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1. Introduction

The quaternion algebra is a four dimensional associative algebra over R with

generators 1, e1, eo, e3 satisfying e? = e2 = e% = —1, ejes = —ege; = e3,

eses = —eszea = e1 and ese; = —ejes = eo (see [1,2,4,6,10,27] and the

references given there). In what follows, we always denote the quaternion

algebra by H. For any ¢ € H, it can be written as these linear combinations of

1, e1, ex and ez, namely, ¢ = zg+x1e1+x262+2x3€3, Where xg, x1, T2, x3 € R.
Our purpose is to deal with the following respects:

1.1. Quaternion Upper Half Planes
(1.1.a) Suppose the involution of H is

H>q=x9+ z1€1 + T2e3 + T363 — ¢ = Tg — T1€1 + Toes + T3€3 € HL.
The quaternion upper half plane is given by

H+ = {q:(E(]+$161+5E2€2+{L‘363 eH: = >0} (11)
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The group of linear fractional transformations on ]ITL_ is given by

s emen (3 (54 22) - ()

The upper half plane H, as in (1.1) has been studied since 1980’s, revealing
connections with geometric, the theory of numbers, harmonic analysis and
PDE. The geometric properties of H, were studied by Kéahler [15]. Gritsenko
[12,13] made a detailed investigation about the theory of numbers in H,,
and in a more general context in [17]. For a deeper discussion of harmonic
analysis and PDE on Hy is due to Lax and Phillips [18-21].

(1.1.b) In [27, p. 201], Sudbery introduced the vector space R®&H, where
‘H denotes an oriented three-dimensional manifold. Suppose the involution of
H is

H>q=ux9+ x161 + 260 + 363 — q* =x9 — T1€1 — Taes — x3e3 € H.
Narita [23, p. 641] considered the following form upper half plane
Hy =Ry @& H:={q=2x0+ 161 + 2260 + 2365 EH: 29 >0}. (1.2)

The group of linear fractional transformations on H is defined by

e {(52) e (53) (5) (22) - (2))

Comparing (1.1.a) with (1.1.b), we find that there’s a big difference
between the Lie groups S and ). Notice that H is the boundary of H,,
where H is as in (1.2). Because H has a simple structure, thus it is easy
to establish some analysis theories. The choice of H seems to be the best
adapted to our theory. In this paper, we are trying to follow the classical
harmonic analysis of Stein and Weiss [26] into the oriented three-dimensional
manifold H.

1.2. Fourier Transforms

We shall consider the Fourier transforms on H. Let N be the nilpotent sub-
group of @ as in (1.1.b). Since N ~ H, the definitions of left and right Fourier
transforms are unambiguous. The Fourier transforms are described by Kir-
illov’s orbit method [16] and Vergne’s polarizing subalgebra [28]. Motivated
by [25], we also obtain the Plancherel theorem adapted to these Fourier trans-
forms. The Plancherel theorem will turn to be important for Riesz transform.

1.3. Fueter Conjugates Harmonic Functions and Cimmino Systems

The investigation was mainly aimed at constructing Fueter conjugates har-
monic functions. This construction was motivated by [24]. In order to obtain
these functions, we recall the notions of two systems as follows:

(1.3.a) A R-differentiable function F' = Fy+ e Fy +eaFs+e3F3 is Fueter
left regular at the neighborhood U of ¢ € H if and only if F; for j =0, 1, 2, 3
are differentiable functions and

oF OF
87%4»26].7‘70' (13)
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This is so-called Cauchy-Riemann-Fueter equations (see [9] or [27, Proposi-
tion 3]).

