |AU?d L U%d
Sug(y) < L2 1801 S Je -
(Jon U dz) (Jpn U daz)
Hence the strict inequality S, 4(A) < S** holds true when

_ Aa N a?\ (o —4a)(n —3) —2(n —2)%(n —4)
A< Aai= ( > (n—4+4a)?2(n—3)+ (n—4)2

where

+ (Ao + A B,)

4

@

(3.17)

We point out that A, = 0 when o = 0,4, A\, > 0 > —v, when o € (4 —

n,0) U (4,n), whereas A, < 0 when a € (0,4). In fact, with some calculation
2

one can check that in this last case A\, > —w = —7,. Hence (3.16) is

completely proved. ]

Clearly the proof of Theorem 1.1, part (ii) is a direct consequence of
Lemmas 3.4 and 3.5.

When a = 0, condition (3.16) is optimal for the validity of the strict
inequality Sq,2++(A) < S**. Indeed one has:

Proposition 3.6. If A > 0 then Sp 2+ (X) = S**. Moreover, for X > 0 the
infimum So.2+= (X) is not achieved in D*?(R").

For a proof, see [6] or [10].

4. Radial Ground States

Here we prove Theorem 1.2. In view of Lemma 2.2 we have that

q—2 12 2 72 b |w|2) dt
rad _ q . fR (‘w | + a’)\‘w‘ + O
ST =wT inf e (4.1)
w#0 (fR |w| t)
where
C (n=2? (a—2)% A ~((n—a)? n—4+a\’
ay = 1 + 1 + 5 and by = 1 + A 5 .
(4.2)

We point out that, thanks to the assumption A > —(n — «)?/4, the values ay
and by, are positive. Now we use the following key result, proved in [4]:

Theorem 4.1. For every a,b > 0 and g > 2 the minimization problem
., Je (Jw”|? + 2alw’|? + blw|?) dt
in

2 2/
o (J wle )™
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2 > b then the minimum point

admits a minimum point. In addition, if a
is positive and unique, up to the natural invariances of the problem (i.e.,

translation, inversion, multiplication by a nonzero constant).

In the case in consideration

PN TE IR

Hence by Theorem 4.1 there exists a positive function w € H?(R) which is
a minimizer for the problem defined by the right-hand side of (4.1). Such
a minimizer is unique up to translation, inversion, and multiplication by a
nonzero constant. Then, usmg Lemma 2.2, we infer that the mapping u de-
fined by (2.5) belongs to D> (R"; |z|*), is a positive minimizer for SEd(A)
and is the unique minimizer up to the weighted dilation (1.9) and to a multi-
plicative constant. Then one applies Lemma 2.3 to get a radial ground state
for problem (1.3). O

5. Symmetry Breaking and Limiting Profiles

This section contains the proof of the symmetry breaking results stated in
Theorems 1.3 and 1.4, and the description of the limit profile of ground states
for ¢ € (2,2*), when A — oo (Theorem 1.5).

Let us start with the discussion of Theorem 1.3, whose proof lies on the
following semicontinuity inequalities.

Lemma 5.1. For A\ > 0 one has
limsup Saq(A) < Sooe(A) and  Sp%.(A) < liminf  SR9(N).
(o,q)—(0,27%) (a,q)—(0,277) 7
(5.1)
Proof. Fix A > 0. For every u € C°(R"\{0}), u # 0, set
Jen 2| Aul? dz + X [5., x|a 2| Vul? dx
(Jan |2 =Plul dx)

Since Qa,q(u) — Qo,2++(u) as (o, q) — (0,2**) and C°(R™\{0}) is dense
in D*2(R"; |z|), the first inequality in (5.1) immediately follows. To check
the second inequality, we proceed in this way. For every ¢ € (2,2**) let

Qag(u) =

0y = 55 2 By the Holder inequality, one has that
1-6, 0,
Jlalpupras < ([ ol ao [ el =il da
R R R

and consequently

(1— eq)g

(1—64)2
S“‘d()\) 2T > Gr(N) T ST () > 007 SI (V) (5.2)
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[see (2.1)-(2.2)]. Now we estimate Si*9...(A) in terms of Sk (A). For every o
let 7o := 14 -2 and for every radial u € C2°(R™\{0}), set u(z) = u(|z|"/™).
One can check that

/ 2 de=r, / | de, / 22| Va2 de =7 / 2|2 Vul? de,
R’Vl R’Vl Rn
/|Aﬂ|2 dzZT;3/|x\O‘|Au+Rau|2 dz where Ryu= (1, — 1)(n—2)Vu

e

Setting €, = |70 — 1|(n — 2)7;1/2 and using (1.8), as @ € (4 — n,n) we can
estimate

/|x|“\Rau|2dx ggg/\x|a|Au|2dx
R‘IL Rn

and then, by the Cauchy—Schwarz inequality,

/IxIa\Au+Rau|2dxs (1+€a)2/|x|a|Au|2dx.

