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Abstract. Let I" be a d-summable surface in R™, i.e., the boundary of a
Jordan domain in R™, such that fol Nr(r)7*7'dr < 400, where Nr(7)
is the number of balls of radius 7 needed to cover ' and m—1 < d < m.
In this paper, we consider a singular integral operator St associated with
the iterated equation Dz f =0, where D, stands for the Dirac operator
constructed with the orthonormal basis of R™. The fundamental result
obtained establishes that if & > <, the operator St transforms functions
of the higher order Lipschitz class Llp(F k+a) into functions of the class
Lip(T',k + B), for f = o= d . In addition, an estimate for its norm is
obtained.
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1. Introduction

The problem about the existence of the limit boundary values of the complex

Cauchy Transform
C :
rf(z " omi / ¢ — z
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with f € C%%(T), is widely treated in [8], which leads to the Plemelj-Sojotski
formulas:

CEF() = Tim Cef(2) = 5 (1) + Se (1)
Z€Q+

Cr (1) = Tim Crf() = 5(~7(t) + Sef (1), (1.1)
zEQ_

where

Srf(t) = ﬂli/g(_otdc7 tel
r

b f(©)
B lgr(l) i / ¢ — tdC.
I\TNB(te)

is a singular integral operator understood in the sense of the Cauchy principal
value.

From the Plemelj-Sojotski formulas (1.1), we obtain an alternative def-
inition of this singular operator, given by the expression

Srf(t) =CLf(t) +Cr f(1). (1.2)

In addition, we have

CLf(t) = Cr f(t) = f(¥),

from where

Cr f(t) = CLf(t) — f(t). (1.3)
Also, note that, by substituting (1.3) into (1.2),
Srf(t) =20 f(t) — f(t). (1.4)

The expression just obtained for Spf will be the starting point in the
present research.

The Plemelj—Privalov theorem, named in honor of the Slovenian math-
ematician Josip Plemelj (1873-1967) and the Russian mathematician Ivan
Ivanovich Privalov (1891-1941), is of great importance in the theory of sin-
gular integral equations and complex variable function theory. This theorem
affirms the invariance of the Hélder classes under the action of the Cauchy
singular integral operator, i.e., Sp : C%%(I') — C%*(T), 0 < a < 1.

The result was obtained by Plemelj [13] for the case of smooth curves.
It was rediscovered independently by Privalov [14] for the circle and, later
on, for any smooth piecewise curve without cusps [15]. The reader is referred
to the work of [11] for further historical details.

A higher order version of the above mentioned result was established in
[5,6], where the higher order Lipschitz class Lip(T, k+ «) plays the role of the
more traditional Holder classes. More precisely, in these works the invariance
of a generalized singular integral operator Sl(ﬂk) when acting on Lip(T, k + «),
is proved in complex and Clifford settings.

In the more general context of non-smooth boundaries, such invariance
is no longer true. This time, the corresponding singular integral operator acts
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between differents Holder classes (see [1]). For the case where the boundary
I' is d-summable, an estimation of its norm is also established in the above
mentioned paper.

This brief introduction leads to the aim of the present paper: to charac-
terize the behaviour of a singular integral operator related to iterated Dirac
equations in domains with fractal boundaries. We will prove a sort of invari-
ance of this operator between higher order Lipschitz classes. Moreover, an
estimation for its norm is obtained.

2. Preliminaries

2.1. Polymonogenic Functions

Denote by ey, eq,..., e, an orthonormal basis of R™, subjected to the mul-
tiplication relations
el =1, eje; = —eje;, 0,5 =1,2,...m, i < j.

Thus the Euclidean space
R™ ={x =x1e1 + xaea + ... Tmem, x; ERi=1,2,...m}

is embedded in the real Clifford algebra Ry, generated by e, ez, ...en
over the field of real numbers R. An element a € Ry, may be written as
a =) ,aaea, where a, are real constants and A runs over all the possible
ordered sets

A={0<iy < - <ir<m},or A=10,
and
€A 1= €,€Ci, "€, €0 =€ = 1.