(1.3.b) For @ = (z1, w2, x3) € R® and v(z) € H, we consider the func-
tion F as in (1.3)

F(xg + v(z)) = Fo(xo, x +Z€J (zo, x

Function F' is a left Fueter conjugate harmomc function, if (Fy, Fi, Fa, F3)
satisfy the first order linear partial differential equations:
OFy _ OFy _ 0F, _ 0F: _ .

dxo Oz Oxo Oxs
%+3F1 f%+aF3 —0:

(92?1 aa’,‘o (97:3 8302

OF, |, OFy | OFy _ OFs _ (.
8{132 + 8w3 + 8:700 811 - 07
OFy _ OFy | O0F, | OF3 _
Ox3 Oxo + Oxq + Oxo 0

This is so-called left Cilmmino systems (see, for example, [3,5,8]).

By (1.3.a) and (1.3.b), we introduce Poisson integral (see Sect. 3).
Through the boundary behaviour of Poisson integral (see Proposition 3.10
below), we obtain the characterization of Fueter conjugates harmonic func-
tions via Riesz transforms (see Theorem 3.11 below). Then Riesz transform
provides a necessary and sufficient condition for Fueter conjugate harmonic
functions, where these functions satisfy left (and right, resp.) Cimmino sys-
tems.

Main results and structure of this paper The paper starts with Sect.
2, which contains the needed preliminaries. In particular, for a nilpotent Lie
group N, we introduce left and right Fourier transforms. Section 3 contains
a detailed study of set of characterization of the Poisson integral. Then the
Fueter conjugate harmonic systems of functions are obtained via Riesz trans-
forms. We can now formulate our main results. For any zo > 0 and any
v(z) € H, let xg + v(z) € Hy, left and right Fueter conjugate harmonic
functions Fp(xo+v(x)) and Fr(xo+v(x)), respectively, are given by, for any
fe L2(R?),

Fr(xg+v(x)) = % /RS <1 < v(¢) z) e—fﬂolf\f(g)emf d¢

o v(E)]
and

Fr(xo + v(z)) = (2771)3/2 /W et Eemmldl fg) < ZZ%) %,
where

fley= —+ z)e T dy
7€) = Gy [ S@e " dn

2. Harmonic Analysis on H

Let ¢ = ©g + x161 + T265 + w363 € H, where xg, x1, 2 and x3 € R. The
involution of ¢ is defined by ¢* := zg—x1€1 —z2e2 —x3€3. The Euclidean norm
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on H can be expressed in terms of this involution by |q|? = q¢* = 22 + 2% +
x§+m§ Asusual, for ¢ = zg+zi1e1+roes+x3es and p = yo+yi1e1+y2e2+yses,
we denote the product of two elements of H by

3
qp = Re(q, p) + Y _(zoy; + yox;)e; + X P,
=1
where
Re(q, p) = qp* = zoyo + x1y1 + T2y + 233
and
€1 €9 €3
gXp:i=|Y1Y2Ys3
T1 T T3

Define a Lie algebra g by
01
{XGMQ(H):X*Q+QX:O7 Q= (10)}’

where My (H) is a quaternion 2 X 2-matrix and 0 denotes a zero 2 x 2-matrix.
Let 7 be the Cantan involution of g defined by 7(X) = —'X* € g, where
X € g. Then the Cartan decomposition is given by g = € @ p, where ¢ =
{Xeg: 7(X)=X}andp={Xe€g: 7(X)=—-X}. Let exp(g) = Sp(1, 1)
and Sp*(1) = {p € H : pp* = 1}. From [23, p.641], it follows that the
symmetric space Sp(1, 1)/Sp*(1) x Sp*(1) can be realized as the quaternion
upper half plane:

Hy ={peH: Re(p) >0}, where Re(p) = p—;p .
The group Sp(1, 1) acts transitively on Hy by g -p = Z;gig;, where g =

a9 b2
sawa decomposition of g, we need the restricted root of g, which is of C;-type.
Let H := diag(1, —1). Then a := RH forms a maximal abelian subalgebra of
p. Let « be the element in a* such that a(H) = 1. The root system A(a, g)
of (g, a) is then given as {+2a} and the positive root spaces are

- 0 eq 0 eo 0es
gzaR<00)@R(OO>®R<OO>.

