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Abstract. Inthis paper we develop acutting plane algorithm for solving mixed-integer linear programs with
genera-integer variables. A novel feature of the algorithm is that it generates inequalities at all y-optimal
vertices of the LP-relaxation at each iteration. The cutting planes generated in the procedure are found by
considering anatural generalization of the 0-1 disjunction used by Balas, Ceria, and Cornuéjols in the context
of solving binary mixed-integer linear programs [3,4].
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1. Introduction

In recent years we have seen increased research activity directed towards using disjunc-
tive programming techniques to solve linear programs with binary integer variables[3,
7,8]. This research provides ways to describe the integer hull of linear programs with
binary integer variables by using a finite set of linear inequalities. More importantly,
it has resulted in computationally better ways of generating cuts in a branch-and-cut
method for solving general binary integer linear programs [4] as well as structured
binary integer linear programs[5].

For mixed binary linear problems, the two related developments have been the
lift-and-project approach of Balas, Ceria and Cornuéjols [3] and the reformulation-
linearization technique of Sherali and Adams [8,9]. Each of these devel opments have
their roots in digunctive programming (see [2]). Both Balas, Ceria and Cornuéjols [3]
and Sherali and Adams [8,9] showed that the convex hull of feasible mixed binary
solutions could be generated in a finite number of steps. Balas, Ceria and Cornuéjols
also demonstrated that the cuts generated from the lift-and-project scheme could be
used to efficiently solve these problems in a branch-and-cut framework [3,4]. The
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convexification procedure of Balas, Ceria and Cornuéjols [3] has been extended by
Stubbs and Mehrotra [10] for convex mixed binary problems. The developments of
this paper follow more closely the description of the lift-and-project approach of Balas,
Ceriaand Cornuéjols[3].

Inthis paper we consider using avariable disjunction to solve general mixed-integer
linear programs (MILP). We describe the variable disunction and define our notation
in Sect. 2. In Sect. 3 we consider a convexification procedure for MILP that is based
on sequential application of the variable disjunction. We show that the procedure (1)
finitely generates the convex hull with respect to any single general-integer variable and
(2) yields in the limit the complete convex hull of mixed-integer solutions. In Sect. 4
we describe a cutting plane algorithm based on the variable disunction that finds an
g-optimal solution of MILP in a finite number of iterations. A novel feature of the
algorithmisthat it generates cuts at all y-optimal vertices of the relaxation of MILP at
each iteration. Practical implementations of the branch-and-cut algorithm for structured
binary problems typically decide to branch when improvementsin the objective value
tail off. Our analysis suggests that generating cuts at neighboring verticesin addition to
the current optimal vertex may be aviable alternative to branching.

2. Variabledigunctions

Consider the general mixed-integer linear programming problem

minimize c¢'x (MILP)

subjectto x € F,
where

F={xeK|x eZ forie{l,..., pH
and K={xeR"| Ax > b}.

That is, K isthefeasible region of the usual LP-relaxationfor MILP, and F isthe set of
feasible mixed-integer solutions. Let conv(F) denote the convex hull of pointsin F. We

assumethat x > Oandthat K isbounded, and thus F isbounded. Under this assumption,
without loss of generality, we assume that the bound constraints

Xj >0 forj=1,...,n,
and  xj < M; forj=1,...,p
areincluded in the constraint set defining K.
ForpeZandje{l,...,p},define
Pé(K):conv{xe K|Xxj<porxj>p+1}.
This variable disjunction is a natural generalization of the disunction in Balas, Ceria
and Cornuégjols[3]. The set Pé(K) can be described as follows:
x =200+ 2tut A04al=1
PLK) = Proj, { (x,u% ut, 202 W e K, u? < B 221> 0
ul e K, u]-1 >B+1
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Thisapproachfor describing Pg (K) requiresthe solution of arelated projection problem
(for example, see[3]).

