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Abstract. We consider Dolbeault—Dirac operators on quantized irre-
ducible flag manifolds as defined by Krihmer and Tucker-Simmons.
We show that, in general, these operators do not satisfy a formula of
Parthasarathy—type. This is a consequence of two results that we prove
here: first that we always have quadratic commutation relations for the
relevant quantum root vectors, up to terms in the quantized Levi factor;
second that there are examples of quantum Clifford algebras where the
commutation relations are not of quadratic-constant type, unlike the
classical case.

1. Introduction

Dolbeault—Dirac operators on Kéhler manifolds can be written, up to a scalar,
in the foorm D = 0 + 0* € U(g) ® Cl. In the conventions we adopt, the
element & € U(g) ® Cl can be identified with the adjoint of the Dolbeault
operator 0. Here U(g) is the enveloping algebra of g and Cl is an appropriate
Clifford algebra. The class of Kahler manifolds contains the irreducible flag
manifolds. Dolbeault—Dirac operators on quantized irreducible flag manifolds
where originally defined in [12]. This definition was revisited and extended in
[13], where these operators are given in the form D =8+ 8* € U,(g) ® Cl,.
Now U, (g) is the quantized enveloping algebra of g, while Cl, is the quantum
Clifford algebra introduced in the cited paper. One of the main results there
is that 82 = 0, as in the classical case.

This brings us to the third item in the title of this paper, the
Parthasarathy formula [17] (we recommend [10] for a textbook derivation).
This formula expresses the square of Dolbeault—Dirac operators in terms of
quadratic Casimirs, up to multiples of the identity. This readily allows us to
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compute the spectra of such operators in terms of the representation the-
ory of the corresponding Lie algebras. It is an interesting question whether a
formula of Parthasarathy—type also exists in the quantum setting. One impor-
tant application would be to define spectral triples on quantized irreducible
flag manifolds, which was the main motivation in [12]. Indeed, it would allow
us to check the compact resolvent condition for Dolbeault-Dirac operators,
which is an important requirement for a spectral triple [4].

Up to now, a quantum Parthasarathy formula is known to hold for pro-
jective spaces as a consequence of the results in [5], which generalize those ob-
tained for low-dimensional cases in [6,7]. We should point out that the setup
of the cited paper is different from the one we consider here. The connection
between the two approaches was later made in [15], where similar results are
shown to hold. It seems plausible that a Parthasarathy—type formula should
hold for quantized irreducible flag manifolds, of which projective spaces are
an example. This expectation is motivated by the results of Heckenberger
and Kolb in [8,9]: they show that these spaces admit a canonical g-analogue
of the de Rham complex, with the homogenous components having the same
dimensions as in the classical case. We stress that this is definitely not the
case for general quantum spaces.

One of the main results of this paper is that a Parthasarathy—type
formula does not hold for all quantized irreducible flag manifolds. In order
to state this result, we need to give a precise definition of what we mean by
such a formula. Recall that, for a Dolbeault—Dirac operator D, the classical
Parthasarathy formula can be expressed as the identity D? ~ C' ® 1. Here C
is the quadratic Casimir of g and ~ denotes equality up to terms in the Levi
factor. We need to consider a weaker formulation of this result, since in this
form it does not even hold for the case of quantum projective spaces. Clearly
the formula should contain central elements of U,(g), in order to make the
connection with representation theory. We are also allowed to neglect terms
in the quantized Levi factor U,(l): indeed these act as bounded operators
on sections of the spinor bundle, hence they are not important for checking
compactness of the resolvent of D. The result then takes the following form.

Theorem 1. Let D be a Dolbeault—Dirac operator corresponding to a quantized
irreducible flag manifold. Then there exists a flag manifold such that we do
not have

D2NZCZ®Ea

where the elements C; € Uy(g) are assumed to be central and T; € Cl,. Here
the symbol ~ denotes equality up to terms in the quantized Levi factor Uy (l).

The strategy of the proof is as follows. We begin by deriving the commu-
tation relations for the relevant quantum root vectors, namely those appear-
ing in the definition of D. These turn out to be quadratic for all quantized
irreducible flag manifolds, see Theorem 2. This result hinges on the fact that
the radical roots take a very special form in the irreducible case. Using this
result we obtain a general expression for D?. Next, we show that the assump-
tion D? ~ Y, C; ®T;, with the elements C; being central, implies that certain
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terms appearing in the expression for D? should vanish. This in turn implies
that we should have certain quadratic commutation relations in the quantum
Clifford algebra. Therefore it suffices to find one example where such rela-
tions do not hold. The example that we consider is that of the Lagrangian
Grassmannian LG(2,4). After going through the necessary computations, we
finally show in Proposition 9 that the relevant quadratic relations do not hold
in this case.

The paper is organized as follows. In Sect. 2 we give some background
and fix notations and conventions. In Sect. 3 we derive commutation rela-
tions for the quantum root vectors. In Sect. 4 we discuss the implications
of these relations for a quantum Parthasarathy formula. In Sect. 5 we ob-
tain the relations for the exterior algebras corresponding to the Lagrangian
Grassmannian. In Sect. 6 we derive explicit formulae for the quantum Clifford
algebra. Finally in Sect. 7 we show that we do not have quadratic relations in
this algebra. In Appendix we collect some formulae related to various possible
rescalings.

2. Notations and Conventions

In this section we fix some notation and briefly review some facts about
complex simple Lie algebras, parabolic subalgebras and quantized enveloping
algebras.

2.1. Parabolic Subalgebras

Let g be a finite-dimensional complex simple Lie algebra with a fixed Cartan
subalgebra h. We denote by A(g) the root system, by AT (g) the positive
roots and by II = {a1,..., .} the simple roots. Denote by a;; the entries
of the Cartan matrix and by (-,-) the usual invariant bilinear form on h*. In
particular, in the simply-laced case we have (o, ;) = a;j. Let S C II be a
subset of the simple roots. Then we set

A(l) = span(S) N A(g), Auy) =A% (g)\AT(D).
In terms of these roots we define

(=0® P g0y ve= P g0, p=TlDus

acA(l) acA(uy)

It follows that [ and uy are Lie subalgebras of g. We call p the standard
parabolic subalgebra associated to S (and omit S from the notation). The
subalgebra [ is reductive and is called the Levi factor of p, while uy is a
nilpotent ideal of p called the nilradical. We refer to the roots of A(uy) as
the radical roots. We have the commutation relations [uy,u_] C [.

The adjoint action of p on g descends to an action on g/p. The de-
composition g = u_ @ p gives g/p = u_ as l-modules. We say that p is of
cominuscule type if g/p is a simple p-module. The following well-known result
readily allows us to classify all cominuscule parabolics.
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TABLE 1. Classification of cominuscole parabolics. The
black node corresponds to the simple root ay. If there is
more than one, then they are equivalent choices

Root system Dynkin diagram Nomenclature
o—OC @® 00— .
A, 1 2 Eor—1 1 Grassmannian Gr(k,r)
O O —0=0
B, 1 2 r—2r—1" 71 0Odd dimensional quadric Q* !
O—O . .
C, r—=2r—1 1 Lagrangian Grassmannian LG(r, 2r)
r—1
* o o<8
D, Even dimensional quadric Q%2
r—1
D, Orthogonal Grassmannian OG(r + 1,2r + 2)

Eg 1 2 3 4 5 Cayley plane OP?

E; 1 2 3 4 5 6 (Unnamed) G,,(0?%, Q)

Proposition 1. A parabolic subalgebra p is cominuscule if and only if it cor-

responds to S = II\{cy}, where the simple root o appears with multiplicity
1 in the highest root of g.

Moreover, it is clear from this result that all radical roots contain «y
with multiplicity 1. The classification of cominuscole parabolics is reported
in Table 1, see for example [19].

