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Abstract. In this paper we prove isomorphisms between 5 Lie groups
(of arbitrary dimension and fixed signatures) in Clifford algebra and
classical matrix Lie groups - symplectic, orthogonal and linear groups.
Also we obtain isomorphisms of corresponding Lie algebras.
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1. Introduction

In this paper we further develop results of the paper [1]. We prove isomor-
phisms between 5 Lie groups in Clifford algebra formalism (see (11))

SpOR
2i1C�(p, q), SpO

R
2i3C�(p, q), SpO

R
23C�(p, q), SpO

R
12C�(p, q), SpO

R
2C�(p, q)

and classical matrix groups (Theorem 4.2). Also we obtain statements for
corresponding Lie algebras.

Note that in [1] you can find the proof of special case of the statement
from this paper about isomorphism

SpOR
2i1C�(1, 3) = {U ∈ C�REven(1, 3)⊕ iC�ROdd(1, 3) : U

‡U = e}
� Sp(2,R) = {A ∈ Mat(4,R) : ATΩA = Ω}.

In this paper we prove isomorphisms for arbitrary dimension. We consider 5
different groups in the cases of several signatures.

Note that group SpOR
2i1C�(p, q) is a subgroup of pseudo-unitary group

W23i01C�(p, q) = {U ∈ C�(p, q) |U ‡U = e} (see [1], [2], [3]).

Also note, that spin group Spin+(p, q) is a subgroup of all 5 considered

Lie groups. Moreover, group Spin+(p, q) coincides with group SpOR
2C�(p, q)

in the case of dimensions n ≤ 5.
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2. Clifford Algebras and Quaternion Types

Consider complex Clifford algebra C�(p, q) (or real C�R(p, q)) with p+ q = n,
n ≥ 1. The construction of Clifford algebra is discussed in details in [4] or [5].

Let e be the identity element and let ea, a = 1, . . . , n be generators of
the Clifford algebra C�(p, q),

eaeb + ebea = 2ηabe,

where η = ||ηab|| is the diagonal matrix with p pieces of +1 and q pieces of
−1 on the diagonal. Elements

ea1...ak = ea1 . . . eak , a1 < . . . < ak, k = 1, . . . , n,

together with the identity element e, form the basis of the Clifford algebra.
The number of basis elements is equal to 2n.

Any Clifford algebra element U ∈ C�(p, q) can be written in the form

U = ue+ uae
a +

∑
a1<a2

ua1a2e
a1a2 + . . .+ u1...ne

1...n, (1)

where u, ua, ua1a2
, . . . , u1...n are complex (real) numbers.

We denote by C�k(p, q) the vector spaces that span over the basis ele-
ments ea1...ak . Elements of C�k(p, q) are said to be elements of rank k. We
have

C�(p, q) =

n⊕
k=0

C�k(p, q). (2)

Also we have classification of Clifford algebra elements based on the
notion of parity (Clifford algebra as a superalgebra):

C�(p, q) = C�Even(p, q)⊕ C�Odd(p, q), (3)

where
C�Even(p, q) = C�0(p, q)⊕ C�2(p, q)⊕ C�4(p, q)⊕ . . .

C�Odd(p, q) = C�1(p, q)⊕ C�3(p, q)⊕ C�5(p, q)⊕ . . .

Denote by [U, V ] the commutator and by {U, V } the anticommutator of
Clifford algebra elements

[U, V ] = UV − V U, {U, V } = UV + V U.

Let us consider the Clifford algebra C�R(p, q) as the vector space and
represent it in the form of the direct sum of four subspaces of quaternion
types 0, 1, 2 and 3 (see [6], [7], [8]):

C�R(p, q) = C�R
0
(p, q)⊕ C�R

1
(p, q)⊕ C�R

2
(p, q)⊕ C�R

3
(p, q), (4)

where

C�R
0
(p, q) = C�R0 (p, q)⊕ C�R4 (p, q)⊕ C�R8 (p, q)⊕ . . . ,

C�R
1
(p, q) = C�R1 (p, q)⊕ C�R5 (p, q)⊕ C�R9 (p, q)⊕ . . . ,

C�R
2
(p, q) = C�R2 (p, q)⊕ C�R6 (p, q)⊕ C�R10(p, q)⊕ . . . ,

C�R
3
(p, q) = C�R3 (p, q)⊕ C�R7 (p, q)⊕ C�R11(p, q)⊕ . . .
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and in the right-hand parts there are direct sums of subspaces with dimen-
sions differ on 4.

