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1. Introduction

In this paper we further develop results of the paper [1]. We prove isomor-
phisms between 5 Lie groups in Clifford algebra formalism (see (11))

and classical matrix groups (Theorem 4.2). Also we obtain statements for
corresponding Lie algebras.

Note that in [1] you can find the proof of special case of the statement
from this paper about isomorphism

SpOQzlcg(]' 3) - {U € C%Even(l 3) @ chOdd( ) : UiU - 6}
~ Sp(2,R) = {4 € Mat(4,R) : ATQA = Q}.

In this paper we prove isomorphisms for arbitrary dimension. We consider 5
different groups in the cases of several signatures.

Note that group SpO3:; Cl(p,q) is a subgroup of pseudo-unitary group
Wasio1 Cl(p, q) = {U € Cllp,q) | U*U = e} (see [1], [2], [3]).

Also note, that spin group Spin, (p, q) is a subgroup of all 5 considered
Lie groups. Moreover, group Spin, (p,q) coincides with group SpOXCl(p, q)
in the case of dimensions n < 5.

® Birkhiuser
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2. Clifford Algebras and Quaternion Types

Consider complex Clifford algebra C/(p, q) (or real C¢®(p, q)) with p+q = n,
n > 1. The construction of Clifford algebra is discussed in details in [4] or [5].

Let e be the identity element and let e®, a = 1,...,n be generators of
the Clifford algebra Cl(p, q),

eaeb + ebea _ 2,’70‘1767
where 7 = |[n?|| is the diagonal matrix with p pieces of 4+1 and ¢ pieces of
—1 on the diagonal. Elements
etk = e g <...<ag, k=1,...,n,

together with the identity element e, form the basis of the Clifford algebra.
The number of basis elements is equal to 2".
Any Clifford algebra element U € C{(p, q) can be written in the form

1.
U =ue+ uqe® + E Ugyap €% + ...+ ur pe ", (1)
a;<az
where u, ug, Uayays - - -, U1...n are complex (real) numbers.

We denote by Cli(p, q) the vector spaces that span over the basis ele-
ments e* . Elements of Clj(p,q) are said to be elements of rank k. We
have

k=0

Also we have classification of Clifford algebra elements based on the
notion of parity (Clifford algebra as a superalgebra):

Cl(p, q) = Clryen(p; @) ® Cloda(p, 9)s (3)
where
Cliven (P, q) = Clo(p, q) & Cla(p, q) © Cla(p,q) & . ..
Cloda(p, q) = Cli(p, @) ® Cls(p,q) © Cls(p,q) @ ...
Denote by [U, V] the commutator and by {U, V'} the anticommutator of
Clifford algebra elements
U, V]=UV -VU, {UV}=UV+VU.

Let us consider the Clifford algebra C/®(p,q) as the vector space and
represent it in the form of the direct sum of four subspaces of quaternion
types 0, 1, 2 and 3 (see [6], [7], [8]):

Cl*(p,q) = ClE(p, q) & Cl%(p, q) & Clx (p, q) & Cl2(p, q), (4)
where

Cly(p,q) = Clo(p,q) @ Cli(p,q) & Clg(p,q) © ...,

Cli(p,q) = Cli(p,q) & Cls(p,q) & Cls(p.q) & ...,

Cly(p,q) = Cly(p,q) @ Cls(p,q) ® Cliy(pq) @ ...,

Cly(p,q) = Cls(p,q) @ Cl5(p,q) & Cl\(p,q) & . ..



Vol. 25 (2015)  Symplectic, Orthogonal and Linear Lie Groups in Clifford Algebra 709

and in the right-hand parts there are direct sums of subspaces with dimen-
sions differ on 4.
We denote C’E%(p, q) by k and have the following properties (see [6], [7],

(8]):
kkC2  k=0,1,23;
[E,f] Ck, k=0,1,2,3; (5)
0,1C3 [03c1 [3Co,
{E,E} co, k=0,1,2,3;
{k,0}Ck, k=0,1,2,3; (6)
(1,2)Cc3 {1.3)c2 {23)cCl

"

We represent complex Clifford algebra Cl(p, ¢) in the form of the direct

sum of eight subspaces:
Clp,q) =06102030i0@ildi2di3 (7)
Consider the following linear operations in Cl(p, q):
UA = Ulgos o, U™ = Ulgorar orcon.

The operation U — U™ is called grade involution and U — U™ is called
TeVersion.
Also we have operation of complex conjugation

7 = — _a - aia — aiazas:
U = tue+ t.e” + E Ugyap€"t " + g Ugyanaz€ 2" 4 ...

a1 <az ai1<az<asg

Superposition of reverse and complex conjugation is pseudo-hermitian
conjugation

Utr=0".