In particular, Sca := ag is referred as the scalar part of a. Conjugation in
R, is defined as the anti-involution a +— @ for which &; = —e;. A norm
.|l on R is defined by ||a||* = Sc[aa] for a € Rg,,. We remark that for
x € R™ we have ||z|| = |z|, the symbol |.| denotes the usual Euclidean norm.

We will consider functions defined on subsets of R” and taking values
in Ro,,. Those functions might be written as f = >, faea, where f4 are
R-valued functions. The notions of continuity, differentiability and integrabil-
ity of a R ,,-valued function f have the usual component-wise meaning. In
particular, the spaces of all k-time continuous differentiable and p-integrable
functions are denoted by C*(E) and LP(E) respectively, where E is a suitable
subset of R™.

The Dirac operator D, for C'-functions on R™ is defined by

'Dg = 873161 -+ (91262 + -+ azmem-

It is worth pointing out that D, factorizes the Laplace operator in R™
in the sense that

D,D, = —A.
The fundamental solution of D, is thus given by
Eo(z) = 0y E1(z),
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where

1
B e

is the fundamental solution of A and o,, stands for the surface area of the
unit sphere in R™.
The function

Folz) = — 1 =z

o |z™
called Clifford—Cauchy kernel, satisfy in R™ \ {0} the equations
D,Ey = EyD, = 0.

An Ry ,,-valued function f, defined and differentiable in an open region
2 of R™, is called left monogenic (right monogenic) if D, f = 0 (fDy = 0)
in €. Functions that are both left and right monogenic are called two-sided
monogenic. We refer the reader to [4,10] for the more classical setting of
Clifford analysis.

More generally, an Ry ,,-valued function f in C*(Q) is called polymono-
genic (left) of order k, or simply k-monogenic (left) if DF f = 0 in Q. In
particular, bimonogenic functions are nothing more than Roym—valued har-
monic functions. See papers such as [2,3,16] for further general information
concerning polymonogenic functions.

2.2. Higher Order Lipschitz Classes and Whitney Extension Theorem

Here and subsequently, j := (41,72, ., Jm) and 1 := (Iy,l2,...,1,,) denote
multi-indexes, with j! := 71l im!, [§| == j1 + o+ o+ jim; 2t = 222 xln

: il
and 3-’ e TP
o014 ...04m

Definition 2.1. [17] Let E be a closed subset of R™, k a non-negative integer
and 0 < a < 1. We shall say that a real valued function f, defined in E,
belongs to Lip(E,k + «) if there exist real valued bounded functions fJ,
0 < |j| < k, defined on E, with f© = f, and such that if

: S y)
fz) = Z T (z —y)'+ Rj(z,y),
li+11<k '
then
@) < M, |Rj(z,y)| < Mlz—y|** VW va,y € E i <k, (21)

where M is a positive constant.

The above compatibility conditions (2.1) are equivalent to the fact that
the field of polynomials

> Py@-yP, yeT
i<k

is the field of Taylor polynomials of a C*®-function. In 1934 H. Whitney
proves that given a function f € Lip(E, k+«) there exists f € Lip(R™, k+«)
such that f € C>°(R™ \ E) [19], a result which we state here without proof.
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Theorem 2.2. [17] Let f € Lip(E,k + «). Then, there exists a function fe
Lip(R™, k + «) satisfying

(i) fle =1 0 flg = f3,
(ii) fe CHYR™\E),

(i) |3 f(z)| < ¢ dist(z, B)*~Y, for |j| =k +1, z € R™ \ E.

Here and subsequently, ¢ denotes a generic constant, not necessarily the
same at each occurrence.

The proof of Theorem 2.2 uses the so-called Whitney decomposition,
which involves a collection of disjoint cubes (Q whose lengths are proportional
to their distance from E. This decomposition, usually denoted by W, is so
that

R™\E= ] Q.

