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Abstract. In this paper, we extend the quadratic phase Fourier transform
of a complex valued functions to that of the quaternion-valued func-
tions of two variables. We call it the quaternion quadratic phase Fourier
transform (QQPFT). Based on the relation between the QQPFT and
the quaternion Fourier transform (QFT) we obtain the sharp Hausdorff~
Young inequality for QQPFT, which in particular sharpens the constant
in the inequality for the quaternion offset linear canonical transform
(QOLCT). We define the short time quaternion quadratic phase Fourier
transform (STQQPFT) and explore some of its properties including in-
ner product relation and inversion formula. We find its relation with that
of the 2D quaternion ambiguity function and the quaternion Wigner—
Ville distribution associated with QQPFT and obtain the Lieb’s uncer-
tainty and entropy uncertainty principles for these three transforms.
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1. Introduction

In [11,12] authors have studied the quadratic phase Fourier transform (QPFT)
defined as

(Q/\f)(g) _ /R\/%ei(Atz—&-Bt{-i-C&z-i-Dt—i-Ef)f(t)dt’ £ER, (1)

where f € L?(R,C), A = (A, B,C, D, E), B # 0 which generalizes the classi-
cal Fourier transform (FT). Several other important integral transforms like
fractional Fourier transform (FrFT) [1,41], linear canonical transform (LCT)
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[28], offset linear canonical transform (OLCT) [9,48], Fresnel transform [31]
and Lorentz transform can be obtained by choosing A appropriately and
amplifying (1) with suitable constants. Along with several important prop-
erties like the Riemann-Lebesgue lemma and Plancherel theorem, authors in
[12] have given several convolutions and obtained the convolution theorem
associated with the QPFT. Recently, Shah et al. [44] generalized several un-
certainty principles for the FT, FrFT [46], and LCT for the QPFT defined
in (1). Even though QPFT generalizes several integral transforms as men-
tioned above, due to the presence of a global kernel it fails to give the local
quadratic phase spectrum content of non-transient signals. To overcome this,
Shah et al. [43]) formulated a short time quadratic phase Fourier transform
(STQPFT) and studied its important properties. They have generalized the
Heisenberg’s, logarithmic and local uncertainty principles (UPs) for FT and
fractional FT [46,49] and Lieb’s UP for short time FT [25] in the context
of STQPFT. Apart from STQPFT, the wavelet transform and Wigner—Ville
distribution associated with the QPFT have also been studied. Shah et al.
[45] proposed a novel quadratic phase Wigner distribution by combining the
advantages of Wigner distribution and the QPFT. They obtained several
fundamental properties, including Moyal’s formula and inversion formula.
Prasad et al. [42] defined the wavelet transform associated with the QPFT
and studied its properties like the inversion formula, Parseval’s formula, and
also its continuity on some function spaces.

In 1843, W.R. Hamilton first introduced the quaternion algebra. It is
denoted by H in his honor. In Harmonic analysis and applied mathematics,
the FT is an essential tool, so its extension to the quaternion-valued functions
has become an interesting problem. The quaternion Fourier transform (QFT)
was introduced by Ell [19] for the analysis of 2D linear time-invariant partial
differential system and later applied in color image processing [20]. In the
analysis of quaternion-valued functions, the quaternion Fourier transform
plays a significant role. Because of the non-commutativity of the quaternion
multiplication, the Fourier transform of the quaternion-valued function on
R? can be classified into various types, viz., right-sided, left-sided and two-
sided Fourier transform [4,6,19]. Cheng et al. [14] gave the inversion theorem
and the Plancherel theorem for the right-sided QFT and also obtained its
relation with the left-sided and the two-sided QFT for the quaternion-valued
square-integrable functions. It transforms a quaternion-valued 2D signal into
a quaternion-valued frequency domain signal.

Lian [36] proved various inequalities like Pitt’s inequality, logarithmic
UP using the method adopted by Beckner [8] in the case of complex vari-
ables, entropy UP without using the sharp Hausdorff-Young inequality, for
the two-sided QFT with optimal constants, which are same to those obtained
in the complex case. The logarithmic UP obtained in [36] is different from
that given in [13]. In [37], the author obtained the sharp Hausdorff-Young
inequality, using the orthogonal plan split of the quaternion [30], for the
two-sided QFT followed by the Hirschman’s entropy UP using the standard
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differential approach. In [38], the author has extended the QFT to the Clif-
ford valued function defined on R™, namely geometric FT, and derived sev-
eral sharp inequalities including sharp Hausdorff-Young inequality and sharp
Pitt’s inequality, followed by the sharp entropy inequality for the Clifford
ambiguity functions. Recently, QFT has been extended to the quaternion
fractional Fourier transform (QFrFT) and quaternion linear canonical trans-
form (QLCT).

Replacing the kernels Ki(ty,&;) = \/%e*mfl and K7 (tg,&) =

e~7*2¢ in the definition

5
3

Feh)©) = [ K000 (12,8, €= (61,6) €B2 ()
of the two-sided QFT [39], with that of the kernels of the FrFT [1,41,46]
and LCT, respectively, results in the two-sided quaternion fractional Fourier
transform (QFrFT) and the two-sided quaternion linear canonical transform
(QLCT) [33]. Analogously, the right-sided and the left-sided QFrFT and
QLCT have been defined in the literature (see [33,47]). Kou et al. [33] adopted
the approach by Chen et al. [13] to obtain the energy theorem and proved
the Heisenberg’s UP for the QLCT. Using the orthogonal plan split method,
authors in [35] have obtained the relation of the two-sided QLCT with that of
the LCT and obtained some important inequalities and uncertainty principles
of two-sided QLCT.

