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Abstract. Denoting1H the Laplacian operator on the(2N + 1)-dimensional Heisenberg
groupHN , we prove some nonexistence results for solutions of inequalities of the three
types

1H (au) + |u|p ≤ 0, (EI)

∂tu − 1H (au) − |u|p ≤ 0, (PI)

∂tt u − 1H (au) − |u|p ≤ 0, (HI)

in HN andHN × R+ , with a ∈ L∞, when 1< p ≤ p0, wherep0 depends onN and the
type of equation.

1. Introduction

The(2N + 1)-dimensional Heisenberg groupHN is the spaceR2N+1 = {
(x, y, τ )

∈ RN × RN × R
}

equipped with the group operation

η ◦ η̃ =
(

x + x̃, y + ỹ, τ + τ̃ + 2
∑N

i=1
(xi ỹi − yi x̃i)

)
(1.1)

where

η = (x, y, τ ) = (x1, . . . , xN , y1, . . . , yN , τ ),

η̃ = (x̃, ỹ, τ̃ ) = (x̃1, . . . , x̃N , ỹ1, . . . , ỹN , τ̃ ).

This group multiplication endowsHN with a structure of Lie group. The Laplacian
1H over HN is obtained from the vectors fieldsXi = ∂xi

+ 2yi∂t and Yi =
∂yi

− 2xi∂t by the following

1H =
∑N

i=1
(Xi ◦ Xi + Yi ◦ Yi) . (1.2)
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Explicit computation gives the explicit expression

1Hu =
∑N

i=1

(
∂2
xixi

u + ∂2
yiyi

u + 4yi∂
2
xiτ

u − 4xi∂
2
yiτ

u + 4(x2
i + y2

i )∂2
ττ u

)
.

(1.3)

The operator1H is a degenerate elliptic operator satisfying the Hormander condi-
tion of order one. It is invariant with respect to the left multiplication in the group
since

1H (u(η0 ◦ η)) = (1Hu) (η0 ◦ η) (1.4)

(∀(η0, η) ∈ HN × HN
)
. OnHN it is natural to define a distance fromη to the origin

by

|η|H =
(

τ2 +
∑N

i=1
(x2

i + y2
i )2
)1/4

. (1.5)

This distance is the analogous of the parabolic distance for the heat operator in
R+ × RN . Its role is pointed out by the fact that ifu(η) = u(|η|H) then

1Hu(ρ) = a(η)

(
d2u

dρ2 + Q − 1

ρ

du

dρ

)
, (1.6)

with ρ = |η|H , a(η) = ρ−2∑N
i=1(x

2
i + y2

i ) andQ = 2N + 2 . This last number
Q is called the homogeneous dimension ofHN .

Non existence results for positive solutions of nonlinear elliptic inequalities of
the type

1Hu + |η|γH up ≤ 0 (1.7)

were studied by Garofalo and Lanconelli [5] under restrictive assumptions on u, and
later on by Birindelli, Capuzzo Dolcetta and Cutri [2] under a much less restrictive
assumption, namely only the positivity ofu. In this last paper the authors proved
that if γ > −2 and 1< p ≤ (Q + γ )/(Q − 2) there exists no positive solution
to (1.7) defined in wholeHN . The techniques upon which this result is based on
the use of specific test functions. In this paper we modify their approach and first
prove the same type of result without any sign assumption onu. More precisely,
let a be a bounded and measurable function defined inHN , then we prove that
there exists no locally integrable function u defined in wholeHN, such thatu ∈
L

p
loc(H

N, |η|γH dη), satisfying

1H(au) + |η|γH |u|p ≤ 0, (1.8)

wheneverγ > −2 and 1< p ≤ (Q + γ )/(Q − 2) . As in [11] our method is
essentially a dimensional analysis were the type of the operator is not fundamental
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but only its scaling invariance.We extend this result to elliptic Hamiltonian systems,
parabolic and hyperbolic inequalities such as

{
1H(a1u) + |η|γ1

H |v|p1 ≤ 0
1H(a2v) + |η|γ2

H |u|p2 ≤ 0,
(1.9)

∂tu ≥ 1H(au) + |η|γH |u|p , (1.10)

∂ttu ≥ 1H(au) + |η|γH |u|p . (1.11)

For example, in the case of inequality (1.10) we prove that no weak solutionu

exists provided∫
R2N+1

u(η, 0)dη ≥ 0 , γ > −2 and 1< p ≤ (Q + γ + 2)/Q.

