
Digital Object Identifier (DOI) 10.1007/s002090100197
Math. Z. 236, 677–697 (2001)

Complex surfaces with equivalent derived categories

Tom Bridgeland, Antony Maciocia

Department of Mathematics and Statistics, The University of Edinburgh, King’s Buildings,
Mayfield Road, Edinburgh, EH9 3JZ, UK (e-mail: tab@maths.ed.ac.uk)

Received May 10, 1999; in final form July 21, 1999 /
Published online February 5, 2001 –c© Springer-Verlag 2001

Abstract. We examine the extent to which a smooth minimal complex pro-
jective surfaceX is determined by its derived category of coherent sheaves
D(X). To do this we find, for each such surfaceX, the set of surfacesY for
which there exists a Fourier-Mukai transformD(Y )→ D(X).

1. Introduction

This paper addresses the question: to what extent is a smooth projective
varietyX determined by its bounded derived category of coherent sheaves
D(X)? Recall [14] thatD(X) is a triangulated category, whose objects
are bounded complexes of coherent sheaves onX. If Y is another smooth
projective variety, an equivalence of categories

Φ: D(Y ) −→ D(X)

preserving the triangles is called a Fourier-Mukai transform. Put another
way then, our problem is to find, for a given varietyX, the set ofFourier-
Mukai partnersof X, i.e. the set of varietiesY for which there exists a
Fourier-Mukai transform relatingX andY .

This problem is interesting for several reasons. Firstly, Fourier-Mukai
(FM) transforms have shown themselves to be important tools for studying
moduli spaces of sheaves [7,17,21], and it is therefore natural to attempt
to classify them. Secondly, the theory of Fourier-Mukai-type transforms
seems to provide the correct language for describing certain geometrical
dualities suggested by string theory. As a particular example of this, M.
Kontsevich’s homological mirror conjecture [16] predicts that all mirror
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varieties of a given variety have equivalent derived categories. Thus, the
existence of distinct FM partners of a varietyX may relate to the possibility
that the conjectural mirror map is not a well-defined bijection atX.

The first example of a non-trivial FM transform was given by S. Mukai in
1981 and related the derived category of an abelian variety with the derived
category of the dual variety [19]. Since then further examples have been
given, involving K3 surfaces [3,8], abelian surfaces [17], elliptic surfaces [7]
and Enriques and bielliptic surfaces [10]. Clearly, some sort of classification
is in order.

The classification of FM transforms splits naturally into two parts. Given
a smooth projective varietyX these are

(a) find the set of FM partners ofX, that is, the set of varietiesY for which
there exists a FM transformD(Y )→ D(X),

(b) find the group of FM transformsD(X)→ D(X).

WhenX has ample canonical or anticanonical bundle a complete solu-
tion was obtained by A. Bondal and D. Orlov [5,6]. In this case the answer
is rather trivial, in that the only FM partner ofX is X itself, and all au-
toequivalences ofD(X) are generated by shifts, automorphisms ofX and
twists by line bundles.

Remarkably, Orlov also managed to solve both problems whenX is
an abelian variety. In this case the solution is very interesting and highly
non-trivial [25].

These two results together give a simple answer to both problems in the
case whenX has dimension one. In particular, it is possible to prove that
the only FM partner of a curveX isX itself.

In this paper we solve Problem (a) for minimal complex surfaces. We
obtain the following theorem, which will be explained in greater detail below.

Theorem 1.1. LetX be a smooth minimal complex projective surface, and
let Y be a Fourier-Mukai partner ofX, not isomorphic toX. Then either
X is an elliptic surface, andY is another elliptic surface obtained as in [7,
13], by taking a relative Picard scheme of the elliptic fibration onX, orX
is of K3 or abelian type, andY is of the same type, with Hodge-isometric
transcendental lattice.

Corollary 1.2. The number of FM partners of a smooth minimal complex
projective surface is finite.

The proof of Theorem 1.1 is rather long, since each different type of sur-
face appearing in the Enriques classification must be analysed separately.
For surfaces of Kodaira dimension 0, the problem is mostly lattice-theoretic,
and we rely heavily on results of V. Nikulin. Other surfaces are best treated
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with more geometric methods. In particular, it becomes important to clas-
sify curves with non-positive self-intersection which do not intersect the
canonical divisor.

Problem (b) for surfaces is much more difficult. In particular, determining
the group of autoequivalences of the derived category of a K3 surface seems
to be of considerable interest.