3. Matrix Representations of Real Clifford Algebras in Some
Cases

We have the following well-known isomorphisms:

Mat (2%, R), if p—¢=0;2 mod 8&;

Mat(2n51,R)@Mat(2%,R), ifp—g=1 mod §;
Cl¥(p,q) ~ Mat(Q%,C), if p—q=3;7 mod §;

Mat(?”‘;?,H), if p—q¢=4;6 mod 8;

Mat(2ans,H) @ Mat(Qans,H), if p—¢=5 mod 8.
Let us use the following matrix representations of real Clifford algebra
in the cases p— ¢ =0,1,2 mod 4.

e In the case C/%(0,0): e — 1.
e In the case C/%(1,0): e — diag(1,1), e! — diag(1, —1).
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For basis element e®~% we use matrix which equals the product of
matrices which correspond to generators e, ..., e% . For identity element e
we always use identity matrix.

Let us have the matrix representation 3 of C/®(p, q),

e’ = B% a=1,...,n. (8)

1. Let us consider C/®(p+41,q+1). If p—q # 1 mod 4, then for p generators
with squares equals +1 and ¢ generators with squares equals —1 we have

g 0
0 -p* )

And for the last two generators we have

0 1 _ (0 -1
re(re) ()

2. If p—g =1 mod 4. Then matrices (8) are block-diagonal and we have the
following matrix representation of C/®(p+1, ¢+ 1). For p+ q generators
we have the same and for the last two generators we have

_ (B0 L[ BBt 0 )

where
« (0 -1
(1"

3. Matrix representation of C¢®(q+ 1,p — 1) is the following,
(e — B, () = BB, i=2,...,n
4. Matrix representation of C¢®(p — 4, q + 4) is the following,
(e — BB %R, i=1,2,3,4, () =B, j=5,...,n

Let us give some examples.

CrR(1,1).
0 1 > (0 -1
10 € 10 )
CrR(2,0) .
0 1 > (-1 0
10 € 0o 1)
Cr®(2,1).
1000 010 0
a0 -1o0 o0 2| 100 0
oo 10 000 —1]|°
00 1 00 -1 0
10 0
s —1000
€ 0 0 0 —1
0 0 1 0
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Note that we have the following relation between operation of Hermitian
conjugate { and other operations in complex Clifford algebra Cl(p, q) (see [5])

Ut = 61”.pUiel“‘p, if p - odd,

Ul = e ,UMel P, if p - even, (9)
vt = ep+1,__nUiep+l“'", if ¢ - even,

U' = ey Utrertlon, if ¢ - odd.

For example, (e?)f = n?@e® = (e*)~!. This operation corresponds to
Hermitian conjugation of matrix: 87(U) = B(UT) (for matrix representation

B).
So, in the cases p — ¢ = 0,1,2 mod 8 for the real Clifford algebra
C®(p,q) C Cl(p,q) we obtain

Ut = elmprel'“p7 if p - odd,

Ul = e U el P, if p - even, (10)
vl = ep+1,__nUNep+1”'", if ¢ - even,

vl = ep+1...nUNAep+1'”", if ¢ - odd,

where U7 is transpose of U (of corresponding matrix representation).

Theorem 3.1. Consider real Clifford algebra C¢®(p,q) of signatures
p—q=0,1,2 mod 8.
Then there exists such matriz representation v : e* — v that v* are real
matrices and
) =T =" a=1...,n,
ie.y(UN) =~1(U) =9"(U) YU € C*(p,q).
Moreover,
e in the case of evenn, p # 0
71_,4, _ Q, ifp=2,3 mod 4,
J, ifp=0,1 mod 4.
e in the case of even n, q # 0
pt1.n ) &, ifg=1,2 mod 4,
v 1 J, ifg=0,3 mod 4.
e in the case of oddn >3, p#£0 - even (q - odd)
1.p_ J diag(©,Q), ifp=2 mod 4,
" | diag(J,J), ifp=0 mod 4.
Moreover, each of block-diagonal matrices v* consists of two identical

blocks with different signs.
e in the case of oddn >3, ¢ # 0 - even (p - odd)

pt1.n | diag(©,Q), if¢g=2 mod 4,
v T\ diag(J,J), ifg=0 mod 4.
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Moreover, each of block-diagonal matrices v* consists of two identical
blocks with different signs.

Here Q) is the block matriz
0 -1
a=(14")

and J = diag(1,...,1,—-1,...,—1) is the diagonal matriz with the same num-
ber of 1 and —1 on the diagonal.