Therefore,
Jon (1AT[2 + Az| 2\VUI ) da
(fRn |U, kK de,') 2**

- (14 ¢€0)? Jan (l2]*]Au> + )\|m|0‘_2\V;L\2) dz
= T332/2% 2

Ta+ / (f . ‘.T PR dl‘) oFF

A (L42a)?\ oo 2]Vl da
+ 1+2/2%% 1- 2 e 2
Ta ! (Jan l27=5 > da) =

Jan (|;C|°‘|Au|2 + Az]|*2[Vu|?) dz

Soige-(A) <

na
n—4 |u

< K, ——
(fin |2l 755 )2 da) 7
where
K :<(1+sa)2+ M ! _(1+sa)2>
T2+2/2** Tolé+2/2** 7-02(
Hence

Srade (N) > K SEsh (A (5.3)
For |a| small, one has that C7 ' <~y <Cand C7!' <4, <C for some con-
stant C' > 0. Consequently, if (o, ¢) — (0,2**), then 7, — 1,6, — 1,6, — 0,
and K, — 1. Thus the second inequality in (5.1) follows from (5.2)—(5.3). O

Proof of Theorem 1.3. Fix A > 0. By Theorem 1.2 S..()) is achieved

in D>%(R™). Instead, by Proposition 3.6, Spo--()\) is not attained. Hence
5§ (N) > Soa++(A). Therefore, the conclusion follows by applying
Lemma 5.1. O
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Now let us address to Theorem 1.4. It is convenient to normalize the
minimization problems defined by (1.5) and (1.10) as follows. For every € > 0
set

. | € fon 271 Au? da + [y 22| Vul da

Sa,q(€) = 5
] w oo n - /
o (Jan = ufs dz)*'®
§Z¥a2(€) _ 0 € [on |2]¥|Aul? dz + [5., |x|‘:_2|Vu|2dx
’ ueC (R™\{0}) (fon ||~ 8 ufa dz) /a

u=u(|z|), u#0
We remark that if A > 0 then
Saq A1) = A7 80 4(V) and  SPIATH =AML (5.4)
Lemma 5.2. Letn >5 and a € (4 —n,n).
(i) For every q € (2,2**] one has that §a,q(s) — gmq(o) as e — 0.
(i) For every q > 2 one has that S} (e) — Si4(0) as e — 0.
Proof. (i) Fix o € (4 — n,n) and ¢ € (2,2**] and set
€ Jou 2| AUP Az [, 2272 Vul? dz
(fgn |2 7Pluld dx)Q/q
Since §a7q(€) < Q-(u), when ¢ — 0 one has that
limsup Sg q(¢) < Qo(u) Vu € CX(R™\{0}), u#0

namely limsup S, 4(¢) < Sa4(0). On the other hand, Q.(u) > Qo(u) and
then Sq.4(¢) > Sa,4(0). Hence the conclusion immediately follows. Clearly
(ii) is proved in the same way. O

Q-(u):

Yu € C°(R™\{0}), u##0.

Proof of Theorem 1.4.1f q € (2*,2**] then g};fg(O) > 0 whereas ga,q(O) =0.
Indeed, by Lemma 2.2,

- _2 w2 + hy |w|?) dt
Sgag(O) = wrll ! énf Ja (v | 2lq)
’ weC (R
“oa (Jelwledt)
which is positive because H'(R) is embedded into L?. Instead, taking u €
C®(R™), u # 0, with support in the unit ball, fixing o € R with |z = 1
and setting

one can check that @o(u(;) — 0 as § — 0, because ¢ > 2*. Hence, by
Lemma 5.2, Sa q(c) < S24(e) for € > 0 small, and then Sq4()) < S2I(N)
for A large, by (5.4). If ¢ € (2,2*] and (1.11) holds, then S, 4(0) < S2d(0),
as proved in [12] and one concludes as before that S, 4(\) < S;fg (A) for A
large.

In the following, we study the behavior of ground states of problems
(1.3) for fixed ¢ € (2,2%), in the limit A — oc.
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Lemma 5.3. Let n > 5, q € (2,2*) and assume (1.4). Let e, — 0T and for
every k let v, € D*2(R™; |z|*) be a minimizer for Sa. 4(c) with
1
/|x|_6|vk|q dr =1 and /|m|_6|vk|q dz = 3 (5.5)
R Bo

If v, — v weakly in DY2(R™; |2|*~2) then vy — v strongly in DV2(R™; |x|*~2)
and v is a minimizer for Sq,q(0).