Notation. All varieties will be overC. Given a varietyX, the translation
(or shift) functor onD(X) is written [1], so that the symbolE[m] means
the objectE of D(X) shifted to the left bym places. By a sheaf onX we
mean a coherentOX -module, and a point ofX always means a closed (or
geometric) point. The structure sheaf of such a pointx ∈ X will be denoted
Ox. The canonical bundle of a smooth projective varietyX is denotedωX .
By a lattice we mean a free abelian group of finite rank with a non-degenerate
Z-valued symmetric bilinear form.

2. Preliminaries on Fourier-Mukai transforms

Throughout this section we fix a pair of smooth projective varietiesX and
Y .

2.1. A Fourier-Mukai transform relatingX andY is an exact1 equivalence
of categories

Φ: D(Y ) −→ D(X).

Due to a theorem of Orlov [24], it is known that for any such equivalenceΦ
there is an objectP of D(Y ×X), unique up to isomorphism, such thatΦ
is isomorphic to the functor defined by the formula

ΦP
Y →X(−) = RπX,∗(P

L⊗ π∗
Y (−)),

whereY
πY←− Y ×X πX−→ X are the projection maps. The objectP is called

thekernelof the transformΦ.
We say thatX andY areFourier-Mukai partnersif there is a FM trans-

form relatingX andY . This is equivalent to the statement thatD(X) and
D(Y ) are equivalent as triangulated categories.

Lemma 2.1. If X andY are FM partners thendim(X) = dim(Y ) and the
canonical line bundlesωX andωY have the same order.

1 A functor between triangulated categories isexact if it commutes with the translation
functors, and takes distinguished triangles to distinguished triangles.
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Proof. Define theSerre functorSX on the categoryD(X) by the formula

SX(−) = ωX ⊗ (−)[dimX].

In [4, Prop. 3.4] it is shown that any FM transform

Φ: D(Y ) −→ D(X)

commutes with the Serre functors onX andY . Thus ifΨ is a quasi-inverse
to the equivalenceΦ, there is an isomorphism of functors

SY
∼= Ψ ◦ SX ◦ Φ.

The lemma is an immediate consequence of this.�

Given a FM transformΦ: D(Y )→ D(X), and an objectE of D(Y ), let
us write

Φi(E) = Hi(Φ(E))

for theith cohomology sheaf of the objectΦ(E) of D(X). We shall callΦ
asheaf transformif there is an integerp such that for each pointy ∈ Y ,

Φi(Oy) = 0 unlessi = p.

An equivalent condition, [8, Lemma 4.3], is that the kernel ofΦ is concen-
trated in some degreep, and is flat overY .

2.2. LetE andF be objects ofD(Y ). For each integeri one defines a
vector space

Homi
D(Y )(E,F ) = HomD(Y )(E,F [i]).

Recall that ifE andF are concentrated in degree0 then these spaces are
just theExt-groups of the sheavesE andF , i.e.

Homi
D(Y )(E,F ) = Exti

Y (E,F ).

The following trivial but useful observation is sometimes referred to as the
Parseval theorem.

Lemma 2.2. LetΦ: D(Y ) → D(X) be a FM transform, and take objects
E andF ofD(Y ). Then

Homi
D(X)(Φ(E), Φ(F )) = Homi

D(Y )(E,F ).

Proof. Immediate becauseΦ is an equivalence of categories, commuting
with the translation functors inD(Y ) andD(X). �
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The lemma implies that

χ(Φ(E), Φ(F )) = χ(E,F ),

whereχ(E,F ) denotes the relative Euler character

χ(E,F ) =
∑

i

(−1)i dim Homi
D(Y )(E,F ).

This relative Euler character is given in terms of the Chern characters2 ofE
andF by the Riemann-Roch theorem. For example, ifY is a surface, then

χ(E,F ) = r(E)ch2(F )− c1(E) · c1(F ) + r(F )ch2(E)

+
1
2
(r(F )c1(E)− r(E)c1(F )) ·KY + r(E)r(F )χ(OY ),

whereKY is the first Chern class of the canonical line bundleωY . In par-
ticular, ifE andF are torsion sheaves

χ(E,F ) = −c1(E) · c1(F ).

2.3. Grothendieck’s Riemann-Roch theorem implies that for any FM trans-
formΦ: D(Y )→ D(X) there is a linear map of vector spaces

φ: H∗(Y,Q) −→ H∗(X,Q)

making the following diagram commute

D(Y ) Φ−→ D(X)

ch

� ch

�
H∗(Y,Q)

φ−→ H∗(X,Q),

wherech denotes the operation of taking the Chern character.
The proof of [22, Theorem 4.9] shows thatφ is an isomorphism of vector

spaces. Furthermore, sinceφ is given by an algebraic class on the product
Y × X, it preserves the parity of the degree of cohomology classes. One
therefore has

Proposition 2.3. Surfaceswith equivalent derivedcategorieshave thesame
Picard number, and the same topological Euler number.�

2 The Chern character of an object of the derived category is just the alternating sum of
the Chern characters of the cohomology sheaves.
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2.4. An important property of FM transforms is that they preserve families
of sheaves. LetΦ: D(Y ) → D(X) be a FM transform, take a schemeS of
finite type overC, and letE be a sheaf onS × Y , flat overS.