Bahri et al. [5] generalized the classical windowed Fourier transform
to quaternion-valued functions of two variables. Using the machinery of the
right-sided QFT [6], authors proved several important properties, including
reconstruction formula, reproducing kernel, and orthogonality relation. Fol-
lowing the methods adopted by Wilczok [49], they also obtained the Heisen-
berg UP for the quaternion windowed Fourier transform (QWFT). In [3],
authors gave the alternate proofs of the properties studied in [5]. They also
studied the Pitt’s inequality, Lieb’s inequality, and the logarithmic UP for
the two-sided QWFT studied in [5]. Including the orthogonality property,
authors in [10,32] studied the local UP, logarithmic UP, Beckner’s UP in
terms of entropy, Lieb’s UP, Amrein—Berthier UP for the two-sided QWFT.
Replacing the Fourier kernel in the left-sided, right-sided, or two-sided QWEF'T
by the kernels of the FrFT (or LCT) results in the left-sided, right-sided, and
two-sided QWEFrFT (or QWLCT), respectively. In [22], authors have studied
the two-sided QWFT with the real-valued window function and studied its
important properties and the associated Balian—Low theorem. In [23], au-
thors studied the orthogonality relation along with Heisenberg’s UP for the
two-sided QWLCT, with a quaternion-valued window function. Bahri, in [2],
has extended the classical ambiguity function (AF) and the Wigner—Ville dis-
tribution (WVD) to the quaternion algebra setting, namely, quaternion am-
biguity function (QAF) and quaternion Wigner-Ville distribution (QWVD).
They studied several important properties, including Moyal’s principle and
reconstruction formula for these two-sided QAF and QWVD. Authors in [21]
have extended these two-sided QAF and QWVD in the linear canonical do-
main and obtained the relation among them. They have also studied their
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important properties like shifting, dilation, reconstruction formula, Moyal’s
theorem, etc.

Proposed problem: Several important properties, along with the UPs of
the QPFT and the STQPFT, have been studied for the function of complex
variables as mentioned above. The QPFT has more degrees of freedom and
is more flexible with the parameters involved in the FT, FrFT, LCT, and
the OLCT; with the same computational cost as the FT, it is natural to
extend QPFT to a quaternion setting. To the best of our knowledge, the
QPFT and the STQPFT have yet to be explored for the quaternion-valued
functions. Due to the non-commutativity of the quaternion multiplication,
we can define at least three different types of quaternion quadratic phase
Fourier transform (QQPFT), viz., right-sided, left-sided, and two-sided.

A clear and insightful description of signals with several simultaneous
components under control is offered by the theory of quaternions. Due to the
distinguishing algebraic properties of the field of quaternions, the QQPFT is
extended to the realm of quaternion algebra. The transforms play a vital role
in the efficient representation of quaternion-valued signals, and as in [7,24], it
can be applied in diverse areas of signal and image processing, such as color
image processing, speech recognition, edge detection, and data compression.
Despite the humongous merits of the QQPFT, it fails to provide an adequate
time-frequency representation of non-stationary signals because of its global
kernel. In the present study, our goal is to evade such limitations of the
QQPFT by formulating a novel integral transform called the STQQPFT,
which relies upon a sliding window to capture the localized spectral contents
of non-stationary two-dimensional quaternion-valued signals.

This article concentrates on the two-sided QQPFT, which generalizes
QOLCT [17] and obtains sharper bounds for some inequalities studied in
[50]. Based on its relation with the quaternion Fourier transform (QFT), we
obtain the sharp Hausdorff-Young inequality, which in particular sharpens
the constant in the Hausdorff-Young inequality for quaternion OLCT [50].
Using the sharp Hausdorff—~Young inequality, we obtain the Renyi and Shan-
non entropy UP for QQPFT. We also define the STQQPFT and explore its
important properties like boundedness, linearity, translation, scaling, inner
product relation, and inversion formula. Based on the sharp Hausdorff-Young
inequality we obtain the Lieb’s uncertainty and entropy uncertainty principles
of the STQQPFT followed by the same for the newly defined 2D quaternion
quadratic phase ambiguity function (QQPAF) and 2D quaternion quadratic
phase Wigner—Ville distribution (QQPWYVD), using the relation of the later
transforms with that of the STQQPFT. QQPWVD defined here generalizes
the quaternion Wigner-Ville distribution associated with OLCT [16,18] and
complements it with Lieb’s and entropy UPs, in particular.

The organization of the paper is as follows: In Sect. 2, we recall some
basic definitions and properties of quaternion algebra. In Sect. 3, we give
the definition of two-sided QQPFT and study its important properties, like
Parseval’s identity, sharp Hausdorff—~Young inequality, Reényi, and Shannon
entropy UPs. In Sect. 4, we generalize the two-sided quaternion windowed
Fourier transform [22] to the two-sided STQQPFT and study its properties
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and its relations with that of the proposed two-sided QQPAF and the QQP-
WVD, based on which we obtain the Lieb’s and entropy UPs for these three
transforms. Finally, in Sect. 5, we conclude our paper.

2. Preliminaries

The field of real and complex numbers are respectively denoted by R and C.
Let

H={r=rg+ir +jro + krs : ro,r1,72,73 € R},

where 4,7 and k are the imaginary units such that they satisfy the following
Hamilton’s multiplication rule

ij=k=—ji, jk=i=—kj, ki=j=—ik, i*=j°=k>=—1.
For a quaternion r = rg 4 iry + jre + krs, we call ro the real scalar

part of r, and denote it by Se(r). The scalar part satisfies the following cyclic
multiplication symmetry [29]

Sc(pqr) = Se(grp) = Sc(rpq), ¥V p,q,r € H. (3)
We denote the quaternion conjugate of r as 7 and is defined as
F=r1rg—1iry — jro — krs.
The quaternion conjugate satisfy the following
qr=7q, q+r=q+7, g=gq, ¥q,r€H. (4)
The modulus of r € H is defined as

2

3
r| = Vrr = (Zr?) : (5)
=0

and it satisfies |gr| = |q||r|, V ¢, € H.
A quaternion-valued function h defined on R? can be written as

h(ac) = ho(iL‘) + Zhl(:l:) +]h2($) + k‘h3(3§), T € R2,

where hg, h1, he and hs are real-valued function on R2.
If 1 < ¢ < o0, then the L?-norm of h is defined by

1
Ihlzgeeny = ([ Iielva)

q 1
2 q

3
/. (Z |hz(f'3)2> o ()
=0

and L§(R?) is a Banach space of all measurable quaternion-valued func-
tions f having finite L%-norm. L (R?) is the set of all essentially bounded
quaternion-valued measurable functions with norm

£l e (r2) = ess supg epe| f (). (7)
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Moreover, the quaternion-valued inner product

- / f(@)g(@)dz, (8)
RQ

with symmetric real scalar part

(f,9) =

1
3l
= Sc

:9) + (g, f)]
)] dx

( f()()) o)

turns L (R?) to a Hilbert space, where the norm in Eq. (6) can be expressed
as

iz =T = VTR = ([ @Paz) . 0

3. Quaternion quadratic phase Fourier transform (QQPFT)

In this section we give a definition of quaternion quadratic phase Fourier
transform (QQPFT) and study its important properties.