2.2. Quantized Enveloping Algebras

We briefly review some facts about quantized enveloping algebras. General
references for this topic are the books [2,11,14]. With the previous conven-
tions for complex simple Lie algebras, let d; = (a;,;)/2. Let ¢ € C and
define ¢; = ¢%. The quantized universal enveloping algebra U,(g) is gener-
ated by the elements E;, F;, K;, Ki_l, for 1 <4 < r and with r the rank of
g, satisfying the relations

KK '=K 'K, =1, K,K;=K;K;,
KE;K; ' = q¢/"E;, K FK;'=q “"Fj,
K- K !
g—q '
plus the quantum analogue of the Serre relations. The Hopf algebra structure
is defined by

AK) =K @K, AE)=E®1+K E, AF)=F®K '+11F,
S(K:) =K', S(E)=-K;'E, S(Fi)=-FKi, eK)=1,
e(Ei) = e(F;) =0.

For ¢ € R, the compact real form of U,(g) is defined by
K =K;, Ef=KF, F'=FEK"

EiFj — F}EZ = (51']'
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Let [ be the Levi factor corresponding to a parabolic subalgebra of g defined
by S C II. Then the quantized enveloping algebra of the Levi factor is defined
as

Uy (l) = {subalgebra of U,(g) generated by Kiil and E;, F; with j € S},

This definition of the quantized Levi factor appears for example in [18, Section
4].

2.3. Quantum Root Vectors

Fix a reduced decomposition wyg = s;, ...s;, of the longest word of the
Weyl group of g. Here s; is the reflection corresponding to «;. It is well
known that all the positive roots can be obtained as S, = s;, ... si,_, (ai,)
fork=1,...,N.

Now let T; be the Lusztig automorphisms (see for example [11, Section
6.2]). The quantum root vectors are then defined by Eg, =13, ... T;,_, (E:,)
for k=1,...,N. They depend on the choice of the reduced decomposition of
wp. Similarly the quantum root vectors corresponding to the negative roots
are defined by Fg, =T}, ... T;, ,(F;, ) fork=1,...,N.

Tk—1

3. Commutation Relations

In this section we will discuss the commutation relations between the quan-
tum roots vectors E¢ and Ef,, where { and & are radical roots coming from
some cominuscule parabolic subalgebra. The main result of this section is
Theorem 2, which shows that we have quadratic commutation relations, up
to terms in the quantized Levi factor.

3.1. Nilradical and Adjoint Action

It is well-known that the irreducible representations of U,(g) essentially co-
incide with those of U(g), when ¢ is not a root of unity (see for example [11,
Section 7.1]). Hence there exists a U,(l)-module corresponding to the classi-
cal nilradical, which we denote by u,. Suppose furthermore that u; comes
from a cominuscule parabolic subalgebra p. Then it follows from the results
of [20] that uy can be identified with a certain subspace of U,(g).

Let us briefly review this result. First of all, recall that U,(g) acts on
itself by the adjoint action, which is defined by X Y = X1)YS(X(y)),
where as usual we use Sweedler’s notation. Consider now the subspace of
U,(g) spanned by the quantum root vectors {E¢}e. These depend on the
choice of decomposition of the longest word of the Weyl group. As in [20,
Section 5.1] we assume that it has a certain natural factorization (this won’t
be very important in the following, so we omit the details). The result that we
need is part of 20, Main Theorem 5.6], although stated in a slightly different
language.

Proposition 2. (Zwicknagl) The vector space spanned by the quantum root
vectors {E¢}e, together with the adjoint action, is isomorphic to uy as a
Uy ()-module.
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An immediate consequence is the following.
Corollary 1. Let £ € A(uy) and oy, € A(). Then we have
Eyo Ee = ceBeiag,  Fro Fe = cy e Fe o,
where cpe =0 if §+ap & A(uy) and ¢j =0 if € — ag & Aluy).

In order to obtain commutation relations between E¢ and E¢/, we shall
also need the action of U,(l) on the latter elements. This easily follows from
the previous result.

Lemma 1. The vector space spanned by the elements { E¢ }¢ is invariant under
the action of Uy(l). In particular we have Ey> Ef = —q~(OwaR) (Fy > Ee)* for
o € A([)

Proof. This easily follows from the general identity XY™ = (S(X)*>Y)* and
the fact that U, ([) is closed under the antipode and the involution. Otherwise
one can proceed by direct computation. The explicit action follows from our
conventions for Uy(g). O

3.2. Commutation Relations

We now proceed to derive the basic case of our commutation relations. We
are only interested in obtaining these relations modulo terms in the quantized
Levi factor Uy([l). For this reason we introduce the following notation.

Notation 1. For X,Y € U,(g) we write X ~Y if X =Y + Z with Z € U,(l).

We denote by a; the unique simple radical root corresponding to a
cominuscule parabolic.

Lemma 2. Let £ € A(uy). We have the commutation relations
EEf —q Y E{E, ~0.

Proof. It is enough to prove that [E¢, F;] ~ 0. Indeed, as we will show below,
we have the identity By E; — ¢~ (8 EE, = ¢~ (09)[Eg, F}]* K, hence the
claim follows by observing that K, € U,(I) and U, () is invariant under *. To
show this identity let us consider

[Be, Fi]*K; = (K EeFy — K FyEe)* = (¢ Be K Fy — K FyFe)*.

In the last step we have used the relation K;Fe = ¢(**¢) E¢K;. But then we
have

q—(amf) [Ee, Fi|*K; = q—(OmE)(q(Oét,E)E§E£k — EfEe)* = EtEg _ q_(o‘“g)EgEt.

Now we will show that [Eg, F}] ~ 0. Write £ = >_._, ¢;a;. Then, using the
grading by the root lattice, we conclude that F¢ is a sum of monomials of the
form E;‘Ei? ... E;CE;?, where o denotes a permutation of {1,...,r}. Below we

will consider in detail only the term Ef'...ES. Recall that for any radical
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root £ the simple root a; appears with multiplicity one, that is ¢; = 1. Since
we have [E;, F;] = 0 for i # j, it follows that

(B¢ .. B¢ F) = ES . B By, FESS . B

K, — K ' .
= Ep LB L B B € U (1),
qt — 4y
The case of a general term E;‘Eil)) e E:ES) is completely analogous. U

We are now ready to prove the main result of this section.
Theorem 2. Let £,&' € A(uy). We have the commutation relations
x o —(6E) px ~ nn’ g
E:Ef —q E{Ee~> cll ErEy,
nn’

where in the sum we have the condition ht(n") < ht(§).

Proof. We will proceed by induction over the height of £. In the case ht(£) =1
we have only one radical root, namely the simple root a;. Hence the result
follows from Lemma 2. We will now assume that the claim is true for all £
with ht(¢) = n.

We know that any radical root of height n + 1 can be written in the
form & + ay, for some simple root «j with k # t. Our first step will be to
obtain the commutation relation for the elements E¢,, and Ef, from that
of the elements E¢ and Ef,, using the adjoint action. It is convenient at this
point to introduce the g-commutator notation

|Ee, B ]y = BeBe — g @ EL P
Acting by the element Ej on this expression we get
By [Ee, Egly = (By v Ee)Eg + (Ki > Ee) (B > E))
— ¢~ (Bv BB — @) (Ki > B2) (B > Eg).
Using K, > Ee = q(fvo‘k)Eg and Ky > Ef = q_(g’o‘k)Eg we rewrite this as
B> [Ee, By = (Ex v Ee)Ef — ¢SS B (By > Ee)
+q &) EBe(By v EL) — g~ ) (B, > B} ) Ee.
Then using the action of Ej as in Lemma 1 we obtain
Ey.> B, B3y = cre(Berac By — - ©H ) EY Eesa,)
— C;ﬁg,q(f—ak,ak)(EEEg_ak — q—(£,£/+ak)E§/7%E§).

We are assuming that {+ oy, € A(ug ), which guarantees that cx ¢ # 0. Hence
we can divide by this factor and arrive at the identity

(Eetans Bilg = e Be > [Be, B + ¢ e erq S0
X (BeEf_qo, —q ©ETEL_ | Ey).

