COMBINATORICA 18 (2) (1998) 201-226

COMBINATORICA

Bolyai Society — Springer-Verlag

RANDOM MATCHINGS IN REGULAR GRAPHS

JEFF KAHN* and JEONG HAN KIM

Received April 12, 1996

For a simple d-regular graph G, let M be chosen uniformly at random from the set of all
matchings of G, and for x € V(G) let p(Z) be the probability that M does not cover x.

We show that for large d, the p(Z)’s and the mean p and variance o2 of |M| are determined
to within small tolerances just by d and (in the case of u and o2) |V(G)]:

Theorem. For any d-regular graph G,
(a) p(@)~d=1/2 V2 e V(@), so that |V (G)|—2u~|V(G)|/V4,
(b) 0% ~|V(G)|/(4Vd),

where the rates of convergence depend only on d.

1. Introduction

Given a graph G = (V, E), write M(G) for the set of matchings of G, and let
M be chosen uniformly at random from M(G). (For graph theory background see
e.g. [24]. We use “graph” to mean simple graph.) In this paper we are concerned
with the behavior of M, and in particular of the random variable £ = £ = | M|,
when G is regular of large degree.

Set pr =pr(G) =Pr({ =k). The distribution {pg} (for a general G) has been
considered in many contexts, in physics and chemistry as well as mathematics. We
will not try to give a thorough bibliography, but see e.g. [20], [13], [23], [7], [8], [9],
[24, Chapter 8].

These distributions are in some ways very nice. For instance, as shown in [12],
[13], [23], for any G the probability generating function

(1) FGN) =D ppF
k

has real roots. This gives log-concavity of the sequence {pg} (c.f. “Newton’s
inequalities,” e.g. [10, p.51]), and implies that the distribution is approximately

normal provided the variance o2 = O‘g =:02(G) is large. (The latter is essentially
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due to L. Harper [11]. See the two paragraphs preceding Theorem 1.2 for some
discussion and references concerning the question of when o2 is large.)

Here we show that for regular G' the behavior of {pg} is nice in another sense:
the mean (u = pe =: ;1(G)) and variance of ¢ are remarkably well determined just

by the degree and number of vertices of G.

Before stating this we need a finer parameter than pu. For x € V', write x < M
if « is covered by (i.e. is contained in some edge of) the matching M, and set

p(T) = pa(T) = Pr(z A M).
Thus p=(n—>)_,cy p(T))/2, where, here and throughout the paper, we set |V|=n.

Theorem 1.1. For any d-regular graph G,
(a) p(T)~d /2 VYzeV(G), so that n—2u(G)~n/V4d,
(b) 02(G) ~n/(4Vd).

Here the limits are taken as d— oo; so for example p(T) ~d~1/2 means

(1—o0(1))d? < p(@) < (1+0(1))d /2,

where o(1) depends only on d, and not on G or z. Let us stress that what’s
interesting here is the ezistence of the limiting values (d~/2, n/(4V/d)), rather
than the values themselves.

(The values themselves are easily seen to be a natural expression of the idea
that the events {x < M} are roughly independent. To see this, we observe the easy
identity (see (5))

-1
p(T) = (1 +> p(?@)

Y~z

(where the conditional probability p(7|Z) has the obvious meaning). Using this, if
we pretend the events {x < M} are mutually independent with p(Z) =p for all z,
then

(2) p=02d) =1+ VI+dd) =d 2+ @d)" +0d3?)
gives (a) (see also Conjecture 1.3); while (b) derives from the fact that £ is half the
random variable [{x € V:2 < M}|, which has the binomial distribution B(n,1—p),
so variance np(1—p)~nd~1/2))

Let us also mention that it is not even easy to show that a large regular G
has large 0%(G); precisely: if Gy is do-regular (do, #0) with n4 = |V (Ga)| — o0,
then 02(Gq) — 00 as a — oo. This was shown in [7] provided dy/ne — 0, but in
full generality only in [18] (with a proof quite different from the arguments used

here). So it is, again, rather surprising that one can say something as precise as
Theorem 1.1.
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(As more or less observed following (1), the condition 0% (G ) — oo is equivalent
to asymptotic normality of {py(Ga)}r>0. This was the reason for most of the

earlier work on o2(G)—see [28], [24, Ch. 8] in addition to [7], [18]—though not our
principal motivation here.)
The actual bounds we establish are given in

Theorem 1.2. For any d-regular graph G and € >0
(a) p(T)=d~ Y2+ 0(d=3/42)  veeV(Q),
(b) 02(G) = (1+O(d*1/4+5)>

"
ad

Again note the error terms depend only on d. (This is slightly abusive, in a
standard way. For example the error term in (a) does depend on G, z, but is

bounded by some O(d*3/ 4+€) which depends only on d. So we should really write
Ip(T) —d 12| <O(d3/4%¢).)

Theorem 1.2 is proved beginning in Section 2. Before closing the present
section, we just mention a few related questions.

First, surprisingly accurate though they are, it seems possible that the bounds
in Theorem 1.2 can be strengthened considerably (compare (2)):

Conjecture 1.3. For any d-regular graph G and €V (G),
(a) p(@)=d /2= (2d) " +0(d73/?),
(b) 02(@) = ind=12 4+ O(nd ™).

This may be wishful thinking. It does, admittedly, seem too good to be true, but
the same might have been (and was) said of Theorem 1.1 when it was not yet a
theorem. Certainly the conjecture, if true, would be fairly remarkable.