We denote C�R
k
(p, q) by k and have the following properties (see [6], [7],

[8]):

[k, k] ⊆ 2, k = 0, 1, 2, 3;

[k, 2] ⊆ k, k = 0, 1, 2, 3; (5)

[0, 1] ⊆ 3, [0, 3] ⊆ 1, [1, 3] ⊆ 0,

{k, k} ⊆ 0, k = 0, 1, 2, 3;

{k, 0} ⊆ k, k = 0, 1, 2, 3; (6)

{1, 2} ⊆ 3, {1, 3} ⊆ 2, {2, 3} ⊆ 1.

We represent complex Clifford algebra C�(p, q) in the form of the direct
sum of eight subspaces:

C�(p, q) = 0⊕ 1⊕ 2⊕ 3⊕ i0⊕ i1⊕ i2⊕ i3 (7)

Consider the following linear operations in C�(p, q):

U� = U |ea→−ea , U∼ = U |ea1...ar→ear ...ea1 .

The operation U → U� is called grade involution and U → U∼ is called
reversion.

Also we have operation of complex conjugation

Ū = ūe+ ūae
a +

∑
a1<a2

ūa1a2
ea1a2 +

∑
a1<a2<a3

ūa1a2a3
ea1a2a3 + . . .

Superposition of reverse and complex conjugation is pseudo-hermitian
conjugation

U ‡ = Ū∼.

3. Matrix Representations of Real Clifford Algebras in Some
Cases

We have the following well-known isomorphisms:

C�R(p, q) �




Mat(2
n
2 ,R), if p− q ≡ 0; 2 mod 8;

Mat(2
n−1
2 ,R)⊕Mat(2

n−1
2 ,R), if p− q ≡ 1 mod 8;

Mat(2
n−1
2 ,C), if p− q ≡ 3; 7 mod 8;

Mat(2
n−2
2 ,H), if p− q ≡ 4; 6 mod 8;

Mat(2
n−3
2 ,H)⊕Mat(2

n−3
2 ,H), if p− q ≡ 5 mod 8.

Let us use the following matrix representations of real Clifford algebra
in the cases p− q = 0, 1, 2 mod 4.

• In the case C�R(0, 0): e → 1.
• In the case C�R(1, 0): e → diag(1, 1), e1 → diag(1,−1).
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For basis element ea1...ak we use matrix which equals the product of
matrices which correspond to generators ea1 , . . . , eak . For identity element e
we always use identity matrix.

Let us have the matrix representation β of C�R(p, q),

ea → βa, a = 1, . . . , n. (8)

1. Let us consider C�R(p+1, q+1). If p−q �= 1 mod 4, then for p generators
with squares equals +1 and q generators with squares equals −1 we have(

βa 0
0 −βa

)
.

And for the last two generators we have

β+ =

(
0 1
1 0

)
, β− =

(
0 −1
1 0

)
.

2. If p−q ≡ 1 mod 4. Then matrices (8) are block-diagonal and we have the
following matrix representation of C�R(p+1, q+1). For p+ q generators
we have the same and for the last two generators we have

β− =

(
β∗ 0
0 −β∗

)
, β+ =

(
β1 . . . βnβ∗ 0
0 −β1 . . . βnβ∗

)
,

where

β∗ =

(
0 −1
1 0

)
.

3. Matrix representation of C�R(q + 1, p− 1) is the following,

(e1)′ → β1, (ei)′ → βiβ1, i = 2, . . . , n.

4. Matrix representation of C�R(p− 4, q + 4) is the following,

(ei)′ → βiβ1β2β3β4, i = 1, 2, 3, 4, (ej)′ → βj , j = 5, . . . , n.

Let us give some examples.

C�R(1, 1).

e1 →
(

0 1
1 0

)
, e2 →

(
0 −1
1 0

)
.