Qew

In what follows we use the symbol |@Q| to denote the diameter of the cube
Q@ € W. For details we refer the reader to [17].

In our context we will say that an Rg ,,-valued function f belongs to
Lip(E, k 4 «) if each of its real components does so. It is easy to see that this
component-wise definition is equivalent to the assumption that there exist
Ro,m-valued functions f3 such that if

j+1
Pa- Y W6y R 22)
li+1<k

then
1A @) < M, ||Rj(z,y)|| < M|z —y[*T*H, va,y e B, |j| < k. (2.3)

The following norm in Lip(E, k 4+ «) was introduced in [18]:

-
0<|jI<k | z€E z,y€E |$_ﬂ| +e-lil

. R;(z,
T p— {supnﬂ(x)n, sup '””'} (2.0

where ||.|| denotes the Clifford norm on R .

Before going further, it is necessary to consider the notion of d-summable
sets. This concept was introduced by Harrison and Norton in [12]. We say
that E is d-summable for some m — 1 < d < m if the improper integral

1
/NE(T)TdildT converges,
0
where Ng(7) is the number of balls of radius 7 needed to cover E.
The following lemma establishes a relationship between the Whitney

decomposition W and the concept of d-summability. The reader is invited to
review [12] for details of the proof.
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Lemma 2.3. If Q is a Jordan domain of R™ with d-summable boundary T,
then the d-sum ZQEW |Q| of the Whitney decomposition W of Q is finite.

For notational convenience, we will use the symbol s(d) to denote the
d-sum of a Jordan domain 2 with d-summable boundary.
For f € Lip(T, k + «), the polymonogenic Cauchy Transform

¢ f@) = Fona - 0 [ By - oDy Fody, (29)
Q

with I’ being d-summable, was introduced in [9].
Here and below, F4 (s > 1) are given by:
xz

c(m, S)Wﬂ%sﬂ if m and s are odd,
B or if m is even, s is odd and s < m,
_ 1
Eso1(z) = c(m, S)H? if m is odd and s is even
x
or if m is even, s is even and s < m,
c(m, 8)xz® ™ (log|x| + d(m,s)) if m is even and s > m
g )

where ¢(m, s) is a constant that depends on m and s; and d(m, s) is a real
constant that depends on m and s [16].
For the kernels Ej, the following estimation:

: ¢
‘a‘]Es(@‘ < W’ (2-6)
is obtained in [6].
Let us define the singular integral operator:
k k
S ) =2 F(0) - F(@), (2.7)
which may be written as
St 1) = F(t) - 2T DY (1), (28)
where

Tgle) = (-1 [ By~ 29wy,
Q
denotes the higher-order Teodorescu operator.
We will adopt (2.8) as the definition of our singular integral operator,
whose properties are studied bellow.

3. Main Results

The following result is a generalization of [7, Lemma 1].
Lemma 3.1. Let be F € Lip(R™ k + «) and E C R™ a compact set. Then
f = F|g belongs to Lip(E, k + «). Moreover, we have

ko < sup { 20 0Pl sup 5@ . (3)

lil=k
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Proof. Let f be defined as the trace of F in E, i. e., f = F|g. Taking fi =
Fi|lg = &3 F|g obviously yields f € Lip(E, k + «).
On the other hand, if |j| = 0, it follows that

sup |3 (z) ]| = sup || f ()], (3.2)
zeE zeE

since by definition f° = f.
Let us introduce the following notations

A= flea,
A
8jF = Z@jFAeA,
A

and

R; = ZRjAez‘b
A

where ff;‘, N F,, and R;, are R-valued functions.
For |j| = 0, we have

1
Ry(z,y) =f(x) = ) fl(,y) (z-y), zyeE,
n<ke
or equivalently,
O'F
Ry(z,y) =F(z) - ) l,(y) (z—y)
n<e
or O'F
=F(z)— > 17!@@,@1, > #@*g)‘-
<k—1 1=k