Second, it would be of considerable interest if something like Theorem 1.1 were
true for hypergraphs of fixed edge size. We recall a few definitions. (For further
background see e.g. [6] or [16].) A hypergraph H on a verter set V is simply a
collection of subsets of V', and is k-uniform if each of its members (called edges) is
of size k. (So a 2-uniform hypergraph is a graph.) A hypergraph is d-regular if each
of its vertices is contained in exactly d edges, and simple if no two of its vertices
are contained in two distinct edges.

A matching in a hypergraph is again a collection of pairwise disjoint edges,
and, as for graphs, we write v(H) for the size of a largest matching of H. We
extend our earlier notation (M, &, p(T)...) in the natural ways.

Conjecture 1.4. Fix k. If 'H is a simple, k-uniform, d-regular hypergraph on a
vertex set V' of size n, then

(a) p(T)~d~ Yk VeeV, so that n—ku(H)~nd~/*, and in particular (H)~n/k,
(b) o®(H)~n/(K?d"/¥)
(where again limits are taken as d—cc).
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This would be extremely interesting, not only for its own sake, but also because
of its relation to work done over the last fifteen or so years on the asymptotic
behavior of hypergraphs of bounded edge size. A central result in this area, proved
by N. Pippenger following ideas of Ajtai, Komlds and Szemerédi [1], Rédl [27] and
Frankl and Rodl [5], says in part:

Theorem 1.5. (unpublished; see [29], [6]) Fix k. If H is as in Conjecture 1.4, then
(3) v(H) > (1= o(1))n/k,
where o(1) depends only on d.

(See also e.g. [26], [6], [16], [15], [21], [19], [14], [30], [17], [22] for exposition
and related work. For Pippenger’s Theorem in full we should relax “simple” to a
(uniform) bound o(d) on the pairwise degrees d(z,y); but we are in deep enough
waters with the present hypotheses and will not explore this extra generality.)

As was pointed out to us by Anders Johansson, it is not hard to show (using
Pippenger’s Theorem) that (3) is still true with x in place of v. Of course Conjec-

ture 1.4 (a) implies a much stronger result. (In fact the error term (1+0(1))d~1/*n/k

(in the approximation p = n/k) implied by the conjecture is far better than what
was known, even for v, when the present paper was written. The stronger bounds

ko — { O(nd=1210g32d) if k=3
O(nd—1/(k=1)) if k>3

were subsequently established in [2].)

In contrast, for a graph G as in Theorem 1.1: (i) Vizing’s Theorem ([31] or
e.g. [24, Theorem 7.4.1]) implies v(G) > (1 =1/(d+1))n/2; and (i) p > (1 —
O(d=1/2))n/2—a less precise version of Theorem 1.1 (a)—is not too hard to prove
using the approach of Section 2 (see (8)).

2. Path-trees and indication of proof

We first recall Godsil’s [8] notion of the path-tree T(G,v) associated with a graph G
and v€V(G). (This is called a tree of walks in [8]. The present name is from [24].
Were it not for its length, we would prefer “tree of self-avoiding walks,” since we

will eventually view the vertices of T(G,v) as outcomes of a random self-avoiding
walk in G.)

The vertices of T = T(G,v) are the paths of G which begin at v. (For our
purposes a path is a sequence (yo,yi ...y;) of distinct vertices with y; ~y;_1.) Two
vertices of T" are adjacent if one is a maximal proper subpath of the other.

We will usually use X,Y,Z,... for vertices of T, and in particular write V for the
singleton path (v), which we regard as the root of T. Later we will be interested
in a random path (v=yg,y1...y;) in G, and will write Y; for the vertex (yg...y;)
(where | < k). For w € V(T') we write |W| for the length of the path W, in other
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words the depth of W in T', and set Tj={w eV (T):|w|=1[}. We use S(W) for the
set of children of w, s(W) for |S(W)| and T (W) for the subtree rooted at W.

Path-trees T'(G,v) turn out to capture considerable information about match-
ings in GG, and to be in some respects easier to work with than the graph itself.
(Again see [8] or the exposition in [24].) For present purposes the relevant connec-
tion is given by

Lemma 2.1. With notation as above, pc(?) =pp g (V).

That is, the probability that a random matching of G misses v is the same as the
probability that a random matching of 7" misses V.

Proof. This is an immediate consequence of the main result of [8], which we repeat
here for the reader’s convenience.

The matching generating polynomial of G is

9(Gi ) = [ M(G)If(G;\) = me

where my =my(G) is the number of matchings of size k in G. The main result of
[8] is (equivalent to)

9(G = v N)/g(G; A) = g(T = v; A) [g(T5 N).
Evaluation at A=1 gives the lemma. |

An advantage of working with T'(G,v) is that it allows us to compute prob-
abilities p(T) recursively. Let us extend our earlier notation, writing p(g|z) for
Pe—(7) and p(z,5) for Pr(z A M,y A M). Since p(@,5)=p({z,y} € M) when z~y,
we have

(4) p(@)+ > pE7) =1,

y~zx

which, when divided by p(Z), gives the basic identity

—1
(5) p(T) = (1 + Zz@l@) :
y~x
For trees this takes the form
—1

(6) pry)(Y) =1+ Z PT
ZeS(Y

where we write T'(Y) for the subtree rooted at Y. Thus in principle we may compute
the probabilities pp(y)(Y) recursively, beginning at the leaves and working up to

the root, v, for which pp v, V)=pr(V).
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For example, if T =T(G,v) with G d-regular, then it’s not hard to use this
recursion together with the obvious

(7) d—1<s(w)<d VYweT
to show
(8) cd V2 < pa®) < cad? Yo e V(G)

for some positive constants ¢1, ca. (This gives the bound p(G) > (1—O(d~/2))n/2
mentioned at the end of Section 1.)