We have finally expressed [E¢ia,, Eglg in terms of [E¢, Ef]q, plus an ad-
ditional term. Notice that this second term does not have the form of a
g-commutator.
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To prove our claim we have to analyze these two terms. Let us start
with the first one. Since £ has height n, we can use the induction hypothesis
and write

[Ee, B¢ g chg,E E,

where we have the condition ht(n’) < ht(g). Then we compute
Ep > (E;En/) = (Ek > E:;)En/ + (Kk > E;)(Ek > En/).

The first summand is either zero or proportional to El o Ey if p—ag €
A(uy). Similarly the second summand is either zero or proportional to
BBy vy if 7'+ ai € A(uy). As a result, we can write again an identity of
the form

n,m
Ey > [Ee, Ef, Zbgs,E E,

but now we have the condition ht(n') < ht(&). Indeed, the sum on the right
hand side may contain the term E} E,/ ., and we have the relation ht(n' +
ag) = ht(n') + 1.

Now let us consider the second term in our expression for [Ee¢q,, Eg/]q.
As for the first one, we can use the induction hypothesis to write

BeBY_o, ~q © W Ey |, B+ Z e

with the condition ht(n’) < ht(£). It follows that
EgEEua. _ q—(&& +ak)E*_a Ee ~ (q—(&& —ag) _ q—(f,f +Oék)) Eg’fakEi

+ ch e—ap

Notice that the term in parentheses does not vanish unless ¢ = 1, in general.
Nevertheless, we can always rewrite this expression in the form

BB, =0 T B Fe ~ 3V, By B
'
but now we have the condition ht(n’) < ht(€£). Indeed this sum contains the
term Eg‘/_ak Ee.
Finally, putting all these results together and relabeling our coefficients,
we get

[Eerars Berlg Z B

with the condition ht(n') < ht(€), that is ht(n") < ht(€ + ax). This concludes
the proof. O

Remark 1. It is shown in [16] that the commutation relations between the
elements F¢ and Fyr take a simpler form, at least for certain reduced decom-
positions. Namely we have [E¢, Fe/] ~ 0, in perfect analogy with the classical
setting.
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Later on we will need the following variant of the above result.
Corollary 2. Let £,& € A(uy). We have the commutation relations
S_l(Eg/)*S_l(Eg) _q—(f,ﬁ )S—l( Eg’ Zcf ér/zs NS~ ( 77)*7

where in the sum we have the condition ht(n') < ht(f).

Proof. If we apply the anti-homomorphism S~! to Theorem 2 we obtain

STUEL)S™H(Ee) — g~ &) S H(Be)STH(EL) chg,s NSTHED).

From the general property S~ ox = %0 S it follows that S~( Ef) = S(Ee)*.
Now for any element X € U,(g) we have the identity S?(X) = KQPXK2_p ,
where p is the half-sum of the positive roots. Hence S?(Eg¢/) = q(f/’Qf’)E’. We
conclude that

STHED) = (STH(S*(Be))" = ¢ 5™ (EBe).

Upon relabeling the coefficients, we obtain the result. O

4. On the Parthasarathy Formula

In this section we discuss the implications of the commutation relations of
Theorem 2 for a quantum version of the Parthasarathy formula. We start
with a brief review of the classical case, from an appropriate perspective, and
then move to the quantum setting.

4.1. Dolbeault—Dirac operators

A pair (g,p), where g is a complex semisimple Lie algebra and p is a parabolic
Lie subalgebra, gives an infinitesimal description of the complex manifold
G/P. Here G is the (connected, simply-connected) Lie group with Lie algebra
g and P is the subgroup corresponding to p. These spaces are referred to
as generalized flag manifolds. Being complex manifolds, we have Dolbeault
operators acting on differential forms.

Since the focus of this paper is on quantum Dolbeault-Dirac opera-
tors, in this discussion of the classical setting we will adopt a point of view
which is well-suited for quantization. Following [13], we will define an ele-
ment 0 € U(g) ® Cl, where U(g) is the enveloping algebra of g and Cl is the
(complex) Clifford algebra of u; @ u_. We will consider the Clifford algebra
as represented on the exterior algebra A(uy ), the representation being given
in terms of exterior and interior multiplication. The operator d to be defined
below turns out to coincide, once the appropriate identifications are made,
with the adjoint of the Dolbeault operator 0 : QOF) — QOF+1) gee the
discussion in [13, Section 7]. The adjoint is taken with respect to an invariant
Hermitian inner product on A(uy).

Let us see how this operator is defined. Recall that u;, and u_ are dual
as [-modules, where [ is the Levi factor. Pick a weight basis {v;}; € uy and let
{w;}; € u_ be the dual basis. We identify these bases with the root vectors
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{E¢, }i € g, corresponding to the radical roots. In this case the dual pairing
becomes the Killing form. Finally write v_ (w) for interior multiplication by
w € u_ on A(uy). With these preparations, we define

d=— Y Eg®v (w)eU(g)®CL
&eA(ug)

It does not depend on the choice of bases, as its definition involves dual bases.
The minus sign is a matter of convention. Finally we define the DolbeaultDirac
operator as

D=08+0" € U(g) ®CL

Here * denotes the adjoint, which algebraically is implemented as a *-structure
on U(g) ® Cl. More specifically, on the first factor it corresponds to the -
structure on U(g) induced by the compact real form of g, while on the second
factor it comes from the choice of a Hermitian inner product on A(uy). It can
be seen that D acts, up to a scalar, as the Dolbeault-Dirac operator on G/Q
formed with respect to the canonical spin® structure (here @ is the same as
P with the choice of the opposite Borel subalgebra).

4.2. The Parthasarathy Formula
We will now discuss a simple way to compute the square of D on an irreducible
generalized flag manifold G/P (or G/Q, in our conventions).

Let {v;}; and {w;}; be as above, but furthermore we require that {v;};
is orthonormal with respect to the invariant Hermitian inner product on u,.
Then it extends to an orthonormal basis of A(uy ) and moreover the adjoint of
~v— (w;), the operator of interior multiplication by w; € u_, is given by v (v;),
the operator of exterior multiplication by v; € u;. With these conventions,
we can write the Dolbeault—Dirac operator as

D=0+0"= ZE& ®7—(wi) +ZF& ®V+(vi)'

We have 9% = 0, as a consequence of 92 = 0. Then we obtain
D* = Z Ee, Fe; Wf(wi)’)”r(vj) + Z Fe,Be; @ '7+<vi)7*(wj)'
%] %
For A,B € U(g) we write A ~ B if A = B+ C for some C € U(l). Recall
that in the irreducible case we have the commutation relation [uy,u_] C [

Therefore [Efi,ng} € [, so that we can write Fg, B¢, ~ E¢ Fe,. Therefore
after relabeling we get

D? ~ 37 B Fe, © (- ()1 (03) 74 (0)7- (wi)).

We have the following commutation relations between interior and exterior
multiplication

V- (W) (v) + 74 ()= (w) = (w, )1, weu, veu.
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Since we are using dual bases we have (w;, v;) = J;;. Hence
D>~ Ee Fe, ®1.

Finally using B(FEg,, F¢,) = 1, since we make the identification using dual
bases, we observe that C' ~ " E¢, Fe,, where C'is the quadratic Casimir of g.
Therefore we conclude that D? ~ C'®1. We call this result the Parthasarathy
formula, although the full formula also includes the information about the
terms belonging to U(I) that we neglected. See [17] for the original reference
and [10] for a very readable textbook treatment.

4.3. The Quantum Setting

Let us now switch gears and move to the quantum setting. We will consider
the setup of [13], where Dolbeault—Dirac operators on quantized irreducible
flag manifolds are defined. We will start with the definition of symmetric
and exterior algebras according to [1]. Recall that, given two U,(g)-modules
V and W, there exists a braiding Ryw : VoW ->We V', which gives an
equivalence of representations. The quantum symmetric and exterior algebras
are then defined by

S,(V) =T(V)/{ker(ovy +id)), Ag(V) =T(V)/{ker(oyy — id)).