C�R(2, 0) .

e1 →
(

0 1
1 0

)
, e2 →

(
−1 0
0 1

)
.

C�R(2, 1).

e1 →




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


 , e2 →




0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0


 ,

e3 →




0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0


 .
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Note that we have the following relation between operation of Hermitian
conjugate † and other operations in complex Clifford algebra C�(p, q) (see [5])

U † = e1...pU
‡e1...p, if p - odd,

U† = e1...pU
‡�e1...p, if p - even, (9)

U † = ep+1...nU
‡ep+1...n, if q - even,

U† = ep+1...nU
‡�ep+1...n, if q - odd.

For example, (ea)† = ηaaea = (ea)−1. This operation corresponds to
Hermitian conjugation of matrix: β†(U) = β(U†) (for matrix representation
β).

So, in the cases p − q = 0, 1, 2 mod 8 for the real Clifford algebra
C�R(p, q) ⊂ C�(p, q) we obtain

UT = e1...pU
∼e1...p, if p - odd,

UT = e1...pU
∼�e1...p, if p - even, (10)

UT = ep+1...nU
∼ep+1...n, if q - even,

UT = ep+1...nU
∼�ep+1...n, if q - odd,

where UT is transpose of U (of corresponding matrix representation).

Theorem 3.1. Consider real Clifford algebra C�R(p, q) of signatures

p− q ≡ 0, 1, 2 mod 8.

Then there exists such matrix representation γ : ea → γa that γa are real
matrices and

(γa)† = (γa)T = ηaaγa, a = 1, . . . , n,

i.e. γ(U†) = γ†(U) = γT (U) ∀U ∈ C�R(p, q).
Moreover,

• in the case of even n, p �= 0

γ1...p =

{
Ω, if p = 2, 3 mod 4,
J, if p = 0, 1 mod 4.

• in the case of even n, q �= 0

γp+1...n =

{
Ω, if q = 1, 2 mod 4,
J, if q = 0, 3 mod 4.

• in the case of odd n ≥ 3, p �= 0 - even (q - odd)

γ1...p =

{
diag(Ω,Ω), if p = 2 mod 4,
diag(J, J), if p = 0 mod 4.

Moreover, each of block-diagonal matrices γa consists of two identical
blocks with different signs.

• in the case of odd n ≥ 3, q �= 0 - even (p - odd)

γp+1...n =

{
diag(Ω,Ω), if q = 2 mod 4,
diag(J, J), if q = 0 mod 4.
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Moreover, each of block-diagonal matrices γa consists of two identical
blocks with different signs.

Here Ω is the block matrix

Ω =

(
0 −1
1 0

)

and J = diag(1, . . . , 1,−1, . . . ,−1) is the diagonal matrix with the same num-
ber of 1 and −1 on the diagonal.

Proof. Let n be even. We use matrix representation which has been discussed
before the theorem. For this representation β we have (βa)† = ηaaβa, a =
1, . . . , n.

Note that ΩT = Ω, Ω2 = −1, trΩ = 0 and spectrum of matrix Ω consists
of the same number of i and −i. For the matrix J we have JT = J , J2 = 1,
trJ = 0 and spectrum of matrix J consists of the same number of 1 and −1.

Now let consider real matrix N = β1...p. We have NT = N† = N−1,
trN = 0.

In the cases p ≡ 2, 3 mod 4 we obtain N2 = −1. So, the spectrum
of matrix N coincides with the spectrum of matrix Ω. Matrices Ω and N
are orthogonal, they are reduced to the same diagonal form. So there exists
orthogonal matrix TT = T−1 such that Ω = T−1NT . Now we consider
transformation T−1βaT = γa and obtain another matrix representation of
Clifford algebra, moreover γ1...p = Ω. Matrix T is real, then matrices γa are
real too. Since T † = T−1, then we have (γa)† = ηaaγa.

In the cases p ≡ 0, 1 mod 4 we have N2 = 1. Thus the spectrum of
matrix N coincides with the spestrum of matrix J . The proof is analogous.

The second statement of the theorem has the analogous proof.
Now let consider the case of odd n. We use matrix representation β

again. Since p is even, then the matrix β1...p = diag(D,D) consists of the two
identical blocks D. Further we reduce each of the blocks to the Ω (or J). We
obtain matrices γa that consist of two identical blocks with different signs.

