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1. Introduction

Consider the oscillatory behavior of a fourth-order half-linear delay dynamic
equation with damping

(r(@®° )2 () + p(t) (7)1 (1) + q(t)a (7(t) = 0 (1.1)

on a time scale T unbounded above; here v > 0 is the ratio of positive odd
integers, 7, p, and ¢ are positive real-valued rd-continuous functions defined
on T, r(t) — p(t)p(t) # 0,7 € Ca(T,T), 7(t) <t, and 7(t) — oo as t — oco.

Since we are interested in oscillation, we assume throughout this paper
that the given time scale T is unbounded above and is a time scale interval
of the form [tg, 00) := [to, 00) N T with ¢y € T. On any time scale we define
the forward and backward jump operators by o(t) := inf{s € T|s > ¢} and
p(t) :=sup{s € T|s < t}, where inf () := supT and sup® := inf T, () denotes
the empty set. A point ¢ € T is said to be left-dense if p(t) = ¢ and ¢ > inf T,
right-dense if o(t) = ¢t and ¢t < sup T, left-scattered if p(t) < ¢, and right-
scattered if o(t) > t. The graininess function p : T — [0,00) is defined by
wu(t) := o(t)—t, and for any function f : T — R the notation f7(t) := f(o(t)).
For further discussion on time scales, we refer the reader to [5,6,13].

By a solution of (1.1) we mean a nontrivial real-valued function z €

C3[T, 00)r, Ty € [to,00)r which has the property r(xAs)'Y € CL[Ty, 00)T

Y Birkhauser
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and satisfies (1.1) on [T, 00)r. The solutions vanishing in some neighbour-
hood of infinity will be excluded from our consideration. A solution z of (1.1)
is said to be oscillatory if it is neither eventually positive nor eventually neg-
ative; otherwise, it is nonoscillatory. Equation (1.1) is called oscillatory if all
its solutions are oscillatory.

Recently, there has been much activity concerning oscillatory and as-
ymptotic behavior of different classes of dynamic equations on time scales. We
refer the reader to the books [2,5,6,17], the papers [1,3,4,7-12,14-16,18-20],
and the references cited therein. Saker et al. [18] considered a second-order
dynamic equation with damping

(ra®)2 () + p(t)a" (1) + (1) f (27 (t)) = 0.
Erbe et al. [7] studied a class of second-order delay dynamic equations with
a nonlinear damping

(r(@®)M)2 () + p(8) (@7 ()7 + a(t) f (2(7(t))) = 0.
Erbe et al. [8] investigated a third-order dynamic equation
227 (1) + q(t)z(t) = 0.

Agarwal et al. [1], Hassan [12], and Li et al. [15] considered a third-order
nonlinear delay dynamic equation

(al(ra®)2)) " (8) + F(t,2(r (1)) = 0.
Grace et al. [9] studied a fourth-order dynamic equation
22 (1) + q(t)2 (o)) = 0.

Monotone and oscillatory behavior of solutions of a fourth-order dynamic
equation

(a(22)) 2 (1) + g(t)2” (o (1) = 0
with the property that
x(t)
ftz ftz a~1/a(T)ATAs

were established by Grace et al. [10]. Grace et al. [11] considered a fourth-
order dynamic equation

—0 as t— o0

22 (1) + q(t)27 () = 0.

Li et al. [16] studied oscillation of unbounded solutions to a fourth-order delay
dynamic equation

(rz®)2 (1) + g(8)z(r(1)) = 0

under the assumption j;zo r~1(t)At < oo and obtained some comparison
theorems. Zhang et al. [20] investigated a fourth-order dynamic equation

(rz®)2 (1) + q(6) f(z(o (1)) = 0

in the case where [, ™! (t)At < oc.
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So far, there are few results on oscillatory behavior of (1.1). Hence the
aim of this paper is to give some oscillation criteria for this equation.

2. Main Results

In what follows, all functional inequalities are assumed to hold eventually,
that is, they are satisfied for all sufficiently large ¢. We begin with the follow-
ing lemma.

Lemma 2.1 (See [5, Theorem 2.33]). Assume 1+ p(t)p(t) # 0 and fix to € T.
Then e, (-, to) is a solution of the initial value problem

Y= =p(t)y, ylto) = 1.

Lemma 2.2. Assume x is an eventually positive solution of (1.1). If

7(6"’;’“(3’ tO))w At = o0, (2.1)

to

then there are only the following two possible cases for t € [t1,00)T, where
t1 € [to,00)r sufficiently large:

(1) z(t) > 0,22(t) > 0,222(t) > 0,22 (t) >0, (T(xAS)V)A(t) < 0;
(2) z(t) > 0,22(t) > 0,222(t) < 0,227 (t) > 0, (r(z2"))A(t) < 0.

