Mediterr. j. math. 1 (2004), 241-267 -
1660-5446/030241-27, DOI 10.1007 /s00009-004-0014-6 Mediterranean Journal
(© 2004 Birkh&user Verlag Basel/Switzerland of Mathematics
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Abstract. Using Orlicz-Sobolev spaces and a variant of the Mountain-Pass
Lemma of Ambrosetti-Rabinowitz we obtain existence of a (positive) solution
to a semilinear system of elliptic equations. The admissible nonlinearities are
such that the system is superlinear and subcritical. The Orlicz setting used
here allows us to consider nonlinearities which are not (asymptotically) pure
powers. Moreover, by an interpolation theorem of Boyd we find an elliptic
regularity result in Orlicz-Sobolev spaces. A bootstrapping argument implies
that the above mentioned solutions are classical.
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1. Introduction

In this paper we consider systems of the type

—Au=f(v) in€Q,
—Av=g(u) inQ, (1.1)
u=v=0 on 09,

where €2 is a bounded domain in R™, with a smooth boundary, and where f,g :
R — R are suitable monotone increasing functions satisfying f (0) = ¢ (0) = 0.
The special case for which f and g are (asymptotically) pure powers has been
treated by numerous authors of which we mention [16], [17], [6], [10], [13]. Indeed,
if f(v) = |v|* " vand g(u) = [u/’ " u with o, 8 > 0, then (1.1) possesses at least
one smooth positive solution for dimensions n > 3 if the following holds:

1 1 2
f——>1-= (1.2)
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The first inequality corresponds to ‘superlinearity’ which leads to existence of
solutions via a minimax argument. The second inequality corresponds to ‘subcriti-
cality’ which guarantees the required compactness in the application of a Mountain
Pass Lemma as well as regularity of solutions through a bootstrap argument.

The main goal of the present paper is to allow more general nonlinearities.
The nonlinearities that we consider still have polynomial growth but are not nec-
essarily asymptotic to a pure power. We will still assume ‘superlinearity’ and ‘sub-
criticality’. In this present setting a similar condition as in (1.2) is used but the
numbers « and (3 that appear in the right hand side do not need to be the same
as the ones in the left hand side.

We obtain a positive solution to (1.1) by inverting the first equation in (1.1)
and employing a variant of the Mountain Pass Lemma of Ambrosetti-Rabinowitz
(12]). The right setting for this approach is the use of Orlicz-Sobolev spaces. See
e.g [9].

The paper is organized as follows. The exponents mentioned above are in-
troduced in section 2. OQur main result is stated in Theorem 2.7. This theorem
addresses both existence and regularity. The existence part is based on an abstract
result stated in Proposition 3.2 which generalizes [7, Theorem 2]. This result is
stated and proved in section 3. The verification of condition ii) in Proposition 3.2
requires an interesting elliptic regularity result in Orlicz(-Sobolev) spaces which is
based on an interpolation theorem of Boyd ([5]). This is the content of section 4.
The regularity part of Theorem 2.7 is established by a bootstrap argument similar
as in [6]. Section 5 contains the proof of Theorem 2.7. For the sake of easy reference
and completeness we collect some auxiliary results in the Appendix.

2. Preliminaries and main result

Before we state our main result we have to fix the conditions on the nonlinearities
f and g.

2.1. Admissible functions
Condition 2.1. We call ¢ admissible if:
1. ¢ € C(R;R);
2. pisodd: p(—t)=—p(t) for all t € R;
3.  is strictly increasing;
4. p(R) =R.

Note that if ¢ is admissible the inverse exists and is also admissible.
Notation 2.2. For an admissible function ¢ we will use the following:
S s
D (s) = / e (t)dt D" (s) = / e (t)dt (2.1)
0 0

The function ®* is called the complementary function to ®.
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Note that (®*)" = ® and that
D (s)+ D" (¢(s)) =s¢(s) forall s € R. (2.2)

We will fix some numbers which will replace the role of the pure powers
appearing in ® respectively ®* in the homogeneous case.

Notation 2.3. For an admissible function ¢ with ® as in (2.1) we define:

te(t) : tp(t) log (®(t))
my, =sup ———, m =limsup ——=, m, = limsup ———==,
o 6o “""ptq)(%) T @y
Lty o _ o 19 i oo log
RARE R TR S it TR i S P

The Boyd exponents for the Orlicz space L (2), when 2 is bounded, are given by

. O(th)

= inf<q; su <00y, 24

qL4(9) {q S B (6he } (2.4)
. B(th)

DPLy(Q) = Sup {p ; /\I,?Zfl B(E)hr > O}. (2.5)

Lemma 2.4. For an admissible ¢ it holds that

1 Ly <2 < qryo) < by <1y < prye) < mE < my;
1 1 1 1 1 1
2—+ :1, —OO+OO :1 and ~—+~ :1
my Lyt me; Ewl My Ly

For the proof we refer to Corollary C.7 and Lemma D.1.

Remark 2.5. The numbers defined above all have their specific role: £, m, will
play a role in the Mountain Pass Theorem that we will use. Necessary for the el-
liptic regularity through interpolation are 1 < g, (o) and pr, (o) < oo. Reflexivity
of the spaces involved is related to 1 < £2” and mZ’ < co. Finally, the numbers

¢, and m,, will appear in the imbedding results for the Orlicz spaces that we will
use.

Let us finish the introduction with some examples showing some differences
in these numbers.

Ezample 1. In case of a pure power, that is ¢ (t) = [¢|*~" ¢ with o > 0 one finds

oo

szﬂj’f:&p:aJrl:m@:m@ =m,.

Ezample 2. For ¢ (t) = t*log (1 + t7) for t > 0 with a, 8 > 0 one finds
szll,:aJrlzmwzm;O<m¢:a+[3+1.

[¢]*

Ezample 3. For ¢ (1) = log(11117)

for t > 0 with 0 < 8 < « one finds

Z@:a—ﬁ+1<ll):a+1=fn@:m¢.
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FIGURE 1. The functions o(t) = ell°e()] respectively ®(t) = fot o(s) ds.

Ezxample 4. The next ¢ is not admissible since it is not continuous and, although
increasing, not strictly increasing. A slightly perturbed . however will be admis-
sible. Set

o(t) = ellos®] for ¢ > 0
with [z] = sup{n € Z;n < z}. Then
O 2008 fop ¢ > 0.
e+1

Straightforward computations show that

@(t) —_ te[log(t)] _

1+e_1:£$°<17¢:2:m4p<m;°:1+e.
We remark that

ettt < o) <t for all ¢ > 0,
L2 < ®(t) < <L forallt>0 (2.6)
e+1 — — 4e -

and that these constants are optimal, even when restricting to large values of ¢.
One finds

which shows that g1, ) = Prs() = 2.

