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Abstract. In this paper, we consider inner automorphisms that leave in-
variant fixed subspaces of real and complex Clifford algebras—subspaces
of fixed grades and subspaces determined by the reversion and the grade
involution. We present groups of elements that define such inner auto-
morphisms and study their properties. Some of these Lie groups can be
interpreted as generalizations of Clifford, Lipschitz, and spin groups. We
study the corresponding Lie algebras. Some of the results can be refor-
mulated for the case of more general algebras—graded central simple
algebras or graded central simple algebras with involution.
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1. Introduction

In this paper, we study inner automorphisms that leave invariant fixed funda-
mental subspaces of the real and complex Clifford algebras. We present groups
of elements that define such inner automorphisms. Some of these groups are
associated with the vector subspace V' of the Clifford algebra C¢(V, Q) [4,12]
over a quadratic space (V, Q) with a nondegenerate quadratic form @: well-
known Clifford group I', which preserves the subspace V' and is widely used
in the theory of spin groups; the groups I'*, k = 0,1,...,n, which preserve
the subspaces of fixed grades k. The others are naturally defined by the main
involution (the grade involution) and the reversion. We introduce the groups
P (preserve subspaces of fixed parity), A, B, Q, and Q' (preserve some other
fundamental subspaces determined by the reversion and the grade involu-
tion) and study their properties. As one of the anonymous reviewers noted,
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these subspaces can be defined in more general algebras, and some of the
results of this paper can be reformulated for the more general case. Namely,
the groups P (see Sect. 3) can be introduced in the graded central simple
algebras (GCSAs) introduced by Wall in 1964 [25]. The groups A, B, Q (see
Sects. 4, 5, 6) can be introduced in the graded central simple algebras with
involution (GCSAsWI) introduced by Wall in 1968 [26]*. Let us also note the
paper [7] on GSCAs and GSCAsWI, including, as a special case, the Clifford
algebras. Clifford algebras are widely used in different applications—in engi-
neering, physics, robotics, computer vision, image and signal processing, etc.
Groups that preserve different structures of Clifford algebras under similar-
ity transformation may be of interest to these applications. All these groups
contain spin groups as subgroups and can be considered as generalizations of
Clifford, Lipschitz, and spin groups.

Let C be the real Clifford algebra C/(V,Q), V =RP% p+q = n (or the
geometric algebra [6,8]) or the complex Clifford algebra C¢(C™) [3,9,10,12].
We denote the identity element by e and the generators of C by e,, a =

1,...,n. In the case of the real Clifford algebra, the generatorse,,a =1,...,n
satisfy

€qp + epeq = 2Nape, a,b=1,...,n,
where n = (n,,) = diag(1,...,1,—1,...,—1) is the diagonal matrix with its

first p entries equal to 1 and the last g entries equal to —1 on the diagonal.
In the case of the complex Clifford algebra, the generators satisfy the same
conditions but with the identity matrix n = I,, of size n. Consider the sub-
spaces C* of grades k = 0,1, ..., n. The elements of these subspaces are linear
combinations of the basis elements eq, .. a, = €ay " €ay, 01 < a2 < -+ < ay,
with multi-indices of length k. The Clifford algebra C can be represented as
the direct sum of the even and odd subspaces

c=cOgch, cO= H c, = @
k=0 mod2 k=1 mod2
CY) ={UeC: U=(-1YU}, j=0,1,

where “ is the grade involution (or the main involution). Also we consider
the following four subspaces (see [16-18]), which are naturally determined by
the grade involution =~ and the reversion ~

cm= o m=01,23,
k=m mod4
" ={UeC: U=(-1)"U, U=(-1)""%"U}. (1.1)

IThe area of interest of the author of this paper is mostly the applications of some specific
algebras (as Clifford algebras) in physics, in particular, in the field theory. Therefore, let
us present results only for the particular case of Clifford algebras in this paper. One can
reformulate the statements for the more general cases of GCSAs or GCSAsWI, if the need
arises for some purpose. We accompanied the statements of this paper with footnotes,
including those received from the reviewer, about their possible reformulation for the more
general case.
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The algebra C is a Zy x Zy-graded algebra w.r.t. these four subspaces and the
operations of commutator [U, V] = UV — VU and anticommutator {U,V} =
Uv +VU:

[C™ C™ c C?, [C™,C

|

]cC™ m=0,1,2,3,

[, cllcc®, [0, cct, [CfC? o,
{C™,C™ c ¥, {C™,C}cC™, m=0,1,23,
{Cl,C?cC? {C%C*yccl, {CClycc2

We use the notation A* for the set of invertible elements of any set A.

Consider the adjoint representation (inner automorphism) ad : C* — AutC
acting on the group of all invertible elements of the Clifford algebra

C*={TeC: 3T}
as T + adp, where adpU = TUT ! for any U € C. The kernel of ad is
ker(ad) ={T € C*: adr(U)=U VU € C}=17%,
where Z* is the group of all invertible elements of the center of C

CY, if n is even,
2= {CO dC",  if nis odd. (1.2)

Let us consider the well-known Clifford group [3,4,12,13], which consists of
elements that define inner automorphisms preserving the subspace of grade 1:

I={rec*. 7C'T'CC!} (1.3)
={Wuvy-vy,: m<n, WeZ*, wv;€C*}, (1.4)

where C*!' = {v; € C' : v} # 0} is the subset of all invertible elements
of grade 1. The equivalence of (1.3) and (1.4) is well-known and can be
proved using the Cartan-Dieudonné theorem [5,13] or the generalization of
the Pauli’s theorem [14,15]. From (1.3) and (1.4), we can easily obtain

r={Tez<(C*®Oucx®y. rcirtccl}. (1.5)

In this paper, we present and study groups that leave invariant different other
fixed subspaces (the subspaces of fixed grades, the subspaces defined by the
reversion and the grade involution) of the Clifford algebra C. In the case
n = 1, the Clifford algebra C is commutative, and all such groups coincide
with C*. We consider the case n > 2 below. We summarize the results for
the Lie groups and Lie algebras presented in this paper in Table 1.

