Mediterr. J. Math. 13 (2016), 191-204
DOI 10.1007/s00009-014-0494-y
0378-620X/16/010191-14

published online November 25, 2014
(© Springer Basel 2014

Mediterranean Journal
of Mathematics

@ CrossMark

Existence of Positive Solutions for Nonlinear
Second-Order Impulsive Boundary Value
Problems on Time Scales

Fatma Tokmak Fen and Ilkay Yaslan Karaca

Abstract. This paper is concerned with the existence of positive solutions
of second-order impulsive boundary value problem with integral bound-
ary conditions on time scales. Existence results of at least three positive
solutions are established via a new fixed point theorem in a cone. Also,
an example is given to illustrate the effectiveness of our result.
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1. Introduction

The theory of impulsive differential equations is adequate mathematical mod-
els for description of evolution processes characterized by the combination of
a continuous and jump change of their state. Impulsive differential equations
have become an important area of research in recent years of the needs of
modern technology, engineering, economics and physics. Moreover, impulsive
differential equations are richer in applications compared to the correspond-
ing theory of ordinary differential equations. Many of the mathematical prob-
lems encountered in the study of impulsive differential equations cannot be
treated with the usual techniques within the standard framework of ordinary
differential equations. For the introduction of the basic theory of impulsive
equations, see [2,7,9,12,14,18,21,22] and the references therein.

The theory of dynamic equations on time scales goes back to Stefan
Hilger [11]. Now, it is still a new area of fairly theoretical exploration in
mathematics. The study unifies existing results in differential and finite dif-
ference equations, and provides powerful new tools for exploring connections
between the traditionally separated fields. We refer the books by Bohner and
Peterson [4,5], Lakshmikantham [16] and the papers [1,3,15].
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Boundary value problem with integral boundary conditions has been
the subject of investigations along the line with impulse differential equations
because of their wide applicability in various fields (cf., e.g., [19,23]). Very few
works have been done to the existence of positive solutions to boundary value
problems for impulsive dynamic equations with integral boundary conditions
on time scales (see [8,10,13,17]).

In [6], Boucherif considered the following second-order boundary value
problem with integral boundary conditions

y' = f(t,yt), 0<t<l,

y(0) — ay/(0) = / go(s)y(s)ds,

y(1) = by'(1) = /0 g1(8)y(s)ds.

Using Krasnoselskii’s fixed point theorem, he obtained the existence criteria
of at least one positive solution.

In [12], Hu et al. studied second-order two-point impulsive boundary
value problem

—u" = h(t)f(t,u), teJ,

—Au'|=p, = Tk (u(tr)),

Auliy, = I(u(ty)), k=1,2,...,m,
au(0) — pu’(0) =0,

~yu(l) + du/(1) = 0.

Using the fixed point theorem in cone, they obtained the existence criteria of
one or two positive solutions.

In [17], Li and Shu considered following first-order nonlinear impulsive
integral boundary value problem on time scales

a®(t) +p(t)a(o(t) = f(tz (o(t), teJ:=[0,Tx\{tr,t2,... tm},
Ax(ty) =x(t]) —2(t]) = L(u(ty)), i=1,2,...,m,

o(T)
w(0) = alo(T) = [ go)alss.

Using the well-known Guo-Krasnoselskii fixed point theorem and Legget—
Williams fixed point theorem, some criteria for the existence of at least one,
two, and three positive solutions were established for the problem under
consideration, respectively.

Motivated by the above results, in this study, we consider the following
second-order impulsive boundary value problem (BVP) with integral bound-
ary conditions on time scales
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UAA() )t ut) =0, teJ:=[0,1]r, t#tx,

q(t
A’U,‘t tr — I( (k)), k:1,2,...,n,
Au |y, = —Ji(u(tr)),

au(0) — bu® /01 g91(s 8, -y

1
( —|—du / 92 S,
0

where T is a time scale, 0,1 € T, [0,1]r = [0,1]NT, t, € (0,1)r, k =
1,2,...,n with 0 < ¢ <t < ... <t, < 1. Auli—, and AuA|t:tk denote
the jump of u(t) and u®(t) at t = ty, i.e.,

Au=y, = u(tz) —u(ty ), AuA|t:tk = uA(tZ) — uA(t,;)7

where u(t)),u”(t{) and u(t; ),u”(t;) represent the right-hand limit and
left-hand limit of u(t) and u®(t) at t = t, k = 1,2,...,n, respectively.

