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Nonexistence results of solutions of semilinear
differential inequalities on the Heisenberg group

Received: 17 June 1999

Abstract. DenotingAy the Laplacian operator on tHgN + 1)-dimensional Heisenberg
groupH”, we prove some nonexistence results for solutions of inequalities of the three
types

Ap(au) + [ul? <0, (ED
Oru — Ay (au) — lul? <0, (PD
0w — Ay (au) — |ul? <0, (H1)

inHY andH" x Ry ,witha € L>, when 1< p < pg, wherepg depends oV and the
type of equation.

1. Introduction
The (2N + 1)-dimensional Heisenberg grotp is the spac®2M 1 = {(x, y, 1)
e RY x RN x R} equipped with the group operation
- - - - N - -
noij=(x+Ey+F e+t +2) (i — k) (1.1)
where

n=(x,y,1)=(x1,...,XN, Y1, ..., YN, T),
n=(xy17) =&,....,%XN, Y1, ..., IN, T).

This group multiplication endowd " with a structure of Lie group. The Laplacian
Ay over HY is obtained from the vectors fields; = oy, + 2,0, andY; =
dy, — 2x;9; by the following

N
Ay = Zi:l (XioXi+YioY;). (1.2)
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Explicit computation gives the explicit expression

N
Ayu = Zl_zl (831_)61_14 + 8)2’;)’,’” + 4y,~83ﬂu - 4x,-8y2ﬂu + 4(xi2 + y,?)afru> .
(1.3)

The operatoAy is a degenerate elliptic operator satisfying the Hormander condi-
tion of order one. It is invariant with respect to the left multiplication in the group
since

Ay (u(no o n)) = (Anu) (no o n) (1.4)

(V(no. m) € HY x HY). OnH" itis natural to define a distance fropto the origin
by

1/4
iy = (2 N o 2 22/ 15
ne =72+ 6EH3D?) (1.5)

This distance is the analogous of the parabolic distance for the heat operator in
R, x RN . lts role is pointed out by the fact thatifn) = u(|n|y) then
d’v  Q—1du
A = — =, 1.6
Hu(p) a(n)<dp2+ P dp) (1.6)
with p = [nly, a(n) = p~2 Z;v:l(xiz + yl.z) andQ = 2N + 2. This last number
Q is called the homogeneous dimensiorHdy.
Non existence results for positive solutions of nonlinear elliptic inequalities of
the type

Anu+ Inlfju? <0 (1.7)

were studied by Garofalo and Lanconelli [5] under restrictive assumptions on u, and
later on by Birindelli, Capuzzo Dolcetta and Cutri [2] under a much less restrictive
assumption, namely only the positivity of In this last paper the authors proved
thatify > —2and 1< p < (Q + y)/(Q — 2) there exists no positive solution

to (1.7) defined in wholéd" . The techniques upon which this result is based on
the use of specific test functions. In this paper we modify their approach and first
prove the same type of result without any sign assumption.dviore precisely,

let « be a bounded and measurable function definedih then we prove that
there exists no locally integrable function u defined in whal®, such that:
LE(HN nll, dn), satisfying

An(au) + Inlfy lul” <0, (1.8)

whenevery > —2 and 1< p < (Q 4+ y)/(Q — 2) . As in [11] our method is
essentially a dimensional analysis were the type of the operator is not fundamental
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but only its scaling invariance. We extend this result to elliptic Hamiltonian systems,
parabolic and hyperbolic inequalities such as

An(agu) + Inlij o] < 0
{AH(azv> T nlf? ulz < 0, (1.9)
du > An(au) + nlf) [ul?, (1.10)
Ou = An(au) + |77m |ul?. (1.11)

For example, in the case of inequality (1.10) we prove that no weak solution
exists provided

/ u(n,0dn>0, y>-2 and 1l<p<(Q+y+2)/0.
R2N+1

While in the case of inequality (1.11) the non-existence holds if

/ du(n.0dn >0, y>-2 and 1<p<(Q+y+1/(Q D).
R2N+1

These results have to be compared with similar results valid for the semilinear heat
equation and wave equation ([4], [9], [7])-

2. Elliptic inequalities
Leta be a bounded and measurable function defineR2h! y andp > 1 real
numbers. We identify points iHY with points inR?¥+1 . We also recall that the

natural Haar measure K" is identical to the Lebesgue measuiig = dxdydr
inR?V+1 = RN x RY x R.