We use notations with multi-indices for direct sums of different sub-
spaces:

cWwimr .— ¢®) ¢t O™ @ O

and similar ones. The group of elements that define inner automorphisms
preserving the subspace C")'" is denoted by T(*)imr

We can illustrate the considered Lie groups in the following way (see
Fig. 1). Note that we have T C QC Q' CPand Q = ANB=ANP=BNP.

All the considered groups are subgroups of the group C*. Spin groups are
subgroups of the smallest of the considered groups I'.
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TABLE 1. Lie groups preserving fixed subspaces of C under
similarity transformation and corresponding Lie algebras

Lie group n Lie algebra  Dimension
CX C on
I=p_,I* 1 mod2 co2n nn=l) 4 g
0 mod?2 02 nncl) 1
P= 1—‘(0) — F(l) 1 mod?2 C(O)n 2n—1 41
0 mod2 c©) gn—1
A=T01=T1% 1 mod4 C023n gn—1 _ 93t Sin(fr(n4+l)) 19
0,2,3 modd % gn—1 _ 975" gin(TtD) 4
B=I%=T12 3 mod4 Co12n 91 973 cos(TL)) 4 o
B 0,1,2 mod4 CO12 gn—1 _ 9"zt COS(Tr(n:l)) 1
Q=Q =T1* 1,3 mod4  CO% 272 — 23" cos(T) 4 2
(k=0,1,2,3) 2 mod4 C02 272 — 237 cos(T) 4 1
Q=Tt=13 0 mod4 02 m=2 _9"3" cos(T) +1
Q=I"=1%?  0mod4 Qo2 272 — 2"3" cos(T) + 2
Q B
A
Q'
P
CX

FIGURE 1. Lie groups preserving fixed subspaces of C under
similarity transformation

2. The Lie Groups I'*

Let us use the following notation for the groups that preserve subspaces of
fixed grades under similarity transformation

*.={rec*. TCT'cCCF}, k=0,1,...,n. (2.1)
In the particular case, we get the Clifford group I'! :=T' (see (1.3)).

Lemma 2.1. We have

o — %, Fn:{CX, if m is odd,

C*O@ ycxM ifn s even.
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Proof. We have 'Y = C* in the case of arbitrary n and I' = C* in the case
of odd n because of the center (1.2) of C.

In the case of even n, we can easily verify that C*(© uCx(® C 7
because eq. , commutes with all even elements and anticommutes with all
odd elements. Let us prove that I'* € C*(© y C*(M), Suppose that T =
To+ Ty € T, where Ty € C© and T} € CV. We get

(To+T1)er.a(To+T1) " = €1 n(To — T1)(To + T1) "' = X1
for some constant A\, which is equivalent to (Tp — T1) = MTp + T1), i.e.
TO = ATQ and 7T1 = )\Tl We get A= 1, T1 =0or A = 717 TO = 0, i.e.
T e C*Oycx®, O
Theorem 2.2. We have?

rcrk k=o,1,..

.51

As a consequence, we obtain

I=(TF={TeC*: TC*T"'CC* k=0,1,...,n}
k=0
Proof. Suppose T' = Wwy -+ vy, W € 2%, v; € c*l, 5 =1,...,m. For
Ui € C*, we have
TULT P =Wor...oU(Wor...ov) P =01 .. .vak.v;Ll . vl_l.
Since (v;)? € C*° we have (v;)~! = Ajv; for some nonzero constant \;,
— i

j=1,...,m. Thus (v;)~' =v; ", (vj/)\*1 = —(v;)~', and we have

—_— —

(ijkvj_l) = ijkvj_l, (ijkvj_l) = UjUkUj_l.
Using (1.1), we conclude that the elements Uy and UjUkUj_l are from the

same subspace CF. The grade of element v; Ukvjfl can take values between
k — 2 and k + 2. Thus the grade equals k, and we get

ijkvj_l eCk, j=1,....m
and TU, T € CF. O

We present new properties of the groups I'*, k = 1,...,n in Sect. 7 (see
Lemmas 7.1, 7.2, 7.5).

3. The Lie Groups P

Let us use the following notation for the groups that preserve subspaces of
fixed parity under similarity transformation

r®.—frecx. rcWr-tcc®y k=o0,1. (3.1)
Using Theorem 2.2, we get
rcr®, rcro,

2 According to the reviewer, this fact is well-known. We present this statement for the sake
of completeness. The new results for the groups I'* are presented in Sect. 7.
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Let us consider the following group
C*@ycx®if n is even,
CxonCx(0)] if n is odd.

By Lemma 2.1, we have I' = P for even n.
We need the following lemma to prove Theorems 3.2 and 6.3.

P:=7X(C*Oyc*W) = {

Lemma 3.1. We have
{UeC: [UV]=0, YWeC9}=C"acC (3.2)
Proof. Let us have Ueqp, = eqpU, Ya < b. Taking a = 1 and b = 2, let us
represent U in the form
U=A+e1B+eC+exD,

where the elements A, B,C, D € C do not contain e; and e;. We get (A +
e1B + exC + 612D)612 = 612(A +e1B + exC + elgD). Using Aeqg = elgA,

D€12 = 612D, 61B€12 = 761261B, and 620612 = 7612620, we obtain B =
C = 0. Acting similarly for the other a < b, we obtain U = ae + bey._,, for
some constants a, b. ]

Theorem 3.2. The following three groups coincide®
P=7 =1,

Proof. Let us prove that P C T(©) and P € T'™W. Suppose that 7' € Z* (C*(Oy
C*(M), Since TT~! = e, we conclude that if T = WT, € Z*C*©) W ¢
7, Ty € C*O then T-! = W-Ty' € 2XC*O and if T = WT) €
72C*M W e 7%, Ty € C*M then T = W-'T7 ! € 22C*(M), Therefore
TCcOT-t C CW and TCOT-1 C CO),

