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Abstract

A range of entirely different pentagon approximations are known from textual
and graphic sources related to the architecture of the Middle Ages. Analysis of
the mathematical logic behind them highlights the scientific knowledge of master
masons who directly calculated constructional methods according to their practical
needs. From the examination of these pentagon approximations, their mathematical
features, such as the initial data of the construction or precision of side lengths and
angles, the range of architectural design problems they would have been able to solve
can be determined. This paper provides an accurate comparison of mathematical
and geometrical features of pentagon constructions from medieval sources, studying
their applicability from an architectural aspect.

Keywords Gothic - Geometry - Geometric analysis - Pentagon

Introduction

The design methods of medieval architects represent a topic of countless aspects.
Although, due to its rich bibliography, several questions have been answered with
highly significant results, new questions keep emerging. It is clear that the most
frequent simple geometric forms that master masons used during their design work
were the regular triangle and the square. Besides these, considering its deep and
fundamental symbolic meanings, the pentagon may also have played an important
role in medieval culture (Ginovart et al. 2018: 159). However, the architectural
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application of this form is not nearly as obvious as, for instance, geometric figures
of even number of sides. The occurrence of pentagons in medieval architecture
tends to be considered as rare; scholars have suggested that its correct geometrical
construction was unknown among artists or architects until the early 16th century,
despite being known in liberal arts education (Meckseper 1983: 34-35; Hoppe
1995: 143). Assessing the frequency of its architectural application is not as simple
as it seems. Besides the several methods, the figure was used in different stages of
design, which will be described within the scope of this paper, with pentagonal
forms detected in medieval buildings throughout Europe (for example, England,
France, Germany, Bohemia, Hungary) from the Early Middle Ages to Late Gothic
times (Fehér et al. 2018a, b; Pentagons: 305-315). The correct construction of the
regular pentagon was commonly known (Scriba et al. 2015: 62-63; Corry 2013),
but seems to have been rather ignored in the architectural practice of the Middle
Ages (Kidson 2008: 10). According to the few remaining medieval graphic sources
of architecture, master masons had invented or learnt methods for the geometrical
approximation of the figure. Scholars have already proposed several interpretations
of the steps of geometric construction methods preserved on drawings (Meckseper
1983; Hoppe 1995).

However, beyond the theoretical approach, the correspondence of pentagonal
approximations and adequate architectural examples where these methods may have
been applied in practice is hardly discussed. In this paper, a mathematical analysis
of the accuracy and additional features of the approximations is carried out, as well
as the detailed examination of their correlation with relevant medieval constructions.
As a consequence of the limited original sources on the construction of the period,
it is easy to speculate; however, the research tries to confine itself to impartial
examination and stay within the field of hypothesis.

The number 5 and pentagon have a broad symbolic background, and it is relevant
to mention some fundamental historical interpretations that help to highlight the
richness of this topic. Five is considered as the number of human needs, redemption
and grace, referring to the Five Holy Wounds of Christ (John 19:34, John 20:24),
or the Wise and Foolish Virgins in a parable of Jesus (Matthew 25). It appears in
the five curtains, bars and pillars of the Tabernacle (Exodus 26), the altar of which
was also five cubits long and five cubits wide (Exodus 27). According to Liber
Manualis of the Frankish countess Dhuoda, from the 9th century, five meant the
five clever virgins or the five senses of the body (Bondurand 1887: 33). Five has
also been related to the quinta essentia in alchemy, and the Pythagoreans who
chose the pentagram as their symbol, associating it with the fifth element of ether
(Fletcher 2006: 83). According to Macrobius Ambrosius Theodosius, the number
five represented the supreme God and the totality of the Universe (Ginovart et al.
2018: 159).

The topic of the medieval architectural applications of the pentagon has been
commented on by many authors. Hans Hahnloser, in his critical facsimile of the
sketchbook of Villard de Honnecourt, described the figure of the ‘pentagonal
tower’ (Hahnloser 1972: 124). It was Cord Meckseper who focused on the
medieval problematic of this form and provided interpretations regarding the
geometrical clues of pentagonal approximations occurring in medieval sources
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(Meckseper 1983). While a brief outline of this question was summarised in the
inclusive works of medieval design and constructional methods (Miiller 1990:
108-110, Hiscock 2000: 191-193), Robert Bechmann and Jean Wirth further
examined Villard’s portfolio (Bechmann 1991: 146-148, Wirth 2015). Partially
based on the results of Meckseper, Laszl6 Hoppe went on to discuss the detailed
interpretation of medieval pentagon approximations, adding further alternative
speculative methods (Hoppe 1995). Disputing some of the clues suggested by
Meckseper and Hoppe, authors of the present study have proposed alternative
interpretations for the figure of the portfolio of Villard de Honnecourt (Fehér
et al. 2018a, b; Golden Ratio: 42-45) and the pentagon of Master WG. In
addition, this paper provides a series of architectural examples containing
pentagonal forms highlighting that its role in the design process of medieval
masters was much richer than it is currently considered (Fehér et al. 2018a, b
Pentagons: 300-303, 305-314). More recently, the new edition of the precious
Collection of Prints and Drawings of the Academy of Fine Arts, Vienna by
Johan Boker also contains new interpretations of plans containing pentagonal
drawings (Boker 2005: 395).