While in the case of inequality (1.11) the non-existence holds if∫
R2N+1

∂tu(η, 0)dη ≥ 0 , γ > −2 and 1< p ≤ (Q + γ + 1)/(Q − 1).

These results have to be compared with similar results valid for the semilinear heat
equation and wave equation ([4], [9], [7]).

2. Elliptic inequalities

Let a be a bounded and measurable function defined, inR2N+1 γ andp > 1 real
numbers. We identify points inHN with points inR2N+1 . We also recall that the
natural Haar measure inHN is identical to the Lebesgue measuredη = dxdydτ

in R2N+1 = RN × RN × R.

Definition 1. A weak solution u of the differential inequality

1H(au) + |η|γH |u|p ≤ 0 (2.1)

in R2N+1 is a locally integrable function such thatu ∈ L
p
loc(R

2N+1, |η|γH dη) which
satisfies ∫

R2N+1

(
au1Hζ + |η|γH |u|p ζ

)
dη ≤ 0, (2.2)

for anyζ ∈ C2
c

(
R2N+1

)
, ζ ≥ 0.

Theorem 2.1.Assumeγ > −2 and1 < p ≤ (Q + γ )/(Q − 2), then there exists
no solutionu of inequality (2.1) defined inR2N+1 .
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Proof. Let u be such a weak solution andζ be a smooth nonnegative test function.
From (2.2) ∫

R2N+1
|η|γH |u|p ζdη ≤ −

∫
R2N+1

au1Hζdη. (2.3)

We chooseζ such that∫
R2N+1

|1Hζ |p′
ζ 1−p′ |η|γ (1−p′)

H dη < ∞, (2.4)

wherep′ = p/(p − 1) and such a choice is possible by takingζ constant near 0.
Then∣∣∣∣

∫
R2N+1

au1Hζdη

∣∣∣∣
≤ ‖a‖L∞

(∫
R2N+1

|1Hζ |p′
ζ 1−p′ |η|γ (1−p′)

H dη

)1/p′ (∫
R2N+1

|η|γH |u|p ζdη

)1/p

≤ 1

2

∫
R2N+1

|η|γH |u|p ζdη + C

∫
R2N+1

|1Hζ |p′
ζ 1−p′ |η|γ (1−p′)

H dη . (2.5)

In the sequelC denotes a constant which may vary from line to line but is inde-
pendent of the terms which will take part in any limit processing. Therefore the
inequality∫

R2N+1
|η|γH |u|p ζdη ≤ C

∫
R2N+1

|1Hζ |p′
ζ 1−p′ |η|γ (1−p′)

H dη (2.6)

follows from (2.2), (2.5). Now we take

ζ(η) = ζ(x, y, τ ) = ϕ

(
τκ + |x|µ + |y|µ

R2

)

whereϕ ∈ C∞
c (R+) satisfies 0≤ ϕ ≤ 1 and

ϕ(r) =
{

0 if r ≥ 2,

1 if 0 ≤ r ≤ 1,
(2.7)

andR is a positive parameter,κ > 0 andµ > 0 will be determined later on. Then

1Hζ =
∑N

i=1

(
∂2
xixi

ζ + ∂2
yiyi

ζ + 4yi∂
2
xiτ

ζ − 4xi∂
2
yiτ

ζ + 4(x2
i + y2

i )∂2
ττ ζ

)
=
(
µ
(
|x|2µ−2 + |y|2µ−2

)
+ 4κ2

(
|x|2 + |y|2

)
τ2κ−2

)( d2ϕ

dR2 ◦ ρ

)
R−4

+
(
µ(µ + N − 2)

(
|x|µ−2 + |y|µ−2

)
+ 4κ(κ − 1)

(
|x|2 + |y|2

)
τκ−2

)
×
(

dϕ

dR
◦ ρ

)
R−2, (2.8)
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whereρ = R−2 (τ κ + |x|µ + |y|µ) . In order to estimate the right-hand side of
(2.8) we perform the change of variables(x, y, τ ) = η 7−→ η̃ = (x̃, ỹ, τ̃ )


R−2τκ = τ̃ κ

R−2 |x|µ = |x̃|µ
R−2 |y|µ = |ỹ|µ

⇔



τ = R2/κ τ̃

x = R2/µx̃

y = R2/µỹ

(2.9)

Let ρ̃(x̃, ỹ, τ̃ ) = τ̃ κ + |x̃|µ + |ỹ|µ and

� =
{
(x̃, ỹ, τ̃ ) ∈ RN × RN × R+ : τ̃ κ + |x̃|µ + |ỹ|µ ≤ 2

}
.