Here ker(oyy £1d) coincides with the span of the eigenspaces of the braiding
Ryvy with negative (respectively positive) eigenvalues. While this definition
is general, it is only for certain modules that these graded algebras have the
same graded dimensions as in the classical case. This is indeed the case for
the modules in which we are interested.

Since the U,(l)-modules uy are irreducible, there is a unique Ugy([)-
invariant pairing (-,) : u—- @ uy — C, up to a scalar. It can be extended
to a pairing (-,-)r : AF(u_) ® Ak(uy) — C as in [13, Proposition 3.6].
The module uy acts on Ay(uy) by left multiplication, denoted by ;. We
also obtain an action of u_ on Ag(uy) by dualizing right multiplication
on Ag(u_). We denote this action by v_. By [13, Theorem 5.1] the map
Aj(u_) @ Ag(uy) — Ende(Ag(ug)) is an equivariant isomorphism. Hence the
algebra Endc(Ag(uy)), together with its factorization in terms of y_ and 74,
can be considered a quantum Clifford algebra.

Remark 2. This is the definition appearing in [13, Definition 5.2]. Neverthe-
less we argued in [15] that, in order to recover the relations of the classical
Clifford algebra, we have to choose appropriate scalars in the definition of
(0% : AF(u) ® Ak (uy) — C. This small modification does not change the
main results of the cited paper.

Similarly to the classical case, we define the element

5= 357 (Be) @ - (1) € Uyls) @ Cl.

Abstractly, 0 can be seen as the Koszul differential ), v; ® w; € Sq(u4)°? @
Ag4(u_). This picture makes it apparent that 9% = 0. The differential is then
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embedded into U,(g) ® Cl, via S™' ® v_. The antipode appears since we
embed the opposite algebra Sg(u,)°P.

The Dolbeault—Dirac operator is then defined to be D = 0+0*, in perfect
analogy with the classical case. We will also adopt the following notation.

Notation 2. For & € A(uy) we will write & = S™1(Eg,).

4.4. Computation of D?

We now come to the computation of D?  with D a Dolbeault-Dirac operator
as above. In particular, we want to investigate whether this operator takes
a simple form, similar to that given by the Parthasarathy formula in the
classical case. Recall that classically we have D? ~ C ® 1, where C is the
quadratic Casimir of g. In the quantum setting we do not expect to have such
a simple formula, hence we will look for a weaker form.

As we discussed in the introduction of the paper, we would like to obtain
an expression of the form ), C; ® T; for D?, where C; € U,(g) are central
elements and T; € Cl, are elements of the quantum Clifford algebra. This
would allow the computation of the spectrum of D from the representation
theory of U,(g) and to check the compact resolvent condition.

Remark 3. We have shown in [15] that for Dolbeault-Dirac operators on
quantum projective spaces we obtain such a simple form. The result in this
case is that D? ~ C ® T, where C' € Uy,(g) is a central element and T is a
certain diagonal matrix.

The commutation relations obtained in Theorem 2 have some important
consequences for the computation of D?. These are summarized in the next
proposition.

Proposition 3. Let D be a Dolbeault—Dirac operator as above.
1. We have D? ~ > €€ ® Ty, where the operators T;; € Cly are given
by

Tij = 7 (wi)y- (w;) +Zb3fn y-(w), bj€C.

2. Suppose that D satisfies the relation D* ~ ", C; @T;, where C; € U,(g)
are central elements and T; € Cl,. Then we must have Tj; = 0 fori # j.

Proof. 1. In [13, Proposition 5.5] it is proven that 3% = 0. Therefore
?= Z&f/’f ® v—(wi)v-(w;)* + Z Er & @y (wy) v—(w;).
.5 2}
We rewrite this expression using the commutation relations given in
Corollary 2, keeping in mind that & = S~ (Eg,). Then we obtain

D~ Y EEF ® (7 (wi)y—(w;)* + ¢~y (w;) - (i)
irj

+ D EE @y (wy) - (wi).

0,9kl
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Upon relabeling the sum in the second term we can rewrite this as
D>~ Y EE @ | - (wi)y- (wy)* + Zb;yﬂ v (wy)
]

Notice that the term q*(gi’gf)'y,(wj)*y,(wi) is included in the sum.

Then defining the term in parentheses as Tj; we obtain the result.

2. Suppose that we have the relation D? ~ Y, C; ® T;, where C; € U,(g)
are central elements and T; € Cl,. Comparing with the expression D? ~

Zi, j 51-5; ® T;; obtained above, we conclude that the elements C; are

linear combinations of the elements 51-5; .

Now recall that we have the relations K E¢ = q(ak’f)EgKk and KkEg =
q*(“’“’f)Eg‘Kk, with similar relations holding for &; and &;. Then the element
&;&; does not commute with the generators {Kk}r unless i = j. It is easy to
see, using the PBW theorem for U, (g), that the vectors {£;£7 }; ; are linearly
independent. Therefore such terms can not appear if we assume the relation

2~ 3. C;®T;. This is possible if and only if T}; = 0 for i # j. O

The upshot is that, in order to have a result of the form D? ~ >, CieTy,
we need to have some quadratic relations in the quantum Clifford algebra.
This is because we should have T;; = 0 for ¢ # j and T;; are quadratic
expressions of v_(w;) and their adjoints.

The rest of the paper will be devoted to proving the following claim: we
can find a quantum Clifford algebra coming from an irreducible flag manifold
such that we do not have these quadratic relations. Hence we do not get an
analogue of the Parthasarathy formula for the class of quantized irreducible
flag manifolds, as one might have hoped for.

5. Braiding and Exterior Algebras

From this section on we will focus on the case of the Lagrangian Grass-
mannian LG(2,4). The aim of this section is to determine explicitely the
braiding corresponding to the nilradical uy, which corresponds to the ad-
joint module of Uy (s!(2)). This in turn will give the relations for the exterior
algebras Ag(uy) and Agy(u_). We will also compute their pairing.

5.1. Lagrangian Grassmannian

The Lagrangian Grassmannian LG(2,4) is the irreducible flag manifold ob-
tained from Cy = sp(4) by removing the simple root s, see Table 1. In our
conventions «; is the short root and as is the long root. The positive roots
are

o1, g, a1 + Qa, 20(1+042.

Removing the long root as corresponds to S = I\{az} = {a1}. Then we
have

A(l) ={£a1}, A(uy) = {az, a1 +ag, 201 + s}
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By definition we have [ = g_,, © b @ go,, from which we obtain the iso-
morphism [ 2 gl(2) with semisimple part s[(2). We have that u; is a 3-
dimensional simple s[(2)-module, hence it can be identified with the adjoint
representation.

Remark 4. There is an isomorphism of the quadric Q® with LG(2,4). Indeed
we have the low-dimensional isomorphism By 2 Cy and we are removing the
long root from both Dynkin diagrams. Hence it would be equivalent for our
purposes to consider this case.

5.2. The Braiding

We will now determine explicitely the braiding R corresponding to the adjoint
representation of U, (s[(2)), corresponding to the module u;. We denote by
« the simple root of s[(2) and by {K, E, F'} the generators of U, (s((2)).

Notation 3. Denote by u; the vector space spanned by v, vp and v_;. We
realize the adjoint representation of U,(sl(2)) on this vector space by the
formulae

Kuv = ¢’v1, Kuvg=wvy, Kv_i=q *v_1,
Evl = O, EUQ = [2]1/21}1, Ev_l = [2]1/21}0,
FUl = [2}1/21}0, FUO = [2]1/2’0_1, FU_1 =0.

With these conventions v; is the highest weight vector and v_; is the lowest
weight vector.

Recall that the braiding ]:ZV’W VoW — WV is uniquely determined
by the relation

Ryw(vew) = ¢y @u+ 3w @,
i
where wt(w;) > wt(w) and wt(v;) < wt(v). Concretely we can start from the
highest weight vectors and obtain the other values using the action of the
quantized enveloping algebra.