For Theorem 1.2 the inequalities (7) are not enough—e.g. the reader could try
evaluating the extreme case

_|d if |W| is even
) s(W) = {d —|w]| if |W] is odd

—and we must show that degree fluctuations in T'(G,v) are, in some usable sense,
much more moderate than those in (9).

This is accomplished by comparing the degree s(W) of a vertex W with the
average of the degrees of its children,

UES(W)

We show that, in contrast to (9), s(W) and 5(W) are close for most weV(T). For
the precise technical statement, set

L(l,e):={weT;:|s(W)—3(W)| > d1/4+€} and ~v(l,e) :=|[(l,¢)],

and let t = 4[v/dlogd]. (To prove (8) it’s enough to consider something like the
first v/dlogd levels of T, and this will again be true for the proof of Theorem 1.2.)

Lemma 2.2. For any fixed € >0, if d is sufficiently large and [ <t, then

(10) y(le) <t Hd—t)le .

This is proved in Section 3, and the derivation of Theorem 1.2 is completed in
Sections 4 and 5. The bound (10) is given in a form convenient for later calculations,
and is slightly weaker than what’s produced in Section 3.
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3. Proof of Lemma 2.2

For weV(G), we write N(w) for the set of neighbors of w.
For w=(v=wq...w;) €V (T) let

5(W) = d — s(W) = [{wo ... w1} 0 N(uwy)|

Set

(W) = . (iv) > 6(U) =d—3(W).

UES(W)

Our proof of Lemma 2.2 is more naturally expressed in terms of these parameters,
that is, with y(l,e) rewritten as

Y(l,e) = {w € Tj : [5(W) — 3(w)| > dV/4F}).

Let (v=yo,y1...yt) be the natural random self-avoiding walk given by yg=v
and

—1
(11) Pr(y; = wlyo .- yi—1) = sWi-1)" L{wes(yi_1)}-
where, in agreement with our notation for 7',

S(yi—1) = N(yi—1) \ {vo - - - yi—2}

and s(y;_1) = |S(y;—1)|; that is, the walk chooses y; uniformly from the as yet
unvisited neighbors of y;_1.

As earlier, we write Y; for (yg...y;), thought of as a random vertex of 7). We
will show that for Y; chosen according to this (not quite uniform) distribution on

Ty, |6(Y;)—0(Y;)| is very unlikely to be large; precisely, for any a >0,

2
(12) Pr(|6(y;) — 8(Y;)| > a + 32log? d) < 2d*texp <‘;—t) .
To see that this implies Lemma 2.2, note that for any W €1y,
Pr(y; =w) >d Yd—1)"0"D > g
whence, setting
Wo ={W e T} : [6(W) —8(W)| > a + 321og? d},

we have

—1 2
. a
[Wa| < Pr(y; € Wy) (VIVneHJl} Pr(y; = W)) < 2d*texp (_E) d.
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Taking a=d*/4t¢ —32log? d then gives Lemma 2.2 (and a bit more). |

The key observation for the proof of (12) is that while d(Y;) is the number

of visits to N(y;) by (yo-...y;—1), 0(Y;) is roughly the “expected” number of such
visits, where “expected” is used in the dynamic sense given by the function f below.
A little martingale analysis then shows that these actual and expected numbers are
likely to be close.

For fixed [ €[t] and weV(G), define

I
(13) flw) =Y Pr(y; € N(w)lyo - yi-1),
i=1
(14) g(w) = [N(w) N {y1 ...y}

Lemma 3.1. For any >0

a2
(15) Pr(3w with | f(w) — g(w)| > a) < 2d*t exp (_E) .

Remark. The reader may observe below that we only use the fact that | f(w)—g(w)]
is usually small when w=1y;; but the proof gives the stated inequality, and in fact
we don’t see how to establish what we need for y; without proving something like
(15).

Before proving Lemma 3.1, let us see why it implies (12). Notice that
(16) g(y) = 6(vy1).

On the other hand, we show that f(y;) is a good approximation of §(Y;). We have

(A7) 300 = 2o SN O {0} 0 € Vo) \ {01},

while a similar expression for f(w) is

(13) S (N (i) AN @)\ o g2

Now when w =y, the sum of the set cardinalities appearing in (18) is not much
different than the sum in (17): the former—that is,

l

(19) SN @i—) "N @)\ {vo - - vi—2}

i=1
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—counts ordered pairs (u,y;—1) with 1 <i<l, yy~u~y;_1, and u & {yg...y;—2};
whereas the latter counts all such pairs for which u & {yg...y;_1}, together with
the pairs (u,y;) with € N(y;)\{vo-.-vi_1}

The difference between these sums is thus bounded by

N t
max {|{(j,7) 11 <j<l—1y ~yj ~yi—1}], d} < <2>,

and we have (using (7))

—

) — 3 < — (’f)f [

—|s(yi-1)  s(w)

1 t 1 1
< - -
< 7lo) + (75 0)

t2d~1 < 32log?d.