Proposition 2.4. The set of pointss ∈ S for which the objectΦ(Es) of
D(X) is concentrated in degree 0 is the set of points of an open subsetU of
S (possibly empty). Furthermore there is a sheafF onU ×X, flat overU ,
such that for any points ∈ U , Fs = Φ(Es).
Proof. See [9, Chapter 6] or [21, Theorem 1.6].�

As a consequence one has

Lemma 2.5. LetΦ: D(Y )→ D(X) be a FM transform, and suppose there
is a pointy ∈ Y , such that

Φ(Oy) = Ox[p],

for some pointx ∈ X and some integerp. ThenX andY are birationally
equivalent.

Proof. By Prop. 2.4 there is an open subsetV ⊂ Y such that for each point
y ∈ V , there is a pointf(y) ∈ X with

Φ(Oy) = Of(y)[p].

The kernel ofΦ, restricted toV ×X, is supported on the graph off , so
f is a morphismV → X, and hence defines a birational mapY ��� X.
SinceΦ is an equivalence this birational map has an inverse, soX andY
are birationally equivalent. �

Remark 2.6.Suppose the conditions of Lemma 2.5 hold, and thatX is a
minimal surface of non-negative Kodaira dimension. ThenY must be the
blow-up ofX at r ≥ 0 points. But by Prop. 2.3,X andY have the same
Picard number, sor = 0, andX andY are isomorphic.

2.5. The following important result allows one to construct examples of
FM transforms. It was proved by Bondal and Orlov [5], and one of us [8],
using ideas of Mukai.

Theorem 2.7. SupposeX andY have dimensionn. LetP be an object of
D(Y ×X), and letΦ denote the exact functor

ΦP
Y →X : D(Y ) −→ D(X)

defined above. ThenΦ is an equivalence of categories if and only if, for each
pointy ∈ Y ,

HomD(X)(Φ(Oy), Φ(Oy)) = C andΦ(Oy)⊗ ωX
∼= ΦOy,



Complex surfaces with equivalent derived categories 683

and for each pair of pointsy1, y2 ∈ Y , and each integeri,
Homi

D(X)(Φ(Oy1), Φ(Oy2)) = 0 unlessy1 = y2 and0 ≤ i ≤ n. �
Most examples of FM transforms for surfaces arise via the following

simple corollary. Recall that a sheaf on a smooth projective varietyX is
calledspecialif E ⊗ ωX = E.

Corollary 2.8. LetX be a smooth projective surface with a fixed polarisa-
tion, and letY be a smooth, fine, complete, two-dimensional moduli space
of special, stable sheaves onX. Then there is a universal sheafP onY ×X,
and the functorΦP

Y →X is a FM transform.

Proof. The assumption thatY is fine means that there is a universal sheafP
onY ×X, flat overY . For each pointy ∈ Y ,Py is a stable (hence simple),
special sheaf onX. Furthermore, sinceY is smooth of dimension 2, the
tangent space toY aty, which is given by

Ext1X(Py,Py)

has dimension 2. It follows that for any pair of pointsy1, y2 ∈ Y ,

χ(Py1 ,Py2) = 1− 2 + 1 = 0.

If y1 andy2 are distinct then there are no non-zero maps between the sheaves
Py1 andPy2 , so by Serre duality,

Ext2X(Py1 ,Py2) = HomX(Py2 ,Py1)
∨ = 0.

The result then follows from Theorem 2.7.�

2.6. Assume thatX andY are surfaces. Our basic tool for classifying FM
transforms is

Lemma 2.9. Let Φ: D(Y ) → D(X) be a FM transform and take a point
y ∈ Y . Then there is an inequality∑

i

dim Ext1X(Φi(Oy), Φi(Oy)) ≤ 2,

and moreover, each of the sheavesΦi(Oy) is special.

Proof. The second statement is immediate from Theorem 2.7. For the first
part consider the spectral sequence [5, Prop. 4.2],

Ep,q
2 =

⊕
i

Extp
X(Φi(Oy), Φi+q(Oy)) =⇒ Homp+q

D(X)(Φ(Oy), Φ(Oy)).