Definition 3.1. Let A; = (Al,Bl,Cl,Dl,El),Al,Bl,Cl,Dl,El € R and B; #
0 for I = 1,2. The quaternion quadratic phase Fourier transform (QQPFT)
of f(t) € L%(R?),t = (t1,t2), is defined by

(@4 "20)(€) = [ K, (e FORA (12 &), €= (61.62) € B (1)

where
. 1 . 5 )
K, (t1, &) = o~ (A1} +B1t1&1+C1E +D1t1+E161) (12)
V2r
and
. 1 i 2 5
ICh, (t2,&2) = 76_]<A2t2+32t2£2+02£2+D2t2+E2§2). (13)
V2r

The corresponding inversion formula is given by
1O = BB [ K608 2 NOR (e (14)

3.1. Relation between QQPFT and QFT

We now see an important relation between the QQPFT and the QFT, which
plays a vital role in obtaining the sharp Hausdorff-Young inequality for the
QQPFT.
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( AQf)(E) 2::1-/ e i(Alt?+Blt1£1+C1§f+Dlt1+El.§l)f(t)

o o3 (A2ts+Bata€r+Ca€3+Data+Eaka) gy
_ (e +me) {L/ efz'Bltlslf(t)eijztzszdt}efj(czsszsz)’
27 Jp2
where
f(t) _ efi(Alt?vLDltl)f(t)efj(AﬁerDgtg)' (15)
Thus,

(Qu""? 1)) = o me) (fHJE) (Bi1, Bap)e /(O +E282) (1)
where

r 1 —it1&1 f 1 —Jt2&2
(#if) (&) = [ gt ) et (17)

Based on this relation between QQPFT and the QFT, we obtain the following
important inequality.

Theorem 3.1. (Sharp Hausdorff-Young Inequality) Let 1 < p < 2, % + % =1
and f € LF(R?), then

(2m)7 7 A2

195" fllLg @2y < ————"
1(R?) |B1B2|q

)

Proof. Using the relation between the QQPFT and the QFT, we get

Ef Il ey, (18)

=
wl=

where A, = (p

q

Q[

||QA1’A2f||Lﬁ(R2) = (/RQ ‘(fo) (BlglaB2§2)‘ d£>
1 ~
= 71”?]}[[,]0”[1'? R2)-
|B1Bs| Y

Using the sharp Hausdorff-Young inequality ([37]) for the QFT, we get

( 71‘)%7%14
T
q

HQAI’A?fHL[g[(W) < = Hf||L§(R2

|B1Ba|
Substituting f, from (15), we get (18). This completes the proof. O
Theorem 3.2. (Parseval’s formula) Let f,g € L4(R?), then
(f.9) = |BiB2(Q" "2 f, Q"2 g). (19)
In particular,

||fHL2(]R2) = |BlB2|||QA1’A2f||%§H(R2 xR2)" (20)
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Proof. By the Parseval’s formula for the QFT of the function f and g, we
have

(f,3) = (Fuf, Fug)
— Sc/ | B1 By (JTHf) (B1&1, B2&a)(Fmug) (B1&1, B2&2)dE.
R2

Using the relation between the QQPFT and the QFT, we get
<f > |BlB2|/ SC z(C1§1+E1§2) (Q/\l ;A2 )(5)( A1,N\2 )(é)efi(c'lg%k]ﬂl{z)} d£

= [BuBal [ Se[(@4"9) (©)(QF ) (€)]
= |B1B2|(Qg" A2f7 Q' "2 g).

This proves Eq. (19). In particular, if we take f = g, in Eq. (19), we get Eq.
(20).
This completes the proof. O

3.2. Renyi and Shannon entropy uncertainty principle

In this subsection we obtain the Renyi and Shannon entropy UPs for the
proposed QQPFT. Analogous results for the FrE'T of complex valued function
can be found in [26]. Recently, Shannon entropy UP for the QPFT and the
two-sided QLCT are studied in [35,44] respectively. Below we prove Reényi
UP for the QQPFT and obtain the Shannon UP in limiting case. We start
with the following definition.

Definition 3.2. [15,26] The Reényi entropy of a probability density function
P on R"™ is defined by

11—«

H,(P)= ! log </W[P(t)]°‘dt) , a>0,a#1. (21)

If & — 1, then (21) leads to the following Shannon entropy
E(P)=- /n P(t)log[P(t)]dt (22)
Theorem 3.3. If f € L%(R?), § <a <1 and L + % =2, then
1P+ 1y (| VBB (02 )]

1
—log(| By Ba|) — 2log(27) — (1 —

- log(2a) + iﬁ log(2ﬂ)) .

Proof. By Hausdorfl-Young inequality (18), we have

1

(/R2 [(Q"f) (§)|qd£>}z < m < 5 |f(t)|pdt>p L (23)
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Putting p = 2« and ¢ = 23, in Eq. (23), we have

BBl (241 (©)] d5)2

1
T

B
< (277 25 2&1420( / |f |2°‘dt 20.
- |BIBQ|2[3

This implies

B ([ wrena)” ([ [ViEE Qs @ de) o

(2m)= "5 A3,
Since é + % = 2, we have

o g

11—« 1-0 (25)
Raising to the power %~ in (24) and using (25), we get
| B1Ba| !
(2m)(F=3)(:2%) o 1-%
23 =5
<([. If(t)IQ“dt> ([ Vi e o )
Taking log on both sides, we get
o[ B Bal) — log ((2m) (3~ (12) 4% )
—log (/ |f(&)[*dt )
]‘ /\1 No 2
+1_610g BB, (Q)"2) (¢ ‘ de ) . (26)

Thus, it follows that

(1f1%) +Hﬁ(\\/Ble (Q"f) (€ \)

tou( s ) — 21og(2r) ~ (2 5ou(29) ) (21)