IV (yi—1) NN (y1)]

[\

<
Of course this together with (16) shows that Lemma 3.1 implies (12). |

Proof of Lemma 3.1. Let us for the moment fix weV and write

where
Xi=Xi(w) =Pr(yi € N(w)lyo---¥i-1) = L{y,eN(w)}-

Now {X;}!_, is a martingale difference sequence (that is, E[X;|X1... X;—1]=0),
with

(20) 1 X5 < 1.

So according to “Azuma’s inequality” (see, e.g., [4], [25], [3]), for any a>0,

a2
(21) Pr(|f(w) — g(w)| > ) < 2exp (2—t) .

Thus we have a bound like (15) for any fixed w.

For (15) we must somehow control the number of w’s under consideration. A
priori this number could be something like the number of vertices within distance
t of v (which swamps the bound in (21)); but we can reduce it by only beginning
to keep track of f(w)—g(w) when (and if) our random walk gets to within distance
2 of w.
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To do this, let us fix, solely for bookkeeping purposes, some linear ordering
“<” of V. For each weV define the random variable j(w) by

0 if d(v,w) <2
J(w) =< o0 if d(y;,w) >2 0<i<t—1
min{i : d(y;, w) =2} otherwise,

and then let vg be the st vertex in the (lexicographic) ordering in which w precedes
w’ if either j(w) <j(w’) or j(w)=j(w') and w<w’. (Note this is a random ordering
determined by (yg...yt).)

Now for 1< s<d?t and 1<i<t, set
X,Ls = Xi<US)~

(Note X7 =0 if i < j(vs). We could omit the restriction s < d?¢, but this adds
nothing since for larger s we have j(vs) =o0c and so X7 =0 for all i.)

Now for each fixed s, f(vs) — g(vs) = élef, and {X? é:l is again a
martingale difference sequence satisfying (20). Thus

a2
Pr(|f (v5) — g(vs)| > @) < 2exp (‘E)

for each s, and
0[2
Pr(3s € [th]v [f(vs) — glvs)| > ) < 2d2texp <2_t) .

But this gives (15), since (trivially) f(vs)=g(vs)=0 if s> d>t. ]

4. Proof of Theorem 1.2(a)

As mentioned in Section 2, we use T:=T(G,v) and pp(V) to estimate p(7). In a
sense, Lemma 2.2 says that degree fluctuations in 7" are much more moderate than
the extreme case (9); namely,

(22) [s(W) —5(W)| < a'/4F*
for “almost all” we V(7). If stronger conditions
(23) d—|w| < s(W) <d—|w|+d/** forall w e V(T)

or
d—d'/*e < s(w)<d forallwe V(T)
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were true, Theorem 1.2(a) would be straightforward. (For example, a complete
graph satisfies (23); cf. (7).) This is because the worst cases would be essentially

d— |w| if [W] is even
24 W) =
(24) s(W) {d— (W] + dV/4Fe i |w| is odd.
It turns out that (22) yields nothing worse than (24). If W e V(T') satisfies (22) and
all of its grandchildren X satisfy pp(y)(X) <p for some constant p, then the identity
(6) gives

prew)(W) = [ 1+ > PT(u
UeS(W)

_1\ 1
=11+ > |1+ Y pr®
UeS(W) XeS(U)

-1

§1+Z

1+ s(U)p
Ues(W »

and Jensen’s inequality, (22) and s(W)>d— |W| imply that

1
Pr(w) (W) < <1 + %)
s(W) -1
: <1 T W) +d1/4+€>p>

a2 |w) >1
25 <1 .
(25) —< T @ W+

A similar lower bound can be also found. Notice that the equalities hold when
PT(x)(X)=p for all X and T is the tree described in (24).

Set pt=pi—1=1 and for i=0,1...t—2,

d 71
= <1 + ! > )
b 1+ (d — 1+ d1/4+5)pi+2

We first show that p; is close to 1/v/d for i <t/2+1, and then that the effect of
vertices violating (22) is negligible, so that PT(w) (W) is close to Plw| for most W.

Claim.
1

(26) pi = ﬁ+0(d*3/4+5) for0<i<t/2+1.
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Proof. We prove this for ¢ even; odd 7 is handled similarly. For i=0,2,--- ¢, define

d—i -1
i(x):=1[1 , 0
fi(x) < +1+(di+d1/4+a)x> x>

(so fi(pi+2)=p;) and denote by a; the unique positive solution of f;(a;)=a;; that

is,

dUHE 1\ J(@/e 1) 4 a(d - i dl/)
- 2(d — i + d'/4+e)

a;
It is easy to check that
a; = R + O(d73/4+5) and 0 <ajyo—a; < d—3/2,
Vd

We will prove the following inequalities using induction in reverse order:
3(t — i)> N (t —i)d—3/2
avd 2 7

for i=t,t—2,---,0. (Recall that t=4|v/dlogd].)
The base case i =t is trivial. Suppose (27) is true for i+2 <t. Since f; is
increasing, the lower bound of the induction hypothesis gives

a; = fi(a;) < filaiy2) < fi(piv2) = pi-

On the other hand, the Mean Value Theorem implies that there exists x with
a; <z <p;4+2 and such that

(27) 0 <p;—a; <exp <—

pi — ai = fi(piv2) — filai) = f{(z)(pis2 — ai)-

Since f/(z) <e=3/(2Vd) for 2>a;=1/vd+0(d3/**¢), we have

b — a; < e 3/@V) (exp <3(t i 2)> L (—im2ad? d_3/2>

4v/d 2
3(t—d)\ , (t—i)d 32
< exp (— N ) + 9 .