Pentagon Approximations and Actual Architectural Situations
Pentagonal Tower in the Sketchbook of Villard de Honnecourt (No. 1 in Table 1)

On folio 21 recto of the well-known sketchbook of the 13th-century Picardian
master, the diagram of a pentagonal tower with the inscription ‘par chu portrait om
one/toor a chinc arestes’ [ ‘By this (means) one represents a tower with five edges.’
translated by Barnes 2009: 148] was dedicated to a successor of Villard called Hand
IV by Barnes (2009: 13, 147-148). The drawing is so roughly depicted that it is
even questionable if Hand IV could have been an architect as, among other figures,
he has copied the pentagon from another folio with basic mistakes (Barnes 2009:
13; Branner 1960: 96). Consequently, the schematic nature of the sketch makes
it difficult to reconstruct the actual logic behind the pentagonal construction. It is
plausible that the method is based on the rotation of right angles; however, it is
curious how the crucial exterior angle of the pentagon of 72°, or any connecting
angles, were produced. According to Meckseper’s suggestion that was also shared
by Bechmann, Wirth and Hoppe, the 3-1 ratio was used for the approximation
of tangent 72° (Meckseper 1983: 31-32, Bechmann 1991: 146-147, Wirth 2015:
186187, Hoppe 1995: 144-146). Despite that no blind lines can be detected, which
could verify the application of this numerical proportion, it is a feasible suggestion
although, a correction could be proposed concerning the direction of the operation:
the drawing has more likely been worked out counterclockwise with fewer steps
than speculated by Meckseper (Fehér et al. 2018a, b Golden ratio: 44-45) (Fig. 1).
The drawing does not represent the final step of the method; thus, the pentagon itself
is incomplete. It is obvious that the sketch was carried out rather roughly by hand
without measuring the actual distances and angles. With the proper completion, it
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would show a rather distorted pentagon. Following the steps around the polygon, the
missing last angle (at A) and side (AE) would differ slightly from the other angles
and sides; however, the sketch shows a much larger divergence.
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1
~71,56°

Fig. 1 Another suggestion for the algorithm of the pentagonal construction in the portfolio of Villard de
Honnecourt (authors’ drawings, after Barnes 2009: fol. 21r)

Pentagon Construction of Mathes Roriczer’s Geometria Deutsch (No. 2 in Table 1)

The method published by the German master Mathes Roritzer, in his booklet
from the end of the 15th century, is quite different from the other pentagonal
draftings from medieval sources in a number of significant points. The method is
widely known as that suggested by the famous artist Albrecht Diirer, in his 1525
book “Underweysung der Messung, mit dem Zirckel und Richtscheyt”. Although
there is no direct reference to Roritzer’s work in Diirer’s booklet, it is most likely
that he knew of the method from Geometria Deutsch. The actual origin, however,
is still obscure. Among the methods represented in medieval sources, this is
the only approximation that is commented on by obvious textual instructions,
which exclude any modern misunderstandings concerning the steps; despite this,
researchers of the topic have failed to detect any coherent mathematical idea
in the background. Unlike the method in the previous chapter or those of Hans
Hammer or the Vienna Collection of Prints and Drawings, that all followed some
detectable logic, the two crucial lines (FC, GD) in Roriczer’s drafting, tracing
out the points C and D of the pentagon, seem a stroke of genius (Fig. 2) was
it invented by accident or did it result from the high standard of mathematical
knowledge of the architects of the Prague lodge; it certainly highlights the
creative mind of medieval master masons. As an important feature of the drafting,
Roriczer has expressed that the whole pentagon could be constructed from the
first step to the last by the same opening of the compass, which also makes it
favourable for practical use. ‘Wer ain funff ort reissen wil mit vnveruckten zirkel
So tue dé czirkel auf als weit du ain feldag haba wild vii mach czwen puchstabn.a:
:b. des ain figur’ (Shelby 1977: 115-118; Sédor 1982: 386-387).
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Fig.2 Roriczer’s method with
the two crucial lines (FC and
DG) (authors’ drawing)

Diagram A of the Vienna Collection of Prints and Drawings—Pentagon
Approximation from Above and Below (No. 3 in Table 1)

The clue for the pentagonal diagram in sheet no. 17079 (Fig. 3a after Boker
2005: 396) of the Collection of Prints and Drawings of the Academy of Fine Arts,
Vienna (Koepf 1969; Boker 2005; Hoppe 1995: 146-149) has been published by
Meckseper, who discovered that the logic of the construction had been to seek the
proper position of point E for the regular pentagon somewhere between the edge
of the pentagon with the blunt angle (£’) and the edge of the one with the sharp

Denotes:
a: length of the side of the pentagon,
d(A,B): distance between A and B,

¢(0,7) : circle with center 0, radius 7,

Putd(4,B) = a!

P:= c(A,a) nc(B,a),

f is perpendicular to a line segment 4B,
m:=d(P,AB),

= c(P,m) N c(B,a),
D'i= c(P,m) nc(4,a),

F':= c(C,a) ne(D',a).

E":=fnc(P,m),

C":= c(E",a)nc(B,a),

2/3:1/3 D"=c(E",a) N c(A,a).

