Adv. Appl. Clifford Algebras 26 (2016), 1235-1248
(© 2016 Springer International Publishing
0188-7009/041235-14 |

Advances in
Applied Clifford Algebras

@ CrossMark

published online February 5, 2016
DOI 10.1007/s00006-016-0643-4

Stancu Type Generalization of Dunkl
Analogue of Szasz Operators

Ali Karaisa* and Fatih Karakog

Abstract. In this paper, we introduce Stancu type generalization of
Dunkl analogue of Szasz operators. We obtain some direct results, which
include asymptotic formula and error estimation in terms of of the mod-
ulus continuity. Also, we investigate the convergence of these operators
in a weighted space and estimate the rate of convergence.

Mathematics Subject Classification. 41A25, 41A36.

Keywords. Dunkl Analogue of Szasz—Stancu Operators, The weighted
modulus of continuity, local approximation, weighted space,
Voronovskaja type asymptotic formula.

1. Introduction

It is well known that the classical Bernstein operators B, (f;x) converges to
f(z) uniformly in [0, 1] for every continuous function f. In 1968 Stancu [13]
showed that the operators

st =3 (3) et -ty (E22)

k=0

converges to continuous function f(x) uniformly in [0, 1] for each «, 3 such
that 0 < a < . This operators are called Bernstein—Stancu operators in
literature.

In 1950, Szasz [15] defined the following operators which are generalized
Bernstein operators to the infinite interval

i nx k
Su(fia) = ey 1) f(fl) v € [0,00). (1.1)

k=0

This operators and the generalizations were studied in [1,3,5,8,10,11,16].
Recently, Sucu [14] has introduced Dunkl analogue of Szasz operators
which are generated using generalization of exponential function as follows:
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ad n.’L’k
si(fim) = —+ 34 )f<k*”%), (1.2

eulnz) 2= i) \
where
@=3 =
e,(x) =
a k=0 ryﬂ(k)

and the coefficients v, are given by for k € Ny and p > —1/2

22RRIT(k+ p+1/2) 2RI (k4 4 3/2)
Vu(2k) = T(u+ 1/2) Yu(2k +1) = T(pu+1/2)

We note the following recursion relation for the «,,
'YM(k + 1) = (k +1+ 2U9k+1>%¢(k>7 k € No,

where 0y, is defined to be 0 if k € 2Ny and 1 if £ € 2Ny +1. He established sev-
eral approximation properties of these operators. It is clear that the operators
defined by (1.2) are positive and linear for p > 0, = > 0.

The present paper deals with Stancu type generalization of Dunkl ana-
logue of Szasz operators. We prove the convergence of our new operator by
the help of Korovkin-type theorem on bounded interval. Also, we obtain some
local approximation results of these new operators. Further, we investigate
the convergence of these operators in a weighted space and estimate the rate
of convergence. Finally, we give a Voronovskaja type asymptotic formula for
this operators.

2. Construction of Operators

For n € N and 0 < a < 3, we introduce Dunkl analogue of Szasz—Stancu
operators as follows:

B f.op) = 1 S (nx)k k+2ﬂ9k +«
S “3)‘ewme;wAmf< S e

It should be noted that if we take a = 8 = 0, S®(f; ) is reduce to Dunkl
analogue of Szasz operators given by (1.2) and if we take p = o = = 0,
S@B(f;x) is reduce to the classic Szasz operators given by (1.1).

To constructed of our approximation theorem for the operators
S@B(f:x), we need following lemmas.

Lemma 2.1. [14, Lemma 1, p. 43] The following equalities hold for x € [0, 00)
and 0 < a < (3:

Sp(Liz) =1,
Se(t;x) = x,
Si(t% o) =2 + (1 - zue“(_”:”)) z
eu(nz) ) n
3 3 eu(—nx)\ 22 9 e (—nz)\ =
Sp(t’sa) = x° + (3—2u“> =+ (1+4u +4u“) 5
en(nx) ) n eu(nx) ) n
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Sn(tha) = a* + (6+4MM) %3 + (7+4u2 - SMM) 2—2

e (nx) ) nd’

+ (1 + 1242 + 2u(3 + 4?)