Let us prove that TV C P. Suppose TCHT—1 C ¢, Then we have

et = (TCOT-1) = —FCOT1,
Multiplying both sides on the right by 7" and on the left by f—\17 we get
T-17c® — C(l)f—\lT,

thus T-17 € 7%, and T = WT for some W € Z*. Taking grade involution,
we obtain T = WT. Thus T = WWT. If n is even, then for W = JAe
with some constant A\, we get A = +1. We obtain 7" € C*(© y CcxM_ 1f
n is odd, then W = ae + bey., for some constants a,b. Suppose we have
T=Ty+T, Ty € CO T € COD. Then Ty — Ty = (ae + be1. ) (To + T1),
and Ty = aTy+be; ,T1.Ifb=0,thena=1, W =e¢, and T € COUCW. If
b # 0, then Ty = pey. Ty for some constant p. Thus we have T'= Ty + T =
(e + per. )Ty € Z5C*O0) = 7x(CxO) y cxM),
Let us prove that T'© C P. Suppose TCOT-1 C C©. Then we have

TCOT-! = (TCOT-1) = TCOT-1,

3 As one of the anonymous reviewers of this paper noted, this statement can be reformulated
for the more general case of the graded central simple algebras (GCSAs).
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Multiplying both sides by T on the right and by T-1 on the left, we get
T-17C® = cOT-IT,

Using Lemma 3.1, we obtain T-1T € (CO@ C™)*, and T = WT for some
W € C*9 7 In the case of odd n, the proof is analogous to the proof of the
previous case because Z = C° ™ in this case. Let us consider the case of even
n. Suppose we have T = Ty + T, Ty € CO, Ty € C). Then Ty — Ty =
W(Ty + Ty), i.e. Ty = WTy and =11 = WT;. We get (W —e)Tp = 0 and
(W +e)Ty = 0. If at least one of two elements W + e and W — e is invertible,
then we conclude that Ty = 0 or 7} = 0, and T € C(© U C™), Suppose that
both elements W + e and W — e are non invertible. For W = ae + bey._,, with
some constants a,b, we get W e = (a = 1)e + bey .. ,,. We obtain

((a+1)e+ber ) ((a+1)e—ber ) = (a%1)*e—b*(er. n)%e.
We see that both elements can be non invertible only in the case a = 0,
b==41,(e;. . n)>=eora=0,b= =i, (e1. ,)* = —e (in the case of the field
C). We get W = ey, ,, or W = tiey . From T'= WT, we obtain

T=WT= W(To/—i-—\Tl) =W(To—T1) =WTy —WT, =ToW +TYW =TW,
i.e. a contradiction, because T is invertible and W # e. O

Note that we can prove I'© = T'M) in the case of odd n in a simpler
way. Multiplying both sides of TCOT~1 C C© by e, , € Z and using
cO = el,mC(l), we obtain TCHT-1 c ¢, Similarly, in the opposite
direction.

Note that we can also prove ' C P in another way using the gener-
alization of the Pauli’s theorem (see [15,19,23]). Using TCHWT~1 € C) | we
get

Bo:=Te, T 'eCV a=1,...n. (3.3)
The elements (3.3) satisty 5.0y + Bo8a = 2nape. By the generalized Pauli’s

theorem for odd elements (see Theorems 5.1 and 5.2 in [19]), we get T €
Z(C*© y ¢*(M) because the element T equals

—1
Z ﬁay..akF(ealmak)
a1<--<ayg

for some element F' € {e,,. 4, } up to an invertible element of the center Z*.

Note that subspaces of fixed parity are direct sums of the subspaces
(1.1): C© = €92 and CM = C13. Below we study other subspaces, which
are also direct sums of the subspaces (1.1): 0%, 023, 93, and C'2.

4. The Lie Groups A

Let us use the following notation for the groups that preserve subspaces (1.1)
or their direct sums under similarity transformation

r*.={Tec*: TCFT 'CCF}, k=0,1,2,3, (4.1)
rM.={rec*: TCHT'CCM}, k1=0,1,23. (4.2)
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Consider the following group?
A={TeC*: TTeZ*}. (4.3)

Note that the “norm function” ¢(7) := TT is widely used in the theory of
spin groups (see, for example [2,3,10,13]). The spin groups

Pin(p,q) :={T €T*: ¢(T) = +e}, Spin(p,q) := Pin(p,q) N C
are defined as normalized subgroups of the Lipschitz group
. ={rec*@uc*®. rcir-tcclicr. (4.4)

It is well-known that ¢ : I'* — C*°. The group A contains the groups I and
I'* as subgroups.

Lemma 4.1. The norm function TT takes values in COL, i.e.
TT e C vrec.
As a consequence, we get

_ {{Te C*: TT e Cx0}, if n=0,2,3 mod4,

= ~ 4.
{TeC*: TTe(C'sC™"*}, ifn=1mod4. (45)

Proof. We have TT = TJL; = TT for any T € C. We conclude that the
reversion does not change the expression 77 Using (1.1), we obtain 77 €
CO, Using (4.3), we get (4.5). O
Theorem 4.2. The following three groups coincide

A =T =72,
Proof. Let us prove that A C ' and A - I'2. Let us have TT = W € Z*.
For U € C%, we have

TUT-! = T-\UT = TWUWT~! = TUT}
ie. TUT' € C. For U € C23, we have

TUT-! = —-T-\UT = ~TW 'UWT ' = ~TUT""
ie. TUT™! € C%. B -
Let us prove that I'%' C A. For U € C°!, we have
TUT™ = TUT-! = T-\UT.
Multiplying both sides on the right by 7" and on the left by T', we get
(TT)U =U(TT) YU e C.

In particular, we conclude that TT commutes with all generators e, € C°F,
a=1,...,n. Thus TT € Z*. o
Let us prove that >3 C A. For U € C?3, we have

_TUT ' = TUT-! = —T-\UT.

4 As one of the anonymous reviewers of this paper noted, the groups A, B, Q can be defined
in the more general case of the graded central simple algebras with involution (GCSAsWT)
and the corresponding statements can be reformulated for this more general case.
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We get
(TT)U =U(TT) YU e C&.

If n > 3, then we can always represent each generator e,, a = 1,...,n as
the product of elements of grade 2 and 3. This implies that 7T commutes
with all generators e, a = 1,...,n. For example, if TT commutes with €123
and es3, then it commutes with e;. We obtain 77 € Z*. If n = 2, then
from [TT7612] = 0, we obtain 7T € C° @ C2. Using TT € C%, we get
TT € C*0 = 7. O

5. The Lie Groups B
Let us consider the following group
B:={TeC*: TTez"}. (5.1)
The norm function x(7T) := TT as well as the function Y(T) (see above) is
widely used in the theory of spin groups (see [2,3,10,13]).
Lemma 5.1. The norm function f“T takes values in C9, i.e.
TT € C% vreC.