Then

1Hζ = R−4/µµ
(
|x̃|2µ−2 + |ỹ|2µ−2

)( d2ϕ

dR2 ◦ ρ̃

)

+R−4/µµ(µ + N − 2)
(
|x̃|µ−2 + |ỹ|µ−2

)( dϕ

dR
◦ ρ

)

+R4/µ−4/κ4κ2
(
|x̃|2 + |ỹ|2

)
τ2κ−2

(
d2ϕ

dR2 ◦ ρ̃

)

+R4/µ−4/κ4κ(κ − 1)
(
|x̃|2 + |ỹ|2

)
τκ−2

(
dϕ

dR
◦ ρ

)
. (2.10)

Sincedη = R4N/µ+2/τ dη̃, we derive from (2.10) that∫
R2N+1

|1Hζ |p′
ζ 1−p′ |η|γ (1−p′)

H dη

≤ C
(
R−4p′/µ+4N/µ+2/κ + R4p′/µ−4p′/κ+4N/µ+2/κ

)
×
(
R2γ (1−p′)/µ + Rγ(1−p′)/κ

)

×
∫

�

(∣∣∣∣ d2ϕ

dR2 ◦ ρ̃

∣∣∣∣
p′

+
∣∣∣∣ d2ϕ

dR2 ◦ ρ̃

∣∣∣∣
p′)

(ϕ ◦ ρ̃)1−p′
dη̃, (2.11)

where C depends onµ andκ. Finally (2.6) reads as∫
R2N+1

|η|γH |u|p ζdη ≤ C
(
R−4p′/µ+4N/µ+2/κ + R4p′/µ−4p′/κ+4N/µ+2/κ

)
×
(
R2γ (1−p′)/µ + Rγ(1−p′)/κ

)
. (2.12)

Introducing the different exponents


α1 = −4p′/µ + 4N/µ + 2/κ + 2γ (1 − p′)/µ
α2 = −4p′/µ + 4N/µ + 2/κ + γ (1 − p′)/κ
α3 = 4p′/µ − 4p′/κ + 4N/µ + 2/κ + 2γ (1 − p′)/µ
α4 = 4p′/µ − 4p′/κ + 4N/µ + 2/κ + γ (1 − p′)/κ

(2.13)
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the problem is reduced to optimise the parametersµ andκ in order to haveαi ≤ 0
for i = 1, . . . , 4. Settingθ = µ/κ > 0 we are left to finding the conditions under
which there holds




4N ≤ 4p′ − 2θ + 2γ (p′ − 1)

4N ≤ 4p′ − 2θ + γ (p′ − 1)θ

4N ≤ −4p′ + 4p′θ − 2θ + 2γ (p′ − 1)

4N ≤ −4p′ + 4p′θ − 2θ + γ (p′ − 1)θ.

(2.14)

If we call θ 7−→ Ai(θ) (i = 1, . . . , 4) the linear functions appearing in the right-
hand side inequalities (2.14), we see that those linear functions take the same value
A∗ = 2(2+γ )(p′ −1) for the valueθ = 2 (which is the optimal choice). Therefore
(2.14) will be satisfied if and only if

2N ≤ 2(2 + γ )(p′ − 1) ⇔ p ≤ (2N + 2 + γ )/(2N) = (Q + γ )/(Q − 2).

(2.15)

In the case where 1< p < (Q + γ )/(Q − 2), we takeθ > 0 such as all the
inequalities (2.14) are strict. Therefore all the exponentsαi are negative fori =
1, . . . , 4. Since limR→∞ ζ(η) = limR→∞ ζR(η) = 1, we letR go to infinity in
(2.12) and deduce that

∫
R2N+1

|η|γH |u|p dη = 0. (2.16)

In the case wherep = (Q + γ )/(Q − 2), we takeµ = 2, κ = 1 and first deduce
from (2.12) that

∫
R2N+1

|η|γH |u|p dη < ∞. (2.17)