Proof. Let n be even. We use matrix representation which has been discussed
before the theorem. For this representation 3 we have (5)t = n223e, a =
1,....n.

Note that QT = Q, Q2 = —1, trQ) = 0 and spectrum of matrix {2 consists
of the same number of 7 and —i. For the matrix J we have JT = J, J? =1,
trJ = 0 and spectrum of matrix .J consists of the same number of 1 and —1.

Now let consider real matrix N = g'?. We have N7 = Nt = N~
trN = 0.

In the cases p = 2,3 mod 4 we obtain N2 = —1. So, the spectrum
of matrix N coincides with the spectrum of matrix Q. Matrices €2 and N
are orthogonal, they are reduced to the same diagonal form. So there exists
orthogonal matrix 77 = T~! such that Q@ = T-!NT. Now we consider
transformation T-'8%T = v and obtain another matrix representation of
Clifford algebra, moreover v'? = ). Matrix 7T is real, then matrices v* are
real too. Since 7T = T~!, then we have (7)) = 2.

In the cases p = 0,1 mod 4 we have N2 = 1. Thus the spectrum of
matrix IV coincides with the spestrum of matrix J. The proof is analogous.

The second statement of the theorem has the analogous proof.

Now let consider the case of odd n. We use matrix representation [
again. Since p is even, then the matrix 8P = diag(D, D) consists of the two
identical blocks D. Further we reduce each of the blocks to the Q (or J). We
obtain matrices v* that consist of two identical blocks with different signs.

The last statement has the analogous proof. O

4. The Main Theorems
Let consider the following subsets of Clifford algebra:

SpO5; Cl(p,q) = {U € Uliyen(p,q) @ iClGaa(pq) - UU = e},
SpO5;3Ct(p,q) = {U € Ol (p, @) @ iClG a4 (prq) - UM U = €},
SpO53Cl(p,q) = {U € O (p,q) |U™U = e}, (11)
SpOTLCl(p,q) = {U € ¥ (p,q) |UU =},
SpO5Cl(p,q) = {U € Cliyen(p,q) |U™U = e}
They can be considered as Lie groups. Their Lie algebras are
2®6l, 2®i43, 23, 12, 2 (12)

respectively.
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Note that spin group
Spin+(pa ) - {U € CeEven(p7 )|VZE € Cgﬂl{(p7 Q)v UxU_l € Cé]ﬁ(lﬁ q)? UNU = 6}

is a subgroup of all 5 considered Lie groups (11). Moreover, spin group
Spin, (p,q) coincides with group SpO5Cl(p,q) in the case of dimensions
n < 5. Lie algebra Cl5(p,q) of Lie group Spin, (p,q) is a subalgebra of al-
gebras (12). Moreover, Lie algebra C/5(p, q) coincides with Lie algebra 2 in
the cases of dimensions n < 5, because notions of rank and quaternion type
coincide in these cases.

Theorem 4.1. We have the following Lie group isomorphisms:
SpO3;, Cl(p, q) =~ SpOTLCl(g, p),
SpO3;3Ce(p, q) ~ SpO33CL(g, p),
SpO5 Cl(p, q) ~ SpO5Cl(p, g — 1) ~ SpOT,Cl(q, p — 1),
SpO2 Cl(p,q) ~ SpO2 Cl(q,p).

Proof. We must consider transformation e® — e%e™ or e — ie® in different
cases. (I

Theorem 4.2. We have the following Lie group isomorphisms.
In the cases of signatures p —q =0,1,2 mod 8,

SpO33Cl(p, q) = {U € Cl¥(p,q) |U~U = e} ~

0(2%), (p,q) = (n,0), n is even;
02" )@ 0(2"7), (p,q) = (n,0), n is odd;
0(2271,2571), n=0,2 modS8§, q#0;
Sp(27 71, R), n=4,6 mod 8;
0(2”51*1,2"21*1)@0( “1 9% -1 pn=1 mod 8, ¢ #0;
Sp(2"7 1, R) ® Sp(2 ), n=>5 mod 8;
GL(2"7",R), n=3,7 mod 8.

In the cases of signatures p —q =0,1,2 mod 8,
SpO%,Cl(p, g) = {U € C*(p,q) [U™U = e} =

0(2%), (p,q) = (0,n), n is even;
0(2"7 ) @ 0(2"7"), (p,q) = (0,n), n is odd;
0(2571,25°1), n=0,6 mod 8, p#£0;
Sp(2: 1, R), n=2,4 mod 8;
0(2"5171,2"21 ) ®0(2 2" -1 2" 1) n =7 mod 8, p#0;
Sp(2"z ~1,R) @ Sp(2“= L, R), n =3 mod §;
GL(QnEI,R), n=1,5 mod 8.