2d(E", E) = d(E, E").

C:= c(B,a) nc(E,a),

D= c(A,@) N c(E,a).
(@) (b) (© (d)

Fig.3 a Original image of diagram a from the Vienna collection of prints and drawings with its clues as
suggested by Meckseper: b overview, ¢ steps and d denotes of the construction (authors’ drawings after
Boker 2005: 396)
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angle (E) Meckseper 1983: 38). However, the most obscure point of the operation,
namely the practical calculations and the final drawing is still quite unanswered
as no original blind lines can confirm the steps and the 1/3:2/3 division suggested
by Meckseper (Fig. 3b—d). Conversely, the figure is so sketchy that it is also
questionable whether the author’s original intentions would have been an accurate
geometrical construction.

Diagram B of the Vienna Collection of Prints and Drawings (No. 4 in Table 1)

Hoppe described one of the figures of sheet no. 16963 (Koepf 1969: Fig. 148,
Boker 2005: 277) as another sketch for a pentagon approximation providing a
proper hypothesis for its steps (Hoppe 1995: 153—155). Accepting that the first steps
(creating the circles of a radius equal to the side of the pentagon in order to find
the proper point D and C of the pentagon) can initiate a pentagonal construction,
but the upper point (E) is so high that the result is probably too far from a quasi-
regular pentagon. Thus, the purpose of the drawing—suggested by Hoppe—is rather
doubtful (Fehér et al. 2018a, b; Pentagons: 298) (Fig. 4).

Diagram C of the Vienna Collection of Prints and Drawings (No. 5 in Table 1)

Similar to diagram B, the original purpose of this figure, in sheet no. 16935 verso
(Fig. 5a), is also a curious point of any interpretation. The idea that it could be a
pentagon has been published by Johan Boker, referring to Dominic Boulerice
without any explanation or citation of the latter’s publications (Boker 2005:
256-257). As the drawing of two circles and curves, without any lines recalling any
features of a pentagon, is right next to a plan of a lierne vault, it obviously can be
considered as an auxiliary drawing for lifting the arches of the vault into the third
dimension (Fig. 5b, c). However, the line segment suggested by Boulerice, in his
analytical drawing, as the actual outcome of the construction process is convincingly
close to the length of a regular pentagon inscribable into the original circle. If

(a) (b)

Fig.4 a Original image and b redrawn version of Diagram B of the Vienna collection of prints and
drawings (authors’ drawings after Boker 2005: 277)
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Put (0, a) the excircle of the square ABCD!

Q:=c(4,a)n 4B,

S:=c(4,a)n c(0,a),

r:=d(QB),

T:=c(S,r)Nc(0,a),

U:=c¢(T,r)n 4B,

0:=d(Q,V),

p:=d(0,0),

The circle ¢(0, @ + p) tangents the circle c(U, @), ¢(0, @ + p) is the excircle of the pentagon.

R:=¢+p.

(@)

Fig.5 a Original image of diagram C of the Vienna collection of prints and drawings and its clue
suggested by Boulerice: b denotes and ¢ explanation of the construction (authors’ drawings after Boker
2005: 256-257)

Boulerice’s interpretation is correct, this drawing would be of significant importance
being the only construction known from medieval sources that derive the radius of
the circumcircle of a regular pentagon using the length of the sides as input data.

Pentagonal Construction in the Sketchbook of Hans Hammer (No. 6 in Table 1)

The construction of the German master of Strasbourg Cathedral in the last third of
the 15th century, (Fig. 6a) follows the principle of the division of the perimeter of
a circle into five parts applying a string 5/4 the length of the radius (Hoppe 1995:
150-153) (Fig. 6¢). According to the modern mathematical proof, the method
applies an approximation of 7 as 25/8. Although we cannot be sure that Hans
Hammer used this coincidence intentionally, it is worth mentioning that the same
mathematical speculation for the relation between the radius and the perimeter of
the circle had already occurred in ancient Babylonia (Borwein et al. 1997: 1-14).
It is important to notice that the actual drawing in the sketchbook is a combination
of multiple tracing methods, including the construction of a regular pentagon and a
regular hexagon, while some additional lines and curves are of uncertain purpose
as they do not belong to the construction of either polygon (cf. Reynolds 2001).
To help the interpretation, the elements belonging to the pentagon construction are
emphasised on the following figure (Fig. 6b). However, the context of the pentagon
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lines necessary for the pentagon construction
— — — lines beyond the pentagon construction

(b) ©

Fig.6 a Original and b redrawn pentagonal diagram in Hans Hammers’s sketchbook and c its clues as
suggested by Hoppe (authors’ drawings)

construction in Hammer’s sketchbook is important to understand the possible
application of this method, as this will be discussed later (Fig. 12).