3. Convexification procedure

Inthissection, we develop aprocedurefor constructingaset arbitrarily closeto conv(F).
First we demonstrate a sequential procedure for constructing the convex hull Cj(K) =
convix € K | xj € Z} for any given j € {1,..., p}. Then we extend and modify
this single variabl e convexification procedureinto an infinitely-convergent approach for
generating conv(F).

3.1. Single variable convexification

The following theorem provides a mechanism fqr generating Cj(K) = conv{x € K|

Xj € Z} by taking the intersection of the sets P/é for arbitrary valuesof g € {0, ...,
Mj —1}.

Theorem1. For j e{l,...,pfandL € {O,..., Mj — 1},

(") conv(Ki) = conv (ﬂ Ki) ,

ieL ielL
whereKj = {x € K | xj <iorxj>i+1}.

Proof. Without loss of generality, assumethat L = {i1,... ,iq} wherei; < --- < ig.
Theinclusion“2” istrivial: Kj € conv(Kj) = NiK; € Njconv(Kj) = conv(NjK;) C
niconv(K;), where the last implication follows since the intersection of convex setsis
a convex set. To prove that Njec conv(K;) € conv(NicL Kj), select an arbitrary point
X € NieLconv(Kj). If x € NjcL Kj then the result follows. Otherwise, there must exist
it € L suchthat x ¢ Kj. Sincex € K\Kj,,wehavethati; < Xj < it + 1. Furthermore,
since x € conv(Kj,) thereexist y, z € K suchthat y; <it, zj > it + 1, and x belongs
to the line segment (y, z). By moving towards x aong the line segment (y, z), we can
assumethat y; = it and zj = it + 1. It followsthat both y and z arein Njc Kj, thuswe
havethat x € conv(NicL Kj), and the result follows.

]
Corollary 1. For je{1,...,p},B€{0,... ,Mj —1},andk € Z,
B+k
N xeK|xj<ph{xeK|xj=p+1}...,
QCO”V(K')—CO”V< XeK|xj=p+k.xeK|x>p+kt+1 )
whereKj = {x e K | xj <iorxj>i+1}.
]

We now state the main result of this section, which gives a sequential procedure for
generating Cj (K).
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Theorem 2. For j € {1,..., p} and any permutation {is,iz,... ,im;} 0of {0, 1,...,
Mj — 1),

i) = [ comv(ki) = PL(PL(-- (P, (K)---)),

i€(0,... . M;—1}

whereKj = {x € K | xj <iorxj>i+1}.

Proof. _Let C be a linearly-constrained convex set. By definition of Pij (+), we have
that Pi' (C) contains al vertices of C except for those fractional vertices whose j-th

component isstrictly betweeni andi 4 1. Furthermore, when generating Pij (-), no new
vertices are added with fractional j-th components. It follows that

i (i j _ {xe K|Xj <0, {xeK|xj=1},...,
Pil(Piz("'(P‘Mj(K))"'))_Conv< (xeK X =M —1).(x €K | X = Mj})

Then from Corollary 1, the result follows.

3.2. An oo-convergent convexification procedure

Inthe previous section we have described an approach for generating the convex hull with
respect to asingle general-integer variable. In this section we describe a procedure based
on the sequential application of thisapproach, and we show that the procedure converges
in the limit to the convex hull of feasible mixed integer solutions for general MILP
problems. Let PO = K, and define P! fori = 1,2, 3, ... asfollows:

Pl = Ca(Cal-+ (Col(P) )

The main result of this section is Theorem 3, which states that limi_, o, P' = conv(F).
Let {C'} be a sequence of compact nested sets. We say that {C' } convergesto C (i.e.,
limi_,o C' = C) if for any given e > O there exists an integer k € Z.. such that

mi[1||x —X|| <€
xeC

for all k > k and any xk € Ck.

