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Abstract. A geometric graph is a grapB = G(V, E) drawn in the plane, where its
vertex setV is a set of points in general position and its edgeEeonsists of straight
segments whose endpoints belongtoTwo edges of a geometric graph are in convex
position if they are disjoint edges of a convex quadrilateral. It is proved here that a geometric
graph withn vertices and no edges in convex position contains at most 2 edges. This
almost solves a conjecture of Kupitz. The proof relies on a projection method (which
may have other applications) and on a simple result of Davenport—Schinzel sequences of
order 2.

1. Introduction

A geometric graphis a graphG = G(V, E) drawn in the plane whose vertex 3ét
consists of points in general position (i.e., no three are collinear) and whose edfje set
consists of straight segments whose endpoints belodg@bnsult [4] for recent results
on geometric graphs. Two segments areonvex positiorif they are disjoint edges of
a convex quadrilateral. A geometric graph is caledper if it has two edges in convex
position. Otherwise, it is callenproper.

The systematic study of geometric graphs was initiated by Kupitz and Perles [1].
Kupitz [2] constructed improper graphs withvertices and 2 — 2 edges fon > 4. (See
Fig. 1 for an improper geometric graph on 7 vertices and 12 edges.)
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Fig. 1. Animproper geometric graph on 7 vertices and 12 edges.

He made the following conjecture:

Kupitz Conjecture. Animproper geometric graph with n vertices has at naost- 2
edges

Here the conjecture is almost solved:
Theorem. An improper geometric graph with n vertices has at nfsst- 1 edges

This result has appeared in [3]. The proof relies on a projection method and on a
simple property of Davenport—Schinzel sequences of order 2.

The second section deals with definitions and two lemmas, followed by the proof of
the theorem in the third section.

2. Definitions and Two Lemmas

For distinct pointx andy let xy denote the segment with endpoimtandy, let £(x, y)
denote the line through these points, anddgtdenote the ray (half-line) with apex
and containing. An edgexy of a geometric graph is said to be to tinght (left) of edge
xzif the ray XV is obtained from the raxz by a clockwise (counterclockwise) rotation
aboutx by a positive angle less than If there is no edge incident toto the right (left)
of xy, thenxy is called therightmost(leftmos} edge ofx. If xy is not the rightmost or
the leftmost edge of, then it is called amnterior edge ofx.

A circular sequence is a sequence whose first and last term are considered adjacent. A
circular sequence from a setmymbols shall be called@rcular Davenport—Schinzel
sequence of order 2 if no two adjacent terms are identical and if it does not contain a
circular subsequence of typdah

For more advanced results on Davenport—Schinzel sequences (which are not needed
here), applications, etc., we may consult [5]. We shall need a known upper bound on the
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length of such circular sequences of order 2 which is easily proved by induction on
the number of symbols, see [5].

Lemma l. The length of a circular Davenport—Schinzel sequence of ofden n
symbols for n> 2 is at most2n — 2.

A convex curvés the boundary of a compact convex planar set with nonempty interior.
The next technical lemma is essential to the proof of the theorem.

Lemma 2. LetA, A;j, A, A be four points appearing in this order on a convex curve
y.Let P, Q be two points inside.
Consider the foufclosed segments

PA,QA,PA, QA, D
and assume that among them

there is no segment s such that s contains only one of the pojr@s P
and the line supporting s contains both of them (2)

Then two of the four segments are in convex position

Proof. Observe that:

If points A, B, C, D in general position lie in this order on a convex
curve, then the segmentsB andC D are in convex position. 3)

Let¢ = ¢(P, Q) and letl ™ andl ~ be two half-planes such thiat N1~ = £. Let yy (y»)
be the boundary of the convex hulllof Ny (of I~ N y). Itis easy to check, using (2)
and (3) that if one of the four point&;, A, Ac, A, lies on¢, then two of the segments
are in convex position. Assume therefore without loss of generality that either

A, Aj, andA lie in the interior ofi ™ 4

or
A and A, lie in the interior ofi ™

and
A and A, lie in the interior ofl . (5)

In case (4), by (3) applied tgy, eitherP A andQ A; are in convex position oP A, and
QA are in convex position.