In the cases of signatures p — q =0,6,7 mod 8,
SpODSZICE(pv ) {U € CgEven(pv ) D Zce%dd(pv Q) : UiU = 6} =
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0(2%), (p,q) = (n,0), n is even;
02" )@ 02" ), (p,q) = (n,0), n is odd;
022712571, n=0,6 mod8 q#£0;
Sp(22~1 R), n=2,4 mod 8;

02" 1,2 7 1o 02" T 12" 1), n=7 modS8, q#0;
Sp(2"z L, R) @ Sp(2"z ~1,R), n =3 mod 8;
GL(2"z",R), n=1,5 mod 8.

In the cases of signatures p — q =0,6,7 mod 8,
SpOQzBCé(p7 ) - {U € CEEven(pa ) S iceﬂédd(pa Q) : UiAU = 6} =

0@2%), (p,q) = (0,m), n is even;
0(271,;1) @0(2%—1), (p,q) = (0,n), n is odd;
0(25-1,25 1), n=0,2 mod 8, p #0;
Sp(2%71,R)7 TLE4,6 mod 8,’
0@"7 1,27 )@ 02" 1,27 1), n=1 mod8, p#0;
Sp(27_1,R)EBSP( 7—17]&)7 n=5 mod §;
GL(Qngl,R), n=3,7 mod 8.

In the cases of signatures p —q =0,1,7 mod 8,
SpO5CE(p,q) = {U € Uiy (p,q) |U™U = €}

0(2 T ) (p,q) = (n,0),(0,n), n is odd;
o'z ) (2”7’2) (p,q) = (n,0),(0,n), n is even;
0(2 = 1), n=1,7 mod 8, p,q #0;
Sp( ) n=3,5 mod §;

( z )@O( 9 571 27’1), n=0 mod 8, p,q#0;
Sp(2 - , )EBSp(Z = L R), n =4 mod §;
GL(2n52, ), n=26 mod 8.

We have

GL(n,R) = {A € Mat(n,R)|3A™ '},
O(n) = {A € Mat(n,R) | A”A = 1}, O(p, q) = {A € Mat(n,R) | A”5A = n},
Sp(n,R) = {A € Mat(2n,R) : ATQA = Q}.
Proof. At first let’s prove the following isomorphisms for the group
SpO%,C(p, q) in the cases p—¢=0,1,2 mod 8:
SpO3;Cl(p, q) ~

0(2%), (p,q) = (n,0), n is even;
o@2"T)®0(2" ), (p,q) = (n,0), n is odd;

vl om ,q) = (0,0), (2,0), (1,1), (1,3),
0@t 23-1), thgreq(#o;)( ),(1,1), (1,3)
0@" T 12" Y e 02" 12" 7Y, (p,g) = (1,0), where g # 0;
Sp(ﬁ*ll, ), 1 (p,q) = (3,1),(3,3),(0,2),(2,2)
Sp(272 1*1,R)69Sp(2 = L R), (p,q) = (3,2);

GL(2"7 ,R), (p,q) = (2,1),(0,3)
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where k means k modulo 4.

We use real matrix representation (v are real).

In the case of signature (n,0) we have U~ = U* = U = UT and obtain
isomorphisms from the statement.

Consider case ¢ # 0. We use matrix representation from Theorem 3.1.
For the odd p and ¢ we have UT = 61___pUi61"'p, for the even p and ¢ we have
Ut = ep+1,,_nUiep+1"'". In both cases we also have Ut = UT and Ut = U™.
Then we obtain isomorphisms between considered groups and Sp(2% ! R)
or O(22~1 22 ~1) in different cases.

In the case of odd p and even ¢ we have Ut = ep+1aniep+1“‘”, matrix
representation is block-diagonal.

In the case of even p # 0 and odd ¢ we have UT = elmpU“el“‘p. The
even part of arbitrary Clifford algebra element has the form diag(A, A) and
the odd part of element has the form diag(B, —B). Then we obtain

(diag(A — B, A + B))"diag(G, G)diag(A + B, A — B) = diag(G, G).

So, we have
(A-B)"G(A+ B) =G,

where G is  or J in different cases. In these cases we obtain the isomorphism
with the group GL(2"7",R).

In the case p = 0, ¢ - odd we have UT = U** and obtain UT*U = e.
Then

(diag(A — B, A+ B))Tdiag(A+ B,A—B) =1

and also we obtain isomorphism with linear group.

It’s easy to rewrite these statements in the form as in the statement of
the theorem.