We set�∗
R = {(x̃, ỹ, τ̃ ) ∈ RN × RN × R+ : R2 ≤ τ + |x|2 + |y|2 ≤ 2R2}. Since

ϕ(r) is constant forr ∈ [0, ∞) \ (1, 2), we have

∣∣∣∣
∫

R2N+1
au1Hζdη

∣∣∣∣ =
∣∣∣∣∣
∫

�∗
R

au1Hζdη

∣∣∣∣∣
≤ ‖a‖L∞

(∫
�∗

R

|1Hζ |p′
ζ 1−p′ |η|γ (1−p′)

H dη

)1/p′

×
(∫

�∗
R

|η|γH |u|p ζdη

)1/p

, (2.18)
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and we derive from (2.3), (2.18) that

∫
R2N+1

|η|γH |u|p ζdη ≤ ‖a‖L∞

(∫
R2N+1

|1Hζ |p′ ζ 1−p′ |η|γ (1−p′)
H dη

)1/p′

×
(∫

�∗
R

|η|γH |u|p ζdη

)1/p

≤ C

(∫
�∗

R

|η|γH |u|p dη

)1/p

. (2.19)

(we use here (2.12) withαi = 0 for i = 1, . . . , 4). It follows from the integrability
of |η|γH |u|p in R2N+1 that

lim
R→∞

∫
�∗

R

|η|γH |u|p dη = 0. (2.20)

Therefore the right-hand side of (2.18) goes to 0 whenR → ∞ and again (2.2-2.16)
follows. ut
Remark 2.2.It is known [2] that wheneverp > (Q + γ )/(Q − 2), there exist
positive solutions of (2.1) inR2N+1.

Definition 2. Let a1 and a2 be two bounded measurable functions inR2N+1. A
weak solution(u, v) of the system of differential inequalities{

1H(a1u) + |η|γ1
H |v|p1 ≤ 0

1H(a2v) + |η|γ2
H |u|p2 ≤ 0

(2.21)

in R2N+1 is a couple of locally integrable functions(u, v) such that

v ∈ L
p1
loc(R

2N+1, |η|γ1
H dη) and

u ∈ L
p2
loc(R

2N+1, |η|γ2
H dη),

which satisfy ∫
R2N+1

(
a1u1Hζ + |η|γ1

H |v|p1 ζ
)
dη ≤ 0, (2.22)

∫
R2N+1

(
a2v1Hζ + |η|γ2

H |u|p2 ζ
)
dη ≤ 0, (2.23)

for anyζ ∈ C2
c

(
R2N+1

)
, ζ ≥ 0.

Theorem 2.3.Assume

γj > −2 and 1 < pj ≤ (Q + γj )/(Q − 2) for j = 1, 2,

then there exists no solution(u, v) of inequality (2.21) defined inR2N+1.
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Proof. Following the scheme of proof of Theorem 2.1, we take a nonnegative test
functionζ satisfying∫

R2N+1
|1Hζ |p′

1 ζ 1−p′
1 |η|γ1(1−p′

1)

H dη

+
∫

R2N+1
|1Hζ |p′

2 ζ 1−p′
2 |η|γ2(1−p′

2)

H dη < ∞,

(2.24)

and get∫
R2N+1

|η|γ1
H |v|p1 ζdη ≤

∣∣∣∣
∫

R2N+1
a1u1Hζdη

∣∣∣∣ ,
≤ ‖a1‖L∞

(∫
R2N+1

|1Hζ |p′
2 ζ 1−p′

2 |η|γ2(1−p′
2)

H dη

)1/p′
2

×
(∫

R2N+1
|η|γ2

H |u|p2 ζdη

)1/p2

≤ 1

2

∫
R2N+1

|η|γ2
H |u|p2 ζdη

+C

∫
R2N+1

|1Hζ |p′
2 ζ 1−p′

2 |η|γ2(1−p′
2)

H dη , (2.25)

and∫
R2N+1

|η|γ2
H |u|p2 ζdη ≤

∣∣∣∣
∫

R2N+1
a2v1Hζdη

∣∣∣∣
≤ ‖a2‖L∞

(∫
R2N+1

|1Hζ |p′
1 ζ 1−p′

1 |η|γ1(1−p′
1)

H dη

)1/p′
1

×
(∫

R2N+1
|η|γ1

H |u|p1 ζdη

)1/p1

≤ 1

2

∫
R2N+1

|η|γ1
H |u|p1 ζdη

+C

∫
R2N+1

|1Hζ |p′
1 ζ 1−p′

1 |η|γ1(1−p′
1)

H dη, (2.26)