In case (5) ifP A, QA; are not in convex position ané A, Q A, are not in convex
position, then by (3) the order of the points pris A, A;, A, Ax, a contradiction. O
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3. Proof of the Theorem

Let vy, ..., v, be the vertices oG ande the number of its edges. Assume titats
improper withe > 1. LetC be a circle containings, . . ., v, in its interior. For any two
verticesy; andv; joined by an edge; vj define two points oiC:

OlijZIWjﬂC and Oljizmﬁc.

Arrange the 2 points onC in a circular sequence according to the order of their appear-
ance orC. Let D(G) be the circular sequence thus obtained.
Color the points oD (G) with n colors such that

ajj receives the colar.

Pointe;; has adark colori if vivj is an interior edge of;. Otherwiseg;; has alight
colori. Divide the sequencB (G) into arcswhere an arc is a maximal subsequence of
consecutive points dD(G) having the same coldr Note that a dark and a light may
belong to the same arc.

The circular sequence obtained fraiG) by contracting each arc to one of its points
and then replacing the point by its colas called thepattern sequencef G, or P S(G).
See Fig. 2. for a geometric graph with four vertices and the corresponding sequences
D(G) andP S(G). Behind each point;; is shown its color with a superscrigtif it is
dark or¢ if it is light.

Here D(G) = (aa1, a2, 043, 023, 012, A14, X24, O34, 32, (421). The arcs ofG are
(0ta1, 0tap, 0a3), (a23), (012, @14), (024), (034, @32), (21). The pattern sequenceRsS(G)
=(4,2,1,23,2).

We need the following two assertions:

Lemma 3. P SG) is a circular Davenport—Schinzel sequence of order

Fig. 2. A geometric graph on four vertices and the derived sequence.
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Lemma 4. An arc of D(G) contains at most one point with dark calor

We have
|ID(G)| = 2e = ¢ of light colored points+ # of dark colored points. (6)

Each vertex of5 has at most one rightmost edge and at most one leftmost edge incident
to it, so that the number of light colored points{G) is bounded by 8. By Lemmas 1,
3,and 4,

#t of dark colored points< |[PS(G)| < 2n — 2.

Substitute all of the above in (6) to obtain
e<2n-1. O

It remains to prove Lemmas 3 and 4.

Proof of Lemma&. If PS(G) is not a circular Davenport—Schinzel sequence of order
2, then there are four point&ay,, @bu,, ®aus, by, @ppearing in that order o@. Since

v1, ..., vy arein general position there are no two disjoint segmsnig, v,v; such that

a line through one of them contains an endpoint of the other. Therefore by Lemma 2,
two of the segments

Valau, s Ub®bu,, Valauz» Ub&bu,

are in convex position. Since every edgey is contained in the segmentayy, two of
the segments

UaUulv Uva27 UaUU3, Uva4

are in convex position, a contradiction. O

Proof of Lemmat. Suppose that the pointgy, a5 belong to the same arc and are dark
colored. Assume without loss of generality that. is to the right ofvav,. The edges
Valp, Valc are interior edges af, andv, respectively. So let,vy be to the right oy,
and letvcvy be to the left ofucva. Letst be the chord o€ that containgyve, so thatvy
lies inves anduc in vpt. Let T~ be the ray with apexy, and parallel tagva.

Let a1, ay, az, as be the following angles:

a1 = con(tpapa U T), az = coM(T U 1p5),
—_—
ag = CONV(UpS U Uplan) and a4 = conv(vct U vcaa’c).
See Fig. 3.

Sincewvpy is to the right ofvyua, vy Must lie in at least one of the angles or a,
or az. If vy € a1, then the pointseac, axp, @an, apx are in that order o€. Therefore
Oap, Qac @re not on the same arc, a contradictionudfe a», thenvyvy andvcv, are in
convex position, a contradiction.

Thereforevyvy is in oz and by symmetrycvy is in aa, implying vyvx andvcvy are in
convex position, a contradiction. O
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Fig. 3. Two dark points in an arc of an improper geometric graph are impossible.

The conjecture of Kupitz has been proved by Pavel Valtr, consult [6]. The major
contribution of [6] is that for any fixeld > 3, any geometric graph anvertices with no
k edges such that any two of them are in convex position contains at@{ostedges.
Valtr also proves that any geometric graphrorertices with nok pairwise crossing
edges contains at moét(n logn) edges.
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