We can obtain isomorphisms for the group SpOY,Cl(p, ¢) analogously:
in the cases p —¢=0,1,2 mod 8 we have

SpOY,Cl(p, q) ~

0(22), (p,q) = (0,n), n is even;
02" 7 ) @02 ), (p,q) = (0,n), n is odd;

n_q . n_q (pvq = (979)7(972)7(173)7(373)7
o> 1’22 ); ) ) where p # 0;
02"z 1,27 He0@e" 12" 7Y, (p.q) = (0,3), where p £ 0;
Sp(22 ", R), By (p.q) = (1,1),(3,1),(2,0),(2,2);
Sp(2"z "L, R)@Sp(2°T ', R), (p,q) = (2,1);
GL(277 ,R), (p,q) = (1,0),(3,2)

where k£ means k modulo 4.
We can obtain statements for the groups SpO%,Cl(p, q), SpOF,Cl(p, q),
SpOXCe(p, q) with the use of Theorem 4.1. O

We have the following definitions of classical Lie algebras (as matrix
algebras with operation of commutator):

gl(n,R) = Mat(n,R), o(n) = {A € Mat(n,R) | AT = —A},
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o(p,q) = {A € Mat(n,R) | AT = —nA},

sp(n,R) = {A € Mat(2n,R) | ATQ = —QA}.

We obtain the following Lie algebra isomorphisms.
In the cases of signatures p — ¢ =0,1,2 mod 8,

o(2%), (p,q) = (n,0), n is even;

027 ) @o(2"7), (p,q) = (,0), n is odd;

0(2%12*1) n=0,2 mod8 q#0;
23~ { sp(2z~! ) n=4,6 mod 8;

o(2"z -1 27T _1)690( 3 71, n=1 mod 8, ¢ #0;

sp(2”21_1 R) ®sp(2°z ), n =5 mod §;

gl(2"7" | R), n=3,7 mod 8.

In the cases of signatures p — ¢ =0,1,2 mod 8,

o(2%), (p,q) = (0,m), n is even;

0(2"7) @ 0(2°7), (p.9) = (0,m), n is odd;

0(2%*1,2 -, n=0,6 mod 8, p # 0;
12 ~{ sp(2271 R), n=2,4 mod &;

o(2" T 12" )@ (2 = 12" 1) n=7 mod 8, p#0;

sp(2"T L, R) @ sp(2”2 1,R), n =3 mod §;

g(2ﬂ21,]R), n=1,5 mod 8

0(2%), (p,q) = (n,0), n is even;

o(2ﬂ;1)®o(2n51), (p,q) = (n,0), n is odd;

o(23 71 23571, n=0,6 mod 8, q # 0;
3pil ~ { sp(22 7L R), n=24 mod &

o(2" T L, 2" Y @o(2"2 ), n=7 mod 8, q#0;

sp(2n;1_1,R) &) sp(2%_1,R), n =3 mod 8;

gl(2”51 ,R), n=1,5 mod 8.

0(2%), (p,q) = (0,n), n is even;
02" ) B o(2"T), (p,q) = (0,n), n is odd;
0(2%71,2%71)7 n=0,2 mod 8, p #£0;
2003 ~ sp(2%71,]R), n=4,6 mod 8;
0(2775171,27151 )690(2712717 ,2n51 ), m=1 mod 38, p#0;
sp(2n2171,R)69sp( ekt ,R), n =5 mod §&;

gl(Z%,R), n=3,7 mod 8.
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In the cases of signatures p — ¢ =0,1,7 mod 8,

o(27 7)), (p,q) = (n,0),(0,n), n is odd;
0o(2°T) ®0(2"7), (p.) = (n,0),(0,n), n is even;
0(2%_17172%_171)7 n=1,7 mod 8, p,q # 0;

2~ sp( anl*l,R), n=3,5 mod 8;

n-—2_ 4 _n-2_ 4 n-2_y on-2_4 _ .

o(272 ,272 ) @o(272 ,272 ), n=0 mod8, p,q#0;
sp(2"52_1,R)@sp(2%_1,R), n=4 mod 8;
g1(2"52,R), n=2,6 mod 8.

In this paper we present some isomorphisms between Lie groups in Clif-
ford algebra formalism and classical matrix groups. We obtain statements for
corresponding Lie algebras. We discuss the relation between these Lie groups
and spin group.

Note that in the cases of other signatures (not considered in Theorem
4.2) groups

SpO35,,Cl(p, q), SPO3;3CL(p, q), SpO33CL(p, q), SPOTLCL(p, q), SPOFCU(p, q)

are isomorphic not to the real matrix classical groups but to some complex
and quaternion matrix groups. This is a subject for further research.
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