Throughout this paper, we assume that following conditions hold:

(C1) a,b,c,d € [0,00) with ac+ ad + bc > 0,

(C2) fec(o,1]r x RTRT), g € C([0,1]7,RT),

(03) g1, 92 € C([Oa 1]11';R+)’

(C4) Iy € C(RT,R*) and J; € C(RT,R™) are bounded functions such that
(c(1—z)+ d)Jx(u(x)) > clp(u(x)), for all x € R.

Using a new fixed point theorem due to Ren et al. [20], we get the
existence of at least three positive solutions for the impulsive BVP (1.1). To
the authors’ knowledge, there is not much work on the existence of positive
solutions for the boundary value problem of second-order impulsive boundary
value problem with integral boundary conditions on time scales. Our problem
is very different from the papers in literature. In fact, our result is also new
when T =R (the differential case) and T = Z (the discrete case). Therefore,
the result can be considered as a contribution to this field.

This paper is organized as follows. In Sect. 2, we provide some definitions
and preliminary lemmas which are key tools for our main result. We give and
prove our main result in Sect. 3. Finally, in Sect. 4, we give an example to
demonstrate effective of our result.

2. Preliminaries

In this section, to state the main result of this paper, we need the following
lemmas. Throughout the rest of this paper, we assume that the points of
impulse ¢ are right dense for each k = 1,2,...,n. Let J = [0,1]r, J' =
J\{t1,ta,...,tn}. We define

B = {u| uw:[0,1]7 — R is continuous at ¢t # tj, left continuous at ¢ = t,

and there exist u(t;) and u(t}) with u(t; ) = u(ty) for k =1,2,...,n}.
Then, B is a real Banach space with the norm |[ju|| = sup,cg 1), [u(t)]. A
function u € BNC?(J') is called a solution to (1.1) if it satisfies all equations

of (1.1).
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P = {u € B : u(t) is nonnegative, nondecreasing on [0, 1|1 and
u® (t) is nonincreasing on [0, 1]T}.

Obviously, P is a cone in B. We note that, for each u € P,

Jul = sup |u(?)] = u(1).
t€[0,1]r

Denote by 6 and ¢, the solutions of the corresponding homogeneous equation
utB(t) =0, t el (2.1)

under the initial conditions

(2.2)

Using the initial conditions (2.2), we can deduce from Eq. (2.1) for 0
and ¢ the following equations:

0(t) =b+at, o(t)=d+c(1—1). (2.3)
Set
1 1
/ g1(s) (b+as) s p— / g1(s) (d+c(l —s)) As
D= ° : C(24)
p— /0 92(8) (b+ as) As —/0 g2(8) (d+¢c(1 —s)) As
and

p:=ad + ac+ be. (2.5)

Lemma 2.1. Let (C1)~(C4) hold. Assume that D # 0. If u € BNC?(J') is a
solution of the equation

/ G(t,s)q(s)f (s ,u(s))As—&—zn:Wk(t,tk)

k=1
+A(f)(O+ at) + B(f)(d+ c(1 — 1)), (2.6)
where

1 { (b + at) (7CIk(u(tk)) + (d + C(l — tk))Jk (u(tk))), t < tg,

Wy (tvtk) =~
P\ @+ e - 0) (ali(u(t) + b+ ati) i (u(ts)),  ti <t
(2.7)

1 ((b4ao(s))(d+ec(l—1t), o(s)<t,

Glts) = P { (b+at)(d+c(1—o(s), t<s, (28)
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' 1
A(f) = 1 /0 g1(s)F(s)As, p 7/0 g1(8)(d+c(1 — 5))As
D 1 ) |

| w@r@as - [ o+ -sas

and

1 n
F(5)i= [ G sr) o) ) S+ 30 Wi (5ot

k=1
then, u is a solution of the impulsive boundary value problem (1.1).