Lemma 2.2. For the operators S&P, 0 < a < 3, and = € [0,00) we have

Spf(lyz) =1, (2.2)
Sef(tiw) = o+ —, 2.3
nUbe) = oot (2.3)
222 Aonx a?
SeP () = - ° - , 2.4
=G e T e @4)
33 Ain2z? Aonx a?
Sel(tha) = L S , 25
) = G Tt B Tt 8P T e B &)
4.4 Aan323 Aun2z2 A 4
Sf:‘ﬂ(t4;x): ntz - 3m 1134+ A a:4+ 5n1:4+ o .
(n+p)* (n+B8)* (+p)* (+p)* (n+08)
(2.6)
where
e, (—nx)
Ag=2a+1+2u-t~—~,
’ 8 eu(nx)
e, (—nx)
A =3a+3-2 ”77
' ! eu(nx)
Ag:1+3a2+3a+4u2+2u(2+3a)w,
eu(nx)
e, (—nx)
Az =6+ da + 4p——"2,
’ g eu(nx)
eu(—nw)

Ay =T+ 4% 4+ 60° + 120 - 8(1 + )
eu(nx)
2 2 2 2 2y eu(n2)
As = 1+12%+20(2 + 8¢ +20° +30) + 20 (3 + 4u” + 8ar + 6a%) -
m

Proof. By Lemma 2.1 and definition of S®(f;z), we get

> k

o, cr) = 1 (nm) — S%(1:2) =
B(pg) = ) o ()" (k4 24, +
S (5 ) eu(nx) =0 'Yu(k) < n+ )
B 1 > (nx)* N =\ (nx)*
= Tt Benton) {; ) B+ ) e ) mk)}
= n—i—ﬂs’t(t; ) + mSZ(l;x)

n—l—BJrn—i—B'
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Now, we consider S%#(t?;2) as follows;

Sa’ﬁ(tQ' z) = 1 — (nx)k (k + 2ue, + a>2
! ’ eu(na) = (k) n+p
1 i (nm k 0 )k
(n+pB)%e,(nx =
+a? Z }
k=0
n? 2

= S*(t%x) +

k=0 (k)
(n+B)?

n2xz? Agnx «

BCEY AR Y EARCEY S

(k’+2:u9k)

(na)
(na)*
'Vu(k)
2

(n+05)?

an

(n+p)?

2

Sh(tsx) + Sn(1;x)

For S&P (3 x), we get

oo

w3,y _ 1 (na)* (k+ 29, + '\’
Sn ﬂ(t?”x) - eu(nfﬂ) kz:;)’m(k) ( n-l—ﬁ )

1 o0

(na)*
m+6P%M@kﬂvA@
n3 " 3a
= G0 gy
3a’n ol
NCET R
B n3z3 Ain2z? Aonz a?

RN
R CE R e R el

(k + 249, + )

S (8% )

S (1)

and

= Ve (k4 2, +a 4
Sel (s (nz) ( : )
z;) Y (k) n+ 3

k
1 S
4

(na)*

(n+ B)*e,(nz) - Oyu(k)

= (n+5)45n( 2+ G +5)45,1( @)+ S (tie)
40°n N al

o)+ oy

__n'a? Asnz®  Agn?a? Asnz ol

“ A A e T e A A
Hence, the proof is completed. O

(k + 2ug, + a)*

Sa(1;2)
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According to Lemma 2.2 and linearity of S¢7(f;x), one has the follow-
ing identities

e, (—nz)
5 n (1420500 ) — 208 o2
o, B 2. _ 2 .
S = e (n+ B)? e A
eu(=nz) e, (—nx)
Se8((t — 2)tz) = z*pt n z? (24“W"3 + 325ﬂwn2 +Cin — 40¢B3>
" 7 (n+pB)* (n+ B)4
22 (C3n? — Cyn +6a28%)  (Can — 40°B) o ug)
(n+p8)* (n+ B)4 (n+ B)* :
where
Cl = 6,82 (1 + 2NW) ,
e, (nx)
Cy=3—12u% — (24 + 320{)/LM7
eu(nx)
Cs =40 (1 +3a+4p? + (4+6a)u@n(—m)> ’
en(n)
eu(=nz)

Cy =14 2a(2+ 3a + 8u?) + 12p% + (6 + 8u° + 16a + 120°) .
eu(nx)

Theorem 2.3. For f € C[0,00) N E, the sequence of operators (S%F),>1
converges uniformly to f on [0, A] as n — oo, where

f(@)
E = : 0
{f xe[,oo),x2+1
and A > 0 is absolute constant.