Definition 1. A weak solution u of the differential inequality
Ani(au) + [nlf [u]” < 0 2.1)

inR?¥*1is alocally integrable function such thate L (R*¥*L, ||} dn) which
satisfies

/ (autn + Inll, lul? ¢) dy <0, (2.2)
R2N+l

for any¢ € €2 (R2¥+1),¢ > 0.

Theorem 2.1.Assumey > —2andl < p < (Q + y)/(Q — 2), then there exists
no solutionu of inequality (2.1) defined iR?V+1
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Proof. Letu be such a weak solution agdoe a smooth nonnegative test function.
From (2.2)

ottt can <= [ ausnean (2.3)
R2N+1 R2N+1
We choose such that
/ _ 1—p'
[ 18l 7 0y < oc, (2.9

wherep’ = p/(p — 1) and such a choice is possible by takingonstant near 0.
Then

/ auAHfdn‘
R2N+l
A /v 1/p
< llall g (/ |ARSI? ¢ P Inll ! dn) (/ Il Iul”Cdn)
R2N+1 R2N+1
1 / . 1—p'
55/ il Iul”;“dn+C/ Angl? P ) ay . (2.5)
R2N+1 R2N+l

In the sequelC denotes a constant which may vary from line to line but is inde-
pendent of the terms which will take part in any limit processing. Therefore the
inequality

/ _ 1— /
/F;ZNH"?m lu|P ¢dn < C‘/;ZN+1|AH§|[7 4-1 p Mm( P)d]7 (2.6)

follows from (2.2), (2.5). Now we take

T+ |x | + [y[*
() =¢x,y,1)=9 <T
wherep € C° (Ry) satisfies 0< ¢ < 1 and

0 ifr>2,

(p(r)z{l ifo<r<1, (2.7)

andR is a positive parametet, > 0 andu > 0 will be determined later on. Then
N (2 2 2 2 2, 2\a2
AHE = Zi:l (ax”‘ig + ayiyig +4yidy,. ¢ — 4x,'8y[,§ + 4(x7 + y] )BUC)
_ _ _ d%p _
— (/’L <|x|2ﬂ 2+ |y|2H 2) +4K2 (|X|2+|y|2) 'L'ZK 2) (—Op)R 4
(1 N =2 (11724 9172) + dee = 1) (1P + 1v12) ©72)

do 2
— R 2.
X (dR o ,0) , (2.8)
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wherep = R=2(z* + |x|* 4+ |y|*) . In order to estimate the right-hand side of
(2.8) we perform the change of variables y, t) = n +— 77 = (X, y, )

R™27F = 7 T = RY*%
R2|x|* = 7" & {x=R%¥rx (2.9)
R72|y|* = |3|* y=R¥"y

Let 5(X, 7. 7) = £ + |* + |5|" and
Q:{(i,y,f)eRNxRNxR+:fK+|i|“+|y|M§2}.

Then

oA (12120—2 | |~ 120—2 d%p
Ang = R™ " 1x] + | TRZ°P

do
—4/n _ Sn—2 Spm—2
R+ N = 2) (171172 + 5] )(dRop)

+R4//,L—4/K4K2 |i|2+ |~|2 TZK_Z @O ~
y dR2 o

~ - do
4/ u—4/k _ 2 2\ k=2 =¥
4R ek — 1) (le +15] )r (dR op>. (2.10)
Sincedn = R*N/n+2/7 43, we derive from (2.10) that
’ o 1—p'
[ 18081 0 W a
R2N+1

<C (R74P//M+4N/M+2/K n R4p//,u74p//K+4N/p.+2/K)

% ( R (A=p)/u Ry(l—p/)/x)

x/ d2(p 0
—F O
o \|ar2 °”

where C depends gn andk. Finally (2.6) reads as

P 2

dR?

p/
°op ) (o PP di, (2.11)

"