2.2. The main result

Throughout the paper we assume the following.
Condition 2.6. The admissible functions f and g satisfy:
i) m§ < oo, i) > 1,
iii) mg® < oo, iv) £y > 1.
Notice that we hence find that both for ¢y = f and p =g :
1<ty <0F <, <y, <my < oco.

There is no restriction from above for m; and my,.
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Theorem 2.7. Let Q be a bounded domain in R™ with 0Q € C2%. Suppose that f
and g are admissible functions satisfying Condition 2.6.

o If
1 1 1 1 2
1>—+—and — +—>1— — 2.7
>£f+€gan mf+mg> n ( )
then system (1.1) has a positive solution (u,v) € (W2P(Q) N C'O(Q))2 for all
p € (1,00).
o If (2.7) holds and if f,g € C?(R) and 0 € C*7 for some v € (0,1), then

(u,v) € (C>7(2) N Co(2))”. (2.8)

The existence part of this theorem is a consequence of an abstract result that
is proved in the next section. The proof of the theorem above will be postponed
accordingly.

Remark 2.8. Note that since ¢, < m,, for an admissible function ¢ we may refor-

mulate (2.7) as

1 1 1 2

S R (2.9)
by Ly — my  my n

Remark 2.9. In case that f and g are pure powers: f(t) = |t|* "t and g(t) =
|t|’671 t, the condition in (2.7) reduces to the well-known (see [6]) inequalities (1.2).

3. An abstract existence result

In this section we give an existence result for an abstract variational problem which
is used in the proof of our main theorem. Let f, g be two admissible functions with
F and G as in (2.1) and such that Condition 2.6 is satisfied.

Let (Q,F, 1) be a finite measure space and let Lp(Q), Lp«(Q), La(92) and
L+ (9) be the corresponding Orlicz spaces as defined in (A.3). Supposing that X is
a real Banach space and A € Isom (X, Lg+(Q)) we define the following functionals:

I (u) := /QF* (Au) dp for u € X,
Ir (w) := A G (w) du for w € La(Q), (3.1)

I+ (w):= /QG (wt) dp  for w € Le(Q2) where wh =w V0.
In view of Lemma A.6 we have I € C' (X;R), I, I+ € C* (Lg(Q);R).
Supposing that X is continuously imbedded in Lg(§2) we may define
I(u):= I (u) — Iz (u) for v € X,
I (u) =1 (u) — Iy (u) forueX.
We also have I, I, € C* (X;R). Notice that I (0) = I (0) = 0.

(3.2)
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Lemma 3.1. Let (2, F,u) be a finite measure space, and let f,g be two admis-
sible functions which are such that Condition 2.6 is satisfied. Assuming A €
Isom (X, Lp«(Q)) and X — Lg(Q)) let T and I be defined as in (3.2). Suppose
moreover that
1. i + i <1
by Ay
2. X is compactly imbedded in Lg ().

Then there exist u, uy € X, such that
I(a)>0 and  I' (@) =0,
I+ (7._L+) >0 and I-li- (ﬂ+) =0.

Since we have X ©€ L G

i<1 1 L A\ M
L

gg B E - mf—l

a scheme for the situation is as follows:

Proof. The proof consists of two major steps. First we will show that the assump-
tions of the Mountain Pass Theorem as in Proposition B.1 are fulfilled. Next we
shall establish the existence of the critical point @ (respectively @ ).

Step 1.a: Verification that r, o > 0 exist such that |u||y = r implies I (u) > a.
Since A € Isom (X, L+ (£2)) we may choose [ully := [|Aul[; .. In view of
the second assumption of Lemma 3.1 there exists ¢ > 0 such that

lullzg < cllAullg,. -

For u € X with 0 < |lul|y < %ﬂ we have both |lul|,, <1 as well as [|Auf, , <1.
From Lemma C.9 item (C.11) we have for such u that

[ F oz Al (3.3)
Q

with £ =1— L = —L— Hence
Zf Ef mf71

B = [ P (Aw du> (3)4 lul, (3.4

On the other hand in view of Lemma C.9 item (C.9) we have

/ G (u) dp < [lull . (3.5)
Q



Vol. 1 (2004) Existence for an elliptic system through Orlicz-Sobolev spaces 247

We may even assume that [[Aul|, = = r < min (1,¢7!) and find for such u by
combining (3.4) and (3.5) that

I(w) = /QF*(Au(m))dx—/QG(u(x))dx:

% Vi 0% _ Ly—0%
lAull,. = lull, = N4l (1= lauly,7).

Y

-1
Since £} = (1 — %) < {4 one finds that appropriate r € (O,min (Lc‘l)) >0
and a > 0 exist.

Since for all u € X

/QG(u"’) dug/ﬂG(u)d,u

the same r and a can be taken for 1.
Step 1.b: The verification of the second condition of Proposition B.1.
Take ug € X with / G (ua') dp > 0 and A > 1. Then, in view of Lemma
Q
C.4.iv,

/ F* (Mug) dp < N7 / F* (Aug) dp
Q Q

and by Lemma C.4.ii

/ G () du > Ao / G (ud) dp.
Q Q
Then

I (o) < I+ (Mug) < A /

F* (Aug) dp — Vg/ G (uf) du < -1
Q Q

for A sufficiently large since £, > £} and / G (ua’) dp > 0.
Q

Step 2: With the result of the first step we may apply Proposition B.1. Let
{un},2; C X be asequence as in the conclusion which is such that I (u,) — ¢ > 0
and I’ (uy,) — 0 in X’ for n — oo.