Proof. Using (2.2)—(2.4), we get

s convergent as xr — oo}

lim S%P(e;;2) = ei(x)

uniformly on [0, A], where e;(t) = t, i = 0,1,2. If apply universal Korovkin
type theorem [2], we get desired result. O

3. Weighted Approximation

In this section, we give approximation properties of the operators S7 in
weighted space of continuous functions. We consider the following class of
functions which are defined on the interval [0, 00).

Let B,2[0,00) be the set of all functions f defined on [0, 00) satisfying
the condition |f(z)] < M¢(1 + 2?), where M; is a constant depending on f.
By C,2[0,00), we denote the subspace of all continuous function belonging
to B,2[0,00). Also, C?,[0,00) be subspace of all continuous functions f €
C;210, 00), for which lim,|_ o ﬁ—?z is finite. The norm on C7, [0, 00) is defined
as follows

|l sup L@

z€[0,00) 14 22 )
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The weighted modulus of continuity defined by Ispir and Atakut [6] as follows

o |f(z+h) = f(z)]
f50) = ;cE[O,SoE)I,)\hKé (1+h2)(1422)

Lemma 3.1. Let p(x) = 1+ 22 be a weight function. If f € C,2[0,00), then
1S5 (s ) llon< 1+ M,

where M is a positive constant.

Proof. By (2.2) and (2.4), we get

2,2 (2a +1+ Q/Leg(;:f)) na 2
S (pra) =1+ ———— + “2( ) +
' (n+p) (n+5) (n+p)
Then, we obtain
1 n2z2 <2a + 1+ QM%) nT
IS (ps ) [z = sup 5+ P 204 a2
20 | 1+22  (n+B8)%(1+2?) (n+B)*(1 + 2)

Oé2
* <n+m2<1+x2>}

n? (a+1/24p)n o?
St e T mrar

Since lim,, _, o (nziﬁy =1, lim, .o (CEEi 0 and lim,,_, % =0,

there exists a positive constant M such that
| S5 (i) llae < 1+ M.
This step concludes the proof. O
By using Lemma 3.1, one can see that the operators S? defined (2.1)
act from Cy2[0,00) to B,2[0,00).
Theorem 3.2. Let SP be sequence of linear positive operators defined (2.1),

then for each f € C?,[0,00)
lim || Sp2(f;a) = f(x) [l2= 0.

n—oo

Proof. By using weighted Korovkin theorem presented by Gadzhiev [7], it is
enough to verify the conditions,

lim || S%P(ey; ) — ey(2) l2=0, ©v=0,1 and 2.

n—oo

By (2.2) and (2.3), we have
1S3 P(L2) =1 [|,2=0 (3.1)

and

B+« ‘ a+f

aB(p ) _
| Salenn) —al) e = G @ | < g

x>0
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which implies that
lim || %P (ey;2) — ey (x) ||22= 0. (3.2)

n—oo

By means of (2.4), we obtain that

e, (—nx)
2 1+ 24
| S8 (eg; ) —ea(x) |22 =sup (=206 — F*)z" + ( Qo )n:c
" z>0 | (n 4 B)2(1 4 22) (n+B)2(1+22)

o

R P T Gy

B2n+pB) (a+1/2+u)n a?
STt p? T mipE T mepe

Taking the limit of both sides of above inequality as n — oo, we get

lim || S%P(eg;x) — en() 2= 0. (3.3)

From (3.1)(3.3), for v = 0,1,2 we have lim,, .o, || S (ey;x) — €y(x) ||o2=
0. O

The proof is completed.
Now, we estimate the weighted modulus of continuity. For this, we need
the following lemma.

Lemma 3.3. [4,9] For f € C},[0,00), then

(i) Q(f;0) is a monotone increasing function of 4,
(ii) lims_o Q(f;0) =0,
(iil) for any X € [0,00), Q(f;A0) < (1 4+ N)Q(f;9).

By property (iii), we get

- sl <2 (14 5 ) as e

x (L4 (t—2)?) Q(f; M), t,z €[0,00). (3.4)
Theorem 3.4. Let f € C,[0,00), then we have

1528 (fi — f(a))] n [
P T 2)8 gM“””@*m+mJ”<ﬁ m+m9’

where Mo 3,,) 15 a constant independent of n.