Proposition 4. The braiding R : Uy @ up — uy @ uy, corresponding to the
adjoint representation of Uy(sl(2)), is given by the formulae

Rvi ®v1) = ¢®v1 @v1, R(vy @ o) = v @ v1 + (¢ — ¢~ vy @ v,
Ror®@va)=q va®@u+q (g—¢ )@ —g v,
+(q? — ¢ )vo ® v,
R(vo®@v1) =01 ®vo, R(vo®vg) =vo@vo+q *(¢> —q vy ®v_y,

Rvo®v_1) =v_1 @v+ (¢ — ¢ Hvo®@v_1, R(v_1®@v1)=q 201 ®v_1,

R(v_1 ® vg) = vg @ v_1, R(v,l ®v_1) = q*v_1 @v_1.

Proof. We start with some general considerations. Let wpy, be the highest
weight vector of W. Then there is no w; such that wt(w;) > wt(why ). Hence
we obtain

(wWt(v),wt(wnw))

Ryw (v ® why) = ¢ Why © V.



Vol. 27 (2017) Dolbeault-Dirac operators 1595

Similarly, let v}, be the lowest weight vector of V. Then there is no v; such
that wt(v;) < wt(viy). Therefore we conclude that

(Wt (viw),wt(w))

RV,W(Ulw W) =q W Q V-

We apply the arguments above to the case of the adjoint representation. In
our notations vy is the highest weight vector and v_; is the lowest weight
vector. We obtain immediately

R(Ul ®up) = ¢*v1 @ vy, R(Uo ® 1) = v1 ® Vo,
R(’U_1 ® 111) = quUl ®v_q,

R(v_1 ® vg) = vg @ v_1, R(U,l ®v_1)=q¢*v_1 Qv_1.

Therefore it only remains to determine the values of

R(’Ul (X)’UQ)7 R(Ul ®’U,1), R(UO ®’U0), R(’UO ®U71).
To determine these we can proceed as follows. Since R is a module map, we
have in particular that FR(v ® w) = RF(v ® w). Computing the LHS and
RHS separately, we obtain equations determining the missing elements.
Let us start by computing the action of F' on the tensor product. Recall
that F(v ® w) = Fo ® K~ 'w + v ® Fw. Then on the basis elements we get

F(vy ®@v1) = [2]'2(¢%v0 ® v1 + v1 ® vy),
F(v1 ® vg) = [2]"/2(vo ® vo + v1 ® v_1),
Fv1 ®v_1) = [2]"*¢Pv @ v_1,
F(vo @) = [2]Y2(¢7%v_1 @ v1 + v @ vp),
F(vg ®vg) = [2]Y?(v_1 ® vo + 10 ® v_1),
Floo®v_1) = [2]'*¢*v_y @ v_y,
) =2]
]

Fo_1 ®uv) =[2 V2 1 @w_q, Fvoy®v_q1)=0.
Case R(v; ® vg) We compute
RF(vi @ v1) = [2]"2(¢7 %01 ® vo + R(v1 @ o)),
FR(v1 @v1) = [2]"2 (v @ v1 + ¢?v1 @ vp).
From these we conclude that
R(vl ®vg) = vo @ v1 + (¢ — ¢ )v1 @ vp.
Case R(vo ® vg) We compute

RF(vo @v1) = [2]'/2(q~ 01 ® v_1 + R(vo ® v0)),
FR(vo ®v1) = [2]?(vo @ vo +v1 ® v_1).

From these we conclude that

R(vo ® v9) = vo @ vo + ¢ 2(¢* — ¢ 3)v1 ® v_1.
Case R(vp ® v_1) We compute

RF(vo @ vo) = [2]? (v ® v_1 + R(vg @ v_1)).
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For the other term instead we get
FR(vo ®v0) = Fvo ®v0) + ¢~ 2(¢2 — ¢~ ) F(v1 ®v_1)
=[2]Y2(v_1 ®vo + (¢2 + 1 — ¢ 2)vo ® v_1).
Therefore we obtain
R(Uo ®v_1)=v_1®v+ (¢* — ¢ *)vg @v_1.
Case R(vl ® v_1) This is the most complicated case. First we compute
RF(vy ® vo) = [2]Y?(R(vo ® o) + R(vy ® v_1))
= [2]1/2(110 Qo+ q 2 — ¢ Hv @v_y + IA%(vl ®v_1)).
On the other hand we have
FR(v; @ vg) = F(vg ®v1) 4 (¢* — ¢ 2)F(v1 ® vp)
= 2" — g @1+ (@ +1 - ¢ ) @y
+q %01 ® v1).
From these equations we conclude that
Rvy@v_y)=q¢ v1@u+q¢ (g—q¢ )@ - ¢ i @v,
+(¢® = 47*)vo ® vo.
O
Remark 5. It is straightforward, although tedious, to verify directly in terms

of the formulae given above that the braiding R satisfies the Yang-Baxter
equation

Ri2RasRis = RozRisRos,
where we use the standard leg-numbering notation.
5.3. The Algebra Ag(uy)

We will now use the braiding R to determine the relations of the quantum
exterior algebra corresponding to uy. As we have recalled in a previous sec-
tion, by definition the quantum exterior algebra A, (V) is the quotient of the
tensor algebra T(V') by the two-sided ideal generated by quantum symmetric
2-tensors. These are defined in terms of the braiding Ry corresponding to
V. We denote by Sq2V (respectively AgV) the span of the eigenvectors of Ry
with positive (respectively negative) eigenvalues.
Therefore to proceed we will need the eigenvalues and eigenvectors of

the braiding R.
Lemma 3. The eigenvectors and eigenvalues of]:Z are given by

{fvi®v, ¢}, {vi®uvo+q @01, ¢?}, {vi®vo— e ®@v1, —¢ ),

{1 @v_1+q o1 @v1+ ¢ g+ ¢ o @ vo, ¢*

{vi@v—v1®@v —qlg—q v ®@wo, —q 7},

{1 ®@v_1+¢*v 1 @u - ¢Puo @ wo, ¢,

{vo@v_1+q 201 ®@vo, ¢°}, {vo@vo1 —Pv1 @0, —¢7Y,

{U—l & V-1, q2}
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Proof. Follows from simple computations that we omit. O
Remark 6. We have three different eigenvalues, namely ¢?, —¢~2 and ¢ .
Hence R does not satisfy a quadratic relation, unlike the fundamental repre-

sentation of U, (s[(2)).
In particular the spaces of symmetric and antisymmetric 2-tensors are
given by
SZuy = span{v; ® v1, V1 ® Vg + ¢ Ve ® V1, Vo ® V_1 + ¢ *v_1 ® vy,
v_1 @U_1, V1 QU1+ q2U—1 ® v — quO & vo,
v ®v_1+q o1 @1 +q g+ g oo ® v},
A§u+ = span{v; ® vg — ¢*vg ® v1, Vg ® V_1 — ¢°V_1 ® vy,
v @voy — v @u—q(g—q o @ o}
We are now ready to derive the relations for the exterior algebra.
Proposition 5. The algebra Ay(uy) has the relations
viAvr =0, wvoAvi=—¢vi Avy, voAvg=—q¢ '(¢—q i Av_1,
V_1 ANvp = —v1 ANv_y, v_1 Nvy= —q2v0 ANv_y, v_1Av_q=0.
Proof. By definition, the algebra A,(u.) is the quotient of T'(uy) by the ideal
generated by the subspace of eigenvectors of R with positive eigenvalues, that
is S’gu+. The relations follow straightforwardly from the description of S§u+,
except for two of them which we describe below. Taking the quotient gives
the relations
V1 ANv_1 + q2v,1 A q21)0 Avg =0,
vy ANv_1 + q74v_1 AN qil(q + qil)vo ANvg = 0.
Upon taking appropriate linear combinations, we see that these are equivalent

to

v1 Av_1 = —v_1 Av1, vgAvg = —q_l(q — q_l)vl Av_q.