The last statement has the analogous proof. �

4. The Main Theorems

Let consider the following subsets of Clifford algebra:

SpOR
2i1C�(p, q) = {U ∈ C�REven(p, q)⊕ iC�ROdd(p, q) : U

‡U = e},
SpOR

2i3C�(p, q) = {U ∈ C�REven(p, q)⊕ iC�ROdd(p, q) : U
‡�U = e},

SpOR
23C�(p, q) = {U ∈ C�R(p, q) |U∼U = e}, (11)

SpOR
12C�(p, q) = {U ∈ C�R(p, q) |U∼�U = e},

SpOR
2C�(p, q) = {U ∈ C�REven(p, q) |U∼U = e}.

They can be considered as Lie groups. Their Lie algebras are

2⊕ i1, 2⊕ i3, 23, 12, 2 (12)

respectively.
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Note that spin group

Spin+(p, q) = {U ∈ C�REven(p, q)|∀x ∈ C�R1 (p, q), UxU−1 ∈ C�R1 (p, q), U
∼U = e}

is a subgroup of all 5 considered Lie groups (11). Moreover, spin group
Spin+(p, q) coincides with group SpOR

2C�(p, q) in the case of dimensions

n ≤ 5. Lie algebra C�R2 (p, q) of Lie group Spin+(p, q) is a subalgebra of al-

gebras (12). Moreover, Lie algebra C�R2 (p, q) coincides with Lie algebra 2 in
the cases of dimensions n ≤ 5, because notions of rank and quaternion type
coincide in these cases.

Theorem 4.1. We have the following Lie group isomorphisms:

SpOR
2i1C�(p, q) � SpOR

12C�(q, p),

SpOR
2i3C�(p, q) � SpOR

23C�(q, p),

SpOR
2C�(p, q) � SpOR

12C�(p, q − 1) � SpOR
12C�(q, p− 1),

SpOR
2C�(p, q) � SpOR

2C�(q, p).

Proof. We must consider transformation ea → eaen or ea → iea in different
cases. �

Theorem 4.2. We have the following Lie group isomorphisms.
In the cases of signatures p− q ≡ 0, 1, 2 mod 8,

SpOR
23C�(p, q) = {U ∈ C�R(p, q) |U∼U = e} �




O(2
n
2 ), (p, q) = (n, 0), n is even;

O(2
n−1
2 )⊕O(2

n−1
2 ), (p, q) = (n, 0), n is odd;

O(2
n
2 −1, 2

n
2 −1), n ≡ 0, 2 mod 8, q �= 0;

Sp(2
n
2 −1,R), n ≡ 4, 6 mod 8;

O(2
n−1
2 −1, 2

n−1
2 −1)⊕O(2

n−1
2 −1, 2

n−1
2 −1), n ≡ 1 mod 8, q �= 0;

Sp(2
n−1
2 −1,R)⊕ Sp(2

n−1
2 −1,R), n ≡ 5 mod 8;

GL(2
n−1
2 ,R), n ≡ 3, 7 mod 8.

In the cases of signatures p− q ≡ 0, 1, 2 mod 8,

SpOR
12C�(p, q) = {U ∈ C�R(p, q) |U∼�U = e} �




O(2
n
2 ), (p, q) = (0, n), n is even;

O(2
n−1
2 )⊕O(2

n−1
2 ), (p, q) = (0, n), n is odd;

O(2
n
2 −1, 2

n
2 −1), n ≡ 0, 6 mod 8, p �= 0;

Sp(2
n
2 −1,R), n ≡ 2, 4 mod 8;

O(2
n−1
2 −1, 2

n−1
2 −1)⊕O(2

n−1
2 −1, 2

n−1
2 −1), n ≡ 7 mod 8, p �= 0;

Sp(2
n−1
2 −1,R)⊕ Sp(2

n−1
2 −1,R), n ≡ 3 mod 8;

GL(2
n−1
2 ,R), n ≡ 1, 5 mod 8.