Proof. Let x be an eventually positive solution of (1.1). Then there exists a
t1 € [to,00)r such that z(t) > 0 and z(7(¢)) > 0 for t € [t1,00)p. From (1.1),
we have

(r(@®" )2 () + p(t) () (8) = —q(8)27 ((t)) < 0 (2.2)
for ¢ € [t1,00)7. Hence, we obtain by (2.2) and Lemma 2.1 that

(’W‘”')” )A (@) )2y (o to) — (2 )eR ) (- t0)
)

e—p/r('v tO)eip/T('y tO)

_ A 4 pedy
eip/r(.’to) .

e—p/r('v to

Thus, T(QL‘AS)"*/e,p/T(7 to) is decreasing. Then 22, z22, and z2” are of con-

stant sign eventually. We claim that 22 > 0. If not, there exist a constant
M > 0 and t5 € [t1,00)7 such that

DAV (¢
r#) (== )7(1) <—-M <0, tEe€ [ty,00)r.
e—p/’l"(t7t0)
That is,
1/~
(it
0 < (D) L e oo
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Integrating this from t¢5 to t, we get

. 1/
(st
xAA(t) < xAA(t2) _ Ml/’Y/ (W(S())) As.
r(s)
2
Hence, we have lim; o, 222(t) = —oo0, and then lim; .o, z(t) = —oo, which
is a contradiction. If

A > 0,

then 22 > 0 due to z2° > 0. If

B8 < 0,
then 2 > 0 by « > 0. The proof is complete. O
Lemma 2.3. Assume x is a solution of (1.1) which satisfies case (1) of Lemma

2.2. Then
/ A
AA 1/~ S AP
2220 = 100 [ 7 =)o, (2.3)
ty
If there exist a function ¢ € CLi([to,o0)r, (0,00)) and a ts € [t;,00)r such
that

o(1) A
- 0 2.4
) f), Rt P =0t el ool (2.4)

then £22 /¢ is a nonincreasing function on t € [ta,00)T, and
t
2 (t) > % /(i)(s)As 222 (L) for t€ [ty,00)T. (2.5)
ta

Further, if there exist a function p € C ([to, 00)T, (0,00)) and a t3 € [ta,o0)r
such that

e(t)
% fti #(s)As

then 2 /¢ is a nonincreasing function on t € [tz, o0)r, and

—o2(t) <0, telts,o0)T, (2.6)

t

1
x(t) > m/gp(s)As ™ (t)  for t€ [ts,00)r. (2.7)

t3

Proof. From 222 >0, 2" > 0, and (r(22°)")2 < 0, we have

AA(p) — AN / (T(IAa)V)l/V(S) s 1/ / As A
200 = (t1)+/ r1/7(s) A= (t)t/rl/“Y(S) (®).
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Thus,

AAN A A3 AA A AA

@ _ 2 (B)e(t) -z ()2 () . a7 (t) #(t) A
(55) o= s oran (wv(t)f; . E (t)) =

Therefore, 244 /¢ is a nonincreasing function on [ts, c0)r. Then, we obtain

Ay _ A txAA(S) B /
p(0) =)+ [ o) ( 0 / ) 2(t).

ta
Hence,
eANS 2t We(t) — et (Bt (1) _ zh () et) A
() - FOED = H0e @\ L eas  © W) =0

Thus, 22 /¢ is a nonincreasing function on [t3,00)t. So we have

[ (s /
x(t) = z(t3) +/ @((s)) o(s)As > (90??5) /@(S)As) 2 (t).

t3

This completes the proof. O

Remark 2.4. The functions gf) and cp are existent, e.g., by letting ¢(t) :=
fttl r~1/7(s)As and (t ft

In the following, we use the notation (d(t))+ := max{0,d(t)}.

Theorem 2.5. Let (2.1) hold and v > 1. Assume that there exists a positive
function o € CLy([to, 00),R) such that for all sufficiently large t; € [to, 0o)T,
for some ty € [t1,00)T, t3 € [t2,00)T, and ty4 € [t3,00)T,

t

y Tt+l(g
1i1tfriigp/ {a”(S)q(S)f(&tzvts) 5 Jl)wl Dcw(s())

ty

} As=o00, (2.8)

where ¢ and ¢ are defined as in Lemma 2.3, and

7(s)

1
e EE ) / A“/ e I

_ (oW o (1)
cw=n (a:(o(t))) OFD ()i

(t)’
(

_ [t (o) T a%(p(t)
2= [ - () S,
If there exist positive functions B,s € CLy([to, 00)r,R) such that
<® ¢A(t) <0 for t large enough, (2.9)

t—1t
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and

fmsu | {ﬂg@c(a(s))g“)‘ IIGRG) }M:“’ (2.10)

where

then (1.1) is oscillatory.