5.4. The Algebra A (u_)

In the classical case, the [-module u_ can be identified with the dual of u
with respect to the invariant Killing form. In the special case of uy being
the adjoint module of s[(2), we also have the identification uy = u_. This
also holds for the corresponding U, (s(2))-modules. We will derive an explicit
formula below.

We denote by {w;}; the basis of u_ dual to the basis {v;}; of u, that
is (w;,v;) = 0;;. Here the dual pairing (-,-) : u_ — uy is assumed to be
invariant under to the action of U,(l). This means that for any w € u_,
v € ug and X € Uy(l) we should have

(Xyw, X9yv) = e(X){w,v).

In this setting the dual pairing is unique up to a scalar factor.
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Lemma 4. We have an isomorphism 1 : uy — u_ of Uy(sl(2))-modules given
by

(o) =w_y, P(vg) = —wo, Y(v_1) = gwr.

Proof. Clearly we have an isomorphism of vector spaces, so we only have to
check equivariance. First of all, the condition (Kw, Kv) = (w,v) gives

2 -2
Kw_ 1 =q¢"w_1, Kwy=wy, Kw=q “w.

It is clear then that an equivariant map % : u; — u_ should have the form
Y(v1) = aw_1, P(vo) = Pwo, YP(v_1) = ywr.

Now we want to determine the action of F' on the dual basis. Invariance of the
dual pairing gives the condition (Fw, K~1v) = —(w, Fv) for any w € u_ and
v € uy. We will use the conventions of Notation 3. For w = wg and v = v we

get (Fwo,q 2v1) = —(wo, [2]*/?vg). This implies Fwy = —[2]'/2¢%w;. Simi-
larly, for w = w_; and v = vy we get (Fw_1,v0) = —(w_1, [2]"/?v_;), which
implies Fw_; = —[2]'/?wq. Finally it is clear that Fw; = 0. Summarizing,

the action of F on the basis {w;}; is given by
Fuw_i = —[2]"%*wy, Fwo=—[2]"?¢*w;, Fw; =0.
Similarly one can obtain the action of E. Using these formulae we compute
Fip(v1) = —[2]Powy,  Fi(vo) = =[2)'2¢*Bwr,  Fy(v-1) =0.
On the other hand we have
G(Fur) = [2]2Bwo,  ¢(Fug) = [2]'*qwy,  (Fv_y1) =0.

Enforcing equivariance of v, namely the condition Fv = ¢ F, we find the

relations a = —f3 = ¢~ 2v. One can show that the action of F gives the same
conditions. Finally we can fix the value o = 1 to obtain the expression in the
claim. 0

Remark 7. This isomorphism can be extended to an isomorphism of tensor
powers of these modules. For example we obtain ¢ : uy @ uy — u_ @ u_ by
setting Y(w®@w’) = Y (w) @Y (w’). The equivariance of this map follows from
that of ¥ :up — u_.

It is now immediate to obtain the relations for A, (u_).
Corollary 3. The algebra Ay(u_) has the relations

w1 ANw_1 =0, wyANw_q1= —qzw,l A wy,
wo Awo = —q(q — ¢~ Yw_1 Aw,

w1 ANw_1 = —w_1 A\ wi, wl/\woz—q2w0/\w1, wy Awyp = 0.

Proof. Follows from the relations of A,(uy) and the isomorphism . O
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5.5. Computation of Pairings

We are now in the position to compute the pairing between A, (u_) and
Ag(uy). Let us briefly recall how this is defined. First of all there is a natural
pairing of the tensor algebras T'(u_) and T(uy), which extends the dual
pairing of u_ and u. By definition the exterior algebra A,(V') is a quotient
of the tensor algebra T'(V). It is shown in [3, Proposition 3.2] that the map
e AZV — A’;(V), obtained by composing the inclusion AZV — V® with
the quotient V®* —» A’;(V), is an equivariant isomorphism. Hence we can
define a pairing of exterior algebras by

(w,0)p = (7" (w), 7 (W), weAi(ul), ve A (uy).

Here the subscripts A and T refer to the exterior and the tensor algebra,
respectively.

To compute the pairing we need explicit expressions for the elements
7' (w) and 7" (v). In degrees 0 and 3 we have 1-dimensional vector spaces,
hence the pairing is just a non-zero number that we are always free to rescale.
In degree 1 the pairing is simply the dual pairing. Therefore we only have to
compute the pairing in degree 2.

Notation 4. We define a basis {V;, Vy, V_1} of Agqu by
Vi=v®vo—¢v®@v, Vo1=1v9®v_1—¢°v_1 ® vy,
Vo=v1®v_1—v_1®@v1 —q(q—q ")vo @ vp.

Similarly we define a basis {W_y, Wy, Wi} of Aﬁu, by

W_i=w_1 ®wy— q2wo ®w_1, Wi=wy®w — q2w1 & wo,
Wo=w_1®@w —wi ®w_1—q "(¢— g "wo ® wo.

Notice that the vectors W_q, Wy and Wj correspond, up to scalars,
to the image of the vectors V;, Vy and V_; under the isomorphism % from
Lemma 4.

Lemma 5. We have the identities

-2
_a _ !
vy Avg = 2], m+(V1), wviAv_g= 2, 7+ (Vo),
g2
vo Av_1 = 2, +(Vo1),
w_1 Awg = é]—zw_(W_l), w_1 Awy = [2]—27T_(W0),
q q
g2
wo /\w1 == Wﬂ_(Wl).
q

Here we use the notation [2],2 = P +q2

Proof. This follows from the definition of the maps 7, together with simple
computations involving the commutation relations obtained in Proposition
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5 and Corollary 3. As an example, we show the identity for v; A v_;. We
compute

7. (Vo) =vi Av_y —v_1 Avy —qlg — g~ Hvg Ao
=2v1 Av_g + (g — q_1)2v1 ANv_q = (q2 + q_g)vl Av_1.

The other relations are proven similarly. U

We are now in the position to compute the pairing between elements of
degree 2.

Proposition 6. The non-zero pairings between the basis {wg A wy, w_1 A
wy, w_1 Awy} of Ag(u_) and the basis {vi A vy, v1 Av_1, vo Av_1} of
AZ(uy) are given by

<w0 /\’U.)l,'Ul /\’Uo> = <w,1 /\U)O,UO /\’U,l> =

1
[2l¢2”

q

<’LU,1 A w1, V1 /\’U71> =

where we use the notation [2],2 = ¢* + ¢~ 2.

Proof. The pairing of exterior algebras is defined by (w,v)s = (=" (w), 7"

(v))7, where the pairing of tensor algebras is given by (v’ ® w,v ® v')p =
(w,v){(w’,v"). Then the result follows from explicit computations using Lemma
5. Let us see one example. We have

—4
(wo AN wy, vy Avg) = [%]22 (wo ® w1 — g*wy ® wo, v1 ® Vo — ¢*vg @ V1)
q

A

- [%]22 ({(wo ® wy,v1 @ vo) + ¢*{w1 @ wo, vo @ v1))
_(14

=g +d) =g

—2

lg2

The other cases are treated similarly. O

As mentioned previously, we are free to rescale the pairing in each de-
gree.

6. The Quantum Clifford Algebra

In this section we will derive an explicit expression for the operators v_(w)
on Ag(uy). These operators, together with vy (v), generate the quantum Clif-
ford algebra. For our discussion of Dolbeault—Dirac operators we are actually
interested in the adjoints y_ (w)*. To define these we will classify all invariant
Hermitian inner products on the exterior algebra A, (uy).

6.1. Bases of Exterior Algebras

Below we summarize our conventions for the bases of the exterior algebras
Ag(uy) and Ag(uo).
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Notation 5. We fix an ordered basis {v§k)}i of Ag(uy) in each degree k. We
choose

{1}, {’01,110,11_1}, {Ul /\1107 (% /\’U_l, ’Uo/\U_l}, {’Ul/\Uo/\U_l}.