If a vertex does not have many descendants which violate (22), then we only
need a small modification of the upper bound in (25) (see (31)). If it has many, it
will be called a “bad” vertex. To be formal, let 0<e<0.1 (fixed) and T';:=T'(i,e).
Then Lemma 2.2 says that

(28) I0i| <t 1 (d—t)le .
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Each vertex of T} has at least (d—t)7~* descendants in T;. Roughly speaking, (28)

d

says that at most a t~te~% proportion of the descendants of an average vertex

violate (22). If a vertex W has more than t~te=%/2 x (d — )7~ IWI descendants
violating (22) for some j>|W|, it is called bad. More precisely, let, for 0<:<j <t,

t t
(29) B j=={W e T;: [T(W)NT;| >t (d—t) "=/} and B:= (]| B,
i=0j=i

(B for bad). Clearly, (28) implies that neither v nor any of its children is in B.
Moreover, it is easy to see that

t t

I¥1 i —d/2
(30)  [BNT;| < J; 1Bi,jl < ; TR <t(d—t)e :

(We will not use this inequality until the last part of the next section.)

The following lemma and its corollary show that the effect of bad vertices is
negligible, which in particular implies Theorem 1.2(a). They will also be used in
the proof of Theorem 1.2(b).

Lemma 4.1. Let 0<i<t—1 and X€T;\ B. Then

(31) Pry®) <pi+e /2,
and
(32) DPT(x) (W) <pijy1+ (d— t)e_ds/2 for all w € S(X).

Note that (6) and (32) yield

oy —1
Pr(x)(X) = (1 +d(pir1 + (d—t)e™? /2)) for x € T; \ B.

Thus the following corollary follows from Lemma 4.1 and (26).

Corollary 4.2. Let 0<i<t/2 and X€T;\ B. Then

1 i
P10 (%) - ﬁ] _ (a3,

In particular, we have Theorem 1.2(a).

We prove (31) for |X| even (recall that ¢ is even) and (32) for |X| odd. The
proof when these parities are reversed is identical, except that one truncates at odd
rather than even levels in the following definition of T”.
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If a descendant U of X violates (22) (i.e. U€T; for i =|U]) and |U] is even,
the trivial upper bound pp(y) (U) <1 will be used. We also neglect vertices U of

level |U| > t and use the trivial bound for vertices at level ¢. To do this, it is

convenient to introduce an auxiliary subtree 7'(X) of T'(X) obtained by removing
all descendants of even vertices violating (22) and all vertices at levels greater than
t. In this subtree, leaves are vertices violating (22) or at level t. Notice that the

trees T'(U) generated by leaves U do not have edges and so py(y)(U) = 1, which

was the bound we wanted. Clearly (6) implies that for every W of even level
PT(w)(W) < prv(w) (W),
In particular,

(33) P10 (X) < prv)(X)-

Inductive applications of the arguments used to obtain (25) will yield the
following lemma.

Lemma 4.3. For all weT'(X) with |W| even, we have

(34) Pri) (W) < pp + > (A=t VWA —p),
veL/( )

where L'(W) is the set of leaves of T'(W). (The vertex of a singleton tree is regarded
as a leaf.)

Proof. Let ¢'(W) = pp(y)(W). If W is a leaf of 7", then the right side of (34) is
P77 (w) (W) + 1= prr(y) (W) =1, so the result follows. Suppose W is not a leaf, |W|
is even and (34) is true for all descendants of W with even levels. Then (6) and
Jensen’s inequality give
-1
(@={1+ ¥ 4
Ues’ (W)
-1

= |1+
UGSZ/ 1+ Z

Xes'(U

5’(W)

1+s'(W Z Z

Ues! (W) XeS! (U

IN

1+
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Clearly, for a non-leaf W and its children U, S"(W)=S(W), S’(U)=S(U) and hence
s'(W)=s(w), s’(U)=s(U). The induction hypothesis yields

ZZ

UeS(W)XeS
P expswT ) Z > (=07 A—py).
UeS(W) XeS(U) UeS(W) XeS(U) ZzeL'(X)

The first term of this bound appeared when (25) was derived. That is,

SRR

UeS(W) XeS(U)

s(W)™H ST s(U)ppx) = 5W)ppwig2 < (5(W) + dY )y 4o,

where the inequality uses the fact that W is not a leaf. The second term is nothing
but

s(w)™t T (@d—o) WG —py < ST (@ - AW @ ).
ZeL'(W) Zel/ (W)

We now use the easy inequality

1 -1
« «
1+—) < <1+—> +a for all o, 3,2 > 0,
( B+ B 7

to obtain

—1
B s(W)
q(W) < (1 e+ d1/4+€)pW|+2>

+s(w)™h T (d— o) AWV G
ZeL (W)

1
< |1+ W]
B 1+ (d — [W]+ dY44)p w40
+ Z 0V~ ppg)

ZeL' (W

Z|+|W
=P + Z AN = pg). m
Zel' (W
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Proof of (31). Since Lemma 4.3 and (33) give

a(X) < pjx| + Z “IUHRI =),
UelLl/(X

it is enough to show that

> (@= TN g < em @2

UeL/(X)

But X¢ B and p=1 imply that

Yo @Ay < 3T 3 (@

UeL/(X) le;jven UeT(X)Nr';
< Y tHa— Tl 2 — gy < em 2,
Xi<j<e-2

The proof of (32) is the same as that of (31), except we use
IT(W) NTj| < t7Y(d — )~ IWiHle=d/2

(which follows from W€ .5(X) and X¢ B).