Proof. Let u satisfies the integral Eq. (2.6), then we have

u(t) = /0 %(b +ao(s))(d+c(1—1))g(s)f (s,u(s)) As

1
+ / %<b+at><d+c<1 —o(5)))a(s)] (s u(s)) As
+ ) (At — 1) (alp(u(te)) + (b + at) Ji (u(tr)))

O<tp<t

+ > (b+at) (—eli(ute)) + (d+ c(1 — tx) Jk (u(tr)))

t<tp<1
+A(f)(b+at) + B(f)(d+ c(1 —t)),

A = — tE aols S S, u(s S
WA (1) = /Opm (s))a(s)f (5, u(s)) A&

- Z (alk(u(t)) + (b + aty)Jx (ulty)))
0<tr<t

+ ) a(—cl(ults) + (d+ c(1 — ) Jk (ultr)))
t<tp<1

+A(f)a— B(f)e,

195

(2.9)

(2.10)

(2.11)
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So, we get u™2(t) + q(t) f(t,u(t)) = 0. Since

u(0) = / % (d+c(1 — o(s))) qls)f (s u(s)) As

+zn:b(—cfk(u(tk)) + (d+ (1 —tg)) Jx (ultr)))
+A(f)b+ B(f)(d+ o),
4 = g & — O\S S S, uls S
u (0)—/0 p(d+ (L=0(s)))a(s)f (s,u(s)) A

n

+ > a(—cly(u(te)) + (d+ (1 = tx)) T (ultr)))
k=1
+A(f)a— B(f)c,
we have

au(0) — bu”(0) = B(f) (ad + ac + bc)
= 1 s ler r)f (r,u(r ArJriW(st)
[ ao( [ 6enans e

k=1

+A(f) (b + as) + B(f)(d+ c(1 — s)))As. (2.12)

u(l) = / %<b+ a0(5)a(s)f (s, u(s)) As
+ z”: d(al(u(te)) + (b+ aty)Jx (u(tr))) + A(f)(b+a) + B(f)d,
(b+ ao(s))q(s)f (5. u(s)) As

+ —c (aIk(u(tk)) +(b+ atk)Jk (u(tk))) + A(f)a — B(f)c,

we have

cu(1) + du® (1) = A(f) (ad + ac + bc)

—/ (/Gsr Ar—l—ZWk (s,tx)

k=1

FA(F)(b+ as) + B(f)(d + c(1 —s)))As. (2.13)
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From (2.5), (2.12) and (2.13), we get
- ()b + s a0+ o= | g (s)(d+ (1 - s B

_ /0 (s F(s)As

)

p— 192(5)(5+aS)A8 AN+ |— 192(5)(d+C(1—8))A5 B(f)
- Jaol-] |

1
= / 92(8)F(s)As

0
which implies that A(f) and B(f) satisfy (2.9) and (2.10), respectively. O
Lemma 2.2. Let (C1)—(C4) hold. Assume

1 1
(C5) D <0, p —/ g2(s)(b+ as)As >0, a— / g1(s)As > 0.
0 0

Then for uw € BN C%(J') with f,q > 0, the solution u of the problem (1.1)
satisfies u(t) > 0 for t € [0, 1]r.

Proof. It is an immediate subsequence of the facts that G > 0 on [0, 1]t X
[0, 1]r and A(f) >0, B(f) > 0. O

Lemma 2.3. Let (C1)—(C5) hold. Assume
1

(C6) c—/ g2(s)As < 0.
0

Then the solution w € BN C?(J') of the problem (1.1) satisfies u™(t) > 0 for
t € [0,1]r.

Proof. Assume that the inequality u“(t) < 0 holds. Since u*(t) is nonin-
creasing on [0, 1]y, one can verify that

ut(1) < u?(t), t € [0,1]r.
From the boundary conditions of the problem (1.1), we have

C

1
—Lu)+ g [ msus)ns <t o) <o

The last inequality yields

—cu(1) +/0 g2(s)u(s)As < 0.

Therefore, we obtain that

1 1
/ ga(s)u(D)As < / ga(s)u(s)As < cu(L),
0 0

(c _ /0192(5)As> u(1) > 0.

ie.,



198 F. T. Fen and I. Y. Karaca MJOM

According to Lemma 2.2, we have that (1) > 0. So, ¢ — fol g2(s)As > 0.