This is the Renyi entropy UP for QQPFT. 0

1
log(2
- log(2a) + 1—

Remark 1. If & — 1, then 8 — 1 and in this case Eq. (27) can be written as

E(|f%) +E(‘\/|BlBQ Azf) )) ) > —log(|B1Bz2]) — 2log(27) + 2 — log 4,

its right hand side is obtained using the relation é + % = 2 and taking the
limit as « — 1. Thus, we have
2
E ‘\/BB Pz ‘ Slog (0 ). (28
p(rP)+ & (|[VIEE] (@4 1) @ ) 108 (1oaippy ) 29)
This is the Shannon entropy UP for QQPFT.
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4. Short time quaternion quadratic phase Fourier
transform

In this section we give the definition of the STQQPFT and study its proper-
ties. We obtain its relation with that of the quaternion AF and the quaternion
WVD associated with the QQPFT.

Definition 4.1. Let N = (Al, Bl, Cl, Dl, El), Al, Bl, Cl7 Dl, El € R and Bl 7é
0 for [ = 1,2. The short time quaternion quadratic phase Fourier transform
(STQQPFT) of a function f € L%(R?) with respect to a quaternion window
function (QWF) g € L (R?) N L (R?) is defined by

(85 f) (@ / K, (01, 60) F(£)9(E — @)K, (t2, )t (2, €) € B2 x B2,

where ICiAl (t1,&1) and IC]A'2 (t2,&2) are given by Egs. (12) and (13), respectively.

We now derive some of the basic properties of the STQQPFT. But
before that we state the following lemma:

Lemma 4.1. Let t = (t1,t2),& = (§1,62), k = (k1,k2) € R2,r € R. Then the
kernel K4 (t1,&1) and K2, (t2, &) satisfy the following

K, (1 + 7k, &) = K, <t17§1 + QTIEIA1> Dy (k1 0), (29)
where
-  (hf) = fz(A1r2kf+D1rk1+Blrk1§17MZAB%%,Clk% —irhiane 72“,‘;1’””1)
(30)
and
’CZ\Q (to + rko, &) = ’CJAQ <t27§2 + 2T22A2> Ao (K2, 62), (31)
where

242 2
. 2,2 4r<A5Cok ArAoCok 2rAsqk
7](,427« k3+Daorky+Byrkyy— 1227280 Ardafakay  2ragks

p
B3

Ghy ko, o) = e :
(32)
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Proof. From the definition of K , we have

K4 (t1 +7k1, &)

1 o~ AL(t1+rky) 4+ B (t1 47k )61+ CrET+Da (t -k )+ Eréa |

Var

o 1 *Z{Aﬂf +Bity (€1+2TA1k1)+D1t1+01£f+E1€1+BlTk1€1}
V2T
v e—i(A1r2k§+D1rk1)

1 *Z{Alt +Blt1(fl+2rA1k1)+D1t1+cl<§1+2rA1k1) +E1(E1+2rA1k1>}
—€
\/271'
/\1’ (khgl)
27"k1A1

Le., K} (t1 +71ki, &) = K4, (t1,51+ B, ) (k1. €1).

This proves Eq. (29). Similarly, Eq. (31) can be proved. O
The theorem below gives the basic properties of the proposed STQQPFET.
Theorem 4.1. Let g,g1,92 € L%(R?*) N LF(R?) be QWFs and f, f1,f2 €

LE(R?). Also let X\ # 0, k = (ki,ks) € R?, pg e {x+iy:z,y €R}, r,s€
{z+jy:x,y € R}, then

(i) Boundedness: S0 || < L llglloaen 11l

L ()
(i) Linearity: Sﬁlg’Az (pfr +af2) = [SAI’AQJQ} +q [Sﬁlg’mfz}
(iii) Anti-linearity: Sﬁl;;\fﬂgz)f [8@19’?2 f} [Sﬁlg’gz f} 5

(iv) Translation: (Sﬁ,lg’/\Q(ka)) (x,8) = ¢h,1(k1,61) (Sﬁlg’AQf) (z — k,

Ew) Na,l (k27£2)v where (Tk.f)(t) = f(t_k)? ga/c = (6 + 2A1I1 35 + 2A212>’

o, 1 (k1,&1,) and (b'j\z)l(k’g,fg), are obtained from (30) and (32) by re-
placing r = 1.

(v) Scaling: (Sﬁ,lg’f?fx) (2,€) :( S f>( L&), where (f)(t) = Lf (1),
= ()\2Alﬂ)‘Blvcl7>‘Dl7El) y = ].,2.

Proof. The proof of (i), (ii) and (iii) are straight forward so we omit their
proof.
(iv) We have from the Definition 4.1

( ﬁlg/\Z (ka)) (CC,E) = /RZ Ki\l (tl + kl,El)f(t)g(t - (a: - k:))ICJAz (tQ + kl,fg)dt
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Using lemma (4.1), we get
(S8 () (@, €)

= [ (s + 255 ) a0 @030 (o~ R
R2 1

2A5k ;
) 0,k o

. _ A .
= dhatine) { [ K5, (e 225 o= @Rk
R2 1
X <t2,§2+21;1322k2) dt} ;\2,1(1{;2’62)'

Thus, we have

X <t27§2+

SEUM (i f)) (2. €) = B, 1 (R, &1) (SAL 2 f) (= — k., €4 ) P, 1 (K2, o).
( ) (s257)

This proves (iv).
(v) We have

(Sa02 1) (@.€) = Ju Kk, (A1, €01 (B9 (¢ = $@)Kh, (A, E2)dt. (33)

Now,
. 1 (y2 2 2
Ki (M, _ o~ i((WADE+(AB) 1 &1+C1€7+Dity +E11)
/\1( 1 51) \/ﬂ
= KiNl thfl)- (34)
Similarly,
’CJAZ(At27§2) = ’Ci; (t2,&2). (35)

Using Egs. (34) and (35) in Eq. (33), we get
ALA ; 1 j
(5252 .8 = [ K3y .05 0 (0~ 5o )1 1 e
e (SRS 1) (@, €) = (S5 )) (i:@) .