Similarly we fix an ordered basis {wgk)}i of Ay(u_) in each degree k. We
choose

{1}, {wl,wo,w_l}, {wo/\wl, w—1 Nwi, wW-1 /\w()}7 {w_1 /\wo/\wl}.

Let us also summarize the results for the pairing (-,-) : Ag(u_) ®
Ag(uy) — C. Elements of different degrees are orthogonal. It follows from
Proposition 6 that we have

<1, 1> = 1, <wi,vj> = 51‘]‘,
(wo N wy, U1 /\Uo> = <’LU71 A wp, vo N ’U71> = q_27

<’LU,1 /\’U.)l,'Ul /\’U,1> = 1, <’w,1 /\’U)O /\wl,vl /\’UO /\’071> = 1.

Notice that we have rescaled the pairings appearing in Proposition 6. Also
notice the following orthogonality property: we have <w£k),v](,k)> = 04;b; for
some numbers b;.

6.2. Action of u_

Let us recall the definition of the action v_ of the module u_ on the exterior
algebra A,(uy). It is defined as the dual of the right multiplication on u_,
that is

(w,v—(2)0)g = (WA 2,041, 2EU_, uzeA’;(u,)7 vEAZ+1(u+).

Below we will compute the explicit action of u_ on the ordered basis of
Ag(uy).

Proposition 7. The action of u_ on the basis of Ay(uy) is as follows. In degree
0 we have v_(w;)1 = 0, in degree 1 we have y_(w;)v; = 0;;1, in degree 2 we
have

w1)vy Avg = q ?vo, Y-(wi)vi Av_y =v_1, y—(wi)vg Av_y =0,

7-(
Y- (wo)vi Avg = —v1, Y- (wo)vy Av_1 = —q(g — ¢~ o,
Y- (wo)vo Av_1 = q *v_1,
Y- (w_1)vy Avg =0, y_(w_1)vy Av_q = —vy, F—(w_1)vg Av_1 = —vg,

and finally in degree 3 we have

v (wi)vy Avg Av_q = ¢Pvo Av_q, v (w1)vy Avg Av_q = —q?v1 Av_q,

y_(w1)vr Avg Av_q = g*vy A .

Proof. We denote by {v{"}; and {w*}, the bases of AF(uy) and Af(u_) as
Definition 5. Recall that these are orthogonal in the sense that (wgk), v](-k)>
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di;b; for some numbers b;. From this fact it easily follows that we can write
any vector v € AF(u) as

N LT
= (wM oy

Then, acting with v7_(wq) : Af(ug) — AP~ (uy) on a vector v € AF(uy), we
obtain

(Y Y (wa)v) (o1 (WY A wa,v) ooy
V- (wa)v = Z NS S = Z (NN
i <wz( )7 U’E )> 7 <wz( )7 ’Uz( )>

From this expression we can easily compute the action of v_ (w,) on the basis
(v},

In degree 0 it is clear that y_(wq)1 = 0. In degree 1 we find v_ (w;)v; =
9,51, since (w;,v;) = d;;. The formulae in degrees 2 and 3 follow from simple
computations. Let us just show an example. Let v = v1 Avg Av_y € A}(uy).
Then we have

A A\ 1A A
{(wo A wy whv}m/\vo+ (w1 ANwy Awy, )

v (wy)v = v1 Av_q

<w0/\’wl,’U1 /\’U0> <w,1 /\wl,vl/\v,1>

(w_1 ANwo A wy,v)

Vg NV_1
(w_1 A wWo, Vg A 1)_1>

w_1 Nwo Nwy,v1 ANvg A v_
:< ! 0 Lot 0 1>v0/\v_1:q21}0/\v_1.
<w,1 A Wo, Vo A\ ’071>

The other cases follow similarly, upon using the appropriate commutation
relations. We remark that we have to use relations like w_1 A wg A wg = 0,
even though wy A wg # 0. O

6.3. Hermitian Inner Products and Adjoints

The next task is to determine an appropriate Hermitian inner product on
Ag(uy). It should be invariant with respect to the adjoint action of U,(l)
considered as a *-algebra, with the *-structure coming from the compact real
form of U,(g). More concretely this means that

(v, X0') = (X*v,0"), 0,0 € Ag(uy), X €U,I).

In the next proposition we will determine all the Hermitian inner products on
Ag(uy) that satisfy this condition. The only freedom we will get is a rescaling
in each degree.

Proposition 8. Let (-,-) : Ag(uy) @Ay (uy) — C be an invariant inner product
as above. Denote by M%) the matriz of inner products in degree k, that is

Mi(f) = (vgk),vj(.k)). Then, up to a rescaling in each degree, we have

100 100
MO — (1)7 MY =010 , M =10 q4 0|, M® = (1)
00¢? 00 ¢
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Proof. The statement in degrees 0 and 3 is obvious, since these are
1-dimensional vector spaces. Next we consider the case of degree 1. In general
the fact that the inner product is invariant under the generator K, namely
(v, Kv") = (Kv,v"), implies that vectors of different weights are orthogonal.
To proceed we will use the explicit action given in Notation 3. On one hand
we have (vg, Fvy) = [2]'/2(vg, v). On the other hand we have

(F*v,v1) = (EK " 'wg,v1) = 2] (v1,v1).

Hence we must have (vg,v9) = (vy,v1). Similarly we have (v_1, Fvg) =
[2]'/2(v_1,v_1) and

(F*v_1,v9) = (EK " v_1,v0) = [2]2¢2 (v, vo).

Then we conclude that (v_1,v_1) = ¢?(vg,vg). We obtain the result by fixing
(Ul, ’01) =1.

Finally we consider the case of degree 2. The spaces Aéqu and A§u+ are
isomorphic as Uy,(sl(2))-modules, but we have to be careful with this iden-
tification. Recall that we have Agqu = span{V1, Vp, V_1}, where the vectors
are given explicitely in Notation 4. The action of the generator F' on these
elements is given by

FVy =21V, FVo=[2]Y%*V.,, FV_,=0.
This follows from easy computations. For example we have

FVi = Foi @ K~ g +v1 @ Fug — ¢*Fog @ KMoy — ¢?vg @ Foy
=212 (v @ vo + v1 @ v_1 — v_1 ® v1 — Vo ® vy) = [2]Y/2V,.

Now recall the relations between the elements Vi, V5, V_1 and the elements
v1 Avg, V1 Av_1, vgAv_1 given by Lemma 5. Since the map 74 is equivariant,
we obtain

F(v1 ANvg) = [2]1/2q_201 Av_y, F(vy Av_q) = [2]1/2(]21)0 Av_1,
F(’UO A ’U_l) =0.

Hence, making the identifications v; Avg ~ v1, v1 Av_1 ~ q?vg and vgAv_; ~
v_1, we obtain the result in degree 2 by appropriate rescaling of the result in
degree 1. O

Using the Hermitian inner product (-,-) : Ag(us) @ Ag(up) — C we
can define adjoints of operators on A, (uy). In particular we are interested in
operators of degree —1, such as v_(w). Given such an operator T', we will
consider the maps

T ARy — ANy, T A () — AR(uy).

The first map is the restriction of 7' to elements of degree k, while the second
map is defined by (T v, v'),_1 = (v, T"*'); for all elements v € A (uy)
and v € AR~ (uy). In terms of matrices, this means that our operators take
the form
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oT® 0o 0 0 0 0 0
00 7T® o . TM* 0 0
= 00 0 7T® | = 0 T®* o 0
00 0 0 0 0 T®*0

Lemma 6. Let M%) be the matriz of inner products in degree k, that is the

(k), vﬁk))k. Let T be an operator as above. Then

matriz with entries Mi(f) = (v,

we have
TF)* — (M(k))—lT(k)TM(k—l)’
where T denotes the usual conjugate transpose.