Lemmal. Let {C } and {C } be convergent sequences of nested compact sets. If
limioo C} = C1 and limi_,« C}, = Cy, then

I|m conv(C' Cz) = conv(Cy, Cy).
Proof. Let x e conv(Cy, Cy). Since Cy € C and C5™* < Cl foralli > 0, itisclear
that x e conv(Cy, C,) foral i > 0, which impliesthat x € limj_ o conv(C}, C)). It
follows that conv(Cy, Cp) < limi_, o conv(C}, Cl).
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Let X € limi_.o conv(Cy, Ch). By nestedness of the sets C} and Cb, this implies
that x € conv(C}, C,) foral i > 0. It follows that there exist sequences

{x'1y c Cl, {x'2} € Cb, and {1} < [0, 1] 1)

suchthat {1ix + (1 — A)x2} — x. Since the sequencesin (1) are bounded, there exist
subseguences such that {x'1} — x* € Cy, {x2} — x? € Cp, and {Aj} — A € [0, 1].
Thus x € conv(C1, C»), and the result follows.

O

Theorem 3. Fori =0, 1,2, ... and P' defined as above,

lim P' = conv(F) = convix e K | xj € Z for j =1,..., p}.

1—00
Proof. Since{Pi}isasequence_of compact convex setssuchthat conv(F) < pi+l < pi
for all i > 0, we know that {P'} convergesto some set P such that conv(F) € P. By
construction,

Pi+1§conv({xe pi|xj§ﬁ}U{X€Pi|XjZ/3+1})

foral j € {1,..., p} and any integer 8. Taking the limit and applying Lemma 1, we
have that
P = lim P! C lim conv({xe P'Ixj < BlU{xeP|x 2,8+1})

I—00 I—00
=conv<{|im [xeP'|xj <B}uU lim {x e P'|x; 2/3+1})
I—00 I—00
=conv({xe Pixj <plufxeP|x 3,3+1}),

foral j e {1,..., p} and any integer . It followsthat

A

P=conwixeK|xjeZ forj=1,...,p}
O

Theorem 3 shows that the sequential disjunctive procedure yields the convex hull
of mixed-integer solutionsin thelimit. Thisisaweaker result than that obtained for the
binary-integer case [3]; this is due to the fact that the inequalities arising from simple
variable disjunctions are not facial for general-integer problems|[2].

4. A cutting plane algorithm for MILP

In the previous section we described a procedure for generating in the limit the convex
hull of solutionsto MILP. Rather than generating the entire hull conv(F), itisdesirable
to use constraints from this description of the hull as cutting planes. Although these
constraints are not immediately available, it is natural to consider using the variable
digiunctions described in Sect. 2 in a cutting plane procedure for solving MILP. The
usual approach for such aprocedureinvol vesgenerating cutting planesby using variable
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disjunctions obtained from afractional component of the current optimal solution. It has
been shown by Balas, Ceria, and Cornuéjols (see[3]) that such aprocedureis sufficient
to solve MILP when integer variables are restricted to binary values. A simple example,
however, shows that such a procedure is not sufficient in the case where variables
can take on general-integer values. The remainder of this section is in two parts. In
the first part, we give a two-variable example that demonstrates the inadequacy of the
straightforward variable disjunction cutting plane procedure. In the second part of this
section we describe a modified cutting plane procedure that generates inequalities at
multiple vertices of the incumbent LP-relaxation. We prove that this modified cutting
plane procedureis guaranteed to find an e-optimal solution finitely (or terminatefinitely
if no such solution exists).

4.1. Geometrical example

Wemotivatethe need for our modified cutting planealgorithm with asimpletwo-variable
example. Consider the region

8x1 + 12x2 < 27
2|8x1+ 3x2 <18

X e R X1 S ol
X2> 0

K =

theset F = {x € K | X1, X2 € Z}, and the cost vector ¢ = [—1, —1]. Theregions K and
conv(F) are pictured in Fig. 1a. Observe that minimizing c' x over the region K yields
an optimal solution which isfractional (see the solution x* in Fig. 14).