As a consequence, we get

B{{TECX: Zz“TeCXO}, ifn—=0,1,2 modd,

{TeC*: TTe(C°@C"*}, ifn=23modd4.

In the particular cases, we have

B=C*, n<3.

(5.2)

— N

Proof. We have TT = TT = TT. We conclude that the operation ~ does
not change the expression 7'T. Using (1.1), we obtain TT € C%, Using
(5.1), we get (5.2). In the cases n < 3, the condition 7T € Z* = C% holds
automatically. O

Theorem 5.2. The following three groups coincide
B=T% =12

Proof. Let . us prove that B C '3 and B - "2, Let us have TT = W € Z*.
For U € C%, we have

—

TUT-' = T-'UT = TW'UWT~! = TUT,
ie. TUT! € C%. For U € C'2, we have

—

TUT-' = —T-\UT = ~TW 'UWT™' = —TUT",
ie. TUT ! e C™2,
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Let us prove that I''2 C B. For U € C'2, we have

—

TUT"' =TUT' = ~T-UT.
Multiplying both sides on the right by 7" and on the left by T, we get
(TT)U =U(TT) YU e C™2.

In particular, we conclude that TT commutes with all generators e, € c2,
azl,...,n.ThusTTegX. o
Let us prove that I'°> C B. For U € C%, we have

TUT! = TUT ' = T T,
Multiplying both sides on the right by 7" and on the left by 1:“, we get
(TT)U = U(TT) WU e C%.
For n < 3, we get [ =B =CX.Ifn > 4, then we can always represent
each generator e,, a = 1,...,n, as the product of two elements of grades 3
and 4. This implies that 77" commutes with all generators eq, a = 1,...,n.

For exangple, if T commutes with €234 and eja34, then it commutes with eq.
We get T'T € Z*. O

6. The Lie Groups Q and Q’
Let us consider the following group
Q:={Tez<(C*Ouc*Wy. TTe7*}. (6.1)
Lemma 6.1. We have
Q=ANP=BNnP=ANB, QCP, QCA, QCB. (6.2)
In the particular cases, we have
Q=P =29(C*OyucxM) n<3; (6.3)
Q#P, A#P, n=4 (6.4)

Note that below (see Lemma 7.4), using auxiliary statements, we also
prove that Q =P = A in the cases n < 3, and Q # A in the case n = 4.

Proof. The first two statements (6.2) are trivial because of the definition
(6.1). Let us prove the nontrivial statement A N B = Q. Suppose we have
e}ement T € C* such that TT = Wy € Z% and TT = Wy € Z*. We get
T = WT for some W € Z*. In the proof of Theorem 3.2, we have already
shown that this implies 7' € Z*(C*(© uC*M). Thus ANB = Q.

For n < 3, we have C9 = C°. Using 7T € C% and TT € C%, we get
Q=P forn <3.

In the case n = 4, the element

T =e12+2e34 € C(O)
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is invertible because
(e12 + 2e34) (€12 — 2e34) = (e12)” — 4(e34)?
is a nonzero scalar. Also we have
TT = —(e12 + 2es4) (e12 + 2e34) = —(e12)? — 4(esa)? — derzsy ¢ 2%,

ie. TeP, T ¢ A and T ¢ Q. Thus P # A and P # Q in the case n = 4.
O

Let us consider the group
Q :={Tez<(C*Ouc*Wy. TTe(C"aC)*}. (6.5)

This group coincides with the group Q in the cases n = 1,3 mod4 because
Z = C° @ C" for odd n, and in the case n = 2 mod4 because TT € C%,

f’T e C03:
Q' =Q, n=1,2,3mod4.

Let us consider the group Q' in the case n = 0 mod4.

Lemma 6.2. We have

QCQ CP, n=0mod4, (6.6)
where
Q#Q, n=48,12,..; (6.7)
Q =P, n=4 (6.8)
Q #P, n=8,12,16,... (6.9)
For the groups
A ={TeC*: TTe(C°®C")"}, (6.10)
B :={TeC*: ZaTG (C° @ C™)*}, (6.11)
we have
ANB =Q. (6.12)

Proof. We obtain (6.6) using the definitions of the corresponding groups.
Let us prove (6.7). For the element T' = e + 2¢;._,,, we have

TT = (e+ 21 n)(e+2e1. ) =e+4(er n)* +4e1_p € CXO",
ie. T € Q and T ¢ Q. The element T is invertible because
(e+2e1..n)(e—2e1.n) = e—4(e1..n)°

is a nonzero scalar.

We have (6.8) because the condition 7T € C° = C° & C* holds auto-
matically in the case n = 4.

Let us prove (6.9). The element T = eja + 2e34 € C© is invertible
because

(e12 + 2e34)(e12 — 2e34) = (e12)* — 4(e34)?
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is a nonzero scalar. Also we have
TT = 7(612 + 2634)(612 + 2634) = 7(612)2 — 4(634)2 — 461234 ¢ C><0n7
ie. TePandT ¢ Q.
Let us prove (6.12). If n = 1,2,3 mod4, then A’ = A, B’ = B, and
Q' =Q,thus Q' = Q=ANB = A'NB’. Let us consider the case n = 0 mod4.
Suppose we have an element 7' € C* such that
TT =W, e (C°®C")%, TT=Wse (COaCm)X.

We get T = WT for some W € (C%@® C™)*. In the proof of Theorem 3.2, we
have already shown that this implies T € C*(©) y x4, 0

Theorem 6.3. In the cases n > 4, we have
Q=T'=T*#Q =I"=T? n=0mod4, (6.13)
Q=T"=T'=1?=T3 n=1,23modd. (6.14)
In the exceptional cases, we have
0= £ =1?=Q=P=C*Ouc*®, p=2
== =1?=Q=P=27Cc*0, p=3.