This completes the proof. O

Theorem 4.2. (Inner product relation) If g1,92 be two QWFs and f1, fo €

L%(R?), then S5'-"2 f1, Sphl fo € LE(R? x R?) and

NA1,N\2 A1,N\2 1 S
<SH,g1 f1, S, 2>:m<f1(91,92),f2>- (36)
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Proof. We have

/Rz /Rz ﬁlg’fz (, é)( dadg

“ LAk

1
|BlB2\ R2

(0t — o) @ deaa

{ |f1(t) g1 (t — m)|2dt} dx, using Parseval’s Identity
2

|B B ‘”leL?(R?)HngLfH(Rz)

Thus, Sgt"* fi € LE(R? x R?). Similarly, S f» € LE(R? x R?).
Now,

(S0 sty )

_Sc/nzez (@ Oal =)} ) (©) (" {£20)0( — 2)}) (€)dwd

|BlB2|S /]R2{ fil®)gi(t —x) fz(t)gg(t—.’c)dt}dac
1 _
=== t) (91,92 t)dt

Fgre L h® @m) O

Thus, it follows that
1
A1A ALA _
(S8 S ) = gy s () o)

This finishes the proof. 0

Remark 2. From theorem 4.2, we have the following results:
1. If g1 = g2 = ¢ in Eq. (36), then

(bl fr.800 h) = 7 B B9 R (1 12):

2. If f1 = fo = fin Eq. (36), then
(a0 108807 ) = gV agee 0.

3. Iffi=f=foandgi =g=go in Eq. (36), then
|‘51}/1},1g’A2f||2L§[(R2xR2) |B B | ”fHL?(RZ)HgH%ﬁ(]R?)' (37)

The theorem below gives the reconstruction formula for the STQQPFT.

Theorem 4.3. (Inversion formula) Let g be a QWF and f € L%(R?), then
|B1Bs|

19113 2 2

f(t) = /R? /R2 K, (1, &) SA,lg’AQ > (@, §)KA, (t2,&2)g(t — @) dadé.
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Proof. We have

By Bs|
(fh) = ||L||1 L [ ] (st @)
LZ(]RQ) R2 JRR

{/ K&, (t1,&)h(t)g g(t — ) (tg,fg)dt}dwdg

e s
||9||L2(Rz R2 JR2 JR2

{(8h721) @, €K, (12, &)g( — 2)ROKE, (01,61) } ditdwds
= 7|BlBQ| Sc
||g||L2(]R2 R2

([ Rme) (s 1) @ X0 Glate ~ o) dade | T
| B1 B, |

||g||i§1(]R2)
([, [ e (st 1) (@ KA a Glal- - a)dade. i) ).
R2 JR2

Since h € L%(R?) is arbitrary, it follows that

B By| _

f(t = ||.|g|| - 2 /]R 4 IC/\l tla§1 /\1 he > (m7£)lcg\2 (t27£2)g(t - a:)d:cdf
L2(R2) /R? JR?

This completes the proof. O

4.1. Quaternion ambiguity function and Wigner-Ville distribution associated
to the QQPFT

In this subsection, we give the definitions of two-sided QQPAF and QQP-
WYVD and obtain their relation with that of the proposed STQQPFT.

Definition 4.2. The two-sided quaternion quadratic phase ambiguity function
(QQPAF) of f,g € L%(R?) is defined by

(A7) .8 = [ K3 n0s (14 50 ) o (0= S K, ()

where K4 (t1,&1) and ICf‘\2 (t2,&2) are given by Egs. (12) and (13) respectively.

The following theorem gives the relation between the QQPAF and the
STQQPFT.

Theorem 4.4. If g is a QWF and f € L4(R?), then
(AL (1,9)) (2,€) = &l 3 (21,60) (S f) (2,€4)00, _, (@2, 6),
All'l AQCL‘Q
&, (fl B, &o — B, >
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where ¢' 1 (x1,&1) and ¢i\2 1 (z2,&2) are obtained from Eqgs. (30) and (32)
1,=3 =3
by replacing r = —%.
Proof. From the definition of .A/\l’/\2 (f,9g), it follows that
i x —_— x
(AR (f,9)) (@, €) = / K, (- 5he) IOt — o)k, (12— 5.6 dt
R2
Using Egs. (29) and (31) for r =
(Az""2(f,9)) (x,€)
i Az —~
= IC/\1 tlaglfBi /\1 77(xla€1)f( )g(t*ﬂ))
R2 1

1
—3, we get

Aoz

’C‘Z\z <t27§2
= ¢;1,_%($17§1)

{/R K (tl,& - éj:l) F(&)glt — )k, (t2,§2 - ;?) dt}

¢JAz 1 (22, &2).

) Op,y, 1 (22,62)dt

This gives
(AL "2(f.9)) (€)= 61,y (21.80) (S8 F) (2.€0)60, _, (02,2).
This completes the proof. O

Definition 4.3. The two-sided quaternion quadratic phase Wigner—Ville dis-
tribution (QQPWVD) of f,g € L%(R?), is defined by

(WL2(f, g)) / K, (t1, &) f (:c + ;t) g <-’B - ;t> K, (b2, 62) dt

where ICﬁ\l (t1,&1) and IC/\2 (t2,&2) are given by Egs. (12) and (13) respectively.

The following theorem gives the relation between the QQPWVD and
the STQQPFT.