Proof. By (3.4), we have

-l <2 (1+ 55 aa@)a4a?) 0+ - o) ari0)

k+2u9k +a

letting t = o

, we get
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k:+2p,9k+a
“arg T
< 2 1 + f

x(1+6%)(1+2%) (14 (t — 2)%) Q(f;A0).

k+2,u9k+a
() -

Thus,

e n:ck
S28(fra) — fl) < —— 3 11D

(k+2u9k +oz> ~ )

eu(nx) = vu(k) n+p3
2(1 463 (1 4+ 2H)Q(f;6) . (1m)

()t ‘w_x‘ bt o 2
nw n+p Mo, T &
<) I — | |1+ —$>
= Yu(k) ( 1) ) < ( n+ 3 )

=2(1+8*)(1 + 2®)Q(f;9)

e#(nx)

(nx) (k+2/¢9,€—|—a x)2
n+pg

Tﬂ?

k:7 kow

1 (na)® |k + 2ug, + ‘<k+2u9k+a )
+= —p| (e Ty
6];)W(k) n-+ 0 n+ g

1N (o) |k +2p0, + |

+-= —x .

5,;)’%(147) n+

Applying the Cauchy—Schwartz inequality to above last term, we obtain

SeP((f;2) = fl2) < 2(1+6%)(1+2)Q(f;0)
X <1 + Sﬁ‘ﬂ((t —x)%z) + % Sﬁ“@((t —z)?%x)

1
+3.\/s;7»5((t )2 2)SEB((t — ) m) . (35)
By (2.7) and (2.8), we have the following estimates

SaP((t—2)%x) < (B4 )?+1+2u) (2® + 2 +1),

(n+p)?

SoB((t —x)hz) < <a4 + B* + 8u® + 12p% + 24 + 32u(a + B)

_n
(n+pB)2
+6(a?B% + a? + 3?)

+4u(2pa + 3o+ 36%) + da + 3) (* + 2+ 2> 2+ 1).
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Combining above inequality with (3.5), one has
Syl ((fie) = f(2) <2(1+6%)(1 +2%)9 )

{1+A<aw> CFYE

+
+\/A(a»ﬂ,#) (e 57“)(3@)) }

n
ﬂ aﬁ#)

where

A p(@) = ((B+a)? +142u) (2% + 2 + 1),

B@@Mw=(¢+¢+Mﬁ4%%4@+MMa+m+&MW+aﬁuﬂ

+4u(2ua+3a+362)+4a+3>
x(w4+x3+x2—|—az+1).

If choose § =,/ WFLB)Q, we get desired the result. O

4. Rate of Convergence of the Operators

In this section, we compute the order of approximation of the operator
S8 (f:z) by means of modulus of continuity which is given by

w(f;0) = sup |f(z)— f(y)l

|z—y|<o
z,y€[0,a]

It is well-known that for a function f € CJ0,al,

li ;0) =0

Jim_w(f;6)

for any Vé > 0,
sy (12—l
[f @) = fWl <w(fid) | —5— +1 (4.1)
Theorem 4.1. Let f € C[0,00) N E and x > 0. Then, we have
|27 (fi2) = £ (@)] < 20 (f30n)

where

2 (1 + 2u65( nT;w)> 2
0= B 2502+ nne) T+ a =
* (n+h) (n+B)? (n+5)
Proof. Let f € C[0,00) N E. By the linearity and positivity properties of the
operators S&7 (f;x), we get

53 752) — £ @) < w(r30) {1+ 5 (52 (10— 0*30)) ).

y (2.7) and choosing 6, , = d the proof is completed. O
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5. Direct Estimate
In this section, we establish the following direct result:

Theorem 5.1. Let [ be a bounded function on [0,00), and has a second de-
rivative at a point x € [0,00). Then, we have

Jim n (S27(f:2) — £(2)) = (o - aB) () + 2B iy,

Proof. Using Taylor’s expansion of f, we obtain
F(8) = $@)+ P @)t =) + 37" @)t — 2 + (b2t — ),

where £(t, ) is the remainder term and e(t,z) — 0 as t — z. By linearity
of the operators S®4(f,x) we get

1
Spl(fix) = fx) = f/(2) Sl ((t — x); ) + §f”(w)55’6((t — )% x)
4528 (e(t,z)(t — )% z).
Using Cauchy—Schwartz inequality, we get