Pentagon in the Sketchbook of Master WG (No. 7 in Table 1)

An interesting pair of drawings with a regular pentagon appears in the Frankfurt
Lodge Book of Master WG on folio 18 (Fig. 7a after Bucher 1979: 219). Even
though the authors of the present study are not convinced that this drawing
represents a construction method for the pentagon, consideration should be given to

drawn lines T:=A4ASN 0P,

scratched blind lines R:=d(0,T),

blind traces striking from the other side r:=d(P,T).
(a) (b) ©

Fig.7 a Original image of Master WG’s lodgebook, b its redrawn version with blind lines scratched in
the paper, the ink lines and the traces striking from the other side, and ¢ the clue suggested by Hoppe
(authors’ drawings)
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the interpretation of Laszl6 Hoppe from a mathematical point of view. His evidence
was based on the octagon drawn below; the pentagon inscribed in a circle. According
to the interpretation, the circle inside the octagon would divide the half diagonal of
the square in the ratio of the radius of the incircle (r) and the circumcircle (R) of
the pentagon (Hoppe 1995: 148-151) (Fig. 7¢). The indispensable line that would
set out the perimeter point of the circle inside the octagon is missing from the
original drawing (Fig. 7b). In Fehér et al. 2018a, b; Pentagons: 300-303, a more
detailed computation of the pentagon was published. This revealed that the level
of inaccuracy of the construction was so significant that it is unlikely it could have
been applied in practice. The distortion of the pentagon worked out by Hoppe’s
construction is so large, that his interpretation can be considered as imaginative
(Fehér et al. 2018a, b; Pentagons: 300-303).

8-10 Further Speculative Methods (No. 8-10 in Table 1)

As the correct construction of the regular pentagon edited by Euclid in the Elements
(Fig. 8a) is based on the Golden Ratio, additional approximations can be imagined
applying neighbouring elements of the Fibonacci sequence (Hoppe 1995: 154-161).
Leonardo Pisano (Fibonacci) published Liber Abaci containing the sequence in
1202, but there is no direct evidence of his work having been known or applied by
medieval architects in their designs (Fehér et al. 2018a, b; Golden Ratio: 37-38).
Thus, the methods where the proportion 5:8 is used for calculating the side of the

\‘ 36,03 \‘ “ %g ~sin36° = 008540\

© | (@

Fig.8 a The correct pentagon construction of Euclid and b—d speculative methods using different
numerical ratios (authors’ drawings)
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pentagon from the radius of the circumcircle (no. 8 in Table 1, Fig. 8b) is speculative
without any certainty regarding their medieval application. (The accuracy of
the approximation can be increased by using other neighbouring pairs from the
sequence, such as 8:13 or 13:21). Nonetheless, it should be noted that even Euclid’s
Elements were several times copied and translated in Western Europe or imported
from the East (Scriba et al. 2015: 61-65, Corry 2013) throughout the whole Middle
Ages, but no sign of the architectural application of the mathematically correct
construction of the regular pentagon can be detected.

The numerical ratio of 10 and 17 can also be applied to speculative methods, as
this proportion approaches the sine 36° and the cosine 54° (Fig. 7). The first method
is based on a right-angled triangle for which the ratio of the shorter cathetus to the
hypotenuse equals 10:17. The side length of the pentagon can be determined by
elongating the longer cathetus to 17 moduls (no. 10 in Table 1, Fig. 8c). In the other
method, the angle of 53.96° can determine the direction of the two upper sides of
the pentagon inscribable in a circle (no. 9 in Table 1, Fig. 8d). The significance of
the 10:17 ratio was also emphasised by Peter Kidson, who proposed that medieval
architects could easily have solved pentagonal situations if they had been aware
that the proportion of the side length and the diameter of the circumcircle also
approaches 10:17. (Kidson 2008: 11-13).

Mathematical Analysis and Comparison of the Methods

All these approximations, from different medieval sketchbooks and architectural
plans, are evidence highlighting the practical and inventive mind of master masons.
The transfer of knowledge between architects in the Middle Ages is extremely hard
to confirm, but the suspicion that they did not apply the correct construction of the
regular pentagon even if they were aware of the actual method, shows that, crucially,
their intention was rather its utilisation in the actual architectural situation than
the regularity or the accuracy. The paper’s mathematical analysis accentuates the
different features of all these methods. In the following table (Table 1) the accuracy
of the resulting pentagons is compared by the examination of their angles, the ratio
of the length of their sides, and their circumcircle. According to the latter factor, the
methods are sorted into three groups.

In Table 1, the results of calculations regarding the accuracy of the
mentioned approximate constructions are listed; a detailed presentation of all
the mathematical calculations behind the results is outside the framework of the
current paper. As a reference, the first row in the table provides the data for a
correct regular pentagon for comparison with the approximations given. The
construction methods are subdivided into three groups. In the first group, the
approximate solutions do not require a circumcircle, as their initial data tend
to be the side length. The second group consists of those methods for which a
circumscribed circle has been given. In these cases, the central angle belonging
to the sides can also be computed. Apart from these two groups, at the end of
the table, we examine Hans Hammers approximation method that cannot be
performed in the Euclidian way using just ruler and compass. In each group, the
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particular solutions are ranked according to the accurateness of angles starting
with the closest to regular. In order to detect the accurateness of the methods,
a comparison of the angles is more characteristic than the side lengths, because
a pentagon of equal sides is not rigid, it can be deformed. Therefore, it is clear,
that angle deviation is a better indicator; moreover, it can be calculated for all the
constructions both with or without a circumscribed circle.