Proof. Suppose that (1.1) has a nonoscillatory solution x on [tg,o0)r. We
may assume without loss of generality that there exists a t1 € [tg, 00)r such
that z(t) > 0 and z(7(¢)) > 0 for ¢ € [¢t1,00)r. Proceeding as in the proof of
Lemma 2.2, we get (2.2) and then x satisfies either (1) or (2).

Assume (1). Define the function w by

r()(@A) (1)

w(t) := a(t)m, t € [t1,00)T. (2.11)

Then w(t) > 0 for ¢ € [t1,00)r and
r(t)(x2%) r(zA%) .
WA(t) — OzA(t) (t)( ’y) (t) +Oéa(t) < ( ) ) (t),

which implies that

v T xA3 NA
A0 = a2 ))(tgw b
ar(p OO0
(AR () (@AB) (o (t)

(2.12)
By virtue of Pétzsche chain rule [5, Theorem 1.90], we have

1

(22))A () = 722" (1) / [ha®8 (o (1) + (1 — Rz ()] " dh
0
> (@842t (1), v > 1. (2.13)
Substituting (2.13) into (2.12), we find
W (t) < ad () LSO oy H D20

@57 (1)
r(t)(x“w“(t)( 22 (1) )

O esayaigy \BEE)
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From (2.2), (2.11), and the above inequality, we obtain
A o AAYy
A < @300 @p) (2

—a(t) a(t)r(t) (z22)7(a(1))

w(t)

. WD/ (¢) A8 7

—a’(t) 1 1 AA :
QGO Or7(E) \eB5 (1))

In view of (2.5), (2.7), and the fact that 244 /¢ is a nonincreasing function,

we have

z?(7(t)) :( z(7(t)) IAA(T(t))>’Y
(@22)7(a (1)) \222(r (1)) 222(a (1))

(2.14)

o(r() "
X<¢<o<t>>>
1 () (t) ¥
- («:(r(t)w(o(t» y “”(S)Ast ¢’<S>As) (2.15)
and
VIO
<$M(a(t)>) - (d)(a(t))) ' (2.16)

Substituting (2.15) and (2.16) into (2.14), we get

7(t) (1) B
A —af . s)As s)As
WA (1) < — a7 (Da() (wu)) o | e [ o )A)

t3 to

[ - (b)),

Y o(t) \7 w(v+l)/w(t)
00 (5) wrmE

Set
A:=C(t), B:=D(), and y:=w(t).
Using the inequality

+1
Ay v BT
By — Ay SHIE A A >0,
we get
VDY)

WA (t) < —a(t)q(t) f(t, ta, ts) + (y+ 1)+t Cv ()
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Integrating the above inequality from ¢4 (t4 € [t3,00)T) to ¢, we obtain

o VD7)
[t - I T B A < wte) -0 < wien
ty

which contradicts (2.8).
Assume (2). Define the function v by

V(t) = 5@)”325?, t € [t1,00)r. (2.17)
Then v(t) > 0 for ¢ € [t1,00)r and
a2 (t) B8, et (a1
VA0 = B8O T O o T O ey 219
Hence by (2.17) and (2.18), we have
R B O B (O RETOR
O ="50 "D+ 6wy T B ey’ P 1)

Since z > 0,z > 0, and 2% < 0, we obtain

2(t) = () + /xA(s)As > (t — 1)z (1),

Thus,
A A A
x _ 22 (@)s(t) — ()™ (2) x(t) s)
(2) 0= =G < e (e —°0) <o
Hence z /< is nonincreasing eventually, and so
) s ar() | se) 220,

z(o(t) ~ <le®)”  x(t) T <)
Hence by (2.19) and (2.20), we see that

Z/A(t) < BBA(S)V(t) + B7(t) ‘TAA(t) - s(t)

p
z(a(t))  <(a(t) (1)
On the other hand, we get by (1.1) that

z

@) = 0@ O + [ a0 (r(s)as <o
It follows from 2 > 0 and (2.20) that

z

r(2) @) (2) = () (@) () + 27 (1) /q(s) (g(T(S))> o=t

Letting z — oo in the above inequality, we obtain

—r (@) +aﬂ<t>7q<s> (S50 s <o
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due to lim,_, o 7(2)(22")7(2) = I; > 0. That is,

(1) > (1) [1 7q<s> (“g(()”) As

1/~

Therefore,

_aB () 4 2D (1) + a(t) / [ré) 7q(v) (g(z((;))))v Av

S

Letting z — oo in the last inequality and using lim, . (—222(2)) = 1z > 0,
we have

o] [ oo (50 o

t

1/~

As <0.