Proof. Let us write, briefly, Sk = §a7q(sk) and Sy = §a7q(0). Since vy, is a
minimizer for Sy and (5.5) holds, we have that

So < /|:c|a—2|wk|2dx < S (5.6)
Rn

and then,
€k / |z|*|Avg|? dz — 0 (5.7)
Rn

for §k — §0 by Lemma 5.2. Now we want to exclude that v = 0. To do this,
we argue by contradiction, assuming that v — 0 weakly in D12(R"; |z|*~2).
Since vy is a minimizer for Sk, it is so for Sa)q(&:,;l) and, by Lemma 2.1,

erA (|2 Avg) — div(|z|*2Vug) = Sklz| P |k 2vx  on R™ (5.8)

Taking a cutoff function ¢ € C°(R™) with supp(¢) C By and ¢ =1 in By,
we can use p2vy, as a test function in (5.8) getting that

ak/|x|aAva(<p2vk)dm+/|x|a_2Vvk~V(<p21/k)dm:§k/|x|_ﬁg02|vk|qu.
]Rn Rn R’Vl
(5.9)
We estimate each term of (5.9) as follows. Firstly

/ lz|* Avp A (%) da| < / ||| Avk || A(?)or + 2V (%) - Vo | da
R» R»

1/2
+/|:E|a|<pAvk|2dx§ /|glc|o‘|Afuk|2 dz
Rn Rn
1/2
«|c / (Joul? + Vo ?) da +/|x\“|Avk|2dx
By\Bi Rr

because ¢ is constant in By and out of By. Then

Ek/|:c\°‘Ava(g02vk)dx —0 (5.10)
RTI
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thanks to (5.7) and because the sequence (vy) is bounded in D%2(R™; |z|*~2)
and then also in H!(Bz\Bj). Secondly, as v, — 0 weakly in DV2(R"; |z|%2)
we also obtain that

/ |z|* 2 Vg, - V(p?vg) do = / |22 |V (pug)|? dz 4 o(1) . (5.11)
R R
In addition, using Hélder inequality and (5.5)

2/q
/|x\_ﬂ\vk\qw2 de <2 / 2| =P |pup|? da . (5.12)
R™ Rn
By definition of go we also have that
2/q
/|x|a_2|V(<pvk)|2dx > 5 /|m|_ﬂ|@vk|qu . (5.13)

Rn R

Plugging (5.10)(5.13) into (5.9) and taking into account that Sy — Sp, we
obtain
2/q 2/q

~ a=2 = _
So /|x\_ﬂ|<pvk\qu <2777 S /|m| Bl da +o(1).
R™ R»

Being ¢ > 2, we infer that fBl |z|~P|vg|? dz — 0 and, by (5.5),

1
2| 7P |9 dz — 3 (5.14)
Bo\Bi

On the other hand, if vy — 0 weakly in D*2(R"™; |2|*~?2), in particular vy — 0
weakly in HE (R™\{0}) and, by the Rellich compactness theorem, vy — 0

loc

strongly in L9(Bs\Bj) because ¢ < 2*. This is in contradiction with (5.14).

Therefore, v # 0. Since, by (5.7), (vx) is a minimizing sequence for Sy with

a nonzero weak limit, it is standard to conclude that v is a minimizer for Sy

and vy, — v strongly in DV2(R"; |z|*~2). O

Proof of Theorem 1.5. Let uy, € D*2(R"™; |z|%) be a ground state of (1.3) with
1

A= A, and set Sy, = Sq 4(Ar) and ug = Sk_ﬁuk. Then uy turns out to be

a minimizer for §a7q (A1) with

/ lz| P |7 de = 1.
]R’n
Moreover there exists pi > 0 such that
. 1
/|x\_ﬁ\pk * upl?de = 3
Bs

Hence vy, = py 1y, is again a minimizer for S, ,(\; ') and satisfies (5.5). Since
(5.6) holds, there exists v € DY2(R™; |2|*) such that, for a subsequence, v, —
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v weakly in D12(R"; |z|). Since A\, — oo, by Lemma 5.3, vy — v strongly

in DY2(R";|2|*) and v is a minimizer for S, 4(0). Then u = Sa’q(O)q%?v
o

turns out to be a ground state for problem (1.12) and limy A, *~* pi, * uy, =

~ X a1
Se,q(0)7=2 limy, S, “~% py * up, = u strongly in D?(R™; |z|*).

Acknowledgements

The first author is partially supported by the PRIN2012 grant “Variational
and perturbative aspects of nonlinear differential problems”. He is also mem-
ber of the Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le
loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
(INdAM).