Therefore ∫
R2N+1

|η|γ1
H |v|p1 ζdη +

∫
R2N+1

|η|γ2
H |u|p2 ζdη

≤ 2C

∫
R2N+1

|1Hζ |p′
1 ζ 1−p′

1 |η|γ1(1−p′
1)

H dη

+2C

∫
R2N+1

|1Hζ |p′
2 ζ 1−p′

2 |η|γ2(1−p′
2)

H dη, (2.27)

We take now

ζ(η) = ζ(x, y, τ ) = ϕ

(
τκ + |x|µ + |y|µ

R2

)
,
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then perform the change of variables (2.9) and finally derive∫
R2N+1

|η|γ1
H |v|p1 ζdη +

∫
R2N+1

|η|γ2
H |u|p2 ζdη (2.28)

≤ C
(
R−4p′

1/µ+4N/µ+2/κ + R4p′
1/µ−4p′

1/κ+4N/µ+2/κ
)

·
(
R2γ1(1−p′

1)/µ + Rγ1(1−p′
1)/κ

)
+C

(
R−4p′

2/µ+4N/µ+2/κ + R4p′
2/µ−4p′

2/κ+4N/µ+2/κ
)

·
(
R2γ2(1−p′

2)/µ + Rγ2(1−p′
2)/κ

)
≤ C

(∑4

1
(Rα1

i + Rα2
i )

)
,

where 


α
j
1 = −4p′

j /µ + 4N/µ + 2/κ + 2γj (1 − p′
j )/µ

α
j
2 = −4p′

j /µ + 4N/µ + 2/κ + γj (1 − p′
j )/κ

α
j
3 = 4p′

j /µ − 4p′
j /κ + 4N/µ + 2/κ + 2γj (1 − p′

j )/µ

α
j
4 = 4p′

j /µ − 4p′
j /κ + 4N/µ + 2/κ + γj (1 − p′

j )/κ

(2.29)

for j = 1, 2. Optimizing theα
j
k in order to have them nonpositive and setting

θ = µ/κ transforms this series of inequalities into




4N ≤ 4p′
j − 2θ + 2γj (p

′
j − 1)

4N ≤ 4p′
j − 2θ + γj (p

′
j − 1)θ

4N ≤ −4p′
j + 4p′

j θ − 2θ + 2γj (p
′
j − 1)

4N ≤ −4p′
j + 4p′

j θ − 2θ + γj (p
′
j − 1)θ

(2.30)

For θ = 2 those inequalities reduce to

2N ≤ 2(2 + γj )(p
′
j − 1) (j = 1, 2), (2.31)

which givespj ≤ (Q + γj )/(Q − 2) . The end of the proof is as in Theorem 2.1.
ut

3. Parabolic and hyperbolic inequalities

We first consider parabolic type inequalities of the following type

∂tu ≥ 1H(au) + |η|γH |u|p (3.1)

in R2N+1 × R+ = R2N+1,1
+ wherea = a(η, t) is a bounded and measurable

function.
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Definition 3. A weak solutionu of the differential inequality (3.1) inR2N+1,1
+

with initial datau0 ∈ L1
loc(R

2N+1) is a locally integrable function such thatu ∈
L

p
loc(R

2N+1,1
+ , |η|γH dηdt) which satisfies∫ ∞

0

∫
R2N+1

(
u∂t ζ + au1Hζ + |η|γH |u|p ζ

)
dηdt +

∫
R2N+1

u0(η)ζ(η, 0)dη ≤ 0,

(3.2)

for anyζ ∈ C2
c

(
R2N+1,1

+
)
, ζ ≥ 0 .

Theorem 3.1.Assume

γ > −2 , 1 < p ≤ (Q + 2 + γ )/Q and
∫

R2N+1
u0(η)dη ≥ 0.

Then there exists no solutionu of inequality (3.1) defined inR2N+1,1
+ .