5. Proof of Theorem 1.2(b)

First we note that

1
5(” > 1{v7<M})
veV(Q)

1
o%(G) = Var = ZVar

> 1{v7<M}]

veV(G)

and clearly

Var Z 1{1,74]\/[}] = Z (ra (0, W) — pg(V)pa(W))
veV(G) v,weV(G)
< Y pe@®+ Y pe@® Y (pe@P) - pa)).
veV(Q) veV(Q) weV (Q)\{v}

Set

1(G,v) = (pq(@[0) = pa(w)) .
weV(G)\{v}
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Then Theorem 1.2(a) gives
2 < —1/44ey)
a(G)_(1+O(d ))\/d_+ 3
veV(Q)
Theorem 1.2(b) will follow from the fact that
(35) p(@)I(G,v)| < 2d~3/*4 for all v € V(G).

Of course (35) is a concrete expression of the idea that the indicators Lrygnry are

close to independent (compare the discussion in the vicinity of (2) of the limiting
values in Theorem 1.2).

Central to our argument are the quantities 77 (W) which are the product of
PT(u)(U) over all ancestors U of W, including W itself:

re(W) =prayW) - [ pruw©):

U':ancestor
of

We know by (6) that
L=pr(@) |1+ > prew
wes(V)

and multiplying both sides by pp(V) yields

(36) pr(V) =pr(V) +p7(V) Y prw(W).

The next lemma follows by inductive application of this argument.

Lemma 5.1.

WeV(T)

Proof. We just use (36) and induction:

pr(V) =pr(V) +p7(V) D pren(W)

WeSs(V)

=@+ > >

WeS(V) UeT( )

Since p% (V) =7r%(V) and p%(V)r%(W) (U)=rp(U) for we S(v), the lemma follows. [l
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Since pp(V)=pg(v), this lemma implies that
(37) pa@®= > W)
WeV/(T)
The quantity pg(v)I(G,v) (see (35)) turns out to be an alternating sum of the
r%(WYss
Lemma 5.2.

pe(®)I1(G,v) = (—1)WI=L2(w).
WeV(T)\{V}

Proof. The proof will be based on the recursive relations
(88)  IGwv)=— Y pr@EPIG\vy) + S pa@Prc@o),
YyENG(v) yENg(v)

where G'\ v is the subgraph of G induced by V(G)\{v}.
To prove (38) notice that if the event {v < M} occurs, then there must be a
unique y € Ng(v) such that the event {{v,y} € M} occurs. Hence

(39) pa@®+ Y. pa{yv}eM)=1,
yEN(G)

and

pe(®) = pe@pc@D) + > pa{v.y} € M)pe(@|{v,y} € M).

yENG(v)
Using
pa(@m) = pe@P) [ pe® + > pc(v,y} e M)
YyENG(v)
we have
pa(@m) —pa@) = Y pa{v,y} € M) (pa(@D) — pa(W|{v,y} € M)).

yENG (v)

Furthermore, since there is a bijection between the set all matchings containing an
edge {v,y} and the set of all matchings containing no edge incident to v or y, we
have

pra{v,y} € M) = pa(v,79),
and

rotttvad <30 = {0 UE
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Thus
pe(@D) —pe(@) = Y pa(,7) (pe(@7) - pe(@|{v,y} € M))
yENG (’U)
and

I[Go)= >, Y. pc(@.7) (@) — pe(@{v,y} € M))

weV(@)\{v} yENg(v)

= > pe@my) Y.,  (pa@P) - pa@H{v,y} € M))

yENG (v) weV(G)\{v}

= > pc@y Y. (@) - pa@ly,v))

yENG (v) weV (G)\{y,v}

+ Y pa@Ypalv).
yENG (v)

Since pg(W[0) =pa\, (W) and pe (WY, 7) =pa\, (W]Y),
> (pe@) - pe(@F,7) = ~1(G\v,y),
weV(G)\{yv}

and (38) follows.

Suppose now that the lemma is true for G\ y, y € Ng(v). Then pg(y[v) =
Pe\w(¥), Y€ Ni(v) and the induction hypothesis imply that

pc(@ DG\ v,y) = pa®)pc\v @)1(G\ v,y)

=pc® > ()W o),
WeV(T(Y)\{Y}

where |W/|y is the level of W in T'(Y), which is [W|—1. Thus (using pg(7,7)pg(9|70) =
el )

(40) pa(®)1(G,v)

= —pe(® Y > )WY )+ > pE@pE ).

yeNG(v) WeV(T(Y)\{Y} yENG(v)
For y € Ng(v), clearly

pé(ﬁ)r%(y) (W) = P%(V)T%(y) (W) = r7:(W).