Step 2.a: First we will show that {u,} - is bounded in X.
We will proceed by contradiction and suppose that ||Au,|[, . — oo for n —
0o. Then one finds by Lemma C.9 item (C.10) for ¢ = f~! that for n large

I (uy) = / F* (Aup) dz > || Aun | (3.6)
Q

and hence Iy (un) — o0. Since I (uy,) is bounded one finds that also [, G (u,) dx =
I (uy,) — oco. One can even conclude that

G (uy)d "
lim fQ (un) dz 1— lim I (un)

n—oo [ F* (Au,)dzx n—oo I (uy) (8.7)
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The assumption I’ (u,) — 0 in X’ for n — oo means that there are €, > 0
with &,, — 0 such that

/fol(Aun)Avd:r—/Qg(un)vd:c

It follows from the definition of £} and £y, (3.7), (3.8) and (3.6) that

<enl|lAv|,, forallveX. (3.8)

) Jo g (un) undz Jo, 9 (un) updz
0. < 1 Jo g (Un) Undx _ Jo 9 (Un) unda:
o = IR Jo G (uy) dx P o F* (Auy,) dx —
) fQ 1 (Auy,) Au,de | Auyll, .
<1 ., r
= TP ( Jo F* (Auy,) dz e Jo F* (Auy,) dz
-,

< E}—Hirrln_)sol(l)psn |Aunlly,.” = 3,

-1
contradicting the restriction for £, and £ in this lemma. Indeed £} = (1 — %) <

£g. So we may assume that [|Au,|, . < C for some C' € R¥.

Step 2.b: Existence of a limit @ € X with the desired properties.

Since X is a reflexive Banach space we may assume that there exists a sub-
sequence, again denoted by {u,},-, and a 4 € X such that u, — @ in X. Since
X is compactly imbedded in Lg(§2) by condition ii, we have w, — 4 in Lg ().

Since I, € C'(Lg(Q);R) it follows that Iy (u,) — I (@) and I} (u,) —
I’ (@) . Since F* is convex it follows that

I (v) = I1 (up) > (I] (up) ,v — u,) for allv e X.

Hence
I (v) = I (un) = (I (un) s 0 = un) > (I (un) 0 — un) >

> =" (un)llx o = unlly — 0 (3.9)
since I’ (u,) — 0 and [[v — uy|| x is bounded. Since I} (u,) — I} (@) in (Lg())’
and v — u, — v — 4 in Lg(Q) it follows that

(I3 (un) v = un) — (I (1) ,v — ).
By (3.9) we obtain
I (v) — limsup I1 (uy,) > (I} (@) ,v — u)
n—oo
and taking v = @
limsup I (uy,) < I (@).

n—oo

Since I; is lower semi-continuous liminf I; (u,) > I (4) holds and hence we find
that lim I (u,) = I (4).

Since lim I (uy) = Iz (@) and lim I (u,) = I; (@) we have

n—oo

I(a)= lim I (u,)=c

n—oo
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By I’ (un) — 0 and I} (u,) — I} (@) one finds I (u,) — Ij (@) and hence by (3.9)
it follows that
I (v) = Iy (un) = (17 (W) ;0 = un) =
= (I} (4) ,v — up) + (I (un) — I5 (@) ,v — u,) for allv e X.
We find as in [9] that
I (v) — I (@) > (I5 (a) ,v — @) for allv e X
and hence I7 (@) = I (a) and I' (@) = 0. Moreover I (a) = ¢ > 0.
Notice that the last part of this proof is identical when I is replaced by 1. O

We conclude this section by giving an existence result for an abstract system

of the form
{ Au = f (v),

Bo— g(u). (3.10)

Proposition 3.2. Let f and g in system (3.10) be admissible functions satisfying
Condition 2.6. Let (2, F,u) be a finite measure space and let X, Y be two real
Banach spaces. Suppose that

1. X andY are continuously imbedded in respectively L () and Lr(2);
2. A€ Isom(X;Lp-(Q)), B € Isom(Y; Le(Q2));

3. /Auvdu:/quduforallueX,UEY.
Q

Q
If moreover
1 1
4. —+ — <1 and
by 4y

5. X is compactly imbedded in Lg (),
then system (3.10) possesses at least one nontrivial solution (u,v) € X x Y.
If in addition

6. A is inverse positive: 0 < z € Ly« (Q) implies 0 < A7z,

then system (3.10) possesses at least one positive solution (u,v) € X X Y.

Proof. In view of Lemma 3.1 there exists u € X\ {0} such that
/ 7 (Au) Aﬁd,u:/g(u) ady for all 4 € X. (3.11)
Q Q

Set v := f~! (Au). Since Au € L~ () it follows from Lemma A.5 that v € Lx(Q).
Since u € X C Lg(2) we have g (u) € Lg-(Q) and hence © := B~ lg(u) €
Y is well-defined. Therefore v,o € Lp(f2) and from the third condition in the
proposition and (3.11) we have

/vAﬁdu:/g(u)adu:/Bﬁﬁdu:/ﬁAﬁdufor all 4 € X.
Q Q Q Q

Since A is surjective we obtain v = . Hence, (u,v) € X x Y is a solution of (3.10).
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In case that the operator A is inverse-positive we replace I by I 4 and obtain
(u,v) € X xY such that Au = f (v) and Bv = g (u™). We are done provided that
also B is also inverse-positive. For the sake of convenience we give a proof.

Let v € Y be such that Bv > 0. Then for every z € Lg(2) with z > 0, we
have A=z > 0 and

/Uzdu:/vA(A_lz) du:/BUA_lzd,uzO.
Q Q Q

Hence v > 0. [l

4. Elliptic regularity in Orlicz spaces

Let us consider

—Aw=f in Q,

{ w=0 on 02, (4.1)
with  a bounded domain in R™. Let Lg (£2) be the Orlicz space associated with the
Lebesgue measure on Q. If the Boyd indices pr, o) and g1, (o) are such that 1 <
PLe() and g1, (o) < o0 one may use interpolation theory in order to show that the

solution operator for (4.1) is an isomorphism from Lg () into W2®(€2) ﬂWOL{)(Q).

Lemma 4.1. Suppose that Q is a bounded domain in R™ with 0Q € C2%. Let ¢ be
admissible with 1 < €37 and mg> < oo. Then for every f € Lo there exists exvactly
one solution w € W2*(Q) N W, *(Q) of (4.1). Moreover, there exists a constant
¢, independent of f, such that

wllyze <cllfllz, -

Proof. Uniqueness. Let u € W2®(Q) N Wy ®(Q) be such that Au = 0. Then by
(A.5) and Definition A.2 u € W24(Q) N W, 4(Q) for q € (1,£) . By standard
results for elliptic p.d.e. ([12]) it follows that u = 0.