Theorem 4.5. If g is a QWF and f € L4(R?), then
(WA"2(f,9)) (,€) = 4464, (w1, &1) (S5 T ) (2, €4 )0, (w2, €2),

r 4A1931 4A21‘2
5:): - <£1 752 32

where /\2 = (4Al,QBl,Cl,2Dl,El), l1=1,2, g(t) = g(—t),

2 2
. 2 16ATC1x 8A1Cqx 4A1Eq1x
—7.<4A111—2B111§1—2D1:61— LoLTL g 28 Bll 181 4 1511 1
By

Y (x1,61) =€

and

. 1642C 8A5C 4A5FE
—j (4A2w§—232m£2—2D2x2 2 SEE SLEE =2tz 442 22”2>
2

1/JZ\2($2»€2) =e
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Proof. From the definition of Wj'"*?(f, g), we have
(WhE""2(f,9)) (,€)
=1 [ K, (200 - ). €0) (52— DK, (22 — ). )i
R'Z

=4[ K 20t —21),&)f®)7(t —22)KL, (2(t2 — 22), &)dt. (38)

R2
Now from the definition of K% , in Eq. (12), we have
K, (2(t1 — 1), &1)

e*i(‘lAltf*8A1Tltl+2Bltl51+2D1tl+E151+Cl§2)€*i(4Alzf*231$151 —2D;x,)

Vor
_ Le—i{(“l)tﬂwl(sl—“‘ 1) 40y (61— 44151 ) (2D )ty 4+ B (63— 24 ‘)(51—“3%)}
CVer

Vi (21,61)

ie.,

Ki, (20t — 21),&1) = 3\/1 <t1,§1 4A1$1) Vi (21, &1). (39)
Similarly, we have
j j 4A2.132
IC/\Q (2(t2 - $2),§2) = ’C/\/2 (t2a§2 ) /lp/\Q (x27£2)' (40)

Using Egs. (39) and (40) in (38), we have
(Wit (f.9)) (2.€)

= 4/]R2 Z/‘\/1 (thfl 4A1$1) 'I/J/\l(xlvfl)f( )mlcié

(t27€2 - 4A2‘T2) i (x27§2)

Bo
= 41?;\1 ($17 51)

. 4A I 4A
{/]R2 K, <t1, §1— B11$1) f)g(t - 2$)’C (t% & — B2;2> dt}
YA, (2, &2).

This gives
(WE2(£,9)) (@, €) = 40, (w1, &) (SL5"2 F) (2. €000, (w2, €2).
This completes the proof. O

4.2. Uncertainty principle for STQQPFT

The Heisenberg’s UP gives the information about a function and its FT, it
says that the function cannot be highly localized in both time and frequency
domain. Wilczok [49] introduced a new class of UP that compares the local-
ization of a functions with the localization of its wavelet transform, analogous
to the Heisenberg UP governing the localization of the complex valued func-
tion and the corresponding FT. Gupta et al. [27] obtained the Lieb’s and
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Donoho-Stark’s UP for the linear canonical wavelet transform and obtained
the lower bound of the measure of its essential support.

Here, we prove the Lieb’s UP for the STQQPFT, QQPWVD and QQ-
PAF. Analogous result for the classical STFT and the windowed linear canon-
ical transform can be found in [25,34] respectively. Before we move forward,
let us first prove the following lemma.

Lemma 4.2. (Lieb’s inequality) Let g be a QWF, f € LZ(R?) and 2 < q < oo.
Then

1_1 2
(2m)a~» (2«
< —— 71 - . 41
LiR2xR2) — \B1B2|% q ||9||Lwﬁ(R2)||fHL§“(R2) (41)

/\1,/\2f‘

Proof.

</R |(s225727) (w,S)‘ng)

Q|

(/] o {70~ =)} (6" d£>

(42)
Using Hausdorff-Young inequality, we get

( [ \(sa0) (w,@\qu)é

1

< % (/. f(t)g(t—w)‘pdt);

A2(27r p , 1 o
|&Bz|q</ FOFlg@ =) dt) , 3(t) = g(~t)

oo 11
_ A(em)i
|B1Ba®

{(F17 % [gIP) ()}

where * is the convolution defined as (u x v)(x) = / u(t)v(x — t)dt. This
R2
implies that

L LI

This gives

A2a(

2 q(%—%) q
§2571) @) dwte < I [ (5 +lg) @) i

LI

1

S/\l,mf (x ﬁ)rdmdﬁ}q

it .
I o P P d
e L @y e
A2(2 ) 1

_ACDE e, (43)

|B1Ba|« LE (R2)
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Now we see that, if k = %, = %, then £ > 1 and %—l—% = 1+%. Since
|f1P, |g|P € LE(R?), we get, by Young’s inequality

(44)

1
I #1807y < AR o 161 o

where I is such that § + - = 1. Therefore, from Egs. (43) and (44), it follows
1
q q
52 1) (@) dade

that
L

1
(2m)a"7
S*AA A,Hg|\2 2| fll Lz &2y, (45)
‘Ble|q l L (R2) L (R2)

3
3

1 2
where A, = (’:ﬁ) , %—&— % = 1. Now, we have

1 1
4 2 P k Uo7
Af,A,:Al'i:pfl — 1,smcek*f,l:g
qi k" (q)a q
P
p llpl/
= = 5
qa k' % p
a—p

) . (46)

Thus using Eqs. (46) in (45), we get
1 1_1 2
q q 2m)a "2 2\ ¢
(52 1) @) dwde )" < B (2 glgpan 10

{/R /]R |ByBs|a \4

This finishes the proof. O

4.3. Lieb’s uncertainty principle

Definition 4.4. Let € > 0 and © C R™ be measurable. A function F' € L%(R")
is said to be e-concentrated on 2 if

Xoe Fllz@ny < €l FllLz@n,
where yqe denotes the indicator function on ¢ = R™ \ Q.

Ifo<e< %, then majority of the energy is concentrated on €2 and €2 is
said to be the essential support of F. Support of F' is contained in €2, if e = 0.

Theorem 4.6. Let g be a QWF and f € L (R?), such that f # 0. Let € > 0
and Q C R? x R? is a measurable set. If Sﬂfﬁfg’m f, on €, is e-concentrated,
then for every q > 2

(27T)2 2\ —1- q ﬁ
Q> 1-)at (47
= gt —e)e (2)
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Proof. Since Sﬁl’/\“’ f is e-concentrated on (2, we have

HXQC /\17/\2f‘

This implies

[xosiy s,

2
LE(R2xR?) \Blel 171z o) N9 2 o)

1
L2(R2xR2) |B Bs|

1 e2>||f||i%<w)||g||i%<Rz). (47)

Now, using Holder’s inequality with exponents 5 5 and 2, we have

q—2

2Lﬁ‘%<R2XIR2) = {/R2 /Rz (xa(z, &)72 dwdg} a
(L () ]