(a) Theregions K and F (b) Resulting region after first cutting plane

Fig. 1. Motivation for the disjunctive cutting plane procedure

Consider a straightforward cutting plane procedure for MILP where all cutting
planeinequalitiesare generated from variable disunctionsthat areviol ated at an optimal
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solutiontothe current L P-relaxation. Weleaveit to thereader to seethat such aprocedure
will not converge to an integer solution for the given example. In particular, such
a procedure will not cut away the fractional extreme points (2.25, 0) or (0, 2.25). The
geometrical observationsthat are central to the needed arguments are as follows:

1. Using the deepest cuts from simple variable digunctions, it is only possible to cut
away the extreme point (2.25, 0) by using the variable disunction “x; < 2 or
x1 > 3. Similarly, the extreme point (0, 2.25) can only be eliminated by using the
variable disiunction“xs < 2 or xp > 3”

2. Since the cutting plane procedure generates inequalities only at an optimal (frac-
tional) solution, the points (2.25, 0) and (0, 2.25) can only be cut away if a current
optimal solution x* = (xJ, X3) is used to generate inequalities, where x3 € (2, 3) or
X5 € (2, 3) respectively.

3. Each cutting plane inequality introduces at |east one new extreme point X such that
X1 + X2 > 2.25. Furthermore, for each new extreme point X, either
(@ x1e{l,2land X2 & (2,3), or
(b) X1 ¢ (2,3)and X2 € {1, 2}.

Thus it follows that neither (2.25, 0) nor (0, 2.25) will be optimal solutions to the LP-
relaxation in any iteration (and thus cannot be cut away directly), and that every optimal
solution x* to the L P-relaxation will be fractional with x7 € [0, 2] and x5 < [0, 2]. Note
that in the limit the L P-relaxation will convergeto theregion {x € K | X1 + X2 < 2.25}.

4.2. The cutting plane algorithm

In this section we describe a modified cutting plane agorithm for solving MILP. In
contrast to the usual cutting plane approach, which generates inequalities only at the
current optimal solution, the modified algorithm generates inequalities at multiple ver-
tices of the incumbent L P-relaxation at each iteration. These vertices are generated by
exploring a set of near-optimal solutions of the current relaxation.

Cutting planesin the algorithm are generated based on the simple variable disjunc-
tions described in Sect. 2. In particular, given arelaxation Sand a vertex solution X that
isfractiona in the j-th component, we solve the separation problem

min ||x — X|| @)
s.t. xe PEXJ.J(S),
and generate the inequality
£Tx > £Tx", ©)

where x* is an optimal solution of (2), & is a subgradient of || x — X|| a x*, and || - ||
is any norm function. The fact that (3) provides a valid cutting plane follows from
Theorem 3.4.3 of [6].

In addition to the problem information (c and K), our cutting plane procedure
requiresthreeinput parameters, y > 0,¢ > 0,and¢ € (0, .5]. Thevaluey determinesthe
solution spacethat we exploreat each iteration, and the value e determinesour optimality
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tolerance. The parameter ¢ is used for integer rounding. A pseudocode description of
the algorithm is given in Fig. 2. The main result of this section is Theorem 4, in which
we prove that this modified cutting plane algorithm is guaranteed to find an e-optimal
integer solution finitely, or that it will terminate finitely if no such solution exists. For
aconvex set S, let ext(S represent the set of extreme pointsof S.

01:
02:
03:
04:
05:
06:
07:
08:
09:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

36:
37:
38:
39:
40:
41:
42:

al gorithmdisjunctive cutting planes (¢, K, 7, &, &)

{

1:=0;

while (SP#£0) {
let z' be the optimal objective value of min,cgicx;
Q= {z € ext(57) [Tz — 2* <v};

/* check for e-optimal solution */
Qe = {a € @ min{(zj — lz;]), ([4;] —2;)} <& Vjie{l,2,...,p} }i
if (Q#0) {

}

/* generate cutting planes */
Sitl .= g% /* jnitialize region Sitl */
for each (z€ Q! and j € {1,...,p} such that z; ¢Z) {