Exzistence. Since the Boyd indices are strictly between 1 and oo there are p and
g with 1 < ¢ < p < oo such that LP(Q2) — Lg(2) — L%(2). Moreover, Boyd’s
interpolation Theorem (see [15, part IT, Theorem 2.b.11, page 145]) applied to Z €
L(L9()) with Z‘LP(Q) € L(LP(R)) yields that Z|L®(Q) € L(Lg()). For f € LI(Q)
let the function K f := u denote the unique solution of —Au = f in W24(Q) N
Wy (). By elliptic regularity ([12]) one finds that Z, := D*K € L(L()) for
a € N with || < 2 and D* = H?Zl(%)“i and also that Z,1»q) € L(LP(2)).
S0 ZajLe) € L(La(2)) holds. It remains to show that ZajLs)f = DY (K )
for f € Lg(Q). Since Lgy(R2) — L9(Q) one has f € LY(Q) and Zyjr, ) f =
Zof = D*(Kf) as a weak derivative in L?(€2) and hence in Lg(2). Therefore
Kf e W2%(Q)n Wy ®(Q). The inequality follows from the boundedness of D* K
in Lo (Q). O
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Whenever we are proceeding with inequalities for the coefficients of the spaces
involved it will be sufficient to proceed through imbeddings and we may not need
maximal regularity. Then we could use £, > pr, () and My, < qry(Q)-

Lemma 4.2. Let Q be a bounded domain in R™ with 0Q € C? and let ¢ be an
admissible function with

1< t, <1y, < 0. (4.2)
Then for every € > 0 there is cc > 0 such that for every f € Le(Q2) problem (4.1)

has a solution w € WE*’_E’Q(Q) N Wg“"’l(ﬂ), and moreover
0l engay < €= 1711,

Proof. Since L () is continuously imbedded in L= (Q2) for any € > 0 one finds
£l e < Cfllp, - By regularity theory (see [12]) there is a unique solution

w e Whe=2(Q) N Wy () with ]l e, o < &Il e 0

5. Proof of Theorem 2.7

Let X = W2 (Q) n W™ (Q) and Y = WG (Q) nW¢ (Q) supplied with the
Lebesgue measure. See Definition A.1.

5.1. Existence through Proposition 3.2

We will verify the conditions of Proposition 3.2.

1. X is compactly imbedded in Lg(§2). Indeed, this result follows from the as-
sumption in the right hand side of (2.7), Lemma 2.4 ii. and Corollary D.5. By
symmetry Y is compactly imbedded in Lp(€2).

2. (—A)a1 : Lp+(2) — X and (—A)g1 : Lg+(2) — Y are well-defined and
continuous. This result immediately follows from Lemma 4.1.

3. By the assumption in (2.7) and by Lemma 2.4 we find

1 1 2 1 1
— +—>1—~"and — +=—=1.
mf mg n mf (f—l

Hence the conditions of Corollary D.5 are satisfied and there are p € (1,4, c0) and
q € (1,£;-1) such that

WAE(Q) c W29(Q) € LP(Q) C Lg().
The following relation holds:

1 1 1 2 1 2
> > = > ==
Mg p q n fgf—l n
which is, due to Lemma 2.4, equivalent to
1 2 1 2 1 1

R g R I e

{ 1 n P n q my
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Defining p* and ¢* by }D + 1% = 1, respectively % + q% =1 we find
1 2 1 2 1 1

ly-x P nqr g
and hence by Lemma D.2, respectively Rellich-Kondrachov (see [1, Theorem 6.2]),
it follows that

W2E(Q) c WP (Q) € LY (Q) C Lr(Q).
So for u € X we have u € W>4(Q) N W,9(Q) C LP(Q) and, by symmetry, for
veY that v e WP (Q)NW,? (Q) € LY (Q). Hence the following integrals are
well defined and the identity holds:

/Q(AU)U dw:/gu(Av) da.

Since (—A)g1 : Lp«(Q) — X and (—A)gl : Lg«(2) — Y are positive opera-
tors one even has v > 0 and v > 0.

This completes the verification that the conditions of Proposition 3.2 hold.
We find that (1.1) has a positive solution (u,v) € X x Y.

5.2. Bootstrapping to regularity

Here is the result for one step in the bootstrapping argument in LP(§2) spaces.
Lemma 5.1. Suppose that Q) is a bounded domain in R™ with 0Q € C? and let
(u,v) € X xY be a solution of (1.1) with uw € LP(Q) and p > my.

o If Ni < (1 — ﬁ%) (1 — L) g, then u € LP(Q) for every p satisfying
Mg 9

my

1 41 4 2p
#y Ty T ng 1

p-
1 1 2
(|_m_g)( _ﬁq_f)__ﬁ%

T U W AT U b 5
.IfﬁL 7<1 mg)(l mf)z,then’uGL(Q)foreverype(l,oo).

. Ifﬁ% > (k%) (1— ﬁ}f) g then u € C(S).

Remark 5.2. Notice that whenever p > m, the assumption in (2.7) guarantees
that

p< |1+

1 1 2
—+— =L 150
mg My nimg
Proof. By Remark C.2 one finds that for any € > 0
g(s) <Cq s7'G (s) < Oge 8™ 1 for s large enough.
Hence, if v € LP(Q) then one finds for any number p € (1,p/ (g — 1)) that
g(u) € LP(Q). Standard regularity, see [12], implies that v € W?2?(€)) and by
Sobolev imbedding A
ve Lm(Q) ifp<
veC(Q) if p >
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%n we find for any

Repeating similar steps for v if p/ (g — 1) <
p

~ np/ (mg_l)
¢< (g — 1 —22) (1 — 1)

n—2p/(mg —1

/(g =1) =
that f (v) € LI(Q) and hence u € W29(Q). By Sobolev imbedding

ueLn%%é(Q) if ¢ < in,

u € C(Q) it g > gn
If o= 2’;)(~ 5 < in, then u € LP(Q) for all p satisfying
Mg —1=27)(my—
n P
. g—1—22)(rms—1) 1
p<— b p

n—2

(g—1-22)(in;—1) (g — 1) (my —1) — 2%771}«
Notice that p > p whenever (my — 1) (my —1) — 22m; < 1. This inequality is
equivalent to

1 1 2
1< — +~—+_~i- u
mf mg nmg

Corollary 5.3. Suppose that  is a bounded domain in R™ with OQ € C? and let
(u,v) € X XY be a solution of (1.1) with v € LP(Q) and p > my. If
1 1 2
~—+~—>1——~i7 (5.1)
mg My nmg
then u € Co(9Q).

Proof. Since (5.1) holds and p > m, one obtains for ng < (1 - ﬁ%g) (1 - %) 5
that

R TRt At Aol
g f g >1+ g I

() w)d )

independently of p, and hence, after finitely many iterations using the first item
in Lemma 5.1, one comes to the second or third item of this lemma. If ﬁ% =
9

1+ >1

(1 - ﬁ%) (1 — ﬁ%) 7 holds then after a single step one arrives to the third item.
g !