Thus, for each R;, (z,y) it turns out that

o'F o'F
RS R NE R i T I DAL I CE)
[<k—1 ) =k ’

At this stage we make use of the mean value theorem, which leads to

81 al *
Fa(z)— Y Ff,‘(y) (-y'=)" %(@—y)‘. (3.4)

[<k—1 ' 1=k

where y* belongs to the segment joining z and y.
By substituting (3.4) into (3.3), one has

1 * 1
Riawy) = 3 200 oy Py

1!
[1|=Fk 1=k
81FA(Q*) —8FA(y) 1
= 1 (z-y)
1=k ’
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Hence,

ENCRIESS %m‘FA(g*) iz - )

=k
<Z |81FA —0'Fa(y)llz —y|"
= k
1 *
<> G0 Faly’) - O Fatw)lle -y
1=k
1|0'Fa(y*) — 0'Fa(y)l l — y[Fto
— | —_ - -
= |z -yl
. m . |0'F4(y*) — ' Faly)|
(m =Rk =y -yl
m'
<76F R o k+a
(= a0 Palaznlz =yl
Consequently,

|Rj . (z,9) o _m!

Al .
z —ylFte = (m— k:)'k" Al

Thus,
IRz, y)| =11 Y Ria(z: y)eal
A

- Z RJ?A (l’ Q)
\/ A
< \/ EA: mj‘ix R?

m 2
g\/Z max R (z,y)

<2% max|Ry, (z,y)|

Therefore,
1Byl _ 2% m!
|z —ylF+> = (m— k)lk!

22 m)

= m—hyH

max{|8 FA|a Rm}

10" F o -

‘JZ— |k+a

(3.5)

The proof of the general case 1 < |j| < k, follows a completely analogous

procedure and for the sake of brevity will be omitted.

The following Lemma will be useful.

O
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Lemma 3.2. Let h € LP(QY), with p > m. Then

/ M 7*I‘m+m - h(y)dy (3.6)

is a function belonging to C*P(R™) with 3 = 2=

Proof. We have

(y— 2y (y — 2
‘y _ £|m+|j\—1 B |y _ §|7n+|j\—1
y—2 -2y (y— 2y (y— 2

ly — z[mHEI=T Ty — 2|l |y — ATy — il

(y—zpP —(y—z)

|y — z|m+il-1

. 1 1
(y —2z) Ly ity _z|m+j|1] ’ +
=1 + Is.
First, we estimate 1.
y — zmHEI=T ly — £|m+\jlfl|

iy
I < |Q £| ly — 2|t HI=T]y — z|mtlil-1

(3.7)

Developing the power difference in (3.7), we obtain:

||g — 2|2 |y — oISy — g [y — g|m+|j\—2’

h<elz— |y — z[m—ty — z|mHhl-1

(3.8)

Since |y — z| > Ig;@’ it follows

;< Clz—al |y — z[mrhl=2
1> |y |m71‘g_§|m+\j|71
clz —z|
= 3.9
ly —z[mty — 2|’ 3.9)
and hence
z—z

L < y|_ $|W|L (3.10)

and so
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Therefore,
w2 - -2 = (1) - 2o - -
1<j
= (Jl) (y—2)'(z —z)™!
n<ljl—1
Thus,
= (-2
I < |<hi-1
2= |y — z[m BT
> ({) ly— 2" |z — M
<l
B ly =zl
cly —2|" |z — MM |z — g
N ly — 2|
1 jl—[1]—1
<c}g7g||||gf§’m 0 2 — 2|
- |y — z[m+hI=1
cClz—a| _clz-z
— ‘g_§|m — |g_£|m'
Sumarizing,
y-z) gz clz -z
‘y_§|m+\jl—1 |y_ ﬂmﬂj\—l = |y_£|m'

The rest of the proof is completely analogous to those used in [10, Propo-
sition 8.1]. O

A rather simple consecuence of the above Lemma is the following

Proposition 3.3. Let g € LP(Q), with p > m. Then,
Ti19 € CHF(R™),
for 8 = —p;m. O

We are now in a position to formulate our main result.