- 0% |

HXQS]Q}S;“ f ‘

L4 (]R2 :
Using, the Lieb’s inequality (41), we get

2

2 4

w2 2m)i7F (40

L3R B) < Q= W () 1F172 2y 91172 2y - (48)
1521

From Egs. (47) and (48), we get

st

Qe

2 2
a2 (2m)a"» (2 1
o B (2) s e
|B1Bale \4 152
This gives
1 2(1-2)_4; o1 [(q = 1 1
1 00 ()7, e L
2
1 _q q q;iQ
1.e., |Q| 2 |BIBQ|(27T)2(1 - ez)q—2 <§> .
This completes the proof. O

Remark 3. Taking ¢ = 0, in the above theorem, we get the following lower
bound for the support of SAl’AZf

7.‘.)2 _4

lim (Q) -2
|BlBQ| q—2+ \2
(2me)?
|B1Ba|

o (557°1)|

ie., ’supp (Sﬁ;“f)’ > (49)

(2me)?
|B1Ba|"

Corollary 4.8.1. Let g be a QWF and f € L4(R?), such that f # 0. Let e > 0
and Q C R? x R? is measurable. If .AI/P\HI’/\2 (f,9), on Q, is e-concentrated, then
for every g > 2

i.e., measure of the support of SAl A2f

(2m)? o (q\T2
] > (- (477, (50)
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In particular, if e =0, then
|supp (A5""2(f,9))| > 12— (51)

Proof. From Theorem 4.4, it follows that

(AG"2(1,9) (@,8)] = |(Say ) (@, €2)

Since Ap'"?(f,g) is e-concentrated on €, it can be shown that Sﬁfg’/\Qf

is e-concentrated on P~!{), where P is the non-singular matrix given by
1 000

&l = (51 Am,& - Am).

2

0 100 ) »
A g 10| and PTQ= {P~ 'z :x € Q}. So, by Theorem 4.6, we have
By
0 4201
2m)? q =
s - ()
152
This gives
27)? 7
01> - )7t (97, since det(p) =1
152
This proves Eq. (50). O

Corollary 4.8.2. Let g be a QWF and f € L4(R?), such that f # 0. Let e > 0
and 2 C R? xR? is measurable. If Wﬁl’Az (f,9), on Q, is e-concentrated, then
for every g > 2

(271') 2 q q qi2
Q 1-— -2 (= . 2
= e Et )T (2) (52)
In particular, if e =0, then
2
su VVAl M2 (g (me) 53
|supp ( (f.9 |,4|BlB2| (53)

Proof. From Theorem 4.5, it follows that
(W82(1,9)) (@,€)] = 4| (8557 1) (2, 0)]

4A 4A
&, (fl L o — B2x2> .
B, 2

Since VVIPAHI’/\2 (f,g) is e-concentrated on €, it can be shown that SAI’/\Zf

is e-concentrated on P~!{), where P is the non-singular matrix given by
1
0 00

2

0 300
14 10l So, by Theorem 4.6, we have
B4

0 F201

1 (2m)? 24 (4 (%2)
Pz g gt (’) '
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This gives
2 g =
€] = 16(E73T1)Bg| (1—e)a= (g)( ?) , since det(P™1) = 4.
This proves Eq. (52). O

4.4. Entropy uncertainty principle

As a consequence of the inner product relation and the Lieb’s inequality we
have the following theorem, the proof of which is motivated from the [40].

Theorem 4.7. Let f € LE(R?) and g be a QWF such that ||gl| 12 w2 | fl| 12 (r2) =
1, then

2
Es(f, g, A1, Aa) > , 54
s(f,9, A1, \2) 1B, Bs| (54)
where
2
gs(fmg?/\la/\Q = / / S/\l 2 m?ﬁ)‘
R2 JR?
g (|52 7) (@.)|) e
Proof. Define
/\ A 4
1Ggnnaa = [ [ |(s850) @g) dude. (o)
R2 JR?
Then using (55) in (37), we get
1
I(f,9, N, N2, 2) = o= 56
(f19,A\1,/2,2) B B, (56)
Also, from (41) and (56), it can be shown that
(2m)2—1 <2>2
) 7/\ ’/\ ) — - . 57
I(f, 9,1 M2,9) < VRV (57)
Define, for A > 0,
1 N1, No,2) — 1T A1, N2, 2+ 2X).
R()\): (fvg7 1y 7/\2 ) /(\fag> 157\2 + )
Then
—92\ 2
roys L1 e ( 1 >
A |BiBs|  |BiBa] \1+ A
- {1 ! }
M| By Bs| (14 A?2)
ie.,
2+
RO\ > + (58)

|B1Ba|(1+ )2’
Assume that Es(f, g, A1, A2) < 00, otherwise (54) is obvious.
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Now using the inequality 1+ Aloga < a*, A > 0, we have
03|85 @l (1| (s25r) o)
< |z @e e (|(s ) @el ). oo

2 2
Since, — ’(Sﬁfg’mf) ($,€)’ log (‘ (Sﬁ)lg’wf) (:1;,5)‘ ) is integrable, in view
of Eq. (59), using Lebesgue dominated convergence theorem, we have
. 1,2 1,2 22
1= [, ((550) o (o [559) 0 i
- 5S(f,g,/\1,/\2)- (60)
Again from (58), we get

2
li A) > .
)\i'%l+ R( ) - |BlBQI

Thus from (60) and (61), we have Eq. (54). This completes the proof. O

(61)

Corollary 4.9.1. Let f € L%(R?) and g be a QWF such that lgllzz @2y 1| 2 m2) =
1, then

2
|B1 By’

Ealf, g, N1, N\2) > (62)

where

etraninn == [ [ (a8 (19) @o)f
log (| (AL"2(f.9)) (w.€)|") dad.

Proof. From Theorem 4.4, it follows that

(AL 2(7,)) (. ©)| = | (8252 F) (@ €0)

So, we have
(f7 g, A1, /\2 / /
R2 JR2

log ( (sa3727) (w.€0)
= gS(f).q’ /\17/\2)'
Thus using Theorem 4.7, we have Eq. (62). O

A1£L‘1 Agﬂ?g
! — J— —
751 (51 B1 a§2 32 ) .