TheE1,0
2 term survives to infinity, and by Lemma 2.2

Hom1
D(X)(Φ(Oy), Φ(Oy)) = Hom1

D(Y )(Oy,Oy) = C2,

so the result follows. �
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Corollary 2.10. SupposeX is anabelian surface.TheneveryFM transform
Φ: D(Y )→ D(X) is a sheaf transform.

Proof. For any non-zero sheafE on an abelian surfaceX, the dimension of
the spaceExt1X(E,E) is at least2. �

2.7. The support of an objectE of D(X) is defined to be the union of the
supports of the cohomology sheaves ofE. It is a closed subset ofX. A point
x ∈ X lies in the support of an objectE of D(X) if and only if there is an
integeri such that

Homi
D(X)(E,Ox) /= 0.

This statement follows from a simple spectral sequence argument [8, Ex.
2.2].

SupposeΦ: D(Y ) → D(X) is a FM transform, and letΨ be a quasi-
inverseD(X)→ D(Y ). Letn be the common dimension ofX andY . For
any pair of points(y, x) ∈ Y ×X,

Homi
D(Y )(Ψ(Ox),Oy) = Homi

D(X)(Ox, Φ(Oy))

= Homn−i
D(X)(Φ(Oy),Ox)∨,

sox lies in the support ofΦ(Oy) precisely wheny lies in the support of
Ψ(Ox).

A simple consequence of this is that the supports of the objectsΦ(Oy),
asy varies inY , coverX. For otherwise there would be a pointx ∈ X
such thatΨ(Ox) had empty support, and hence was zero, contradicting the
assumption thatΨ is an equivalence. An extension of this argument gives

Lemma 2.11. Let X and Y be surfaces, andΦ: D(Y ) → D(X) a FM
transform. SupposeX has non-zero Kodaira dimension, and take a finite
set of pointsS ⊂ X. Then for a general pointy ∈ Y , the support ofΦ(Oy)
is disjoint from S.

Proof. Assume the opposite. Then every point ofY lies in the union over
x ∈ S of the supports of the objectsΨ(Ox), so for somex ∈ S, the support
of Ψ(Ox) is the whole ofY . Since each cohomology sheaf ofΨ(Ox) is
special, it follows thatωY has finite order, contradicting Lemma 2.1.�

3. Ruled surfaces and surfaces of general type

We start our classification of Fourier-Mukai transforms by looking at sur-
faces with Kodaira dimension−∞ and2.

Proposition 3.1. LetX be aminimal surface of general type. Then the only
FM partner ofX isX itself.
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Proof. It is a standard fact [2, VII.2.3, VII.2.5] thatX has only finitely many
irreducible curvesD satisfyingD ·KX = 0. Thus, by Lemma 2.11, given a
FM transformΦ: D(Y )→ D(X), we may choosey ∈ Y so that the support
of Φ(Oy) does not contain any of these curves.

LetE be a non-zero cohomology sheaf ofΦ(Oy). SinceE is special,E
is a torsion sheaf, andc1(E) ·KX = 0, soc1(E) = 0, andE is supported in
dimension zero. Then Riemann-Roch givesχ(E,E) = 0, and this implies
thatExt1X(E,E) has dimension at least2. This applies to any cohomology
sheaf ofΦ(Oy) so Lemma 2.9 implies that some shift ofΦ(Oy) is a sheaf
E. Then, by Lemma 2.2,E is simple, hence isomorphic toOx for some
x ∈ X, and Remark 2.6 shows thatY is isomorphic toX. �

Proposition 3.2. LetX be a minimal surface of Kodaira dimension−∞
with no elliptic fibration. Then the only FM partner ofX isX itself.

Proof. Let Φ: D(Y ) → D(X) be a FM transform. IfX = P2 then the
argument of Prop. 3.1 applies, so we may takeX to be a ruled surface over
a curve of genusg.

We freely use notation and results from [15,§V.2]. Recall in particular
that the Ńeron-Severi group ofX is generated by two elementsC andf ,
satisfying

C2 = −e, f2 = 0, C · f = 1,

wheree is some integer invariant ofX. In terms of this basis

KX = −2C + (2g − 2− e)f.

We shall assume for the moment thatX is not the unique rational ruled
surface with invariante = 2.