Theorem 3.4. Let I' be d-summable and o > i Then
m

Slgi) : Lip(T,k + o) — Lip(T, k+ ),
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for = . In addition,

—d
IS ke < 1+ ers(d)'= [T|FH8 +
2% m)
(m — k)k!

where ¢y, ca, and c3 are constants depending on «, d, and m.

(|r|a—ﬁ + eos(d) 7 |T)P + 03s(d)%) :

d
Proof. Since a > o it follows that

L d
1—a’
Let p = . Then, from [9, Proposition 2] we have that Dk+1f €

LP(2). On the other hand, Proposition 3.3 yields Tj,41DE*1 f € Lip(R™, k +

%), i e, Tk“D;“f € Lip(R™, k + 3), where use has been made of the

obvious equality

l1—«

Thus, Clgi) has continuous extensions up to Q and 81(13) € Lip(T, k + ).

Now, we are able to examine ||S(li)
Holder inequality that

IS FOI < 1 Fllktanr + 2 Tiss DEFLF
< fllkrar + 20D Fllpl1 Exlg- (3.12)
On the other hand, for t € I" we have

/‘Ek —t| dy—c/

Since |y —t| < [T,

k+p,r- It easily follows from the

a
dy.

-1

‘mk

/ By —t)|"dy < || (m—k=1)a,

Accordingly,
e e e F CAE)
On the other hand, by [9, Proposition 2], it follows that

/ IDE Fy)lPdy < | DEFIE ps(d).

From the above, we deduce

IDE Flly < es(d)7 1 isor- (3.14)
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Combining (3.12), (3.13) and (3.14) leads to

k 1 _m
IS FO < 11 Fllks+ar + 18(d) 7 || fllksar|TFH
or equivalently,

IS F@I < (1+ ers(@ P T75 ) [ esar (3.15)

J
5]
B,R™

A repeated use of the Holder inequality yields

)

Let us now proceed to estimate

(y —t))

172Dy 1 < eliDy ™ Al | o= e

q

(y —t) !

(y —t)
|y _ﬂm-‘rm—l

q
|y — t|m+lil-1 dy

Next, after some rather direct computations we have
q
1

Q/
1
/Iy—tl“”‘”"dy
J ly—t

1
(|F|m—(m—l)q) @ _ ‘1—‘|%7(m71)

< |1—\|mpT?17(m71) _

IA

= |T°. (3.16)
Consequently, we obtain
- = 1
173, DE I < cas(@ 7 01| fllktanr (3.17)
which easily follows from (3.14) and (3.16).

As stated by Lemma 3.1, it is required to estimate ||%j+1D§+1f||ﬂ,Rm.
On applying Lemma 3.2, we obtain a

| 7,15 Fl) - T3,,D5 ()| <elDs+ fllply — 21

<eas(d)? | £ lntarly —z/®.
Accordingly,

73 Dk+1f( ) Dk+1f( ) 1
H k+ |y_§‘1;+1 H < c3s(d)? || f | kta,r- (3.18)

Then, combining (3.17) and (3.18) we obtain
. . 1
172 Dy fllprm < (c2T17 + c3) (@)% || fll+a,r- (3.19)

It remains to examine || f|| g rm for |j| = k. By properties of the Whit-

ney extension, || f||gzm = || f3]|sr holds. Actually, since a > 3, || f]gr <
7|22 f3]|a,r, it turns out that

109 Fllpm < T2 flliranr- (3.20)
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On substituting (3.15), (3.19), and (3.20) into (3.1) it yields
s

1—

IS Fllispr < {1+ ers(a) = 0

2% m! a 1-8 18
b (17 + exs(@ ' 0 4 cast@)' %) bl
Finally,
IS ks <1+ c1s(d) 7 |D|F+2
2% m! o 1-5 1-8
o ym UT17 + eas(d) = [01° + exs(@)'=")
which completes the proof. O
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