Proof. Follows from some elementary linear algebra. O

6.4. Matrix Expressions

Here we will record the matrix expressions for the operators v_ (w;) and their
adjoints. Let us adopt the following short-hand notation.

Notation 6. We will write T'y = v_(w1), T'g = v—(wp) and T'— = vy_(w_1).
The matrices can be read off from Proposition 7. In degree 1 we have
r =(1o0), r’=(010), T =(001).

In degree 2 we have

000 -1 0 0 0-10
r@=1{qg200], T¥=( 0 —glg—¢) 0|, T ={00 -1
010 0 0 g 00 0

Finally in degree 3 we have
r® —(00g)", T =(0-g20)", T =(¢*00)".

We will also need the expressions for the adjoints, as in Lemma 6. In degree
0 we have

r = (100)", T =(010)", TV =(0042)".

In degree 1 we have

0g2 0 -1 0 0
@ =foo0 ¢ ), " =( 0 —¢3q-q" 0|,
00 0 0 0 g
0 0 0
r® =|(—¢* 0 0
0 —q¢72%20

Finally in degree 2 we have

" = (00g¢"), T =(0—¢f0), T =(q*00).
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7. Commutation Relations for the Quantum Clifford Algebra

In this section we will discuss the commutation relations for the quantum
Clifford algebra End(Ag4(u4)), where uy corresponds the adjoint representa-
tion of U, (s[(2)). More precisely, we will be concerned with relations between
the elements I'; = v_ (w;) and their adjoints. These are the elements appear-
ing in the definition of the Dolbeault—Dirac operator. The main result is the
fact that we do not have quadratic relations among these.

7.1. Equivariance of the Construction

Before getting into the commutation relations, let us pause for a moment to
stress the equivariance of the construction of the quantum Clifford algebra.
Some consequences of this property will be used in the proof below.

Recall that the quantum Clifford algebra is defined in terms of the
maps v+ : Ag(ugr) — End(A4(uy)). First of all we have that uy are Uy([)-
modules, which implies that Ag(us) are U,(l)-modules, since the exterior
algebras are defined in terms of module maps. Then the quantum Clifford
algebra End(A4(u4)) becomes a Uy(l)-module in a canonical way. We denote
all these actions by >. The map ., is clearly equivariant since it corresponds
to left multiplication on A, (1t4). On the other hand, the equivariance of the
map ~y_ follows from the fact that the pairing used in its definition is invariant.
Summarizing, we find that for all X € U,(I), v € Ag(us) and w € Ag(u_) we
have the relations

Xeyp(v) =14(Xpv), Xpy_(w) =7-(X>w).

Next we consider the introduction of an invariant Hermitian inner product
on Ag(uy). This defines a -structure on End(Aq(uy)). It is compatible with
the #-structure on U, ([), coming from the compact real form of U,(g). This
compatibility takes the form

(XoT)* =S(X) oT%, X eU,l), TeEndAuy)).

7.2. Absence of Quadratic Relations

We are now in the position to show that we do not have quadratic commu-
tation relations in the quantum Clifford algebra.

Proposition 9. Let I'; = v_(w;) € End(Aq(uy)), where uy is the adjoint
module of Uy(sl(2)). Then for 0 < ¢ < 1 we do not have relations of the
form

F,L-F*—Zc 'TiTy, i # .

Proof. Let us start with some general considerations for a generic Ugy([)-
module u_. Suppose we do have quadratic relations between the elements
I'; and I';, with i # j as above. Then we can restrict the terms appearing
on the rlght hand side by using the equivariance of the map vy_. This can
be seen as follows. Let 3; be the weight of the basis vector w; € u_. We
have Ky > w; = ¢(**5)w;, hence by equivariance we obtain K} > v_ (w;) =
q @ B~ (w;). Similarly we find that Kj>vy_ (w;)* = ¢~ (@8~ (w;)*. This
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follows from the compatibility condition of the x-structure with the action,
rewritten in the form X o T = (S(X)* > T)*, together with the fact that
S(Ky)* = K, '. Therefore the action on the product Iy is

K> (IT7) = (K > y— (wi)) (Kg > v—(w;)*)
= (BB (w;)y— (w))*

Since the elements {I';I";}1; are linearly independent, we conclude that the
term I';I'; can appear in the sum only when it matches the weight of the
term FJ‘;.

We will now concentrate on the case of the adjoint representation. It
is enough to focus on the commutation relation between the elements I'_ =
v—(w-1) and T'§ = v_(wp)*. Arguing as above, we find using equivariance
that this must take the form

I_T§ =tIgT- +t'T% Ty,
for some t and t'. In particular, when acting on elements of degree k it reads
F(_k+1)Fék+1)* _ trgk)*r(_k) . tTSf)*Fék).
Taking into account the rescalings as in Appendix this becomes

Ck+lr(k+1)rék+1)* _ Ck (tFék)*F(_k)thTf)*Fék)) (71)

ko Ck—1

We will only consider the cases of degree 1 and 2, since this is enough to
prove that the above identity is not satisfied for ¢ # 1. Let us start with
k = 1. Plugging in the explicit matrix expressions into (7.1) we obtain the
two equations

Co _ _ C1 Co _ C1

—q 3 q—q ) =—t, ——=q¢?=—t (7.2)

Cc1 Co C1 Co
Clearly the coefficients {c¢;}; must be non-zero, otherwise we would have
degenerate pairings. Hence we can use these two equations to determine the
coefficients ¢ and ¢'. Consider now the case k = 2. Proceeding as before we
obtain the equations

C2

C C: _ _ _ _
20 =20t (g —q7Y), 0= _q Ytalg—q ) +1).

C2 (&1

By the argument above, the second equation is equivalent to tq(q—q~ ')+t =
0. Plugging in the expressions for ¢ and ¢’ obtained from (7.2), we see that
this equation has a solution only in the cases ¢ = 1. This concludes the
proof. O

The absence of these quadratic relations in the quantum Clifford al-
gebra, together with the results of Proposition 3, completes the proof of
Theorem 1.
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Appendix: Rescaling of Pairing and Inner Product

In this Appendix we will discuss the effects of rescaling the dual pairing
and the Hermitian inner product. As mentioned previously this is always
possible in each degree. The aim is to have the most general setting for
the discussion of commutation relations in the quantum Clifford algebra.
Although ultimately it won’t play any role, we can not exclude this a priori.

We will use as before the notation I'; = y_(w;), where {w;}; is a basis
(*) and T¥T* for the restriction of T'; and

i

of u_. Recall also that we write I'
I'} to elements of degree k.

Lemma 7. Under the rescalings (-, ) — Mi(-, )k and (-, ) — AL(-,)p we
have
r® _, Ak p® plers Akt :\2 pE+D
k—1 Ak )‘k+1
Proof. Recall that ng) cAR(uy) — APt (uy) is defined by
(2, TM0) 1 = A wi, o)k, ve Ab(uy), 2 e Ao,

Rescaling the dual pairing as (-, ) — Ag(-, -)r we get

r® _, X )
7 )\k—l 7

Next we consider the case of ngﬂ)* cAF(uy) — AP (uy). It is defined by
(Vo0 = @, D o), v e AR uy), o€ Ab(uy),

Rescaling the inner product as (-,-)r — AL (-, -)x we get

P+ Ak PR+

7 )\/ [ .
k+1

Finally we combine this with the rescaling of the dual pairing. Using the fact

that the inner product is conjugate-linear in the first variable we obtain
PO+ @L@F(kﬂ)*.
' M A
O
In particular we need the combinations ngH)ngH)* and ng)*ng),

acting on elements of degree k, which appear in quadratic relations. Upon
rescaling we find

P et AL e e
! / Ael? Ay " !

and similarly for the other one. Therefore if we define ¢ = |Ag]?/N) we
obtain
F(k+1)r(k+1)* _ Ck+1 F(k+1)r(_k+1)*
[ J J

7 I

Ck J Ch—1

1—\l(_k)>x<1—‘(_k)_> Ck ng)*r§'k)-
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