Write n = go,. We see at once that

(a1 b1> € Sp(1, 1); see, for example, [12,13]. In order to describe the Iwa-

n= {(88) . p=x1€61 + Toeg + T3€3, T1, Ta, .’EgeR}. (2.1)
By this, we obtain the Iwasawa decomposition g =n @ a @ £. Let
N = exp(n). (2.2)
The subgroup N can be realized as:

H:={peH: Re(p)=0}={pcH: p*=—p}.
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Suppose {e1, e, e3} now is an orientation of H, that is, H:=(H, {e1, e2,€3})
is an oriented vector space. Motivated by [11, p. 9], a normal oriented map v
from R? to H can be defined as

v: xw— (). (2.3)

The following definition implies that the between vector spaces H and
R3 are isomorphism (see [14] for more details).

Definition 2.1. The pair (H, |v(-)|) is said to be an oriented 3-dimensional
manifold for (R3, | -|), where | - | denotes the usual Euclidean norm in R3,
when

(i) H is generated as a vector space by {v(z): = € R3};

(i) |v(x)* = |x|? for any = € R3.

Definition 2.2. Let (H, |v(-)|) be as in Definition 2.1. Then, for any v(z) € H,
the volume element on H (the invariant measure of N) is defined by dv(z) =
dIl A dIQ A dl‘g.

Remark 2.3. For the general case, we define the oriented map v from R3 to
H by

v: (21, x2, x3) — ij(wl, Ta, T3)€;

Define a positive chart of (H, |v(-)|) by (¢, U), where U is an open subset

of H and ¢ is C*° diffeomorphism maps from U to ¢(U) C R3. Let (¢, U)
be a positive chart with ¢ = (2!, 22, 23). Then, for any p = 22:1 rlej € H,

the volume element on H is defined by dp|U = VM dz' A dx® A da®, where
M := det[msi)i<s, i<z € C°(U) denotes the Gram determinant and mg; is
an Euclidean inner product given by mg;(p) := tr(as{p, 875’,,)’ forl1 <s,t<3
and p € U. We only restrict our the discussion

1, ifs=t
mst(p) =tr (8S|p’ at|p) - {O, otherwise.

In this case, we have M = 1 and dp is as in Definition 2.2.

Definition 2.4. Mapping f : H — H is a quaternion-valued function of the
form, for any = € R3,

3
fv(@)) = folz) + Z fi(x)e;, (2.4)

where v(z) € H is as in (2.3), and the component functions fy, f; are real-
valued functions.

Together with Definition 2.2 and (2.4), we introduce the Lebesgue spaces
L?(H, H). For a similar definition we refer the reader to [22, p. 174]. A quater-
nionic valued function f belongs to L?(H, H) if

e = [ 170 dvta) 2/ (@) do < oo,
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where f; € L3(R?) for each j € {0, 1, 2, 3}. The space L*(H, H) is a Hilbert
space with inner product

3
o) = [ S0eaw@) av) =3 [ fe e d
§=0

Moveover, for any v(¢) € H and any f in L?(H, H), we define the left and
right Fourier transforms by

FUN0E) = gz | O S dvts) @)
and
Fal0O) = Gy [ 0N ww). 0)

For that same definitions will be applied by the left and right inverse Fourier
transforms, the details being omitted.