As a consequence, we obtain (the analogue of Theorem 2.2 for grades)

3
r'crt k=0,1,2,3, ((I"=T' e
k=0
M=Q={rec*: TCFT'CCF k=0,1,2,3}. (6.15)
Proof. Let us prove that Q C FE, k =0,1,2,3. Suppose T' € 7ZX(C* Oy
C*M) and TT = W € Z*. For an arbitrary Uy € C*, k =10,T,2,3, we have
TULT-! = T-1U0 = W \TUT—'W = TUT,
TUT ! = TUT ! = TUT .

Using (1.1), we conclude that the elements TUFT ! € C*. Thus Q C T¥,
k=0,1,2,3. ) )

Let us prove that in the cases n = 0 mod4, we have Q' C I'’, Q' C T%
Suppose T' € C*@yuc*® and TT = W € (C° @ C™)*. For an arbitrary
Uz € C*, we have

TUT-' = T-\UT = TW 'UWT ' =TU T, k=0,2,
TUT! = TUT-L = TUZ™, k=0,1,2,3,
where we use that W commutes with even elements. Using (1.1), we conclude
that TUZT—1 € C* for k =0 and 2. Thus Q' CT*, k =0,2.
Let us prove that I'" C Q. Suppose TC'T~! C C!. From Te, T~ ! € C!,
a=1,...,n, we get

—_~—

(T) te T = (Te,T-1) = Te, 771
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Multiplying both sides on the right by 7" and on the left by T', we get
ea(TT) = (TT)eq, a=1,...,n,
ie. TT € Z*, and I'l C A. Also we have

—

—(T) te T = (Te,T—1) = —Te, T

Multiplying both sides on the right by 7" and on the left by T', we get
ea(fT) = (ZzﬂT)ea7 a=1,...,n,

ie. TT € Z*, and T'T C B. Using Lemma 6.1, we obtain TT C ANB = Q.
In the exceptional case n = 3, we have I'> = C* because C3 = C3 € Z
in this case. B B B
Let us prove that I'* C Q, n > 4. Suppose TC3T~1 C C3. We obtain

—(T)"'UT = (TUT-') = =TUT™", VU e 3,
and
U(TT) = (TT)U, YU e C3.

If n > 4, then we can always represent each generator e,, a = 1,...,n, as the
product of 3 elements from the subspace C3. This implies that 77 commutes
with all generators e,, a = 1,...,n. For example, if TT commutes with ej23,
€124, €134, then it is trivial that it commutes with e;. We obtain TT € 7*,
i.e. I C A. Analogously, we get

(T)"'UT = (TUT-') = TUTY, WU e (7,
and

U(TT) = (TT)U, VU e C°.

Finally, for n > 4, we obtain 77 € Z*, and I3 C B. Thus I* C ANB = Q
in the cases n > 4.

Let us prove that I'2 C () in the cases n = 1,2,3 mod4 and T2 C Q' in
the case n = 0 mod4. Suppose TC2T~1 C C2. We have

~(T)"WT = (TUT-Y) = ~TUT"', VU e (2.

Therefore

U(TT) = (TT)U, YU € C>.
This implies

U(TT) = (TT)U, YU e C©
because we can always (n > 2) represent all even basis elements of Clifford
algebra as the products of elements from the subspace C2. Using Lemma 3.1,

we get TT € C° @ C". Analogously,

—

(T)"\WUT = (TUT-') = —~TUT~*, VU e C2.
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Therefore

U(TT) = (TT)U, YU e C2.
This implies

U(TT) = (IT)U, YU e C©,

Using Lemma 3.1, we obtain fT € CY@ C™. We have TT e CoL, f”T e 3,

Thus in the cases n = 1, 2,3 mod4, we get TT € C° and TT € C°. We obtain
the group AN B = Q in this case. In the case n = 0 mod4, we obtain the
group A’NB' = Q.

In the exceptional cases n = 2,3, we have I'0 = ' = C* because
C0 = €% € Z in this case.

Let us prove that o c Q in the cases n = 1,2,3 mod4, n > 5, and
I'% C )/ in the cases n = 0 mod4, n > 4. Suppose T'COT~! C C%. We have

(T)"'UT = (TUT-') =TUT ", VU e .
Therefore
U(TT) = (TT)U, YU e C°, (6.16)
In the cases n > 5, this implies
U(TT) = (TT)U, YU e C©

because we can always represent each basis element of grade 2 as the product
of elements from the subspace C". For example, if 77 commutes with e;345
and es3ys, then it commutes with e1s. Using Lemma 3.1, we get

TT e’ Cm (6.17)
If n = 4, then C° = C° ® C* and, from (6.16), we get 7T € C(©) = 024,
Using TT € C°, we get TT € C%, i.e. (6.17) again. Analogously, we obtain
(T)"\UT = (TUT-') = TUT*, WU e C".
Therefore
U(TT) = (TT)U, VU e C°. (6.18)
In the cases n > 5, this implies
U(TT) = (TT)U, YU e CO.
Using Lemma 3.1, we get
TT e 0@ Cn. (6.19)
In the case n = 4, from (6.18), we get again (6.19). Finally, in the cases
n =1,2,3 mod4, for n > 4, using TT € CO', TT € C%, we get from (6.17)

and (6.19) the conditions TT € C° and TT € C°. We obtain the group
A NB = Q in this case. In the cases n = 0 mod4, n > 4, from the conditions
(6.17) and (6.19) we obtain the group A’ NB’ = Q'. O
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Let us give one example for the case n = 4, p =1, ¢ = 3. The element
T =c+epy €% =Q and T ¢ I'' = Q. We have (e1234)> = —e and
71 = %(e — e19234). Thus
_ 1 T
TeiT™' = 5(6 + e1234)e1(e — €1234) = —ea3q ¢ C,

and for an arbitrary U € C2

1
TUT71 = 5(6 + 61234)U(6 — 61234)
1 _
= §(U —Uei234 + €1234U — e1234Ue1234) = U € 2.

We get Q =TT #£T2 = Q' in this case.

7. The Relations Between Groups

In this section, we prove some new properties of the groups I'*, Q, Q' and
A. In particular, we show that these groups are closely related in the cases
of small dimensions.