References

[1] Alves, C., do O, M., Miyagaki, O.: On a class of singular biharmonic problems
involving critical exponents. J. Math. Anal. Appl. 277:12-26 (2003)

[2] Berchio, E., Farina, A., Ferrero, A., Gazzola, F.: Existence and stability of
entire solutions to a semilinear fourth order elliptic problem. J. Diff. Equ. 252,
25962616 (2012)

[3] Bhakta, M.: A note on semilinear elliptic equation with biharmonic operator
and multiple critical nonlinearities, arxiv:1405.0162 (to appear in Adv. Nonlin.
Stud.)

[4] Bhakta, M., Musina, R.: Entire solutions for a class of variational problems
involving the biharmonic operator and Rellich potentials. Nonlinear Anal.
Theory Methods Appl. 75, 3836-3848 (2012)

[5] Caffarelli, L., Kohn, R., Nirenberg, L.: First order interpolation inequalities
with weight. Compos. Math. 53, 259-275 (1984)

[6] Caldiroli, P.: Radial and non radial ground states for a class of dilation
invariant fourth order semilinear elliptic equations on R". Commun. Pure Appl.
Anal. 13, 811-821 (2013)

[7] Caldiroli, P., Musina, R.: Rellich inequalities with weights. Calc. Var. PDE 15,
147-164 (2012)

[8] Caldiroli, P., Musina, R.: On Caffarelli-Kohn—Nirenberg type inequalities for
the weighted biharmonic operator in cones. Milan J. Math. 79, 657687 (2011)

[9] Caldiroli, P., Musina, R.: A class of second order dilation invariant inequalities.
In: Adimurthi, Sandeep, K., Schindler, I., Tintarev, K. (eds) Proceedings of
the Conference on Cocompact Imbeddings, Profile Decompositions, and their
Applications to PDE. Birkh&user, Trends in Mathematics series, pp. 17-28
(2013)

[10] Cora, G.: Entire solutions for a class of fourth order semi linear elliptic equa-
tions with weights, Master Thesis, University of Torino (2014)

[11] Edmunds, D.E., Fortunato, D., Jannelli, E.: Critical exponents, critical dimen-
sions and the biharmonic operator. Arch. Rat. Mech. Anal. 112, 269289 (1990)

[12] Felli, V., Schneider, M.: Perturbation results of critical elliptic equations of
Caffarelli-Kohn—Nirenberg type. J. Diff. Equ. 191, 121-142 (2003)


http://arxiv.org/abs/1405.0162

Vol. 13 (2016) Semilinear Elliptic Equations with Weights 675

[13] Ghoussoub, N., Moradifam, A.: Bessel pairs and optimal Hardy and Hardy—
Rellich inequalities. Math. Ann. 349, 1-57 (2011)

[14] Ghoussoub, N., Moradifam, A.: Functional Inequalities: New Perspectives and
New Applications, Mathematical Surveys and Monographs, vol. 187. American
Mathematical Society (2013)

[15] Lions, P.-L.: The concentration—compactness principle in the calculus of vari-
ations. The Limit Case, Part 1. Rev. Mat. Iberoam. 1, 145-201 (1985)

[16] Mitidieri, E.: A Rellich type identity and applications. Commun. Part. Diff.
Equ. 18, 125-151 (1993)

[17] Mitidieri, E.: Nonexistence of positive solutions of semilinear elliptic systems
in RY. Diff. Int. Equ. 9, 465-479 (1996)

[18] Moradifam, A.: Optimal weighted Hardy-Rellich inequalities on H? N Hy.
J. Lond. Math. Soc. 85, 22-40 (2011)

[19] Musina, R.: Weighted Sobolev spaces of radially symmetric functions. Ann.
Mat. Pura Appl. (2013). doi:10.1007/s10231-013-0348-4

[20] Noussair, E.S., Swanson, C.A., Yang, J.: Transcritical Biharmonic Equations
in RY. Funkcialaj Ekvacioj 35, 533-543 (1992)

[21] Struwe, M.: Variational Methods, 4th edn. Springer (2008)

Paolo Caldiroli and Gabriele Cora

Dipartimento di Matematica

Universita di Torino

via Carlo Alberto, 10

10123 Torino, Italy

e-mail: paolo.caldiroli@unito.it
gabriele.cora@unito.it

Received: May 9, 2014.
Accepted: January 7, 2015.


http://dx.doi.org/10.1007/s10231-013-0348-4

	Entire Solutions for a Class of Fourth-Order Semilinear Elliptic Equations with Weights
	Abstract
	1. Introduction
	2. Preliminaries
	3. Global Ground States
	4. Radial Ground States
	5. Symmetry Breaking and Limiting Profiles
	Acknowledgements
	References