Proof. If u be such a such solution andζ is a smooth nonnegative test function, we
get ∫

R2N+1
|η|γH |u|p ζdη ≤ −

∫
R2N+1

au1Hζdη. (3.3)

We chooseζ such that∫ ∞

0

∫
R2N+1

(
|∂t ζ |p′ + |1Hζ |p′)

ζ 1−p′ |η|γ (1−p′)
H dηdt < ∞. (3.4)

Then it follows from (3.2) that∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt +
∫

R2N+1
u0(η)ζ(η, 0)dη

≤ −
∫ ∞

0

∫
R2N+1

(u∂t ζ + au1Hζ ) dηdt

≤
(∫ ∞

0

∫
R2N+1

(
|∂t ζ |p′ + ‖a‖L∞ |1Hζ |p′)

ζ 1−p′ |η|γ (1−p′)
H dηdt

)1/p

×
(∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt

)1/p

≤ 1

2

∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt

+C

∫ ∞

0

∫
R2N+1

(
|∂t ζ |p′ + ‖a‖L∞ |1Hζ |p′)

ζ 1−p′ |η|γ (1−p′)
H dηdt, (3.5)

Therefore∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt + 2
∫

R2N+1
u0(η)ζ(η, 0)dη

≤ 2C

∫ ∞

0

∫
R2N+1

(
|∂t ζ |p′ + ‖a‖L∞ |1Hζ |p′)

ζ 1−p′ |η|γ (1−p′)
H dηdt. (3.6)
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Taking

ζ(η, t) = ζ(x, y, τ, t) = ϕ

(
τκ + |x|µ + |y|µ + tσ

R2

)

whereκ > 0, µ > 0 andσ > 0 have to be optimised, and using the fact that∫ ∞

0

∫
R2N+1

|∂t ζ |p′
ζ 1−p′ |η|γ (1−p′)

H dηdt

≤ CR−2p′/σ+2/κ+2/σ+4N/µ
(
R2γ (1−p′)/µ + Rγ(1−p′)/κ

)
(3.7)

we get (with the same notations as in Section 2)∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt + 2
∫

R2N+1
u0(η)ζ(η, 0)dη

≤ CR4N/µ+2/κ+2/σ

×
(
R−4p′/µ + R4p′/µ−4p′/κ + R−2p′/σ

) (
R2γ (1−p′)/µ + Rγ(1−p′)/κ

)

×
∫

�

(∣∣∣∣ dϕ

dR
◦ ρ̃

∣∣∣∣
p′

+
∣∣∣∣ d2ϕ

dR2 ◦ ρ̃

∣∣∣∣
p′)

(ϕ ◦ ρ̃)1−p′
dη̃. (3.8)

Settingθ = µ/κ > 0 andω = µ/σ > 0, we are left to finding the conditions
under which there holds



4N ≤ 4p′ − 2θ − 2ω + 2γ (p′ − 1)

4N ≤ 4p′ − 2θ − 2ω + γ (p′ − 1)θ

4N ≤ −4p′ + 4p′θ − 2θ − 2ω + 2γ (p′ − 1)

4N ≤ −4p′ + 4p′θ − 2θ − 2ω + γ (p′ − 1)θ

4N ≤ 2p′ω − 2θ − 2ω + 2γ (p′ − 1)

4N ≤ 2p′ω − 2θ − 2ω + γ (p′ − 1)θ

(3.9)

For θ = 2 = ω those inequalities reduce to

4N ≤ 4p′ − 8 + 2γ (p′ − 1) ⇔ p ≤ (Q + γ + 2)/Q. (3.10)

Since the functions in the right-hand side of (3.9) are linear functions, this is the
optimal choice forθ andω in order to have (3.9). When 1< p < (Q + γ + 2)/Q,
all the exponents ofR in (3.8) are negative. LettingR go to infinity and using Fatou
lemma yields∫ ∞

0

∫
R2N+1

|η|γH |u|p dηdt + 2
∫

R2N+1
u0(η)dη

≤ lim inf
R→∞

(∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt + 2
∫

R2N+1
u0(η)ζ(η, 0)dη

)
,(3.11)

which is zero from (3.8) and a nonzerou cannot exists since∫
R2N+1

u0(η)dη ≥ 0.
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Whenp = (Q + γ + 2)/Q, we deduce from (3.8) that

∫ ∞

0

∫
R2N+1

|η|γH |u|p dηdt < ∞.

Using the multiplicative form of (3.5), and the fact thatϕ ≡ 1 for 0 ≤ R ≤ 1
implies the result as in the proof of Theorem 2.1.ut

Remark 3.2.The integrability condition onu0 can be weakened and replaced by

lim sup
R→∞

∫
R2N+1

u0(η)ϕ
(
(τ + |x|2 + |y|2)/R2

)
dxdydτ ≥ 0.

We now consider hyperbolic type inequalities of the following type

∂ttu ≥ 1H(au) + |η|γH |u|p (3.12)

in R2N+1 × R+ = R2N+1,1
+ wherea = a(η, t) is a bounded and measurable

function.