This third item in Lemma 5.1 yields u € C(Q). Since W, ?(Q) N C(Q) € Co(Q)
the conclusion follows. d

Whenever one reaches an L*°-bound one continues by standard arguments
to find higher regularity. We have the following result.

Lemma 5.4. Fiz v € (0,1). Let f,g € C7(R) and suppose that ) is a bounded
domain in R™ with 0Q € C*7. Let (u,v) € X xY be a solution of (1.1) with
u € Co(Q). Then u € C*7(Q).
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Proof. If u € C(Q), then g (u) € C(Q) C LP(Q) for any p € (1,0), and one finds
(see [12, Th. 9.15]) that v € W2P(Q) N W, P(Q) for all p € (1,00). Taking p > n
the Sobolev imbedding gives v € C*(Q) which implies that f (v) € C7(£2). Since
also 9Q € C*7 holds, regularity results (see [12, Th. 6.14]) yield u € C*7(Q). O

Now we may complete the proof of Theorem 2.7. In the previous section we
found that there exist a positive nontrivial solution (u,v) € X x Y. Moreover by
Corollary D.5 one finds that there are appropriate p and ¢ such that « € W4(Q)n
Wy (Q) C LP(Q) with p > mgy. Next Corollary 5.3 implies that u € Cp(Q).

Similarly v € Cp(€2) holds. With the additional assumption that f,g € C7 (R) and
90 € C?7 for some ~ € (0,1) one finds by Lemma 5.4 that (2.8) holds.

Appendices

Appendix A. Orlicz space setting

Let us shortly recall the setup for Orlicz spaces. Every convex function ® : R — RS‘
with ® (0) = 0 can be represented by ® (s) = [; ¢ () dt where ¢ : R — R is right
continuous and nondecreasing (see [14, Theorem 1.1]). If ¢ (0) = 0, ¢ (¢) > 0 or
t > 0, ¢ nondecreasing and such that lim;_, . ¢ (t) = oo the function ® is called
an N-function (see also [1, Chapter VIII]). If we assume the somewhat stronger
condition above that ¢ is admissible then ¢! is admissible and ®* is also an
N-function.
The Orlicz class Kg(2) is defined by

Ks(Q) = {u Q—R measurable;/ D (u(x))de < oo} (A.1)
Q
and the Orlicz spaces Eg(£2) and Lg () by
Es(2) = the maximal linear subspace of Kg(Q2); (A.2)
Ly(©2) = the linear hull of K¢(Q). (A.3)

The Luxemburg norm for Lg () is defined by

lull,, = inf {k > o;/Q@ (%x)) do < 1}. (A4)

Assuming that €2 has a finite volume and that the As-condition holds for
large numbers one finds (see[l, page 240]) that

Ee(Q) = Ko () = Lo ().

Moreover, if Q has finite volume, then Lg () is reflexive if and only if the Ao-
condition for large numbers holds both for ® and ®*. In that case the mapping
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R: Ly (Q) — (La(R)), defined for u € Lg-(Q) by
(Ru) (v) = / uvdpy, for every v € Lg(9),
Q

is an isomorphism.
Higher order Orlicz-Sobolev spaces are defined as follows.

Definition A.1. Let & € N and L () as above. Set

Wh®(Q) = {u:Q—R;D"u e Ly(Q) for all Kk € N" with |s| < k},
lullwrs = > 1D%ull,
0<|k|<k

where £ € N” is a multi-index and |s| = Y .- | k.

In order to define the Orlicz-Sobolev spaces of functions that vanish on the
boundary we remark that the trace operator T}, : W1P(Q) — LP(9Q) with 1 <
p < oo is uniquely defined (as the only continuous operator with Tpu = ujsq for
u € WEP(Q) N C(Q); see [11, Section 5.5]) and is such that T,u = Tyu for all
u € WHP(Q) with p € (1,00) whenever © is bounded and 92 € C*. Indeed, in
that case C*(Q) is dense in WHP(Q) and T, = Ty on C1(1Q).

So we have

Wy?(Q) = {ue WP(Q); Tiu =0}, (A.5)
and may define W(? ®(Q) in a similar way.
Definition A.2. Assume that € is bounded and 9Q € C* (see [1, page 67]). We
will define the Orlicz-Sobolev space of functions vanishing on the boundary by

Wy ®(Q) = {u e WH*(Q); Tyu =0} . (A.6)
Remark A.3. For ) is bounded and 92 € C' one may also define
Wy () = {u e WEP(Q); 77D u = 0 for all k € N with |x] <k —1}.

Next we state a lemma relating convergence in the mean to convergence in
norm.

Lemma A.4. Let ¢ be an admissible function. Suppose that p(2) < oo and that
® satisfies the Ng-condition for large numbers. Let {uy}.- | in Le(Y). Then the
following are equivalent:

o lim [, ® (up)dp=0;
o lim [junlly, ) =0
Proof. (=) It is sufficient to show that a subsequence {un, };-, tends to 0 in norm.

Since @ (u,,) converges in L*(€2) there is a subsequence {u,, } -, and a g € L(12)
such that

Up, — 0in Q p-ae.,

[tn,] < gin Q p-ae.
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Let ¢ € (0,1). Since ® satisfies the As-condition for large numbers there are
m, R > 0 such that

O (ht) <h™®(t) for allt > R and h > 1.
Let Q := {x € Q;|up, (x)] < R}. Then

/sz\szk ® <umT(m)> dp<e™ /Q\Qk- ® (un, (x))dp <

< a_m/q)(unk(x))duﬁo as k — oc.
Q

On the other hand 1, (z) ® (WkT(z)) — 01in Q p-a.e. for k — oo and

Un,, () 0 if ¢ ¢ Q,
ISR | I
o e ()| < { G o) 2 Ea
which is integrable, imply that

/ ¢<M>du—>0ask—>oo.
Qe €

Therefore there exists K € N such that for & > K

o)

and hence [lup, ||}, () < € for k> K.
(<) Since @ (0) = 0 and ® is convex P (s)

<ed(
8, ::inf{ﬁ>0;/9<1>(u";x)>dugl} 0,
)

/Q@(un(m))du§2ﬂn/g<b<u;(c))du§26na().