}

7=

}
STOP;

SY:=K; /* initialization */

/* look for close points in F */
for each (z € Qs) {
/* roundi ng procedure */
for each (j€{1,...,p}) {
if (z; —|z;] <&) then d; := |z;];
el se d; := [x;];

}

/* fix first p conponents and reoptinize */

let S:={z€ Szj=d; for j=1,2,...,p}h

if (§#0) then {
let = be an optimal extreme point solution of min,cgcz;
if (Tz—2"<¢) then STOP, /* & is e-optimal */

if ({z€Sie; < |7]}={zeSi|s; >[z;]}=0) then STOP, /* infeasible */

/* generate a cutting plane and add it to Sitl */
let z* be an optinmal solution of mmzepj (51)|| z|;
let ¢ be some subgradient of [|z—z| at x ;

Sitli={z e STz > ¢T2*}; /* update region S+t */

i+ 1;

/* infeasible (since Si=0) */

Fig. 2. Pseudocode description of disjunctive cutting plane procedure

Lemma?2. Let{S} bea convergent sequenceof bounded convex setssuch that Sstlcd
foralli >0andlim_. S = S For each X € ext(9), theree><|stssomesequence{x'}
of paintsin ext(S) with a subsequence converging to X.
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Proof. Consider % € ext(S) and a sequence {x'} — X suchthat X' € S forali > 0.
Write x' as follows:

) n+1 B n+1 y )
X = "nijx), whererij = 0,) "xij =1, andx') € ext(S). 4
— =
Each of the sequencesin (4) is bounded and thus have convergent subsequences. Passing
to subsequences, we have that

n+1 ) n+1 y )
R =Zij', where {Aij} — A zO,ZAj =1, and{x')} > xl € §
=1 i—1

Since X is an extreme point of Sit can not be written as a convex combination of other
pointsin S, thus {x"!} — x! = Xforsome j € {1, ..., n} and the result follows.
]

Theorem 4. The algorithm either generates an e-optimal solution to MILP or detects
infeasibility (i.e., F = ¢J) in afinite number of iterations.

Proof. For input y, ¢, & ¢, and K, let S, 7, and Q' be defined as in the algorithm.
Assume, by contradiction, that the algorithm does not terminate in a finite number of
iterations. Then, since & (= K) is bounded, and since S** ¢ S foral i > 0, the
sequence {S} is convergent to some set, say S The remainder of this proof is givenin
two parts; we first consider the case where S = ¢, then we proceed to the case where §
is non-empty. In both cases we show that since {S} — Sthe procedure will terminate
finitely, a contradiction. _

First consider the case where {S} — S = ¢. If there exists some finite integer k
such that S = ¢, then the procedure will terminate (at line 41 of Fig. 2). Otherwise,
there exists afinite integer k such that {x € S| XjeZy=¢forsomeje{l, ..., p}.

Let | besuchanindex. Thusfor al x € 2K we havethat
PfxiJ(Sk) ={yeSly; < Ixl} =
and Pl (89 =[ye Sy = ] +1) =0,

It follows that the procedure will terminate execution in the k-th iteration (at line 32 in
Fig. 2). We have thus shown that if {S} — S = @, then the algorithm will terminate
finitely after detecting infeasibility.

Now consider the casewhere {S} — S # @. Inthiscaselet X be an optimal extreme
point solution to the optimization problem

minimize c¢'x
subjectto x e &

Since {S} — Swe have that {z} — c"&. Furthermore, by Lemma 2 there exists
a convergent subsequence of points {x'} — X where x' € ext(S). We now examine
separately the case where X ¢ F and the casewhere X € F.
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In the case where X ¢ F, there must exist some j € {1,..., p} suchthat Xj ¢ Z.
Since X € ext(S) we know that § > 0, where § is defined as follows:

§= min ||X—X].
i
xe’PLijJ(S

Thus since (S} — S + ) and since there exists a convergent subsequence {x'} — X
where x' € ext(3), it followsthat there exists afinite integer k such that