In the cases of signatures p− q ≡ 0, 6, 7 mod 8,

SpOR
2i1C�(p, q) = {U ∈ C�REven(p, q)⊕ iC�ROdd(p, q) : U

‡U = e} �
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


O(2
n
2 ), (p, q) = (n, 0), n is even;

O(2
n−1
2 )⊕O(2

n−1
2 ), (p, q) = (n, 0), n is odd;

O(2
n
2 −1, 2

n
2 −1), n ≡ 0, 6 mod 8, q �= 0;

Sp(2
n
2 −1,R), n ≡ 2, 4 mod 8;

O(2
n−1
2 −1, 2

n−1
2 −1)⊕O(2

n−1
2 −1, 2

n−1
2 −1), n ≡ 7 mod 8, q �= 0;

Sp(2
n−1
2 −1,R)⊕ Sp(2

n−1
2 −1,R), n ≡ 3 mod 8;

GL(2
n−1
2 ,R), n ≡ 1, 5 mod 8.

In the cases of signatures p− q ≡ 0, 6, 7 mod 8,

SpOR
2i3C�(p, q) = {U ∈ C�REven(p, q)⊕ iC�ROdd(p, q) : U

‡�U = e} �


O(2
n
2 ), (p, q) = (0, n), n is even;

O(2
n−1
2 )⊕O(2

n−1
2 ), (p, q) = (0, n), n is odd;

O(2
n
2 −1, 2

n
2 −1), n ≡ 0, 2 mod 8, p �= 0;

Sp(2
n
2 −1,R), n ≡ 4, 6 mod 8;

O(2
n−1
2 −1, 2

n−1
2 −1)⊕O(2

n−1
2 −1, 2

n−1
2 −1), n ≡ 1 mod 8, p �= 0;

Sp(2
n−1
2 −1,R)⊕ Sp(2

n−1
2 −1,R), n ≡ 5 mod 8;

GL(2
n−1
2 ,R), n ≡ 3, 7 mod 8.

In the cases of signatures p− q ≡ 0, 1, 7 mod 8,

SpOR
2C�(p, q) = {U ∈ C�REven(p, q) |U∼U = e} �




O(2
n−1
2 ), (p, q) = (n, 0), (0, n), n is odd;

O(2
n−2
2 )⊕O(2

n−2
2 ), (p, q) = (n, 0), (0, n), n is even;

O(2
n−1
2

−1, 2
n−1
2

−1), n ≡ 1, 7 mod 8, p, q �= 0;

Sp(2
n−1
2

−1,R), n ≡ 3, 5 mod 8;

O(2
n−2
2

−1, 2
n−2
2

−1)⊕O(2
n−2
2

−1, 2
n−2
2

−1), n ≡ 0 mod 8, p, q �= 0;

Sp(2
n−2
2

−1,R)⊕ Sp(2
n−2
2

−1,R), n ≡ 4 mod 8;

GL(2
n−2
2 ,R), n ≡ 2, 6 mod 8.

We have
GL(n,R) = {A ∈ Mat(n,R) | ∃A−1},

O(n) = {A ∈ Mat(n,R) |ATA = 1}, O(p, q) = {A ∈ Mat(n,R) |AT ηA = η},
Sp(n,R) = {A ∈ Mat(2n,R) : ATΩA = Ω}.

Proof. At first let’s prove the following isomorphisms for the group
SpOR

23C�(p, q) in the cases p− q ≡ 0, 1, 2 mod 8:

SpOR
23C�(p, q) �




O(2
n
2 ), (p, q) = (n, 0), n is even;

O(2
n−1
2 )⊕O(2

n−1
2 ), (p, q) = (n, 0), n is odd;

O(2
n
2
−1, 2

n
2
−1),

(p, q) = (0, 0), (2, 0), (1, 1), (1, 3),
where q �= 0;

O(2
n−1
2

−1, 2
n−1
2

−1)⊕O(2
n−1
2

−1, 2
n−1
2

−1), (p, q) = (1, 0), where q �= 0;

Sp(2
n
2
−1,R), (p, q) = (3, 1), (3, 3), (0, 2), (2, 2);

Sp(2
n−1
2

−1,R)⊕ Sp(2
n−1
2

−1,R), (p, q) = (3, 2);

GL(2
n−1
2 ,R), (p, q) = (2, 1), (0, 3).
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where k means k modulo 4.
We use real matrix representation (γa are real).
In the case of signature (n, 0) we have U∼ = U‡ = U† = UT and obtain

isomorphisms from the statement.
Consider case q �= 0. We use matrix representation from Theorem 3.1.