D=

implies that for n large (5, <

O

Lemma A.5. Let (Q,F,u) be a finite measure space and let ¢ be an admissible
Junction with mg> < oo. Then

L (s @ (u)) € O (La(Q): LH(Q) :

2. v (u) € Lg« () for every u € Lo(Q).
If moreover €37 > 1, then

3. (u— ¢ (u) € C(La(); Lo- (1)) .

Proof. First let us recall that mg” < oo implies the As-condition of ® for large
numbers. See Remark C.8.
1. Let up,u € Lg(§2) be such that u, — u in Le(92), in other words,

B :=inf{ﬁ>0;/@(u"ﬂ_u>du§1}—>0.
Q
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Since mg® < oo it follows by Lemma C.4, interchanging the role of ® and ®* and
using 3, = h~1, that (n large implies 23, < 1)

/ch (u — ) dp < (2@&/9@ (“gﬂ_ “) dp < (28,)° — 0.

n

Hence @ (u,, —u) — 0 in L'(2) and hence there is a subsequence {u,, };-, and
g € L' () such that

D (up, (z) —u(x)) —0 for x € Q p-ae., (A.7)
D (up, () —u(z)) < g(x) for z € Q p-a.e. (A.8)
Since ®~1! is continuous we find u,,, (z) — u(z) for z € Q p-a.e. and by the

continuity of ® hence @ (uy,, (z)) — ® (u(z)) for x € Q p-a.e. By convexity and
the Ag-condition of ® for large numbers for x € Q p-a.e.

® (un, (7)) ® (u(x) + un, (z) —u(z))

3@ (2u(2)) + 3P (2 (up, (x) — u(2)))
C+a®(u(z)) +c1® (up, (z) —u(z))
CHc1®(u(x))+crg(x).

The dominated convergence theorem implies:

lim [ @ (up,)du = /‘I) (u) dp.

k—o0

IN A CIA

Since this holds for any subsequence {uy, } of {u,} one finds continuity of ®.
2. For the second claim notice that

2s
B (i (5)) < @ (5) + * (2 (5)) = 59 (5) s/ o (1) dt < @ (2),

and hence by the Ag-condition for large numbers

[ s [enaizcra [o@an

implying [, ®* (¢ (u)) dp < 0o and hence ¢ (u) € Lo+ (£2).
3. We proceed as in the proof of 1. Let {u,, };-; be a subsequence in Lq(€2)
satisfying (A.7-A.8) we have ¢ (un, (x)) — ¢ (u(x)) for € Q p-a.e. and hence

D" (¢ (Un, () — @ (u(x))) for z € Q p-a.e.

Observe that ¢ (uy, ), ¢ (u) € Le~(£2) by ii. and hence since £3° > 1 that ¢ (uy, ) —
¢ (u) € Lo+ (). Moreover we have by convexity and the Ag-condition of ®* for
large numbers (since £’ > 1) that for z € Q p-a.e.

" (¢ (uny (2)) = ¢ (u(2))) < C+ 1" (& (un, (2))) + 127 (¢ (u (2)))
) <

The right hand side is integrable since p(€2) < co and since ®* (¢ (v)) < @ (2v) <

C + 1P (v) for v € Lg (). Notice that
" (¢ (uny, (2))) < C+ c1® (un, (2)) < €'+ chg () + 4P (u(x)) .
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Again the dominated convergence theorem implies

T [ @ (g (un, (1)) — 0 (u (2)) dpe = 0.

By Lemma A.4 we find

Jm e () =@ ()], (o = 0.

We end this section by a differentiability result.

Lemma A.6. Let ¢ be admissible and let 1(2) < co. Set
Iy (u) := / ® (u) dp for u € Lo (Q),
Q

Ip 4+ (u) := /th (ut) du for u € Lo(S2).

Then the following holds:

1. I@,IQ’_;,_ S C(L@(Q),R),
2. Ip, 1o 1 are everywhere Gateauz-differentiable and

B = [ o) vdnforuve La(o),

Ip, (u)(v) = / ¢ (ut) vdp for u,v € Ly (9Q).
Q
If moreover (37 > 1, then
3. I@,IQ’_;,_ e ! (L@(Q),R)
Proof. 1. This follows from Lemma A.5.i for Is. For Iy 4 one uses that

Hu+ — <Jju-—

+||Lq,(9) 0l L, -

2. Let u,v € Ly(Q2) and take t # 0 with |¢t| < 1. Then
1
Z(I@(U‘FtU)—I@(U)) —/ap(u)vdu =
Q
1 tv(z)

=[] (pw@ 9 - i) dsdu

atlo
and for all z € Q2 :

<

tv(x)
/ (0 (u (2) + 5) — o (u () ds

0

&+ | =

< (w(lu(ﬂf)l+Iv(x)l)+<p(IU(x)\)>Iv(w)l-
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The right hand side belongs to L!(£2) and the left hand side tends to 0 for every
2 € € which proves claim ii for /3. For I  one observes that

ut (z) u(w)
st = [ [ e@dsdu= [ [t s)asdn
QJ0 QJ0

Ton_J oe(s) ifs>0,
v (‘9)_{0 if 5 < 0.

where

The proof is similar as for Ig.
3. Since (u+ ¢ (u)),(u— ¢t (u)) € C(La(2); Lo«()) both I, [p 4+ are
continuously Fréchet differentiable. O

Appendix B. A Mountain Pass Theorem

Proposition B.1. (Ambrosetti, Rabinowitz, Ekeland) Let X be a real Banach space
and I € C* (X;R) with I (0) = 0. Suppose that for some r > 0 :

o There is o > 0 such that ||u|| y = r implies I (u) > .
o There is e € X such that ||e| x > 7 and I (e) < 0.

LetT'={y e C([0,1]; X);7(0) =0, v(1) = e} and set

— inf I(v(1).
c= inf max (v (1))

Note that ¢ > o.
Then there exists a sequence {un}, .y C X such that I (u,) — ¢ and I' (u,) — 0
in X'.

This particular version can be found in [9].

Appendix C. A zoo of growth conditions
Let us recall the following condition for ®.

Definition C.1 (Az-condition). Suppose that ® : R — R is convex, even and such
that ® (0) = 0. Then ® is said to satisfy the As-condition on [R, c0) if for some
Co,r > 0 it holds that

®(25) < Cop,r®(s) forall s > R. (C.1)
Remark C.2. If ¢ is admissible and @ is as in this definition then
B(s) < sp(s) < Cp rP(s) for s > R.