It is worth mentioning that in both group 1 and 2, the best approximate
constructions are those based on the ratio of 10:17 (no. 9 and 10 in Table 1). These
hypothetical construction tools would provide very effective approximations for
building a regular pentagon; however, no actual evidence of their application is
mentioned in medieval sources. The second-best approximation in group 2 uses
the Fibonacci numbers 5\/_and 8 (no. 8 in Table 1). In this, also speculative method,
these lengths substitute % and 1 of the ideal solution. Although when using other
consecutive members of the Fibonacci sequence, the accuracy can be increased,
the presented construction is fairly close to the exact one and is significantly easier
to construct. Thus, the best results are presented by speculative methods while the
constructions based on original sources tend to be less accurate. As diagram C of
the Vienna Collection (no. 5 in Table 1) is performed with a relatively high number
of circles, this was more challenging to compute. In this particular case, Wolfram
Mathematica system has been used during the calculations. Ultimately, it can be
concluded that the relatively complicated process produces rough approximation,
which is probably because the last constructed side has to compensate the error
of the whole construction. Master WG’s pentagon (no. 7 in Table 1) is based on a
square and a derived regular octagon. In this case, both the maximum deviation of
sides and central angles are higher than those of the previous ones.

If the necessity of having a circumscribed circle in the construction is omitted,
then a greater variety can be achieved with higher accuracy. This explains the better
approximations of the sides except for diagram A of the Vienna Collection (no. 3 in
Table 1) in the first group. In principle, the angle values are comparable to those of
the first group; in most of the cases, they are better.

Both in Roriczer’s construction (no. 2 in Table 1), which is very elegant using
only circles of the same radius, and in diagram B of the Vienna Collection (no. 4
in Table 1), all the sides are equal. In the case of the latter, the pentagon is a bit
farther from the regular one, but it is derived from the same right-angled triangle
as the construction in the sketchbook of Villard de Honnecourt. Diagram A of the
Vienna Collection (no. 3 in Table 1), the less accurate member of group 1, aims to
balance two pentagon constructions with two identical vertices in an “optimal way”
by replacing the fifth vertex with the trisector of the two. This approximate solution
is, however, far from optimal.

Hans Hammer’s method, the exceptional case of group 3, is quite accurate as it
is the third in the angle deviation ranking. The point of the observation is that the
central angle of each side of a regular pentagon is 2?”, which is close to 2. However,
this is not a classical construction because measuring i radian to the circumference
of a circle cannot be exactly solved by the traditional ruler and compass method.

It can be seen that the accuracy of the pentagonal approximations is quite poor
and imprecise. However, in real scale and even on the drawing platform this is still
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negligible. The most inaccurate is the method of Villard, but it can also be imagined
as being used for a tracing layout of a half decagonal apse, for example.

Possible Architectural Applications of the Methods

Knowing the geometrical logic behind particular regular pentagon constructions,
it seems obvious to ask the question as to how these could have been applied to
the design of actual structures. It must be stressed that the final form could differ
slightly from the original concept as a result of the inaccuracy of the execution. Later
modifications and renovations can also add to this divergence. Accordingly, taking
the small margin of accuracy between the particular methods into consideration, it
is apparent that the construction used in the design can hardly be determined by
simply analysing the accuracy of a pentagon represented in certain structures. Also,
an accurate survey of relevant medieval architectural features is not always available
for comparison.

Besides their mathematical features, the geometric character of the regular
pentagon approximations, namely the initial data and the principle of the
construction, can determine the type of architectural situation in which they
could have been applied. Furthermore, in most cases, the author or the circle of
the possible author and the period in which the drawing arose, can help ascertain
the scope of relevant monuments to be associated with certain approximations. If
available, the master’s original pentagonal plans can be regarded as the most direct
application of their method. Therefore, these should be given special consideration
during any analysis.

As Carl F. Barnes, the author of the latest facsimile of the portfolio of Villard
de Honnecourt has claimed, ‘no building anywhere can be securely attributed
to Villard’® (Barnes 2009: 218). In addition, it is also uncertain as to whom the
pentagonal tower drawing (no. 1 in Table 1) can be attributed, considering that
Hand IV has copied a formerly existing figure from folio 20 verso; however, the
drawing was without doubt created in Northern France in the second half of the
13th century. Villard surely visited the construction of the Cathedral of Reims
and other newly built Gothic cathedrals of the era, (Barnes 2009: 220-227) where
several architectural appearances of the pentagon can be mentioned. For instance,
in the Cathedral of Reims and Laon, there are tracery windows of five-petalled
parts, and the choir of Reims has been designed with a half decagon. Nancy Wu
has also identified a pentagon in her theoretical reconstruction for the geometrical
layout of the plan of Reims Cathedral (Wu 2002: 165). In accordance with Barnes,
no operation can be attributed to Villard in Reims; however, in the sketchbook, his
drawing for the half-decagonal choir of the Cathedral of Meaux with the inscription
‘vesci les ligement de le glize de miax de saint estienne ‘(‘See here the plan of the
church of Saint Etienne at Meaux’) (translated by Barnes 2009: 96) represents a
direct example for the application of the pentagon (Fig. 9a).