/ il wl? cdy < C (R—4p//u+4N/M+2/K 4 R4p//u—4p//K+4N/[L+2/K>
ey H -
x (RZV(lfp’)/M + Ry(lfp’)/l(> ) (2.12)
Introducing the different exponents
a1 =—4p' /u+4N/u+2/k +2y(1— p)/1
Ol2=_4P//M+4N/H+2/K+V(1_P/)/’C (213)

a3 =4p'/u—4p'/ik + AN/ +2/k +2y (1 - p') /1
ag =4p' /i —4p'/k +AN/u +2/k +y(L—p)/x
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the problem is reduced to optimise the parameteasdx in order to havey; < 0
fori =1,...,4. Settingg = u/x > 0 we are left to finding the conditions under
which there holds

AN <4p' —20 +2y(p) — 1)
AN <4p' — 20 +y(p' — 1O
AN < —4p' +4p'0 —20 +2y(p’' — 1)
AN < —4p' +4p'0 — 20 + y(p' — 1)6.

(2.14)

Ifwecallo —> A;(0) (i =1,...,4) the linear functions appearing in the right-
hand side inequalities (2.14), we see that those linear functions take the same value
A* =22+y)(p’'—1) forthe valug® = 2 (which is the optimal choice). Therefore
(2.14) will be satisfied if and only if

2N <22+ y)(p' -1 & p<@2N+2+y)/(2N) =(Q +7)/(Q —2).
(2.15)

In the case where kX p < (Q + y)/(Q — 2), we taked > 0 such as all the
inequalities (2.14) are strict. Therefore all the exponesntare negative for =
1,...,4.Since ling_ o £(n) = limgp_ o ¢r(n) = 1, we letR go to infinity in
(2.12) and deduce that

[ 11” dn = 0. (2.16)
R2N+1

In the case wherp = (Q + y)/(Q — 2), we takeu = 2,k = 1 and first deduce
from (2.12) that

/ Inlfy lul? dn < oo. (2.17)
R2N+1

We setQ% = (&, 7,7) €e RY x RV x Ry : R? < v+ |x|2 +|y|? < 2R?}. Since
@(r) is constant for € [0, c0) \ (1, 2), we have

/ auAM‘dn’:/ aulAndn
R2N+1 Q*I}

1/p
’ _ 1_ /
< llall (/ |ARZ P 7 ”’dn)
Q*

R

1/p
x (/Q Inl}; Iul”{dn> , (2.18)

R
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and we derive from (2.3), (2.18) that

/

1/p
) 1-p'
/ Inlly lul” ¢dn < llall g (f AR 7 ’”dn)
R2N+1 R2N+1

1/p
% (/ il |u|”cdn)
Q*

R

1/p
§C</ Inl}; |u|”dn> : (2.19)
Q*

R

(we use here (2.12) witly; = 0fori =1, ..., 4). It follows from the integrability
of [nl}; ul? in R?N+1 that

li Y |u|? dn = 0. 2.2
Rgnoo/%mmm dn=0 (2.20)

Therefore the right-hand side of (2.18) goes to 0 wRer oo and again (2.2-2.16)
follows. O

Remark 2.21t is known [2] that whenevep > (Q + y)/(Q — 2), there exist
positive solutions of (2.1) iRV +1,

Definition 2. Let a1 and a, be two bounded measurable functionsRAV+1. A
weak solutionu, v) of the system of differential inequalities

A (ayw) + Il [v]”* <0
{ An(azv) + [l 1ul?? <0 (221)
in R?2N+1is a couple of locally integrable functioris, v) such that

v e LPLR®N L 1n"t dn) and

u e LEZ(RAVFL 1ni2 anp,

which satisfy

/RW (arudnt + 0l [v]P ¢) dn < 0, (2.22)

[ (a2t + 1ol 7€) n < (2.23)

forany¢ € €2 (R2V+1), ¢ > 0.
Theorem 2.3.Assume
yi>—-2 and 1<p; <(Q+vy))/(Q—-2) forj=12,

then there exists no solutian, v) of inequality (2.21) defined iR?N+1,
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Proof. Following the scheme of proof of Theorem 2.1, we take a nonnegative test
function¢ satisfying

/ Azl P gl Y an
R2N+1 H (2 24)