However, this contradicts to condition (C6). Consequently, u*(t) > 0 for
€ [0, 1]r. O

Define T': P — B by

1 n
Tu(t) = /0 G (t,s)q(s)f (s,u(s)) As + Z Wi (t,tr) (2.14)

k=1

+A(f)(b+at) + B(f)(d+c(1 —1)),

where Wy, G, A(f) and B(f) are defined as in (2.7), (2.8), (2.9) and (2.10),
respectively.

Lemma 2.4. Let (C'1)—(C6) hold. ThenT : P — P is completely continuous.

Proof. By Arzela—Ascoli theorem, we can easily prove that operator T is
completely continuous. 0

3. Main Result

The following fixed point theorem is fundamental and important to the proof
of our main result.

Definition 3.1. Let B be a Banach space. Given a nonnegative continuous
function v on a cone P C B, for each ¢ > 0 we define the set P(v,¢) =
{zr eP:vyx)<c}.

Lemma 3.2. [20] Let P be a cone in a real Banach space B. Let o, 3 and =
be three increasing, nonnegative and continuous functionals on P, satisfying
for some ¢ >0 and M > 0 such that

V(@) < B() < afz), (o] < My(z)

for all x € P(v,c¢). Suppose there exists a completely continuous operator
P(y,¢) =P and 0 < a < b < ¢ such that

7, c
() E z) < ¢, for all x € OP(v,c);

(ii) B(Tx) > b, for all x € OP(5,b);
(i) P, a) # @, and o(Tz) < a, for all z € P (e, a).

Then, T has at least three fized points, x1, xo and x3 € P(v,c) such that
0<a(r) <a<a(rs), Blra)<b<pfB(xs), (xs) <ec

Now, we consider the existence of at least three positive solutions for
the impulsive boundary value problem (1.1) by the fixed point theorem in
[20].
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Suppose n, ¢ € T with 0 < n < ¢ < 1. We define the increasing,
nonnegative, continuous functionals v, 3, and a on P by

() = max wu(t) = (),

STHT

Blu) = . erflircl] u(t) = u(n),

56T

a(u) = té?O%ZﬁTu(t) = u(().

It is obvious that for each u € P, v(u) < f(u) < a(u). In addition, for each
u € P, since u® is nonincreasing on [0, 1]y we have y(u) = u(n) > nu(1).

1
Thus, |Ju]| < ;W(u), Yu € P.

For convenience, we denote

5) :/O G (5.7) () + 2+ ) 2a +b)

/ s)As p— /091(8)(d+c(1—s))As
1 u
/ s)As —/0 92(8) (d+c(1 —s)) As
1
B.:l 7/0 1(8) (b4 as) As /0 g1(s)H(s)As
b [ a0 a s [ o
0 0
/G(, )As+ " (c+d)(2a+b)+(b+a<)A+(d+c(1—g))B,

Theorem 3.3. Suppose the assumptions of (C1)—(C6) are satisfied. Let there
exist positive numbers | < m < r such that

A
l<nm<%m<r,

and assume that f, Iy and Ji satisﬁes the following conditions:

(C7) f(tu) < % Ie(u(ty)) < A, Ti(ultr)) < % for all (t,u) € [0,1]1 x

{0,1, k=1,2,....n
7

(C8) f(t,u)> % for all (t,u) € [n, [ 7:71]
y< L
—A

I(u(t)) < 5o Tulultn)

}, k=1,2,...,n.

(C9) f(t,u) < Jor all (t,u) € [0,1]1 x

b

= |~
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Then the boundary value problem (1.1) has at least three positive solutions

uy, uz and uz belong to P(vy,r) such that
0 <oa(u) <l<a(u), Bluz) <m < Buz), y(uz) <.

Proof. We define the completely continuous operator T' by (2.14). So, it is
easy to check that T : P(y,r) — P.