Thus, we get by (2.20) that

mAA (t)

(o (t))

4 oo (22 o

. - 1/
o< eSO T T ey ;
tH<-p (t)g(g(t))t/ [r(s)S/Q( )( s(v) ) . s
(B2, 5O _B7(1) o
"0 Y ewm e
which yields
. - 1/~
A < — g -0 [ [ (ST Al As
t)y<-p (t)g(g(t))t/ [r(s) S/Q( )( s(v) ) : s
L S(o @) (B> (1)+)*
4po(Ds(t)
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Integrating the latter inequality from to (to € [t1,00)T) to ¢, we have

t oo 0o 1/
ey SE [ L[ (SE@NT AL A
/ 0 @)g(a(s))! ’"(8>s/ 0 (G ) &
o A 2
SIS b ac < v(ta) - vt0) < wlt2),

which contradicts (2.10). The proof is complete. U
Remark 2.6. The function ¢ is existent, e.g., by letting ¢(¢t) := ¢ — ¢;.
Now we establish an oscillation result for (1.1) in the case where v < 1.

Theorem 2.7. Let (2.1) hold and v < 1. Assume that there exists a positive
function o € CLy([to, 00),R) such that for all sufficiently large t1 € [to, 00)T,
for some to € [t1,00)T, t3 € [ta,00)T, and ty4 € [t3,00)T,

limsup/ [a”(s)q(s)f(s,tg,tg) N D (s) As = oo, (2.23)

t—o0 (/7 + 1)’Y+1 EV(S)
tq
where ¢ and p are defined as in Lemma 2.3, f and D are as in Theorem 2.5,
and
(1) a’ (t)
¢(o(t) a1 ()t ()

If there exist positive functions B,c € Cl([to,00)1,R) such that (2.9) and
(2.10) hold, then (1.1) is oscillatory.

E(t) =~

Proof. Suppose that (1.1) has a nonoscillatory solution z on [ty,c0)r. We
may assume without loss of generality that there exists a t; € [to, 00)T such
that x(¢t) > 0 and x(7(¢)) > 0 for ¢t € [t;,00)r. Proceeding as in the proof of
Lemma 2.3, we get (2.2) and then z satisfies either (1) or (2).

Assume (1). Define the function w by (2.11). Then we obtain (2.12).
From Pé&tzsche chain rule [5, Theorem 1.90], we see that

(@230 =128 () [ Be*2(o(0) + (- @] dn

> (@) o) (1), ¥ <1 (2.24)
It follows from (2.12) and (2.24) that
LA < B TOEE) o (@) )A )
RO E0)

oy T 222 ()
—ya“ (t) (zAMFL() 228 (0(t))

The rest of the proof is similar to that of Theorem 2.5, and hence is omitted.
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Assume (2). The remainder of the proof is the same as that of Theorem
2.5. This completes the proof. O

3. Examples and Discussions
Below, we present two examples to show applications of the main results.

Ezample 3.1. Consider a fourth-order differential equation with damping

1 " ' 1 " )\ t
— — J— — = > 1. .
<tac (t)) —|—t3:c (t)—|—t5x 5 0, t>1 (3.1)
Here, v = 1,\ > 0 is a constant, r(t) = l/t,p( ) = 1/t3,q( ) = )\/t5
T(t) = t/2. Set ¢(t) ft sds = (2 —t12)/2,¢ ft —t1?) /2ds =

(13 —23)/6 — t12(t — 2)/2,5(t) =t — t1, at) —t2 and B(t) = t. Then (2.1)
holds,

t? 2 3 t3
= <pt) < B for t large enough,

7(s) 7(s)

1
f(s,ta,t3) = 2 () () / Au/qb Au>@

and
2t —1
2
Thus, (2.8) holds if A > 672 and (2.10) holds if A > 6. Therefore by Theorem
2.5, we see that equation (3.1) is oscillatory if A > 672.

O =1, D)=

Example 3.2. Consider a fourth-order delay dynamic equation with damping

18, \% 1 t
A A3
p— —_— —_ = -2
(tx (t)) t a7 (t)+w<2) 0, (3.2)
where t € T := 2% := {28 : k € ZYU{0}. Let v = 1,7(t) = 1/t, p(t) = 1/(2t?),
and ¢(t) = 1. Then it is not difficult to Verify that condition (2.1) is satisfied.
On the other hand, letting ¢(t) ft sAs, p(t ft 5)As,¢(t) = t —
t1,a(t) =1, and (t) = 1, then all assumptions of Theorem 2.7 hold. Hence,
equation (3.2) is oscillatory.

Remark 3.3. One can define the function

T DE) )
= 7 G
(@)

in the proof of case (1) in Theorem 2.5 or Theorem 2.7, and then obtain other
different classes of criteria for oscillation of (1.1).
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Remark 3.4. From the method given in this paper, one can obtain some
Philos-type oscillation criteria for (1.1). The details are left to the reader.
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