’ . (]_— ’) ’
[ 1anele e T < o,

and get
/ Inly lvPt ¢dn < / ajuAncdn
R2N+1 R2N+1

p’ lfp’ )’2(1*P/2) 1/P/2
<laale ([ 18welrE ez

1/p2
x (/ 12 [u] P2 §d77>
R2N+l

1
< — Y2 p2
< wamm |u|P2 ¢dn

+C / Anc|P P 2 gy (2.25)
R2N+l

3

and

/ InllF lul?P? ¢dn < V GZUAHCdU‘
R2N+1 R2N+1

, , / 1/p
lazll / A1 2P 2 gy
R2N+l

1/p1
x (f Il lulP §dn>
R2N+l

IA

1
< = Y1 P1 d
< Z/RMWH It cdn
’ o 1-p)
+c/ Ang P e P 2 gy (2.26)
R2N+l
Therefore
/ |n|ﬁ|v|f’1¢dn+/ 122 [ul72 gdn
R2N+l R2N+1
<2c / | AR P2 gLPh g O gy
R2N+l
’ ’ 1—pl
+2c / |Ang |7 3P 12D gy (2.27)
R2N+1
We take now

K+ M_l_ "
c<n)=;(x,y,r>=<p<u>,

R2
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then perform the change of variables (2.9) and finally derive
ol can+ [ iz cay (2.28)
R2N+1 R2N+1
<C ( RAPL/ AN n+2/k 4 R4p3_//j,—4p3_/K+4N//L+2/K)
. ( R21A-pp)/w 4 Rm(l—p’l)/x)
+C (R—4p/2/,u+4N/M+2/K + R4p/2/u—4p/2/K+4N/M+2/K)

. (R2V2(l—p’2)/u + Ryz(l—p’z)/K>

<cC <Zi(R°‘il + R )) :

where

| = —4p) /1 + AN/ + 2/k + 27,1 — pl) /e

2= —4p}/n+ AN/ +2/k +y;(1—p))/k

a3 =Ap/i—Ap/k + AN [+ 2/x + 2y, (1= p})/
ay = 4p/ 1 —Ap' [k + AN/ + 2/k +y; (L= p)) /K

o
o

(2.29)

for j = 1, 2. Optimizing thea,{ in order to have them nonpositive and setting
6 = u/k transforms this series of inequalities into

AN < 4p’ — 20+ 2y;(p, — 1)
AN < 4p" — 20+ y;(p; — 1P

AN < —4p!, +4p/6 — 20 + 2y,(p, — 1) (2.30)
4N < —4p} + 4p;.6 —20 + yj(p} - 16

Foro = 2 those inequalities reduce to
2N 2R+ -1 (=12, (2.31)

which givesp; < (Q + y;)/(Q — 2) . The end of the proof is as in Theorem 2.1.
O

3. Parabolic and hyperbolic inequalities

We first consider parabolic type inequalities of the following type
du > An(au) + |nlfy lul? (3.1)

in RAV+1l « R, = RiN“’l wherea = a(n,t) is a bounded and measurable
function.
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Definition 3. A weak solutionu of the differential inequality (3.1) irRiN’Ll’1

with initial dataug € L} (R?M*+1) is a locally integrable function such thate
LY (RANTEL |n|h dndr) which satisfies

// (uat;+auAH;+|nm|u|Pc)dndt+/ wo(ne (. O)d < 0,
0 R2N+l R2N+1
(3.2)

forany¢ € C2 (RiNH’l), ¢=>0.
Theorem 3.1.Assume

y>-2, l<p=<(Q+2+y)/0 and/ uo(n)dn > 0.
R2N+l

Then there exists no solutienof inequality (3.1) defined iPZfLN”’l.