Indeed ®(s) < ®(s) + D* (p(s)) = sp(s) for all s, and sp(s) < ffs p(t)dt < B(2s)
for all s > R.

The As-condition for @ is related with superhomogeneity of ®*. In fact both
conditions give growth restrictions respectively from above and from below for ®.
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Definition C.3 (superhomogeneous). Suppose that ¢ : R — RS‘ is convex, even
and such that ® (0) = 0. Then ® is said to be superhomogeneous of degree ¢ > 1
on [R,00) if it holds that

®(hs)>ht®(s) forall h € [1,00) and s € [R, o0). (C.2)

In the first section we defined é@7£;°7z7¢,mw,m;0 and m, which all repre-
sented some growth rate of the nonlinearity involved. A technical lemma that
relates the different growth rates is the following.

Lemma C.4. Suppose that ® is an N-function with ® (s) = [ ¢ (o) do and with ¢
admissible and let ®* be the complementary function as in (2.1). Let £ € (1,00)
with £* defined by % + ei* = 1. and suppose that R € [0,00) .
e Then the following four statements are equivalent:
i @(s) < Slﬁ for all s € [R,00);
ii. ®(hs)>h'®(s) forall h € [1,00) and s € [R,0);

tqﬁ;i ®) forallt € [p(R),00);

iv. @ (ht) <h' ®* (t) for all h € [1,00) and t € [p (R),00).

i, ®* (1) >

e Moreover each of the above conditions implies that:

v. ®* satisfies the No-condition on [¢ (R) ,00) with constant Cg. = 2°;
vi. for some ¢; > 0 it holds that o= (t) < ¢y t© =1 for t > ¢ (R);
vii. for some co > 0 it holds that ¢ (s) > ¢ s°~! for s > R.

e Fach of the above conditions is implied by:
viii. ®* satisfies the Ag-condition on [p (R),00) with constant Ce~ = £* 4 1.
Remark C.5. Results as above can be found in [14, Chapter 1. §4].

Proof. For the sake of easy reference we will give a complete proof.

i=ii. If & (s) < %}S) for all s € [R,00), then for h € [1,00)
hs hs
log (® (hs)) — log (® (s)) = / gg do > / gda = log h. (C.3)

ii=i If®(hs) —h'®(s)>0forall h€[l,00) and s € [R,00) then

sp(s)—LP(s) = % (@(hs)—hefb(s))

i< iii. With (2.2) one finds for s > R that

by 2 0. (C.4)

e (p(s)) =sp(s)—2(s) 2s9(s) - —, " =,

and hence iii for t > ¢ (R) and vice versa.
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ili & iv. As before in (C.3) and (C.4) but now with reversed inequality signs:
ht
o* .
/ “dr =loght,
t T
0

teT (1) = 0T (1) = 5 (@* (ht)— ' @ (t)) > 0.

h=1

log (®* (ht)) — log (®* (s /

and

iv=-v. This comes straightforwardly by using h = 2.
iii & iv=-vii. One finds for ¢t > p(R) that

)t T (p(R) O (p(R) s
® (t)sit </t (¢(R)> n =R t“ =t (C.5)

vii = vi. Taking t = ¢ (s) the result follows from (C.5).
viii = iii. By assumption and since ¢! is increasing one finds

0 (1) > *(2t) — D* (1) = /tho_l (T)dr >t~ (1). O

Lemma C.6. Suppose that ¢ is admissible and let @,,mwg@fl,ﬁ%fl be defined as
in Definition 2.3. Then

1 1 1 1

Proof. Since ¢ is admissible ® and ®* are strictly increasing on [0,00) and are
hence invertible. Since ts < ® (t) + ®* (s) for all s,t > 0 we have

() T (t) <@ (@7 (t)) + @F (@07 (t)) = 2t for all ¢ > 0. (C.7)
Since @ (t) <t (t) and <I>*( )< st (s ) it follows that
o* (‘I’Et)) < 20 (‘I’ ®) ) Lo (8) = @ (¢) forall £ > 0

and hence, setting s = @ (¢):
* S —1
(0] (m)g(b((b (s)):sforaﬂszo,
which implies

ﬁ(s) < @71 (s) for all s > 0. (C.8)
Combining (C.8) and (C.7) one finds (see also [1, p. 230]) that

t<® () @71 (t) < 2t for all £ > 0.

Consequently log (t) < log (®7! (t) @*~*(t)) < log (2t) and
< log (71 (t))  log (®*~*(t)) < log 2

1 f 11¢t>1.
log (1) bg(t) g M2
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Hence we obtain

log (®1 (1)) log (®*71 (1))

li > = 1-liminf ———*~
1?15;31) log (t) ltrglog log (t) ,
I d-1(¢ 1 o1 (¢
lim inf M = 1—1lim sup M7
=00 1Og (t) t—o0 IOg (t)
and since
1 (I)_l t 1 P —1
timsup 5L O) (hm inf M) |
t—o00 0og (t) S$—00 log (S)
the claim follows. O

Corollary C.7. For an admissible ¢ it holds that

1 1 + L 1 L + L 1 d ! + L
. —_— = _— = an T ~
my Ly ’ mee 5;‘11 My,

2. @gegfgewgmwgmgogm@.

Proof. The first three identities follow by Lemma C.4 respectively Lemma C.6.
For the inequalities the only ones which are not immediate from the definition
are my, < mi,o and the dual 6;" < {,. Since for all € > 0 and ¢ > t; large enough

1og(<1>(t))—1og(q>(t1)):/ “’(S)dsg/t wdsg(mfg’ +¢) log (t)

6 P (s) 1 s
one finds M, = lim sup log(®(t) < % 4 ¢, Similarly (2 </, O
¥ t—oo  logt — " : Y Lo = tep-

Lemma C.8. Suppose ¢ is admissible.

1. m < oo if and only if ® satisfies the Nz-condition for large numbers.

2. L3 > 1 if and only if * salisfies the Na-condition for large numbers.

Proof. Lemma C.4 states that & satisfies the Ag-condition for large numbers if
and only if there is m < oo such that

to(t) <m®(t) for large t.

Moreover, if m2 < oo then there is R < oo such that t ¢ (t) < (m +1) @ (t) for
t > R. Conversely, if £ ¢ (t) < m ® (t) for large ¢, then mZ < m < co.