Remark 2.5. (i) Because of the non-commutativity of quaternions, the left
Fourier transform is unequal to right Fourier transform as in (2.5) and
(2.6), namely,

e O f(u(w) # f(w())e O,

(ii) Moveover, these Fourier transforms (2.5) and (2.6) are described by
Kirillov’s orbit method (see [7,16] for more details). For the sake of
argument, that it is necessary to have the details. Let n be asin (2.1). We
note that [X, X] = 0 for any X € n, then n is abelian. Denote the dual of
n by n*. It is easy to see that n* = n. Let N be as in (2.2). The product of
elements of N are given by n(z)n(y) = n(z +y), where n(z), n(y) € N.
Then N also is abelian. N acts on n* the coadjoint map Ad*, namely, for
any X €n, £ €n* and n(x) € N, (Ad*n(x)))(X) = £((Adn(z)~1) X).
Similar to the construction of [28], we also have the Vergne polarizing
subalgebra by n. In fact, for any n(xz) € N and X € n, we obtain

(Ad(n(z))™) X = ((1) ”@) X (é ”(1”*“)) _ X

One see that Ry = {n(z) € N : (Ad"(n(x)))l = £} is a stabilizer of
N associated with £ € n*. For any ¢ € n*, by using [7, Lemma 1.3.1],
we have N = Ry, which implies that the Vergne polarizing subalgebra
must be n. For some & € n* and any X € n, we let {¢ € n* satisfy
l¢(X) = £X*. Then we have a one-dimensional representation N — S!
(since £[n, n] = 0) defined as e”¢(®) € {z € C : z- z = 1}. Notice that
Ad™ is the identity map for all n(z) € N, n*/Ad"(N) = H. Furthermore,
let N be the dual of N. From [16, Theorems 5.1 and 5.2], it follows that
there is a bijection such that N~ {l¢ : & € H}. Hence, for any ne € N,
we get the characters e*¢(). By using Remark 2.5(i), we obtain Fourier
transforms of the classical function f as in (2.5) and (2.6), respectively.

The following Plancherel theorem is just [25], which is a slight modifi-
cation.
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Theorem 2.6. For any f € L*(H, H), we have

1
1L (2w, 1) = W||f”L2(H,H)~

The same is true of right Fourier transform.

3. Main Results

First, we recall the concepts of R-linear, R-differentiable and Fueter regular
function.

Definition 3.1. A function ¢ : H — H is said to be R-linear if:

(i) £(g +p) = £(q) + £(p) for all ¢, p € H;
(i1) £(Aq) = M(q) for all ¢ € H and all X € R.

Any R-linear function in H has the form

£(q) = aq + Bq*, where a, 5 € H.

Definition 3.2. A function F': U — H, where U is a neighborhood of ¢ € H,
is said to be R-differentiable at ¢ if

F(q+h) = F(q) + £(h) + o(h),
where ¢ is as in Definition 3.1 and o(h)/|h| — 0 as h — 0.

The following Cauchy—Riemann—Fueter condition is just [27, Proposi-
tion 3].

Definition 3.3. Let ¢ = xg+x1e1+xoes+x3e3 € H, where xg, x1, 2, x3 € R.
A R-differentiable function F' = Fy+eq F} +es Fs +e3F3 is Fueter left or right
regular at the neighborhood U of ¢ if and only if F; for j = 0, 1, 2, 3 are
differentiable functions and

OF <~ OF OF <~ OF

—_— i— =0 — —e; = 0.

O + ;Gj oz, or o + ; oz, €;

Definition 3.4. A Hilbert space H?(H, H) is said to be Hardy space if it is
the set of all Fueter left (or right) regular functions F' satisfying

1F |22 es, ) = Sup / F (2o + v(2))? du(z) < oo,
x0>0 JH

Another approach aries from the observation that a function, for € R3
and v(z) € H,

F(zo +v(z)) = Fo(zo, x +Z€g (o,

and

F(zo + v(x)) = Fo(zo, z) + Y Fj(xo, )e;
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are Fueter type left and right conjugate harmonic functions, respectively, if
F satisfies left and right Cilmmino systems (see [3] for more details). The left
and right Cilmmino systems, respectively, are given by

OFy _ OF _ 0F, _ 0Fy _ OFy _ OF _ 0F, _ 0Fy _
89:0 8w1 89:2 ng ’ BZEO 811 8:102 81123 ’
OFy 4 OFy _ 0F, | OFs . OFy 4 OFy | OF, _ OF3