Lemma 7.1. We have

r*cqQ, k=1,23,...,n—1, n=1,23mod4, (7.1)
r*cqQ, k=1,3,5,...,n—1, n=0mod4, (7.2)
r*cqQ, k=246,...,n—2 n=0modd. (7.3)

Below (see Theorem 7.3 and Lemma 7.5) we prove that we have equality
in (7.1), (7.2), and (7.3) in the cases n < 5.

Proof. Let us have TU,T~' C CF for any U;, € CF with some fixed k. We
get
+TUT ' = TUT-' = +T-\U,T, VU, € C*.

Multiplying both sides by T on the right and by T on the left, we get

Up(TT) = (TT)U,, YU, € C*.
If k£ is odd and k # n, then we can always represent each generator e,,
a=1,...,n as the product of elements of grade k. We obtain

ea(TT) = (TT)eq, a=1,...,n,

ie. TT € 7%
If k is even and k # n, k # 0, then we can always represent each basis
element of grade 2 as the product of elements of grade k. We obtain

ear(TT) = (TT)eqp, Ya <b.
Using Lemma 3.1, we get TT € C° @ C", which is equivalent to 7T € C° in

the cases n = 1,2,3 mod4.
Also we have

—

+TUT™ ' = TUT-! = +T-\U,T, VU, € C*.
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Multiplying both sides by T on the right and by f on the left, we get
Up(IT) = (IT)Uy, WU € CE.

If k is odd and k # n, then we obtain f’T € Z*. It k is even and k # n,

k # 0, then we obtain TT € C° @ C", which is equivalent to TT € C° in the
cases n = 1,2, 3 mod4.

Finally, in the cases n = 1,2,3 mod4, we obtain the group Q = AN B.
In the case n = 0 mod4, we obtain the group Q = AN B for odd &k and the
group Q' = A’ NB’ for even k. O

Using previous Lemma, we conclude that T* C P because Q C P,
Q' C P (see Lemmas 6.1 and 6.2). Thus we can rewrite the definitions of the
groups I'* (2.1) in the form

Fo={rez<(C*@uc*MWy.: rckr—t c Ck}, k=1,...,n—1.
Lemma 7.2. We have
rcf=r"* k=1,...,n—1.

Proof. If n is odd, then TC*T~! C CF is equivalent to TC*~*T~1 C Cn~F,
k=1,...,n— 1, because we can multiply both sides of this conditions by
€1 n €7 and use Cke; ,, = C"—k,

If n is even, then TC*T~' C CF is also equivalent to TC**T—1 C
C" % k =1,...,n — 1. We can multiply both sides of this conditions by
e1. n and use that T € ¢ ycxM) (see the note before this Lemma), use
that e, commutes with all even elements and anticommutes with all odd

elements, and CFey ,, = C* K. O
Theorem 7.3. We have
'=Q, n<5 TI'#Q, n=6. (7.4)

Proof. In the cases n < 4, we have
Q=T'={TeCc*: TC'T'CClY
={TeC*: TC'T'CC'}=T1!
because C' = C!. In the case n = 5, we have for T € Q
TC'T ' ccl=Cle o
Suppose that
TvT ' =w+Xer 5, v,weCl

with some constant A. Then

31.5w>0

e =e L ToT™ —eftow = (e] 15TUT_1 —e]
= (e sToT ™Yo = (e1..50)0 =
where we use the property (AB)y = (BA)g of the scalar part operation [10]
(it is the projection onto the subspace CY)°, and e, 5 € Z.

5This operation coincides with the trace of the corresponding matrix representation up to
the scalar, which is the dimension of this representation (see [13]).
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In the case n = p =6, ¢ = 0, consider the element

1
T = 7(612 + 63456) € C(O)

V2
We have
TT = %(—612 + e3456) (€12 + €3456) = €
and
T€1T_1 = %(612 + e3a56)e1(—€12 + €3456) = —€23456 ¢ Cl7
but eas456 € CL. Thus T € Q,T ¢TI, and Q # I in this case. O

Note that the following analogue of the statement of the previous the-
orem is known: in the cases n < 5, if T € CO and TT = +e, then
TCYT—1 C C!. That is why the spin group in the cases n < 5 (see, for
example, [13]) can be defined as

Spin(p,q) = {T € CO, TT = +e}, n<5.
Lemma 7.4. We have
A=Q=P=25(C*Oyuc*M)  n<3; (7.5)
Q#A, n=4 (7.6)

Proof. We have Q = P for n < 3 by Lemma 6.1. Let us prove that Q = A
forn <3.If T € A, then TCO'T~! C C%, in particular,

TC'T ' Cc '@ CL
Using the property (TUT 1) = (U)g of the scalar part operation, we get
TciTt c ol

Thus, A C T in the cases n < 3. We have I' = Q for n < 5, and Q C A. Thus
we get A = Q for n < 3.
In the case n = 4, for the element

S = e+ 2eq03 ¢ CX(O) U Cx(l),

we have
5SS = (e — 2e123)(e + 2e123) = € — 4(e193)? € C*O.
Thus S € A, S ¢ Q, and A # Q in the case n = 4. O
Lemma 7.5. We have the following relations in the cases of small dimensions
M=1?=Q=P=A, n=3 (7.7)
MN==Q#I?=Q =P, n=4 (7.8)
MN=r?=r=r*=qQ, n=>s. (7.9)

Proof. We have I'' = Q for n < 5. If we have I'' C I'* C Q for some fixed k
(see Lemma 7.1), then we can conclude that T'" = I'* = Q for this k. In the
case n = 4, we get I'> = T2 = Q' = P from Theorem 6.3. O
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Note that I'* # I'® in the case n = 6. This fact follows from Theorem 6.3
(we have I'® = T'* = Q in the case n = 6) and Theorem 7.3 (we have I # Q
in the case n = 6). For example, the element T = e 4 2ej93456 is invertible
because
(e + 2e123456) (€ — 2e123456) = € — 4(e123456),

is a nonzero scalar. We have
(e + 2e123456)U (€ — 2€123456) = (€ + 2e123456)°U € C°
for an arbitrary U € C? because eq2345¢ anticommutes with all odd elements.
Also we have
(e + 2e123456)e1(e — 2e123456) = (€ + 2e123456) %1 € C! & C.