Proof. If u be such a such solution ands a smooth nonnegative test function, we
get

/ |nm|u|f’cdns—/ aubdncdy. (3.3)
R2N+l R2N+l

We choose such that

o0 /
L [ (el +180e17) £ i anr < 00, @)

Then it follows from (3.2) that

o0
/ / I} lul? Cdndt+/ uo(n)¢(n, 0)dn

0 R2N+1 R2N+1

o
—f / (u0:¢ + aulAn¢)dndt

0 R2N+1

00 1/p

)4 P\ -1-p' |, yA=p")

([ [ (e tai 1aner” ) it anar

00 1/p
x (/ f il |u|f’cdndr>
0 R2N+l

1 o] y
= P tdndt
2/0 LZN+1|n|H|u| ¢dn

oo /
w [T (el el 1wl ) ¢ i dnr, @5)
0 R2N+1

IA

IA

IA

Therefore

o0
// |nm|u|"cdndt+2/ wo(n)¢ (n, 0)dn
0 R2N+1 R2N+1

o0 /
s2c [ [ (Bl all danel) 7 i ands. (3.6)
0 R2N+1
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Taking

x4yl e
f(’laf)=§(x,y, T,t)z(p<7: |X| |y| )

R2

wherex > 0, « > 0 ando > 0 have to be optimised, and using the fact that

oo
/ _ 1—p/
L[ el e it s

< CR™'/0+2/k+2/0+4N/u ( R A=p)/u | Ry(l—p/)/x) (3.7)

we get (with the same notations as in Section 2)

o
/ / Il Iulpéd'?dt+2/ uo(m&(n, 0)dn
0 R2N+1 R2N+1

< (R—4]7//p, + R4 /n=4p/k 4 R—2p’/0) (RZV(l—p’)/u + Ry(l—p’)/K)

de .
X ‘/;2 ( ﬁ o0
Settingd = u/k > 0 andw = p/o > 0, we are left to finding the conditions
under which there holds
AN <4p' —20 — 2w+ 2y(p'— 1)

AN < 4p' —20 — 20+ y(p' — 18
AN < —4p' +4p'0 —20 — 2w+ 2y(p' — 1)

P dz(p

dR?

o p

p/
+ ‘ ) (¢ o p) P di. (3.8)

4N < —4p' +4p'0 —20 — 20+ y(p' — D)6 (3.9)
AN <2p'w—20 — 2w +2y(p' — 1)
AN <2p'w—20 — 2w+ y(p' — 1)0
For6 = 2 = w those inequalities reduce to
AN <4p' —=8+2y(p'=D & p=(Q+vy +2)/0. (3.10)

Since the functions in the right-hand side of (3.9) are linear functions, this is the
optimal choice fop andw in order to have (3.9). When p < (0 +y +2)/0,

all the exponents aR in (3.8) are negative. Letting go to infinity and using Fatou
lemma yields

o0
// |n|{.|u|”dndt+2f wo(n)dn
0 R2N+1 R2N+l

o0
< liminf (/ f it |u|"cdndr+2/ uo(mc(n,O)dn> (3.11)
R—o0 0 R2N+1 R2N+1

which is zero from (3.8) and a nonze¥aannot exists since

/ uo(n)dn > 0.
R2N+l
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Whenp = (Q + y + 2)/Q, we deduce from (3.8) that

o
/ / I}y lul? dndt < oco.
0 R2N+1

Using the multiplicative form of (3.5), and the fact that= 1 forO < R < 1
implies the result as in the proof of Theorem 2.0

Remark 3.2.The integrability condition omg can be weakened and replaced by

imsup | uo(ng ((r 2+ |y|2)/R2) dxdydt > 0.

R—o0 JR

We now consider hyperbolic type inequalities of the following type
deu > A (au) + Il [ul? (3.12)

in R2V+1 x R, = R**! wherea = a(n, 1) is a bounded and measurable
function.

Definition 4. A weak solution: of the differential inequality (3.1) iﬁsz\““l’1 with

initial datauo, u1 € LE (R?V*1) and is a locally integrable function such that

u e LP (RZVFLL 117 dndr) which satisfies

o0
[ [ g + autng + it 2 ) dnar
0 R2N+1

_ / wo(n),£(n. Odn + / ui(e(n, O)dn <0, (3.13)
R2N+1 R2N+1

forany¢ € C2 (RiN”’l),;“ > 0.