The designers needed to inscribe five sides into the semi-circle of the apse.
The initial data of the pentagonal approximation in folio 21 recto, technically,
has been the side length, but the method based on the angles could have been
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destorted lines of the original drawing
— — — lines of the regular half-decagon

(@) (e)
Fig.9 Drawing of Meaux cathedral in Villard’s sketchbook a in the original form, b the redrawn system,
and c the idea of the construction with the 1:3 ratio. d Drawing of Cambrai Cathedral with Bork’s

observation about the distorted geometry with e a possible reason for the inaccuracy (authors’ drawings,
Barnes 2009: fol. 14v, 15r, Bork 2011: 33)

easily adapted to a situation where the circumcircle was determined (Fig. 9b,
c). The 1 to 3 ratio is entirely appropriate for tracing out the direction of the
first side, and then, by rotating the angle, starting from both sides to meet in the
middle, the complete half-decagon can be constructed. Jean Wirth suggested a
parallel solution for the construction of this choir plan, using right triangles of
sides of 3, 4 and 5 to approximate 36° (Wirth 2015: 127-128). A similar method
has been described by Josep L. Ginovart and his colleagues concerning the
heptagonal (half-tetradecagon) choir of the Cathedral of Tortosa in the Tragca of
Guarc. (Ginovart et al. 2013). Robert Bork recognised that in the case of Villard’s
drawing of Cambrai Cathedral (folio 14 verso), the distortion of the half-decagon
of the choir was larger on the left side than on the right side (Fig. 9d) Bork 2011:
32-33). Perhaps the reason for this inaccuracy is just the sketchy nature of the
drawing; this could have resulted in the method of the construction. If the 1 to
3 ratio had been used from the right side of the hemicycle, the distortion of the
half-decagon grew from right to left (Fig. 9e).
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It is important to note that the half-decagonal apse was quite common in the
major part of the Middle Ages (Feher et al. 2018a, b; Pentagons: 309-311).
Lisa Schiirenberg has considered this layout as a separate group within French
Gothic architecture (Schiirenberg 1934: 31-62; Kuthan et al. 2016: 77). In the
Cathedral of Prague, the half-decagonal apse (Fig. 10d) was designed by Matthias
of Arras, the previous master to Peter Parler, in the mid-14th century; he was
also of Northern French origin and had worked in Avignon previously (Kuthan
et al. 2016: 79). Without suggesting a direct link between Villard’s portfolio
and the choir of the cathedral of Prague, it is obvious that several examples of
similar choirs from all over Europe suggest the problems of constructing the half-
decagon often emerged, and a method similar to the one presented in Villard’s
portfolio could offer a useful solution. Jifi Kuthan and Jan Royt have considered
this type as a modern appearance in Prague (Kuthan et al. 2016: 79), but the
shape had already occurred centuries earlier not only in Villard’s age but also, for
instance, in Kalocsa (Hungary) (Marosi 2000; Szakacs 2019) or Southern France
in the 12th century.

Concerning the pentagon construction published in the Geometria Deutsch
(no. 2 in Table 1, Fig. 10 a), it is important to point out that both Mathes Roriczer
and his probable fellow lodger, Hans Schmuttermayer, have emphasised in their
books on pinnacles that their knowledge had been inherited from the ‘Junkers of
Prague’ (‘dj iungkherrn von prage’ and ‘die Junckhern von prage’ Shelby 1977:
82, 126), that are generally identified as the Parlers. This century-long transfer
of knowledge on pentagon drafting is of great significance. Lon R. Shelby has
proposed that the link between the Prague masters and the Roriczer family
could have been Wenzel Roriczer, Mathes’s grandfather, who had worked with
the Parler lodge of the Saint Vitus Cathedral in the second decade of the 15th
century (Shelby 1977: 7-8). There is no clear evidence, however, proving that
the ‘Junkers’ could have been identified with the Parlers, rather than any other
masters of the Prague lodge (Legner 1978: 7). What is certain, is that after
the activity of Peter Parler, several members of the next Parler generation (for
instance, Johann, Wenzel, Janco or Michael) worked in Prague or other parts of
Bohemia, such as Kutna Hora or Kolin (Legner 1978:11; Marosi 1997: 149-152).

(a) (b) (9] (d)

Fig. 10 a Roriczer’s pentagon approximation, b, ¢ pentagonal traceries and d the plan of the Cathedral
of Prague, e five-petaled traceries of the Cathedral of Regensburg (authors’ drawing and photo, Kuthan
et al. 2016)
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Whether the ‘Junkers’ were, in reality, the Parlers, it is sure that the examples,
comparable to Roriczer’s pentagon construction, range from mid 14th-century
Bohemia to late 15th-century Germany. Peter Parler probably studied in Cologne
and previously worked on the Frauenkirche of Nuremberg before his arrival to
Prague in 1356 (Kuthan et al. 2016: 87). He took over the operation of Saint
Vitus Cathedral with the finished ambulatory of the half-decagonal choir designed
by Matthias of Arras. Throughout the construction, several pentagonal tracery
windows of five-petalled sections can be found, such as those of the eastern window
of the southern transept (Kuthan et al. 2016: 127); the upper part of the pillars of
the flying buttresses of the eastern choir; (Kuthan et al. 2016: 230) the western
facade (Kuthan et al. 2016: 433) and the tracery composition above the portal of
the southern transept vestibule built in 1367 (Fig. 10b, c) (Kuthan et al. 2016: 113,
133-134, 136137, 238). In case of the southern facade of the ground floor of the
Great Tower, it is significant that both the present form rebuilt by Josef Mocker in
the 19th century and the original plans, conserved in the Vienna Collection of Prints
and Drawings contain pentagonal parts (Kuthan et al. 2016: 133, 139, 142, 152,
242). While the half-decagonal apse was Arras’s design, an identical geometrical
assignment is mentioned in Parler’s works in an entirely different architectural
situation: the semi-circular lunette of the northern portal of the Saint Wenceslas
Chapel decorated with five petals (Kuthan et al. 2016: 105).