S99 (e(t, 2)(t — 2)%2) < \/SSP (2 2); )\ /ST ((t — 2 2). (5.1)
Since e%(z,7) =0 and (,J;) € C5]0,00), we obtain
lim S&P(e2(t,z); ) = e3(z,x) = 0, (5.2)

uniformly with respect to [0, A]. By (5.1) and (5.2), we have
lim nS®P(e2(t,z);x) = 0. (5.3)

From Lemma 2.2 and (5.3), one can see that

lim n (S57(f32) = f(2)) = lim n|S27((t - 2);2)'(x)

1
+3 8" @)STA( — 2)5 )

+ S0 (e(t 2)(t — )% )

= (0~ 2B)f' () + ST )

This step completes the proof. O

Now, we give a local approximation theorem regarding the operators
S%8. Let Cp[0,00) denote the space of all real valued bounded and contin-
uous functions f on [0, 00) with the norm

IfIl = sup [f(x)].

x€[0,00)

For all § > 0, the Peetre’s K-functional is given by

Ky(f,6)=  inf — h|| + 6||n"
200) =, _nt (I = bl + o)
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where C%[0,00) = {h € Cp[0,00) : h',h” € Cp0,00)}. By [12], 3C > 0
such that

KQ(fv 5) < Cw2(fv 5)

where the second order modulus of continuity of f € Cp[0,00) denoted by

wo (£V0) = sup  sup |f(@+2p) —2f(x +p) + f(2)].

0<p</é z€[0,00)

Also, let w (f, d) is denoted the usual modulus of continuity of f € Cp [0, 00).
Now, we introduce the auxiliary operators

3 (fix) = S8 (fiz) — f (

where f € Cp[0,00),z > 0.

nr + «
n+p

)+ fa)

Lemma 5.2. Let h € C%[0,00). Then, for all x > 0, we get Smn (f;x)
—h(@)| < én () [|R"]| where
_208%2% 4202 + (1 + 2p)x

P (@) = (n+ B)?

Proof. 1t is clear that S3*° (ey — x;2) = 0. Let h € C%[0,00). From Taylor’s
expansion of h

t

h(t) — h(z) = (t — x)h'(z) + /(t —u)h" (u)du
where ¢ € [0,00). Applying S5° to the both sides of the above equation, we
get

S (i) — () = W (@)S27 (¢ — ;) + 557 ( e :v)

€T

= 5% (/t(t —u)h" (u)du; a:)
— gap ( j (t—w)h” (w)du; x)— / (”;j;‘ —u> B (w)du

\Strofvﬁ (h;z) — h(z)| < 8P ( /(t —u)h" (u)du ;a:)

x

and so

nrtao

n+p3

+ / (”n:”j;‘ - u> B (u)du (5.4)

€T
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Since
/ (t — w)h”(u)du| < (& — 2)?|1"])

we have

J (-] <5

By (5.4), we have

a7 (hiw) - h(x)| < {s,c;ﬂ (6 — 2% ) + 2= 2OV }||h”|.

(n+5)?

By (2.7), one can see that

ab e 26%22 + 20 + n(l+2p)z ) |,
537 (1s2) - (o) < { PRI A

= on(@)[|n"]]

This completes the proof of lemma. O

Theorem 5.3. Let f € Cg[0,00). Then, for every x > 0, then exists a constant
C > 0 such that

859 (F32) = f (@)] < Cwn (f,\/on (@) +w <f; C:vaﬂﬂ)

where ¢, (x) is defined as above.

Proof. For f € Cpl0,00), h € C%[0,00), by definition of S&P we get

128 (F3) — £ ()] < |S&P (f = hsa)| +1(f = h) ()] + | S5 (hs ) — b ()
() -rol
and
2P (fr2)| < 11828 (L) + 2 £l = 3111
Thus, we get

S8 (fix) — f(2)] < 4| f — bl + b:i'fv’ﬁ(h;x)—h(x)

« —xﬁ
(f EY: )
and using (5.5), it is easy to get
((F52) = f @] <AS = bl + 6n (@) ") + (f; Cﬁlﬁf) .

Thus, taking the infimum of all h € C%[0,00) on the right hand side of the
last inequality, we obtain the desired result. O
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