Similarly £3° > 1 holds, which is equivalent to m:’po,l < 00, if and only if ®* satisfies
the As-condition for large numbers. O

Lemma C.9. Suppose that ® is an N-function with ® (s) = [>_ ¢ (o) do and with
@ admissible and that ®* is the complementary function. If for some £ > 1

@(s)<%}s)forallseﬂ%,
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G101 1.
then, with 5 + 5 = 1:

/be(u @)de < [ull, foralue La(Q) with |lu],, <1, (C9)
/QCD(u (x))dz > ||u||L7L<P for allu € Lg(Q) with |lull,, >1, (C.10)
/Q<1>* (w(@)de > Jull’.. for allu€ Lo-(Q) with |[u],,. <1, (C.11)
/Qcp* (u(@)de < |lulls . for allu € Lo- () with |ull,,, > 1.(C.12)

Proof. Assuming that ||lul, < 1 we may take # € (||lull,,,1) and find that for
any such 8 by Lemma C.4-ii respectively the definition of the Luxemburg-norm

that
/Q<I>(u(1:))da: gﬂf/g@ (%) dx < j°.

The estimate in (C.9) follows letting 3 | [lul ;, -

Assuming that [|ul|, > 1 we may take § € (1, ||ul|, ) and find that for any
such 8 by Lemma C.4-iv respectively the definition of the Luxemburg-norm that

A@(u(m))dmZﬁZ[)@(%)dmZﬁe.

The estimate in (C.10) follows letting 3 T [|ull -
For (C.11), assuming that [lul[, . <1, we take 3 such that 8 T [lul/, . . By
Lemma C.4-iv for any 0 <1

/Qcp* (u(z))dz > B /Q o (%) da.

Since [, ®* (%) dx > 1 for such (3 the estimate in (C.11) follows.

For (C.12), assuming that |lul|, . > 1, we again let 8 | [ju/, . in order to
find by Lemma C.4-ii

/ch* (u(x))dxgﬂf*/gcb* <“(ﬁx))d:p§5‘*. O

Appendix D. Orlicz and LP-spaces

Let Q be a bounded domain in R™. The Boyd exponents for L (£2), defined in (2.4~
2.5), have the following property. If for any p € [1,qu’(Q)) and q € (qu)(Q), oo) a
linear operator T : LP(Q)+ L9(2) — LP(Q2)+ L1(Q) is such that both T : LP(Q)) —
LP(Q) and T : LY(Q) — LI(Q) are bounded, then so is T : Ly(Q2) — Lg (). See
[4] or [15, Th. 2.b.11].
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Lemma D.1. Let ¢ be admissible, let L, £,, m, and M, be as in Definition 2.3
and suppose that € is bounded. Then

by <pry() < Uy <y < qra) < mg .

Proof. Let m > mf;’. Then there is K,, > 1 such that

wgmforalltZKm.
® (1)

By Lemma C.4 one finds
& (ht) <h™®(t) forallt > K,,, h > 1,

and hence
I XC20 N BT (7 B 1(2)
R S/ — X s >
h,t§1 @ (t) hm thl) ® (t) hm hZII) ® (&) hm
1<t<K,, t>K,
@ (K 1) B(Kp) P (K
< - = = .
< o {oup G 1) =m0 1 = S

By definition g, (o) < m and since m > mg’ is arbitrary, it follows that
qLe(@) Smg .
Next we take ¢ > qr,,(n)- Then there exists K such that
D (th)
sup ———~—
sy @ (t)he =1
and hence @ (t) < K,® (1)t? for t > 1, which implies that
log (® (1)) _ log (K, (1)
logt — logt

+q fort > 2.

It follows that
log (® (1)) _

— )

me, = limsu
® tﬂoop logt

and, again since q > qr (o) is arbitrary, m, < qr, (o). For the other estimates one
may proceed similarly. O

Lemma D.2. Let ¢ be admissible and let ll, and My, be as in Definition 2.3. Sup-
pose that u(Q) < oco. Then for any p € (1,(},) and q € (M, 00) the following
continuous imbeddings exist:

LY(Q) C Le(Q) C LP(Q).

Remark D.3. This result implies that pr, ) < ll, and M, < qr,(0) Where pr, (o)
and gz, (o) are the Boyd exponents for Lg(§2). Both inequalities can be strict (see
[15, Prop. 2.b.3. and Remark 3 page 134]).
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Proof. By [1, Theorem 8.12] one finds that for || < co the imbedding Lg, (©2) C
Lg, () holds if ®; dominates ®5 near infinity, that is, for some ¢, tg > 0

Dy (t) < @ (ct) for all t > tp.

log(®(t)) _ ;
g10 t =1

Since lim inf » implies that for any € > 0 (take ¢ = lzp — p) there is a
o0

t—

number t. with
O (t) > the ™= for t > t.,

one finds LP(Q) C Ly (). A similar argument with reversed inequality signs yields
L1(Q) C La(Q). O

Corollary D.4. Let ¢ and i be admissible and let 1 < wal and m, < oo be as in
Definition 2.3. Suppose that ) has the cone property and p(2) < co. If

ILE PN (D.1)
éw—l n me

then there exists p € (M, 00) and q € (17%71) such that the following continuous

imbedding exists:
WhY Q) c WH(Q) € LP(Q) C Le(Q). (D.2)

The one denoted by € is compact.

Proof. Since the inequality is strict we may take p € (m,,00) and ¢ € (1,@,_1)
such that

1
mtp p q n gwfl E
Since Q is bounded Lemma D.2 implies the continuity of W¥"(Q) ¢ Wh4(Q)
and of LP(Q2) C Ls(92). By (D.3) it follows that

nq 1
=1_1-7P

1 1 1 1 1
> = > > (D.3)

n—q

n

q
and we find by Rellich-Kondrachov (see [1, Theorem 6.2]) that W4(Q) €@ LP(Q).
]

Corollary D.5. Let ¢ and i be admissible and let 1 < wal and m, < oo be as in
Definition 2.3. Suppose that Q has the cone property and that p(2) < oo. If

1 2 1

wal n m_gp

(D.4)

then there exists p € (1, 0) and g € (1,@,_1) such that the following continuous

imbedding exists:
WY (Q) c W29(Q) € LP(Q) C La (). (D.5)

The one denoted by € is compact.
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Proof. Similar as for the previous Corollary with p € (1, 00) and ¢ € (1,&,71)
such that

1
My P g

1 1 2
— > - > - (D.6)
n €¢71

O

The last two corollaries are sharp when considering general Zw and 7m,,. How-
ever, for some specific N-functions ® and ¥ the imbeddings before could be com-
pact even with an equality sign in (D.1) or (D.4).
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