With regard to the Roriczer family, the construction of the Cathedral of
Nuremberg was directed by Konrad Roriczer with the assistance of his son Mathes,
and it is also likely that a century earlier Peter Parler had been there. Mathes also
worked in Regensburg, where pentagonal window traceries can be found; (Fig. 10e)
although, neither the churches of Nuremberg nor those of Regensburg have been
designed with half-decagonal apses.

The frequent application of the pentagon in tracery windows, however, can
hardly be associated with the method Roriczer has published and dedicated to his
Prague predecessors. While the initial data of this approximation is clearly the
side length of the pentagon, for a five-petalled form, the circumcircle should be
determined first, especially in a complex composition of traceries where the role of
this particular form is subsidiary. Roriczer’s pentagon construction is inappropriate
for such designs (Fig. 9). Hence, the question of the real application remains open;
it also likely that both the Parlers and the Roriczers were aware of other pentagon
approximations for the design of five-petalled forms.

The initial data of diagram A and B of the Vienna Collection of Prints and
Drawings (no. 3 and 4 in Table 1) is the side of the pentagon. While diagram A of
sheet no. 17079 is clearly a sketch for a pentagon approximation, the purpose of
diagram B is much more uncertain. As the spine of the pentagon is far too high,
it is doubtful that this diagram has been referred to as a pentagon. Concerning
the architectural examples where diagram A (Fig. 11a) could have been applied,
window traceries of Saint Stephan Cathedral of Vienna should be mentioned, but
they raise the same contradiction as in the case of Roriczer’s method (Fig. 11c).
However, the collection of prints and drawings contain some ideal plans embracing
pentagons, providing the most direct examples of a probable application of the
method represented by diagram A. On sheet no. 16889, in the ideal plan of a gothic
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Fig. 11 Methods based on a diagram A and b Diagram C of the Vienna Collection, ¢ tracery parts of the
Cathedral of Vienna and d ideal Gothic plans of the Vienna Collection (authors’ drawings, photo, Koepf
1969: Fig. 247, 368, 378)

baldachin, two lateral pentagonal bays are attached to a central hexagon (Fig. 11d)
(Boker 2005: 200, Koepf 1969: Fig. 247). In this composition, it is entirely clear
that the side of the hexagon has provided the initial data for the construction of the
pentagons; thus, the method of diagram A could have been appropriate. The figures
from sheets no. 16994 and no. 17002 (Boker 2005: 304, 314, Koepf 1969: Figs. 368,
378) are similar cases as far as the starting point of the construction is concerned.
In the former, the pentagons of the small additional baldachins join to one side of
a buttress of determined length, while in the latter, a system of rotated pentagons is
presented in which the whole composition is based on a pentagon, so any data could
have been fixed arbitrarily (Fig. 11d).

In the case of Diagram C of the Vienna Collection of Prints and Drawings (no.
5 in Table 1), where the crucial lines of Boulerice’s suspicions are missing from
the original drawing, it is doubtful if it is a pentagon approximation. However, it
is quite confusing that the resulting pentagon is astonishingly accurate. Moreover,
as a practical application, this construction could have been extremely useful
for medieval architects as this is the only one where the circumcircle can be
constructed directly from the side length. If this series of almost ad hoc steps had
been a pentagon construction, it could have been applied both in the plan design of
pentagonal buildings and in tracery works; although, in the case of the latter, it is not
logical that the circumcircle could be constructed indirectly (Fig. 10).

In case of the figure on folio 18 of the Frankfurt Lodge Book of Master WG (no.
7 in Table 1), it is clear that the author’s initial intention could hardly be a pentagon
construction to be applied in architectural design. The mathematical analysis has
also revealed that the inaccuracy is highly significant. The starting point of the
evidence, as speculated by Hoppe (1995: 148-151) is a square with an inscribed
octagon, but neither the side nor the radius of the inner circle or circumcircle of
these figures has any connection to those of the eventual pentagon. The radius of the
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inner circle and a quasi-circumcircle of the pentagon appears in a rather accidental
way. Beyond that, it is rather hard to imagine any architectural features where an
octagonal form should be linked to a pentagonal one, which also suggests that the
link between the two figures of folio 18 is undoubtedly questionable.