Oxq + Oxo Ox3 + Oxo 0’ and Oxq + Oxo + Oxs3 Oxzo )
O0Fy + OF, + OF, _ OF3 0: OF, _ OF; + OF, + OF3

89:2 8w3 89:0 6w1 ? 8:1;2 813 8:100 aCEl - ’
IFy _ oF; OFs OF3 __ IOFy OFy _ OFs OFs __
8%3 812 + (9121 + 610 - 07 8I3 + 812 811 + 610 -

(3.1)

Moveover, we also assume that there exists a positive constant C' such that
3
2 2
Tl Z/RS \E (20, 2)|? di < C < oo,
j=0

Thus, an equivalent formulation of the spaces H?(H., H) as in Definition 3.4
is obtained.

Definition 3.5. Let f € L?(H, H). For any 79 > 0, x € R3 and v(z) € H, the
Poisson integral of f is defined by,

23/2 xo
VT (@ + v(@) - pP?)

Remark 3.6. (i) By Definition 2.1(ii), for any z¢ > 0, z € R® and v(x) € H,
we have

F(zo + v(2)) = Py * f (v(2))

5 f(p)dp. (3.2)

23/2 Zo 23/2 Zo
P,(vr)=——"F"———5=—"7—5——>5> =P, (v).
o V) = G @P? VA @ ey
Moveover, it is easy to check that
- 23/2 Zo
—xo|-| = =P
=R G e~ )

where ~ is the classical Fourier transform. Then

-

e—2oll(z) = FL (eI O (u(2)) = Fr(e ™ O (v(z)),

where .Z;, and g denote as in (2.5) and (2.6), respectively.

(ii) The study of Cauchy—Fueter formulae was initiated by the celebrated
paper of Fueter in 1934 (see [9] or [27] for the definition of Cauchy—
Fueter formulae), which is a generalization of the classical Cauchy for-
mula for holomorphic functions. Because of the non-commutativity of
quaternions, the Cauchy—Fueter formulae comes in two versions, one for
each analogue of the complex holomorphic functions. For any ¢ € H, the
Cauchy—Fueter kernel is given by

1 g
KO =g

(3.3)
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The Cauchy-Fueter integral on H is defined by, for any ¢ € H, F' is
Fueter left or right regular function on Hy and f is a quaternion-valued
function square integral function on H,

/Kq p)f(p)dp and Fr(q /f (¢ — p)dp,
(3.4)

where K(-) is as in (3.3). Here we remark that it may be found other
weaker boundary condition than L?(H, H). In this paper, we only con-
sider the boundary condition as in (3.4) for function f € L?(H, H). Let
xo >0, v(z) € H and g = xo + v(z) € H;. Then, by (3.3), we obtain

1 = 1 v(z)

K@) = 555~ 305 ot

2n% gt 27 [g|*”
which, together with (3.4) and the left convolution

f*rglp /fp p)g(p')dp’ for all p € H,

implies that
1 g —p
Fr(q) = 5= | 7——5f()dp = cPe, x1 [ (v(2)) + cQu, *1 [ (¥(2)),
27 J3 g = pl
where ¢ = W,

PR S ad Qu ) = e

n 2 (V(2)) = .
VT (@5 v (@)]?)? v VT (@ + () )
Similarly, we also consider the right situation as in (3.4), the details
being omitted.