1. xk e @k,
2. |xf] = 1%,
3 X — x| < §,and

; s
4. min X[ > 3.

xeP! (5 X
Xk
It follows that in step k the algorithm will generate a valid inequality (lines 29-38 of
Fig. 2) that is violated by X. Asaresult, X ¢ S, contradicting & € S S¢+1,
We now consider the case where X < F. Since{g} - S;é ¢ and since there exists
a convergent subsequence {x'} — X where x' € ext(S), it follows that there exists
afiniteinteger k such that
1. xk e @k,
2. |x']-‘—$<j| <¢eforal jefd,..., p},whichimpli%thatxk € Qz inthek-thiteration,
and
3.cTx—Z<e.

Thus

* < min c'x < c'x, (5)
{xeSK|xj=%j Vje{l.....p}}

where the optimization problem in the middle of (5) is solved in step 23 of the k-th
iteration. Since this will yield a solution X such that c"x — zZX < &, the algorithm will
terminate in the k-th iteration (line 24) with an e-optimal solutionto MILP.

o

Themodified algorithm requiresthat the set of y-optimal solutions, ©2', be generated
at each iteration. In theory, this set can be generated by first finding the optimal solution
to the LP-relaxation and then performing an exhaustive recursive search through the
neighboring y-optimal vertex solutions obtained by using single Simplex pivots. In
practice, the search can be terminated with asubset of y-optimal solutions. The practical
performance of our algorithm will depend on the choice of . For larger choices of y
we obtain more rapid convergenceof S' to Sat the cost of exploring more vertices and
generating larger L P subproblems. Computational experiments are required in order to
determine the degree to which the best choice of y is problem dependent.

Practical implementations of the branch-and-cut algorithmtypically decideto branch
when improvements in the objective value tail-off. The example given in Sect. 4.1 in-
dicates one possible reason for such tail-off behavior. As seen from the analysis of our
modified algorithm, generating inequalities at near-optimal vertices resultsin a conver-
gent procedure without branching. This suggests that when practical implementations
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of branch-and-cut procedures encounter tail-off in the objective value improvement,
generating cuts at near-optimal vertices may be a viable aternative to delay (or avoid)
branching.

5. Conclusions

In this paper we have studied the natural single-variable disjunction. We have shown
that this disjunction can be sequentially applied to find the convex hull with respect to
asinglegeneral-integer variablefinitely, or the convex hull of all mixed-integer solutions
inthelimit. Inthe case where all integer variables are restricted to taking binary values,
this procedureis equivalent to the sequential convexification procedure of Balas, Ceria,
and Cornugjols[3].

We have also developed a finitely convergent cutting plane algorithm for solving
general mixed integer linear program, MILP. To the best of our knowledge thisiis first
such algorithm. The convergenceresults are obtained by generating cutsat all y-optimal
vertices of the relaxation of MILP at each iteration. New cuts in this algorithm are
generated by solving a separation problem over aregion that includes al cutting planes
found thus far. Thisis different from the strategy used by Balas, Ceria, and Cornugjols
to obtain their convergence result for the 0-1 specialized cutting plane algorithm, as
described in [3], and is closer to the strategy implemented in practice.

As aresult of our analysis we provide a theoretical foundation to the fundamental
idea of generating cuts at near optimal, possibly aternate optimal, vertices. Although
the analysis of the algorithm is based on generating cuts at all y-optimal vertices,
a practical implemenation of our algorithm is likely to generate cuts only at a few
“promising” near-by vertices.

Practical implementations of the branch-and-cut algorithm for structured binary
problems typically decide to branch when improvements in the objective value tail
off. Analysis of our modified cutting plane algorithm suggests that generating cuts at
neighboring verticesin addition to the current optimal vertex may be aviable alternative
to branching, or delaying branching in these implementations. Detailed computational
experimentsare necessary to determineif practical implementationswould benefit from
incorporating this modification.
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