Thus T ¢ T and T € '3

8. The Corresponding Lie Algebras

It is well-known (see, for example, [3,13]) that the Lie algebra of the Lie group
T" is the following subspace with respect to the operation of commutator
[ Chs P if n is even,
TT\CeC?aCn, ifnis odd,
with dimension
n(n—1) . .
dimT = dim~y =4 2 +1 %f s even
—5—+2, ifnisodd

Theorem 8.1. The Lie groups P, A, B, Q, and Q" have the corresponding Lie
algebras® p, a, b, q, and q' illustrated in Table 1 with corresponding dimen-
sions. Also we have
YyEqCp, qCa, qCb, g=anNp=bNp=anb;
g=p=a, n<3;
a7p, aFa, pFa n=4
y=4d, n<b5 v#q, n=6 (8.1)

In the cases n = 0 mod4, we have

aCq Sp, 7Cas a#d, n=>4
d=p n=4 q#p n=8 (8.2)
Note that the statements (8.1) are analogues of the corresponding state-
ments (6.2), (6.3), (6.4), (7.1), (7.2), (7.4), (7.5), (7.6) for the Lie groups. The

statements (8.2) are analogues of the corresponding statements (6.6), (6.7),
(6.8), (6.9), (7.3) for the Lie groups.

6We present Lie algebras for all Lie groups considered in this paper for the sake of com-
pleteness. Some of them are known.
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Proof. To prove these statements, we use the standard facts about the rela-
tion between an arbitrary Lie group and the corresponding Lie algebra.
To calculate dimensions, we use (see, for example, [22])7
dim C% = 272 — 2"3% ¢og (%) . dimCO =91
dim €% = dim C? + dim C% = 2"~2 — 22" cos (%)

1on=2 9" gin (%n) — 91 _ 9% gin <7T(n4+ 1)) :

dim C2 = dim C? + dim C! = 272 — 2" cos (@>

4
n— n—1 1
+2772 4 2"3 sin (@) =21 273 cos mn+1) .
4 4
All statements (8.1), (8.2) are easily verified using definitions of the corre-
sponding Lie algebras. O

9. The Cases of Small Dimensions n < 5

Let us write down all the Lie groups considered in this paper and the corre-
sponding Lie algebras for the cases of small dimensions n < 5.

If n = 1, then the Clifford algebra C is a commutative algebra and all
considered Lie groups coincide with C*. The corresponding Lie algebra is C
considered w.r.t. the operation of commutator.

If n = 2, then we have two different groups

M0 =1"=1r"%=r2=B=0C~
M=r2=r2=r3 =710 10 10 =T
=I'=Q=P=A=C*Oycx®),

with the corresponding Lie algebras C and C%? respectively.
If n = 3, then we have two different groups
M0=r0=p3=p3=r%_-r2_-B=CcCx
M =r@=r®_pl=p2_p2=p2_70
=T=Q=P=A=2*Cx0),
with the corresponding Lie algebras C and C923
If n = 4, then we have five different groups
r’=cx
F(O) _ F(l) _ 1—16: 1—14 — 1—\5 — 1—\2 —P= Ql — CX(O) U CX(l)’
M=M= =r=r=Q={rec*®@uc*®. 71 e},

% T2 _B={TeC*: TTeC*),

respectively.

7As one of the anonymous reviewers noted, the dimensions of the four subspaces CE7
k =0,1,2,3 in the case of more general algebras (GCSAsWI) are also known from other
works.
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B =T"=A={TeC*: TTeC*").
with the corresponding Lie algebras C, C%24, C%2, €912 and C%23 respectively.
If n =5, then we have five different groups
% =r°=C"
r® —p =p=7zxcxO,
MM=r2=r’=rt=r'=r?=r’=r1°
=I'=Q={Tez*Cc*®: TTeC},
1% T2 _B={TeC*: TTeC,
B =T =A={TeC*: TTeC*").
with the corresponding Lie algebras C, C924% (025 C012 and C°23% respec-
tively.
The relations between all the considered Lie groups are illustrated in
Fig. 1.

10. Conclusions

In this paper, we present an explicit form of the groups of elements that
define inner automorphisms preserving different naturally defined subspaces
(subspaces defined by the reversion and the grade involution and subspaces
of fixed grades) of the real or complex Clifford algebra C

rO=r®=p 10=r¥=A 15=r2=8

I'=r*=qQ, I'’=r’=Q or Q, I* k=01,...,n

)

We present the corresponding Lie algebras. The relations between Lie groups
(and Lie algebras) are illustrated in Table 1 and Fig. 1. One of this groups
(the Clifford group I', which preserves the subspace of grade 1) is well-known
and is widely used in the theory of spin groups. The other groups A B,Q,Q

are related to the norm functions ¢(T) = TT and x(T) = TT and can be
also used in different applications.

Note that the spin groups are defined as normalized subgroups (using
the norm functions ¢ and x) of the Lipschitz group

r*f={rec*@yc*®. rcir-tccly,

which is a subgroup of the Clifford group I' (we have 't C T'and I = ZXT'%).
We can consider normalized subgroups (using the same norm functions ) and
x) of the groups P, A, B, Q, Q". These normalized subgroups can be inter-
preted as generalizations of the spin groups and can be used in different
applications of Clifford algebras. In the papers [20-22], we have already con-
sidered some of these groups (see the groups Gz%?qv Gzl)?q, Gf,yq in [22]) and
found isomorphisms between these groups and classical matrix Lie groups.
Some of these groups are related to automorphism groups of the scalar prod-
ucts on the spinor spaces (see [1,3,10,12]).
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All the groups considered in this paper contain spin groups as subgroups.
The real Clifford algebras are isomorphic to the matrix algebras over R, RGQR,
C, H, or H @ H depending on p — ¢ mod8 and the complex Clifford algebras
are isomorphic to the matrix algebras over C or C® C depending on n mod2.
In the opinion of the author, the structure of naturally defined fundamental
subspaces (subspaces of fixed grades and subspaces defined by the reversion
and the grade involution) favourably distinguishes Clifford algebras from the
corresponding matrix algebras, when we use them for applications. Groups
that preserve different subspaces of Clifford algebra under similarity transfor-
mation may be of interest for different applications of Clifford algebras—in
physics, engineering, robotics, computer vision, image and signal processing
(see about applications of various groups in physics using Clifford algebra
formalism, for example, in [11,24]).