Definition 4.A weak solutionu of the differential inequality (3.1) inR2N+1,1
+ with

initial datau0, u1 ∈ L1
loc(R

2N+1) and is a locally integrable function such that

u ∈ L
p
loc(R

2N+1,1
+ , |η|γH dηdt) which satisfies

∫ ∞

0

∫
R2N+1

(−u∂tt ζ + au1Hζ + |η|γH |u|p ζ
)
dηdt

−
∫

R2N+1
u0(η)∂t ζ(η, 0)dη +

∫
R2N+1

u1(η)ζ(η, 0)dη ≤ 0, (3.13)

for anyζ ∈ C2
c

(
R2N+1,1

+
)
, ζ ≥ 0.

Theorem 3.3.Assume

γ > −2 , 1 < p ≤ (Q + 1 + γ )/(Q − 1) and
∫

R2N+1
u1(η)dη ≥ 0,

then there exists no solutionu of inequality (3.12) defined inR2N+1,1
+ .

Proof. The proof follows the scheme of the one of Theorem 3.1, therefore we shall
only indicate the modifications. Ifu is such a solution andζ a smooth nonnegative
test function such that∫ ∞

0

∫
R2N+1

(
|∂tt ζ |p′ + |1Hζ |p′)

ζ 1−p′ |η|γ (1−p′)
H dηdt < ∞, (3.14)
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we obtain∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt +
∫

R2N+1
u1(η)ζ(η, 0)dη

−
∫

R2N+1
u0(η)∂t ζ(η, 0)dη

≤
∫ ∞

0

∫
R2N+1

(u∂tt ζ − au1Hζ ) dηdt

≤
(∫ ∞

0

∫
R2N+1

(
|∂tt ζ |p′ + ‖a‖L∞ |1Hζ |p′) ζ 1−p′ |η|γ (1−p′)

H dηdt

)1/p

×
(∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt

)1/p

≤ 1

2

∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt

+ C

∫ ∞

0

∫
R2N+1

(
|∂tt ζ |p′ + ‖a‖L∞ |1Hζ |p′)

ζ 1−p′ |η|γ (1−p′)
H dηdt. (3.15)

If we take the test functionζ such that∫
R2N+1

u0(η)∂t (η, 0)dη ≤ 0, (3.16)

we derive from (3.15)–(3.16)∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt + 2
∫

R2N+1
u1(η)ζ(η, 0)dη ≤

2C

∫ ∞

0

∫
R2N+1

(
|∂tt ζ |p′ + ‖a‖L∞ |1Hζ |p′)

ζ 1−p′ |η|γ (1−p′)
H dηdt.(3.17)

We take

ζ(η, t) = ζ(x, y, τ, t) = ϕ

(
τκ + |x|µ + |y|µ + tσ

R2

)
whereκ > 0, µ > 0 andσ > 1. Notice that the choiceσ > 1 insures (3.16).
Moreover ∫ ∞

0

∫
R2N+1

|∂tt ζ |p′
ζ 1−p′ |η|γ (1−p′)

H dηdt

≤ CR−4p′/σ+2/κ+2/σ+4N/µ
(
R2γ (1−p′)/µ + Rγ(1−p′)/κ

)
. (3.18)

Then (3.8) is replaced by∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt + 2
∫

R2N+1
u1(η)ζ(η, 0)dη

≤ CR4N/µ+2/κ+2/σ

×
(
R−4p′/µ + R4p′/µ−4p′/κ + R−4p′/σ

) (
R2γ (1−p′)/µ + Rγ(1−p′)/κ

)

×
∫

�

((
d2ϕ

dR2 ◦ ρ

)p′)
(ϕ ◦ ρ)1−p′

dη̃, (3.19)
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and (3.9) by 


4N ≤ 4p′ − 2θ − 2ω + 2γ (p′ − 1)

4N ≤ 4p′ − 2θ − 2ω + γ (p′ − 1)θ

4N ≤ −4p′ + 4p′θ − 2θ − 2ω + 2γ (p′ − 1)

4N ≤ −4p′ + 4p′θ − 2θ − 2ω + γ (p′ − 1)θ

4N ≤ 4p′ω − 2θ − 2ω + 2γ (p′ − 1)