For the odd p and q we have U † = e1...pU
‡e1...p, for the even p and q we have

U† = ep+1...nU
‡ep+1...n. In both cases we also have U† = UT and U‡ = U∼.

Then we obtain isomorphisms between considered groups and Sp(2
n
2 −1,R)

or O(2
n
2 −1, 2

n
2 −1) in different cases.

In the case of odd p and even q we have U† = ep+1...nU
‡ep+1...n, matrix

representation is block-diagonal.
In the case of even p �= 0 and odd q we have U † = e1...pU

‡�e1...p. The
even part of arbitrary Clifford algebra element has the form diag(A,A) and
the odd part of element has the form diag(B,−B). Then we obtain

(diag(A−B,A+B))Tdiag(G,G)diag(A+B,A−B) = diag(G,G).

So, we have
(A−B)TG(A+B) = G,

where G is Ω or J in different cases. In these cases we obtain the isomorphism

with the group GL(2
n−1
2 ,R).

In the case p = 0, q - odd we have U† = U‡� and obtain U †�U = e.
Then

(diag(A−B,A+B))Tdiag(A+B,A−B) = 1

and also we obtain isomorphism with linear group.
It’s easy to rewrite these statements in the form as in the statement of

the theorem.
We can obtain isomorphisms for the group SpOR

12C�(p, q) analogously:
in the cases p− q ≡ 0, 1, 2 mod 8 we have

SpOR
12C�(p, q) �




O(2
n
2 ), (p, q) = (0, n), n is even;

O(2
n−1
2 )⊕O(2

n−1
2 ), (p, q) = (0, n), n is odd;

O(2
n
2
−1, 2

n
2
−1),

(p, q) = (0, 0), (0, 2), (1, 3), (3, 3),
where p �= 0;

O(2
n−1
2

−1, 2
n−1
2

−1)⊕O(2
n−1
2

−1, 2
n−1
2

−1), (p, q) = (0, 3), where p �= 0;

Sp(2
n
2
−1,R), (p, q) = (1, 1), (3, 1), (2, 0), (2, 2);

Sp(2
n−1
2

−1,R)⊕ Sp(2
n−1
2

−1,R), (p, q) = (2, 1);

GL(2
n−1
2 ,R), (p, q) = (1, 0), (3, 2).

where k means k modulo 4.
We can obtain statements for the groups SpOR

23C�(p, q), SpO
R
12C�(p, q),

SpOR
2C�(p, q) with the use of Theorem 4.1. �

We have the following definitions of classical Lie algebras (as matrix
algebras with operation of commutator):

gl(n,R) = Mat(n,R), o(n) = {A ∈ Mat(n,R) |AT = −A},
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o(p, q) = {A ∈ Mat(n,R) |AT η = −ηA},

sp(n,R) = {A ∈ Mat(2n,R) |ATΩ = −ΩA}.

We obtain the following Lie algebra isomorphisms.

In the cases of signatures p− q ≡ 0, 1, 2 mod 8,

23 �




o(2
n
2 ), (p, q) = (n, 0), n is even;

o(2
n−1
2 )⊕ o(2

n−1
2 ), (p, q) = (n, 0), n is odd;

o(2
n
2 −1, 2

n
2 −1), n ≡ 0, 2 mod 8, q �= 0;

sp(2
n
2 −1,R), n ≡ 4, 6 mod 8;

o(2
n−1
2 −1, 2

n−1
2 −1)⊕ o(2

n−1
2 −1, 2

n−1
2 −1), n ≡ 1 mod 8, q �= 0;

sp(2
n−1
2 −1,R)⊕ sp(2

n−1
2 −1,R), n ≡ 5 mod 8;

gl(2
n−1
2 ,R), n ≡ 3, 7 mod 8.