Using pi(Y|v) =pr(y) (Y) we also know that

PP @) = P () (F) = (D).
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So altogether we have

PG(I(G,v) = (-2 W),
WeV(T)\{V}

|
To complete the proof of (35), and therefore Theorem 1.2(b), we show tight

)

lower bounds on the even and odd sums of the 7’% (W)’s:

. _ pg@(1 —d 1/
(41) > W) >
Wev(T)\{V} 2

IW| even

and
— _ pe(@)(1 —d"1/4He)

(42) > (W) > :

Wev(r) 2

W) odd

(We wind up with the (4¢)’s because we often use extra factors d® to subsume
smaller but clumsier error terms.) These inequalities together with Theorem 1.2(a)
and (37) imply that

>, W @w = Y W -2 Y (W)

WeV(T)\{V} WeV(T)\{V} WeV‘\//(TmV}
[W] even
V(1 _ J—1/44+4e
S pG(E) — 9. pG(U)(l 2d ) S 2d73/4+45

and similarly
(71)‘W|*1T%(W) 2 72d73/4+45'
WeV(T)\{V}

So (35) follows.

The proofs of (41) and (42) are essentially identical, so we prove only (41).
Recall s(W) is the number of chidren of W in 7. Let W € V(T) be of even level.

Denote by a(W) the product of S(U)_1 over all even ancestors of W; that is,

-1

a(w) = II s(U)

U: ancestors of W
U] even
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(a(v):=1). Of course, we should really use ap(W). The subscript T' is ommitted
for simplicity. We also write r(W) for rp(W).
2

Now consider Z a(W)r(W) | and apply the Cauchy—Schwarz inequality

WeT;
to obtain
2
(43) S awW)r@W) | < > ai(w) Yo rA(W).
WeT, WET; WeT;

The next two claims give tight lower and upper bounds (respectively) on the left
hand side of (43) and the first term on the right hand side for even I, which will

yield the desired lower bound on 3 e, r2(W) for even I.
Claim 1.
_ 12
3" a(W)r(W) > pe(o) (1 _dy? 2d*3/4+2€) for even I < /2 — 2.
WeT;

Proof. We show by induction that

2 . e—d/5

> a(W)r(W) = pa(v) (1 _a2 d—3/4+28) i

WeT;

The base case [=0 is trivial. For [>0 note that for W& Tj, 9 and its parent U and
grandparent X,

a(W) = a(x)s(x) and (W) = r(X)pra) (O)prw) (W).

Hence
YooawrrW) =Y > Y a(w)r(W)
WeT) 49 XeT; UeS(X) WeS(U)
> ax)rE)s X)) D prw@ DL prew) (W)
XeT, UesS(X) WeS(U)

and
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For XeT;\ B and U€ S(X), we know by (26) and (32) that

Pr(w)(U) < 412 4 g=3/4+2e

Therefore
Yo awWrW) > Y aX)rE)sT X)) Y (1 - prw(0)
WeT 12 XeT)\B UesS(X)
s (- a2 ) Y e
XeT,\B

> (1 g2 d73/4+25) Y axr@ - Y aX)rX).

XeT, XeBT,
The induction hypothesis implies that
Y alw)r(w)
WEeT) 2
142)/2  [.e—9/5 _
> po(@) (1-a /2 — i) TR DO T S i),
XeBNIy

Hence it is enough to show

Y (X < eI,

XeBnI'y,

which follows easily from Cauchy—Schwarz, (30) and (37):

1/2 1/2
Yooaxr® < | Y PX) > rP®
XeBﬂFl XEBﬂFl XEBﬂFl
1/2

(pe(@)'/? < e /5,

IN

(t(d —p)lemd/2(g - t)—l)

Claim 2.

Z a?(W) < 1+d /42 for all even | < t.
WeT;

Proof. We show by induction that

(44) 3 a?(w) < (1 + zd—?’/‘“ra)l/2 <1 + %e_ds) .

WeT;
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Since | <t = o(d}/?1¢), this is sufficient. As usual, the base case is trivial. For
general cases, notice that

2 W= >, ) e

WEeT 12 XeT; Ues( )WeS U)
XETz UeS( YWesS( )
=Y a*(x)s T (X)3(x).
XETZ

For X e T;\T;, we have

sTHX)E(X) < (14 2473/4F9)
while for X €I, we use the trivial bounds
s(X) >d—t and 3(X) <d.

These yield

Z a?(w) < (1 +2d73/4+5> Z a?(X) + dL Z a?(x)

WET 40 XeT\T; —t Xer,
< (1 +2d_3/4+5) Z a?(X) + Z a?(X).
XeT; Xely

On the other hand, (28) and a(X) <(d—t)~" give

doax) <t Hd—tle T (d—t) =t

Xely
so the induction hypothesis implies (44). |

Proof of (41). Claims 1 and 2 with (43) imply that, for all even [ < t/2 -2 =
od/2+4),

> (W) = pg () (1 —d 12— Qd*3/4+26>l (1 n d71/4+25)_1
WeT

> p2, () (1 _ d71/4+35) (1 _ d71/2)l'
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Thus
t/2—2
X Wz Y Y W)
Wev(m)\{V} =2 WeT,
[W| even | even
t/2—2 .
> p& () (1 - d_1/4+35) 3 (1 - d_1/2> .
1=2
l: even
Since

t/2—2 ;
Z (1 _ d—1/2) >(1- d—1/4+5)d1/2/2

=2
l: even

and pg(T)=d~ /2 +0(d=3/*+¢), we have, finally,

2 (=\(1 _ 97—1/4+3ey 71/2
1-—2d d
I P Ll i
Wev(m)N\{V}
\W| even

_ pa(@)(1 — Vi)
- 2

References

(1] M. Ajtal, J. KoMLOs and E. SZEMEREDI: A dense infinite Sidon sequence, Europ.
J. Combinatorics 2 (1981), 1-11.