Theorem 3.3.Assume

y>-2, l<p=<(Q+1+y)/(0-1) and meHul(n)dnzO,

then there exists no solutionof inequality (3.12) defined iRiN“'l.
Proof. The proof follows the scheme of the one of Theorem 3.1, therefore we shall

only indicate the modifications. If is such a solution ang a smooth nonnegative
test function such that

o0
! / - 1—p/
/0 /RZNH (180 €17+ 18wg 17 ) 0 I dnde < 00, (3.14)
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we obtain

o0
/ / il lul? ¢dnds + f us (¢ (n, O)dny
0 R2N+1 R2N+l

—/ uo(md:¢(n, 0)dn
R2N+1

o0
=< f / (U0 & — auAn &) dndt
o Jravt

> ! 1—p/ 1-p") 1/p
(/0 /R2N+1 (|31t§|p + llall ;o |AH§|P/)C = e dndt)

e 1/p
x (f / il |u|"cdndr>
0 R2N+1

1 oo v
— p
zfo /RMWH jul” cdn

oo ’
+ C/ / (100 17"+ lall o 18nE 1) 7 101y dnar. (3.25)
0 R2N+1
If we take the test function such that
/ uo(1)d:(n, 0)dn <0, (3.16)
R2N+1
we derive from (3.15)—(3.16)
o0
f / I}y lu|? ¢dndt +2/ u1(m)¢(n, 0)dn <
0 R2N+1 R2N+1

oo
/ ’ _ 1—p/
20/ / (190 €17 + Nall o 1ARE 1P ) €7 107 . (3.17)
0 R2N+1

We take

IA

IA

R2
wherex > 0, u > 0 ando > 1. Notice that the choice > 1 insures (3.16).

Moreover
Sy ’ ’ 1 /
/ / 130 €17 €57 1) dnds
0 R2N+l

< C R4 /0+2/k+2/0+4N /1 (R2y(1—p’)/u + Ry(l—p’)/x)_ (3.18)

x4 Iyl 40
g(r/’t)zf(x,y’-,;’t):(p(l' |-x| |y| )

Then (3.8) is replaced by

o]
|t cands+2 [ wsance. o
0 R2N+1 R2N+1
< CR4N/M+2/K+2/U

% ( R4 o AP /u=4p'fic R74p//a) ( R A=p)/w 4 Ry(kp’)/x)

a2 r /
x /Q ((dR(g °p> ) (¢ o p)= P di, (3.19)
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and (3.9) by

AN <4p' —20 — 2w+ 2y(p' — 1)

AN <4p' —20 — 2w+ y(p' — 1)@

AN < —4p' +4p'0 — 20 — 2w+ 2y(p' — 1)
AN < —4p' +4p'0 — 20 — 2w+ y(p' — 1)6
AN <4p'w —20 — 2w+ 2y(p'— 1)

AN <4p'w —20 — 20w+ y(p' — D)0

(3.20)

with 6 = u/k > 0 andw = u/o > 0. If we choosey = 2 andw = 1,
all the 4-linear functions on the right-hand side of (3.20) take the same value
4p’ + 2y (p’ — 1) — 6, and the condition of optimality is therefore reduced to

AN <4p'+2y(p' -1 -6 p<(Q+1+y)/(Q—-1) (3.21)

which is the condition of the theorem. As for the conditior> 1, it is assumed
sinceu /o is involved for the value 1. Taking for example= o = 2 and« =1
yields® = 2 andw = 1. It follows from this choice that

o0
f/ |n|i.|u|"dndr+2/ ur(n)dn <
0 R2N+1 R2N+1

o0
lim inf(/ / Il lul? ¢dndi + 2 / u1<n>c(n,0>dn),(3.22)
R—0o0 0 R2N+1 R2N+1

whichis zero from (3.19) if i p < (Q+ 1+ y)/(Q — 1), or

o0
/(; /|;2N+l |77m lu|? dndt + Z/Rzzwl ui1(n)dn < oo, (3.23)

whenp = (Q +1+ y)/(Q — 1), and therefore

o0
/ / it Iul”dndt+2/ ui(n)dn = O,
0 R2N+1 R2N+1

as above. O

Remark 3.4As in remark 3.2 we can replace the condition:anby the weaker
one

limsup [ - uany ((r 2+ |y|2)/R2) dxdydt > 0.

R—oc0 JR

Remark 3.5The analysis of the ODE’s (3.24)

d d?
w_ u? and an
dt dr?

shows that the condition on the sign of the initial data is natural.

=u? onR4, (3.24)
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