A1,A /! 2
31 2f ©,&;)

) dzd¢

Corollary 4.9.2. Let f € L(R?) and g be a QWF such that ||g|| 12 r2) | fll 12 m2) =
1. Then
2 —log16

& N1, Ng) > ————
W(f79, 1, 2)_ |B1B2| )
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where

W(f,g,/\l,/\g = AQ g | /\1 /\z )(:13 £)|
bg(|oMAhA%f,))augﬂ2)dxd§

Proof. From Theorem 4.5, it follows that

(V5" (£.9) (@.)] =a|(855f) 22.€0)] €

- 4A1£L’1 4A2£L’2
- <£l a£2 - B2 > .

So, we have

w(f, 9, N1, A2)

L
r2 JR2
L
RrR2 JR2
_4logl6 / /
|4Ble Rr2 JR2

log 16
+4Es(f, 3, N1, A
1B\ Ba| s(f, 3, A1, A2).

H—H' 2f 2w7£’z)

(16‘( A 2f) (2x,€.) 2) dad¢

Sh 2f (z g( log(lﬁ‘( o Qf)(m,g)f)d:cdg

sty 1) (.0 1ox (| (525°47) (@0 ) doae

Therefore, using Theorem 4.7, we have

2 —log16
> =2
W(f7ga/\17/\2) = |BlB2|

This finishes the proof. O

Example of STQQPFT Consider the functions f(t) = e~ (B+8) and g(t) =
1, 0<t <1 0<t2<7
1<t < 1 .2 <ty <1,t= (t1,t2) € R? Using the Definition 4.1,

0, otherwzse
the STQQPFT of f with respect to the window function g is given by

(S85721) (@.&) = [ K, (0,60 F (01 TE = ) (12, 2)
(z,€&) € R* x R?, (63)



28 Page 24 of 29 B. Gupta, A. K. Verma Adv. Appl. Clifford Algebras

where ¢ = (z1,72), € = (&,&), t = (t1,t2) € R2 Thus for the chosen
function f and the window function g, we get from (63)

(S8721) (. €)

z1+5
_ {/ 21 e—i(Alt?+Blt1£1+C’1§f+D1t1+E1§1)etfdtl}
xT

1

/I2+é
T2

1+l ) 2 2 2
_ / e—Z(A1t1+Blt1§1+01§1+D1t1+E151)e—tldt
1

w2+l q . 2 2 2
/ €_J(A2t2+32t2£2+02£2+D2t1+E251)e_thtQ (64)
Ta+3 V 27

- 3
)

e—j(A2t§+32t2§2+c2€§+D2t1+E2€1)e—tgdtg }

5
— 3

N

We first consider the integral

ntt o
/ 1 6*1(141t?+31t1£1+01§f+D1t1+E1§1)eftfdtl
xT

. ous

1 e e w1ty g
= 6*1(01£1+E1§1)/ e*(1+lA1)t1*l(31§1+D1)t1dtl

Z1

- %
)

2
2\/1+iA;1 67 2/1+iA;1 ) dtl,

= €

2 1
—iC@ e - (2EE) /“*2 (v + 21l
x

N

1

ie.,
Tty 1 e—i(Al75?‘5-31t151+clff+D1t1+E1§1)e*tfdtl
z, V2
= J(/\17£17i)
1
{eTf <(331 + 5) X(Av,9) + Y(/\hfl,i)) —erf(z1X(A1,1) + Y (A1,61,9)) |,
(65)
where
2
‘ 1 e*i(C1§f+E1£1)*<l;\l/?j%>
J(/\l,ﬁl,l) =

2v/2 V1+iA; ’

) - , Bi& + Dy .
X(A =+/1+4+1iA1,Y (A = —
( 152) + 1A, ( 1751’7') 2mz
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and erf(t) = % fot e~*"dz. Similarly, we have

To+3 1

w  V2m
- J</\27§27j)

erf((xg-i-;) X(Az,75) +Y (N2, &2, ))
—erf (22X (A2, j) + Y (A2,62,7))].

e*j(Azt§+32t2§2+02§§+D2tz+E2§2)eftgdtQ

Also, we have

x1+1 1

T1t+3 \/ﬂ
= ‘](/\13&177;)
lerf ((z1 +1) X(A1,4) + Y (A1,61,1))

—erf ((xl + ;) X(Ay,i) + Y(/\hfl’i)ﬂ

e—i(Altf-l‘Blhfl+C15f+D1t1+E151)e—t? dt,

and

xo+1 1

To+3 E
= J(/\27£27j)
lerf ((z2 +1) X (A2,j) +Y (N2, 82,7))

—erf ((azg + ;) X (A2, 7) + Y(/\2,§2,j)>} .

Using Egs. (65), (66), (67) and (68) in Eq. (64), we have
(sa327) @,8)
= J(/\l,fl, |:€’I’f <($1 > Al, ) + Y(/\l,fl,i))
—erf(x1X(A1,4) + Y (A1, &1,19))]

J(N2,&2,7) {erf((ngr) Ag,])+Y(/\2,§2,j)>
)+

—erf (22X (A2,7) + Y (N2, 62,7))]
—J(A1 &) ferf (o1 + 1) X (A1, d) + Y (A1, 60, 1))

(
_erf<< 1)XA1, )+ Y (A1, &, ))}
X

2

J(N2,&2,7) [erf (x2 + 1) X (A2,7) + Y (A2, &2,7))
1
2

—erf<<x2+ )X(Ag, )+ Y (N2, &2, ))]

e*j(Aztg+th2§2+02§§+D2t2+E2§2)e—tg dts
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5. Conclusions

In this article, we have studied Parseval’s identity and sharp Hausdorfl-
Young inequality for the two-sided QQPFT of quaternion-valued functions.
Based on the sharp Hausdorff-Young inequality, we have obtained the sharper
Renyi entropy UP for the proposed QPFT of quaternion-valued functions. We
have extended the STQPFT of complex-valued functions to the functions
of quaternion-valued and studied the properties like boundedness, linearity,
translation, and scaling. We have also obtained the inner product relation
and inversion formula for the proposed two-sided STQQPFT. We have also
obtained the relations of STQQPFT with that of the QQPAF and the QQP-
WVD of the quaternion-valued function associated with the QQPFT. We
have obtained the sharper version of the Lieb’s and entropy UPs for all
these three transforms based on the sharp Hausdorff-Young inequality for
the QQPFT.
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