We now show that all the conditions of Lemma 3.2 are satisfied. To
show that condition (i) of Lemma 3.2, we choose u € 9P(~,r). Then v(u) =

rr[loax] u(t) = u(n) = r, this implies that 0 < u(t) < r for t € [0,n]r. If we
te[0,m]r

1 1
recall that ||u]| < =v(u) = —r. So, we have
n n

Then assumption (C7) implies for all (¢, u) € [0, 1]rx [07

Therefore,
y(Tu) = g[lo‘c}gﬁT(TU)(t) = (Tu)(n)
Z/Gm ) (s,u(s)) s+ S Wi (n, 1)

k=1

+A(f)(b+ an) + B(f)(d + ¢(C))
1 n
< </0 G(C,s)q(s)As—l—;(c+d)(2a+b)—|—(b+a()A

r

H(d+ (1 — g))B) =

Hence, condition (i) is satisfied.
Second, we show that (ii) of Lemma 3.2 is satisfied. For this, we take
u € OP(B,m). Then, B(u) = minycp, ¢, u(t)= u(n) = m, this means u(t) >

1 1
m, for all ¢ € [n, 1]p. Noticing that ||u]| < —y(u) < =f(u) = ﬂ, we get
n n n

m < u(t) < m, for ¢t € [n, 1]r.
n
Then, assumption (C8) implies f(¢,u) > g Therefore,

p(Tu) = EIT%T(TU)(U = (Tu)(n)

z/amngume>%/Gm@mem.

So, we get B(Tu) > m. Hence, condition (ii) is satisfied.
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Finally, we show that the condition (iii) of Lemma 3.2 is satisfied. We
l
note that u(t) = 3’ t € [0,1]r is a member of P(a, 1), and so P(«,1) # 0.
Now, let u € 9P(a,1). Then a(u) = maxejo ¢}, u(t) = u(¢) = I. This

1 1 l
implies 0 < u(t) <, ¢ € [0,(]r. Noticing that [Ju| < =7v(u) < —a(u) = —,
n n
we get
l
0<wu(t)<—, fortel01]r.
n
l
By the assumption (C9), we have for all (¢,u) € [0, 1] x [O, TJ ,
Fltw) < 5 L) <+ A(u(t) < 1. k=12
7'U, A71€uk _A7k7u]€ _A7 — 4 7n

Therefore, we get

o(Tu) = max (Tu)(t) = (Tw)()

< (/ G(¢:9)a(s)bs + 2e+ )20+ )

+(b+al)A+ (d+c(1 — C))BM =1

So, we get a(Tu) < I. Thus, (iii) of Lemma 3.2 is satisfied.
Therefore, by Lemma 3.2, the impulsive boundary value problem (1.1)
has at least three positive solutions u1, us and ug belong to P(v,r) such that

0 <a(u) <l<alu), Blug) <m < B(uz), y(uz) <r.

The proof of Theorem 3.3 is complete. O

4. An Example
Ezample. In BVP (1.1), suppose that T = [0,1], q(t) = ¢1(t) = ¢2(t) =
1, a=3,0b=1, c:z and d =4, i.e.,
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where
0.6 u € [0, 25],
1
% (372u — 9285), wu € (25,30],
fltu) = )
= (5u + 450), u € (30, 150],
150, u > 150,
L) = - w>0 J)=—u >0
W= g0t =0 W T 5t =
. . 17 1
By simple calculation, we get p = 13, 0(¢t) = 1 + 3t, ¢(t) = T Zt D =
IR
8 3978
17 1
—_Z <
s ) (1+33)<4 41&), s <t,
,S) = 75
) e (L), s
1 1%) tss
1 1 656 7751
Setn—g7 C—i,thenwegetQ—@, A= 991" Taking [ =5, m =30
and r = 1000, it is easy to check that
2519075
1
5<6< 802914 30 < 1000,

and the conditions (C1)-(C6) are satisfied. Now, we show that conditions
(C7)—(C9) are satisfied:

1224 1 1224
f(tu(t)) <150 < % _ 1224000 - (u ()) <150 < L — 1224000

7751 4 A~ T
Jy (u (i)) <10 < 2 = 1272;150100 for (t,u(t)) € [0,1] x [0,5000];
F(tut)) > 75 > %:%f (t, u(t) 6{;,1} % [30, 150];
o -0 S (1)) <3 L

T (u (i)) < io < % gg? for (£, u(t)) € [0,1] x [0,25].

So, all conditions of Theorem 3.3 hold. Thus by Theorem 3.3, the BVP (4.1)
has at least three positive solutions uj, us and uz belong to P(~, 1000) such
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that
0 < max u(t) <5 < max us(t),
t€[0,3] t€[0, 3]
min wuq(t) < 30 < min wus(t),
iy 2, e
max_us(t) < 1000.
tef0,1]
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