Acknowledgements

The study presented in this paper was stimulated by discussions with Prof.
A. Odzijewicz and other participants during the International Conference on
Mathematical Methods in Physics (Morocco, Marrakesh, 2019). The author is
grateful to the organizers and the participants of this conference. The author
is grateful to the anonymous reviewers (especially to the second reviewer, who
pointed out the feasibility of some of the results of this paper not only for the
Clifford algebras but for more general algebras, as well as for other important
comments) for their careful reading of the paper and helpful comments on
how to improve the presentation. This work is supported by the grant of the
President of the Russian Federation (Project MK-404.2020.1).

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Ablamowicz, R., Fauser, B.: On the transposition anti-involution in real Clif-
ford algebras III: the automorphism group of the transposition scalar product
on spinor spaces. Linear Multilinear Algebra 60(6), 621-644 (2012)

[2] Atiyah, M., Bott, R., Shapiro, A.: Clifford modules. Topology 3, 3-38 (1964)

[3] Benn, I.M., Tucker, R.W.: An introduction to spinors and geometry with ap-
plications in physics (Bristol, 1987)

[4] Chevalley, C.: The Algebraic Theory of Spinors and Clifford Algebras. Springer,
Berlin (1996)

[5] Dieudonne, J.: La geometrie des groupes classiques. Springer, Berlin (1971)

[6] Doran, C., Lasenby, A.: Geometric Algebra for Physicists. Cambridge Univer-
sity Press, Cambridge (2003)

[7] Helmstetter, J.: The group of classes of involutions of graded central simple
algebras. In: Ablamowicz, R. (ed.) Clifford Algebras. Progress in Mathematical
Physics, vol. 34. Birkhauser, Boston (2004)



30 Page 22 of 23 D. Shirokov Adv. Appl. Clifford Algebras

[8] Hestenes, D., Sobczyk, G.: Clifford Algebra to Geometric Calculus. Reidel Pub-
lishing Company, Dordrecht (1984)

[9] Lawson, H.B., Michelsohn, M.-L.: Spin Geometry. Princeton University Press,
Princeton (1989)

[10] Lounesto, P.: Clifford Algebras and Spinors. Cambridge University Press, Cam-
bridge (1997)

[11] Marchuk, N.: Field theory equations, Amazon, ISBN 9781479328079 (2012)

[12] Porteous, L.R.: Clifford Algebras and the Classical Groups. Cambridge Univer-
sity Press, Cambridge (1995)

[13] Shirokov, D.S.: Clifford algebras and their applications to Lie groups and
spinors. In: Proceedings of the 19 International Conference on Geometry,
Integrability and Quantization, Avangard Prima, Sofia, pp. 11-53 (2018).
arXiv:1709.06608

[14] Shirokov, D.S.: The use of the generalized Pauli’s theorem for odd elements
of Clifford algebra to analyze relations between spin and orthogonal groups of
arbitrary dimensions. Vestn. Samar. Gos. Tekhn. Univ. Ser. Fiz.-Mat. Nauki
1(30), 279287 (2013)

[15] Shirokov, D.S.: Extension of Pauli’s theorem to Clifford algebras. Dokl. Math.
84(2), 699-701 (2011)

[16] Shirokov, D.S.: Classification of elements of Clifford algebras according to
quaternionic types. Dokl. Math. 80(1), 610-612 (2009)

[17] Shirokov, D.S.: Quaternion typification of Clifford algebra elements. Adv. Appl.
Clifford Algebras 22(1), 243-256 (2012)

[18] Shirokov, D.S.: Development of the method of quaternion typification of Clif-
ford algebra elements. Adv. Appl. Clifford Algebras 22(2), 483-497 (2012)

[19] Shirokov, D.S.: Calculations of elements of spin groups using generalized Pauli’s
theorem. Adv. Appl. Clifford Algebras 25(1), 227-244 (2015)

[20] Shirokov, D.S.: Symplectic, orthogonal and linear Lie groups in Clifford algebra.
Adv. Appl. Clifford Algebras 25(3), 707-718 (2015)

[21] Shirokov, D.S.: On some Lie groups containing spin group in Clifford algebra.
J. Geom. Symmetry Phys. 42, 73-94 (2016)

[22] Shirokov, D.S.: Classification of Lie algebras of specific type in complexified
Clifford algebras. Linear Multilinear Algebra 66(9), 1870-1887 (2018)

[23] Shirokov, D.S.: Method of generalized Reynolds operators in Clifford algebras.
arXiv:1409.8163

[24] Snygg, J.: Clifford Algebra—A Computational Tool For Physicists. Oxford
University Press, New York (1997)

[25] Wall, C.T.C.: Graded Brauer groups. J. Reine Angew. Math. 213, 187-199
(1963,/1964)

[26] Wall, C.T.C.: Graded algebras, anti-involutions, simple groups and symmetric
spaces. Bull. Am. Math. Soc. 74, 198-202 (1968)


http://arxiv.org/abs/1709.06608
http://arxiv.org/abs/1409.8163

Vol. 31 (2021) On Inner Automorphisms Preserving Subspaces Page 23 of 23 30

Dmitry Shirokov
HSE University
Myasnitskaya str. 20
101000 Moscow
Russia

and

Institute for Information Transmission Problems of Russian Academy of Sciences
Bolshoy Karetny per. 19

127051 Moscow

Russia

e-mail: dm.shirokov@gmail.com

Received: May 19, 2020.
Accepted: March 22, 2021.



	On Inner Automorphisms Preserving Fixed Subspaces of Clifford Algebras
	Abstract
	1. Introduction
	2. The Lie Groups Γk
	3. The Lie Groups ¶
	4. The Lie Groups A
	5. The Lie Groups B
	6. The Lie Groups Q and Q
	7. The Relations Between Groups
	8. The Corresponding Lie Algebras
	9. The Cases of Small Dimensions nleq5
	10. Conclusions
	Acknowledgements
	References