4N ≤ 4p′ω − 2θ − 2ω + γ (p′ − 1)θ

(3.20)

with θ = µ/κ > 0 andω = µ/σ > 0. If we chooseθ = 2 andω = 1,
all the 4-linear functions on the right-hand side of (3.20) take the same value
4p′ + 2γ (p′ − 1) − 6, and the condition of optimality is therefore reduced to

4N ≤ 4p′ + 2γ (p′ − 1) − 6 ⇔ p ≤ (Q + 1 + γ )/(Q − 1) (3.21)

which is the condition of the theorem. As for the conditionσ > 1, it is assumed
sinceµ/σ is involved for the value 1. Taking for exampleµ = σ = 2 andκ = 1
yieldsθ = 2 andω = 1. It follows from this choice that∫ ∞

0

∫
R2N+1

|η|γH |u|p dηdt + 2
∫

R2N+1
u1(η)dη ≤

lim
R→∞ inf

(∫ ∞

0

∫
R2N+1

|η|γH |u|p ζdηdt + 2
∫

R2N+1
u1(η)ζ(η, 0)dη

)
,(3.22)

which is zero from (3.19) if 1< p < (Q + 1 + γ )/(Q − 1), or∫ ∞

0

∫
R2N+1

|η|γH |u|p dηdt + 2
∫

R2N+1
u1(η)dη < ∞, (3.23)

whenp = (Q + 1 + γ )/(Q − 1), and therefore∫ ∞

0

∫
R2N+1

|η|γH |u|p dηdt + 2
∫

R2N+1
u1(η)dη = 0,

as above. ut
Remark 3.4.As in remark 3.2 we can replace the condition onu1 by the weaker
one

lim sup
R→∞

∫
R2N+1

u1(η)ϕ
(
(τ + |x|2 + |y|2)/R2

)
dxdydτ ≥ 0.

Remark 3.5.The analysis of the ODE’s (3.24)

du

dt
= up and

d2u

dt2 = up onR+, (3.24)

shows that the condition on the sign of the initial data is natural.

Acknowledgements.This work was prepared while the first author was visiting the Université
François Rabelais in Tours on a position of invited professor. The authors are grateful to the
Université François Rabelais and the Laboratoire de Mathématiques et Physique Théorique
for warm hospitality and for giving the opportunity to prepare this article in good conditions.



Nonexistence results of solutions of semilinear inequalities 99

References

[1] Alinhac, S.: Blow-up for Nonlinear Hyperbolic Equations. Progress in Nonlinear Dif-
ferential Equations and their Applications, Birkhauser, 1995

[2] Brindelli, I., Capuzzo Dolcetta, I. & Cutri, A.: Liouville theorems for semilinear equa-
tions on the Heisenberg group. Ann. I.H.P.14, 295–308 (1997)

[3] Folland, G.B. & Stein, E.M.: Estimate for the∂H complex and analysis on the Heisen-
berg group. Comm. Pure Appl. Math.27, 492–522 (1974)

[4] Fujita, H.: On the blowing-up of solutions of the Cauchy problems forut = 1u+u1+α .
J. Fac. Sci. Univ. Tokyo sect. I A13, 109–124 (1966)

[5] Garofalo, N. & Lanconelli, E.: Existence and non existence results for semilinear
equations on the Heisenberg group. Indiana Univ. Math. J.41, 71–97 (1992)

[6] Gidas, B. & Spruck, J.: Global and local behaviour of positive solutions of nonlinear
elliptic equations. Comm. Pure Appl. Math.35, 525–598 (1981)

[7] Glassey, R.: Finite time blow-up for solutions of nonlinear wave equations. Math. Z
177, 323–340 (1981)

[8] Hormander, L.: Hypoelliptic second order differential.Acta Math.119, 147–171 (1967)
[9] Kato, T.: Blow-up of soluttions of some nonlinear hyperbolic equations. Comm. Pure

Appl. Math.33, 501–505 (1980)
[10] Lanconelli, E. & Uguzzoni, F.: Asymptotic behaviour and non-existence theorems for

semilinear Dirichlet problems involving critical exponent on unbounded domains of
the Heisenberg group. Boll. Un. Mat. Ital.8, 139–168 (1998)

[11] Pohozaev, S.I. & Véron, L.: Blow-up results for nonlinear hyperbolic inequalities.Ann.
Scu. Norm. Sup. Pisa (to appear)

[12] Ugozzoni, F.: A non-existence theorems for a semilinear Dirichlet problem involving
critical exponent on halfspaces of the Heisenberg group. NoDEA6, 191–206 (1999)