Hans Hammer’s pentagon construction (no. 6 in Table 1) is the only one among
the approximations occurring in medieval sources that needs the circumcircle as
the initial data and follows the logic of dividing the perimeter of the circle into
five parts. Thus, this method would certainly be appropriate for the design of the
rather common five-petalled forms in tracery windows. Hammer’s career, although
he has noted some autobiographical data in his sketchbook, (Entz 1992; Fuchs
1992) is rather obscure, except for some personal information and the fact that he
became the master of the Cathedral of Strasbourg in 1482. (‘1482 vff die Paffen
Fasznacht da wart ich Pallier’ Fuchs 1992: 11, 13) The great western rose window
of the cathedral contains pentagonal parts, but both the original plan conserved
in the Vienna collection and the realised version can be attributed to Michael von
Gmiind from the Parler family, (Marosi 1997: 151) and no other pentagonal building
elements can be attributed to Hammer himself. The most direct application of his
method can be found in his sketchbook, right next to the pentagonal figure, which
also sheds light on the purpose of some blind lines of the drawing that have not yet
been solved (Fig. 12a). The curves AD, BE, CF and CD are not related strictly to

\Z:w" ;’/7
)
B 5
-
4
\57[
AT Pt
78 S / i \
Pz B TR e | TR
I/ oy TR QJ
(b) (a)

Fig. 12 a The diagram of profiles next to Hans Hammer’s pentagon construction and b the redrawn
version of the pentagon construction, indicating their connection between the two drawings (authors’
drawings after http://diglib.hab.de/mss/114-1-extrav/start.htm?image=00041)
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either the pentagon or the heptagon construction, as both can be traced with the radii
of the circumcircles (Fig. 12b). The curves and the segment BE can be explained
in the context of the figure next to the pentagon, representing the construction of
the profile of a great portal jamb and a rib of the vault (Fig. 12a after http://digli
b.hab.de/mss/114-1-extrav/start.htm?image=00041). The pentagon of the previous
figure, with its blind lines, plays a role in the geometry of these profiles, (Fig. 12b)
providing new information about the application of the pentagon and the design
methods of medieval master masons. Hans Hammer’s figures confirm that pentagons
were also used in the design process of profile elements such as ribs, window sills
and traceries, expanding the scope of the applied form from individual pentagonal
or decagonal buildings, church choirs, gothic traceries and floor plans. (In the theme
of plan design see Hiscock 2000; Hiscock 2002: 108—116 and Shortell 2002).
Beyond the architectural features that can be linked to the certain approximative
methods for the construction of a regular pentagon, the following example shows
that other constructions must have been invented by master masons to solve more
complicated geometrical problems. The late gothic tower of the Church of the Poor
Clares in Bratislava, with a pentagonal plan, was added to the former 13th-century
nave in the 15th century. Being an additional construction attached to an existing
one, multiple data were determined for the geometrical layout of the pentagon
(Fig. 13). Both the height and position of the perpendicular cord of the pentagon
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Fig. 13 a Schematic drawing of the design situation and b a 19th-century survey drawing of the tower
of the Church of the Poor Clares in Bratislava (authors’ drawing, Plan Collection and Archives of BME
Department of History of Architecture and Monument Preservation, ref. no. 101161)
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were determined, although the dimensions of the pentagon depended on the master’s
decision. Finding the position of the centre of the circumcircle, or settling any points to
result an appropriate pentagon, are all complicated operations demanding a high level
of geometrical knowledge. The application of numerical ratios, such as 1:3 or 10:17
seems to be the simplest way to determine the angles of the sides. The construction can
also be easily solved by drawing a pentagon of adequate dimensions on the planning
table and positioning it to the angle of the existing walls; it is quite probable that a more
complex construction could also be ascribed to the medieval master.

Conclusion

Even though the problem of the regular pentagon construction had been solved in
Euclid’s Elements, it seems to have been neglected in the practical work of architects
in the Middle Ages, even though it was known among masters of the liberal arts.
Searching for new construction methods consumed enormous intellectual power and
produced various methods of varying accuracy. The reason for their appearance could
be either a quest for a simple method convenient for practical use or the characteristics
of certain tasks in architecture. This is one of the most beautiful examples from cultural
history where creative geometrical thinking appeared in the works of architects rather
than mathematicians.

It can be seen that pentagons were not uncommon in medieval design. Half
decagonal apses, pentagonal traceries, and even design details were related to geometric
methods based on the construction of a regular pentagon. It is plausible that this figure,
besides the obvious square and triangle, was also used in plan design of monumental
constructions such as the cathedrals of Reims and Saint Quentin.

This paper presents the calculations for the accuracy of each method known from
medieval sources in terms of the sides and angles. Although certain approximative
methods differ in their precision, the discrepancies are small enough to be ignored
considering the accuracy of on-sight tracing as well as the building construction itself
in medieval practice. The use of certain methods may have been determined by the
tradition of particular workshops or regions, or as discussed in the case of the examples
listed, the initial data of the construction. It should be noted that certain solutions
may be adequate in cases where the diameter or radius of the circumscribed circle is
given, or other cases where the length or even the position of a side of the pentagon
is determined. For a clearer overview, the methods have been divided into different
groups.

Through this analysis, not only is it possible to better understand the importance
of the regular pentagon in medieval architecture, but also take a deeper look into the
mathematical knowledge used in the design practice of medieval master masons.
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