In the cases of signatures p− q ≡ 0, 1, 2 mod 8,

12 �




o(2
n
2 ), (p, q) = (0, n), n is even;

o(2
n−1
2 )⊕ o(2

n−1
2 ), (p, q) = (0, n), n is odd;

o(2
n
2 −1, 2

n
2 −1), n ≡ 0, 6 mod 8, p �= 0;

sp(2
n
2 −1,R), n ≡ 2, 4 mod 8;

o(2
n−1
2 −1, 2

n−1
2 −1)⊕ o(2

n−1
2 −1, 2

n−1
2 −1), n ≡ 7 mod 8, p �= 0;

sp(2
n−1
2 −1,R)⊕ sp(2

n−1
2 −1,R), n ≡ 3 mod 8;

gl(2
n−1
2 ,R), n ≡ 1, 5 mod 8.

In the cases of signatures p− q ≡ 0, 6, 7 mod 8,

2⊕i1 �




o(2
n
2 ), (p, q) = (n, 0), n is even;

o(2
n−1
2 )⊕ o(2

n−1
2 ), (p, q) = (n, 0), n is odd;

o(2
n
2
−1, 2

n
2
−1), n ≡ 0, 6 mod 8, q �= 0;

sp(2
n
2
−1,R), n ≡ 2, 4 mod 8;

o(2
n−1
2

−1, 2
n−1
2

−1)⊕ o(2
n−1
2

−1, 2
n−1
2

−1), n ≡ 7 mod 8, q �= 0;

sp(2
n−1
2

−1,R)⊕ sp(2
n−1
2

−1,R), n ≡ 3 mod 8;

gl(2
n−1
2 ,R), n ≡ 1, 5 mod 8.

In the cases of signatures p− q ≡ 0, 6, 7 mod 8,

2⊕i3 �




o(2
n
2 ), (p, q) = (0, n), n is even;

o(2
n−1
2 )⊕ o(2

n−1
2 ), (p, q) = (0, n), n is odd;

o(2
n
2
−1, 2

n
2
−1), n ≡ 0, 2 mod 8, p �= 0;

sp(2
n
2
−1,R), n ≡ 4, 6 mod 8;

o(2
n−1
2

−1, 2
n−1
2

−1)⊕ o(2
n−1
2

−1, 2
n−1
2

−1), n ≡ 1 mod 8, p �= 0;

sp(2
n−1
2

−1,R)⊕ sp(2
n−1
2

−1,R), n ≡ 5 mod 8;

gl(2
n−1
2 ,R), n ≡ 3, 7 mod 8.



Vol. 25 (2015)   Symplectic, Orthogonal and Linear Lie Groups in Clifford Algebra� 717Symplectic, Orthogonal and Linear Lie Groups in Clifford Algebra 11

In the cases of signatures p− q ≡ 0, 1, 7 mod 8,

2 �




o(2
n−1
2 ), (p, q) = (n, 0), (0, n), n is odd;

o(2
n−2
2 )⊕ o(2

n−2
2 ), (p, q) = (n, 0), (0, n), n is even;

o(2
n−1
2

−1, 2
n−1
2

−1), n ≡ 1, 7 mod 8, p, q �= 0;

sp(2
n−1
2

−1,R), n ≡ 3, 5 mod 8;

o(2
n−2
2

−1, 2
n−2
2

−1)⊕ o(2
n−2
2

−1, 2
n−2
2

−1), n ≡ 0 mod 8, p, q �= 0;

sp(2
n−2
2

−1,R)⊕ sp(2
n−2
2

−1,R), n ≡ 4 mod 8;

gl(2
n−2
2 ,R), n ≡ 2, 6 mod 8.

In this paper we present some isomorphisms between Lie groups in Clif-
ford algebra formalism and classical matrix groups. We obtain statements for
corresponding Lie algebras. We discuss the relation between these Lie groups
and spin group.

Note that in the cases of other signatures (not considered in Theorem
4.2) groups

SpOR
2i1C�(p, q), SpO

R
2i3C�(p, q), SpO

R
23C�(p, q), SpO

R
12C�(p, q), SpO

R
2C�(p, q)

are isomorphic not to the real matrix classical groups but to some complex
and quaternion matrix groups. This is a subject for further research.
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