2] N. Aron, J. H. KiMm and J. SPENCER: Nearly perfect matchings in regular simple
hypergraphs, Israel J. Math 100 (1997), 171-187.

(3] N. ALonN and J. H. SPENCER: The Probabilistic Method, Wiley, New York, 1992.

(4] B. BOLLOBAS: Martingales, isoperimetric inequalities and random graphs, in Com-
binatorics, A. Hajnal, L. Lovédsz and V. T. Sés Eds., Colloq. Math. Soc. Jénos
Bolyai 52, North Holland, 1988.

(5] P. FRANKL and V. RODL: Near-perfect coverings in graphs and hypergraphs, Europ.
J. Combinatorics 6 (1985), 317-326.

6] Z. FUREDI: Matchings and covers in hypergraphs, Graphs and Combinatorics 4
(1988), 115-206.

[7] C. D. GobsiL: Matching behavior is asymptotically normal, Combinatorica 1 (1981),
369-376.

8] C. D. GobsiL: Matchings and walks in graphs, J. Graph Th. 5 (1981), 285-297.



9]

[10]

(11]

(12]

(13]

(14]

(15]

(161

(17]

(18]
(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

RANDOM MATCHINGS IN REGULAR GRAPHS 225

C. D. GopsiL and I. GUTMAN: On the matching polynomial of a graph, pp. 241-
249 in Algebraic Methods in Graph Theory, I (L. Lovdsz and V. T. Sés, eds.),
Colloq. Math. Soc. Jénos Bolyai 25, North-Holland, Amsterdam, 1981.

G. H. Harpy, J. E. LiTTLEW0OD and G. POLYA: Inequalities (second edition),
Cambridge University Press, Cambridge, 1952.

L. H. HARPER: Stirling behavior is asymptotically normal, Ann. Math. Stat. 38
(1967), 410-414.

O. J. HEILMANN and E. H. LiEB: Monomers and dimers, Phys. Rev. Letters 24
(1970), 1412-1414.

O. J. HEILMANN and E. H. LIEB: Theory of monomer-dimer systems, Comm. Math.
Physics 25 (1972), 190-232.

A. JOHANSSON: An improved upper bound on the choice number for triangle free
graphs, manuscript, 1994.

J. KaHN: Asymptotically good list-colorings, J. Combinatorial Th. (A) 73 (1996),
1-59.

J. KAHN: Recent results on some not-so-recent hypergraph matching and covering
problems, pp. 305-353 in Extremal Problems for Finite Sets, Visegrdad, 1991,
Bolyai Soc. Math. Studies 3, 1994.

J. KAHN: A linear programming perspective on the Frankl-Rédl-Pippenger Theo-
rem, Random Structures and Algorithms, 8 (1996), 149-157.

J. KAHN: A normal law for matchings, submitted.

J. KAHN and P. M. KAYLL: Fractional v. integer covers in hypergraphs of bounded
edge size, J. Combinatorial Th. (A) 78 (1997), 199-235.

I. KAPLANSKY and J. RIORDAN: The problem of the rooks and its applications, Duke
Math. J. 13 (1946) 259-268.

J. H. KiM: On Brooks’ Theorem For Sparse Graphs, Combinatorics, Probability €
Computing 4 (1995), 97-132.

J. H. Kim: The Ramsey number R(3,t) has order of magnitude t2/logt, Random
Structures and Algorithms 7 (1995), 173-207.

H. Kunz: Location of the zeros of the partition function for some classical lattice
systems, Phys. Lett. (A) (1970), 311-312.

L. LovAsz and M. D. PLUMMER: Matching Theory, North Holland, Amsterdam,
1986.

C. J. H. McDiarMID: On the method of bounded differences, pp. 148-188 in
Surveys in Combinatorics 1989, Invited Papers at the 12th British Combinatorial
Conference, J. Siemons Ed., Cambridge Univ. Pr., 1989.

N. PIPPENGER and J. SPENCER: Asymptotic behavior of the chromatic index for
hypergraphs, J. Combinatorial Th. (A) 51 (1989), 24-42.

V. RODL: On a packing and covering problem, Europ. J. Combinatorics 5 (1985),
69-78.

A. RucINskI: The behaviour of (k knn—zk) ci/i! is asymptotically normal, Discrete
Math. 49 (1984), 287-290.



226 JEFF KAHN, JEONG HAN KIM: RANDOM MATCHINGS IN REGULAR GRAPHS

[29] J. SPENCER: Lecture notes, M.I.T., 1987.

[30] J. SPENCER: Asymptotic packing via a branching process, Random Structures and
Algorithms 7 (1995), 167-172.

[31] V. G. VIZING: On an estimate of the chromatic class of a p-graph (in Russian),
Diskret. Analiz 3 (1964), 25-30.

Jeff Kahn Jeong Han Kim
Department of Mathematics and RUTCOR ATET Bell Laboratories
Rutgers University Murray Hill, NJ 07974, USA

New Brunswick, NJ 08903, USA

jkahn@math.rutgers.edu Current address:

Microsoft Research
One Microsoft Way
Redmond WA 98052, USA


mailto:jkahn@math.rutgers.edu

	Heading
	1. Introduction
	2. Path-trees and indication of proof
	3. Proof of Lemma 2.2
	4. Proof of Theorem 1.2(a)
	5. Proof of Theorem 1.2(b)
	References