P, (v(2)) =

Proposition 3.7. Let F be as in (3.2). Then, for any f € L?>(H, H),
lim | F (2o +) = fO)ll L2 (44,1) = 0-
xo—04

Proof. We only need to show that
lir% F(zog+v(z))=f(v(z)) ae v(z)eH. (3.5)
Tro—U4

By using (2.4), we have f(v(z)) = fo(z) + 23:1 fi(z)e; and
3
Pyy 1 f(0(x)) = Puy * fo(x) + Y Puy * fi(2)e;,
j=1

which, together with f; € L?(R?) and
lim ch0 x fi(z) = fj(z) ae x€R? (3.6)

xo—0
implies that (3.5) holds. Moveover, we note that (3.6) holds in the sense of
L?-Lebesgue points, and hence (3.5) also holds almost everywhere on H. [

Let Q.. (v(x)) be as in Remark 3.6(ii). Then, as o — 04, we have the
following definition:
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Definition 3.8. For any = = (1, 22, ¥3) € R3, let

K(z):= ZKj(a?)ej, (3.7)
j=1
where, for j € {1, 2, 3},
(2m)3/2
Kja) = =ty (3.8)

Then the Riesz transform Z(g) is defined by, for the real-valued function
g € L*(R?),

#(g9)(x) == K 1, g(x) = p.v. » K(z —y)g(y) dy. (3.9)

This integral exists in the sense of Cauchy principal value.

Lemma 3.9. Let K be as in (3.7). Then, for v(§) € H,

Z1(K) (&) = Eéi (3.10)

and

G
KG]

hold in the sense of the distribution of principal value.

Fr (K) (v(§)) =

(3.11)

Proof. For j € {1, 2, 3}, we let K; be as in (3.8). Similar to the proof of [26,
Theorem 2.6, Chapter VI|, we have
RO = —e, 5 R (e — —iSie.
e;i(§) = —ej i and  Kj(§)e; = —irze;,
€] ¢l
where ™ denotes the classical Fourier transform in the sense of the distribution
of principal value. From this and (3.7), it follows that

K & . v(¢
PO =S Ry = -3 e L= O,
=1 = "l w(€)]
where .7, is as in (2.5). And hence (3.10) holds. Similarly, we see that (3.11)
holds. 2

Proposition 3.10. Let Z be as in (3.9). Then, for any g € L*(R3),
||%(9)||L2(R3) = HQHL2(]R3)~
Proof. For any g € L?(R3), by using (3.9), (3.10) and (3.11), we obtain

v(E)
HGIE

From this and Theorem 2.6, it follows that || Z(g)| z2®s) = |9l L2(r3)- O

Fr(#(9) () = —

© and Fa(#(9)(©) = ~iG(€) -
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Theorem 3.11. Let f = fo + 3.7_; fje;, where fo. f1, fo and f3 € L2(R).
Suppose F is the Poisson integral of f as in (3.2). Then F is a Fueter con-
jugate harmonic function in Hy if and only if, for any x € R3,

3
ij(l")ej = —%(fo)(7), (3.12)

where Z is as in (3.9).

Proof. Let fo € L*(R?). Then, by using Remark 3.6(i), for any x¢ > 0, we
have

(2,”1)3/2‘/]]{3 6_480\5‘}\'0(6)@1'%5 df = /]Rs Pwo(x — g)fo(g) df = FO(QU07 m)

(3.13)
For j € {1, 2, 3}, by (3.7), (3.8), (3.9) and (3.12), we see that
Ti —Yj
. o _ dy.
fi(a)e; C/]R3 |$_y|4e]f0(y) y
(27)3/2 . 2 .
where ¢ = “=5—. From this, (3.13) and ef = —1, it follows that,
Fy(zo, ¥) = W Jzs €_I°|§|]?j(§)eil'5 d¢
= G Jo e fo(€)ei ¢ de, (3.14)

which, together with (3.1), implies that (Fo, F1, Fa, F3) satisfies the first
equation of Cilmmino systems as in (3.1). We also discuss similarly to the
second equation of Climmino systems as in (3.1), the details being ommited.
Thus F' = Fy + 2?21 F} is a Fueter conjugate harmonic function.

Conversely, we let (Fy, Fy, Fy, F3) satisfy the first equation of Cilmmino
systems (3.1) and (3.14). By this, (3.1) and the uniqueness of the classical
Fourier transform, we obtain (3.12). This finishes the proof of Theorem 3.11.
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