SupposeD is an irreducible curve onX with D · KX = 0. We claim
thatD2 ≥ 0. Assume for contradiction thatD2 < 0. The two-dimensional
vector spaceNS(X)⊗ZQ is then spanned byD andKX , so the Hodge index
theorem implies thatK2

X > 0, andX must be ruled overP1. In particular
e ≥ 0. WriteD = aC + bf . SinceD is irreducible

D · C = b− ae ≥ 0, D · f = a ≥ 0,

which is impossible sinceD2 = a(2b− ea) < 0.
If Φ is not a sheaf transform then by Lemma 2.9 we can find a pointy ∈ Y

and a cohomology sheafE of Φ(Oy), supported in dimension 1, such that
the groupExt1X(E,E) has dimension at most 1. SinceE is special, any
irreducible curveD contained in the support ofE satisfiesD ·KX = 0, and
thereforeD2 ≥ 0. But this is a contradiction since the groupExt2X(E,E)
is non-zero, so by Riemann-Roch,c1(E)2 < 0.
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Thus the kernel ofΦ is a sheafP on Y × X, flat overY . Given a
point y ∈ Y letD be the support of the sheafPy = Φ(Oy). If D is zero-
dimensional, it follows as in Prop. 3.1 thatX andY are isomorphic. Thus
we may assume thatD is a curve. ThenD · KX = 0 andD2 = 0, and
sincePy is simple,D is connected. FurthermoreD is irreducible since any
irreducible componentD0 ⊂ D satisfiesD0 ·KX = 0 and henceD2

0 ≥ 0.
Fix a smooth hyperplane sectionH on Y , with H · KY /= 0, and let

Ψ : D(X) → D(Y ) be a quasi-inverse ofΦ. For any pointx ∈ X, the
support ofΨ(Ox) meetsH at a finite set of points becauseΨ(Ox) is special.
We show that for some integerd this defines a mapX → Symd(H) which
is an elliptic fibration onX.

Recall the definition of the derived dual

O∨
H = RHomOY

(OH ,OY ) = OH(H)[−1].

For any line bundleL onY , one has isomorphisms

Homi
D(Y )(L, Ψ(Ox)

L⊗OH) = Homi
D(Y )(L⊗O∨

H , Ψ(Ox))

= Homi+1
D(X)(Φ(L⊗OH(H)),Ox).

By the theorem on cohomology and base-change, we can chooseL suffi-
ciently ample so that the object

Φ(L⊗OH(H)) = RπX,∗(P ⊗ π∗
Y (L⊗OH(H)))

is concentrated in degree 0 and is locally free. Then the above groups vanish
unlessi = −1, so for eachx ∈ X, the object

Ψ(Ox)[−1]|H = Ψ(Ox)[−1]
L⊗OH

is concentrated in degree 0. If the kernel of the transformΨ [−1] is the
objectQ of D(Y ×X), this implies [8, Lemma 4.3] thatQ|H×X is a sheaf
onH ×X, and is flat overX. ThusQ defines a family of torsion sheaves
onH, parameterised byX, so induces a morphism

f :X → Symd(H).

By the result of Sect. 2.7, any fibre off is the intersection over a finite
set of pointsy ∈ H of the supports of the sheavesPy = Φ(Oy). Each sheaf
Py is supported on an irreducible curveDy satisfyingDy · KX = 0, and
by Riemann-Roch, given two pointsy1, y2 ∈ Y one hasDy1 ·Dy2 = 0. It
follows that any non-singular fibre off is an elliptic curve. Applying Stein
factorisation gives an elliptic fibrationX → S onto a smooth curveS, and
hence a contradiction.
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The remaining possibility is thatX is the unique rational ruled surface
with invariante = 2. Then, [15, Cor. 2.18],C ⊂ X is the only irreducible
curve satisfyingC · KX = 0, so the argument of Prop. 3.1 shows thatY
is birational toX. By Lemma 2.3,X andY have the same Picard number,
so Y is also a rational ruled surface, and hence has no elliptic fibration.
Applying what we have already proved toY , we conclude thatY also has
invariante = 2, soX andY are isomorphic. �

4. Elliptic surfaces

Fourier-Mukai transforms for elliptic surfaces were introduced in [7]. We
start by reviewing the construction given there. Throughout we fix a surface
X and a relatively minimal elliptic fibrationπ:X → C.

Given an objectE of D(X), one defines thefibre degreeof E

d(E) = c1(E) · f,
wheref denotes the algebraic equivalence class of a fibre ofπ. Let λX/C

denote the highest common factor of the fibre degrees of objects ofD(X).
Equivalently,λX/C is the smallest numberd such that there is a holomorphic
d-section ofπ.

Let a > 0 andb be integers, withb coprime toaλX/C . Then, as was
shown in [7], there is a smooth, two-dimensional component

Y = JX/C(a, b)

of the moduli space of pure dimension one stable sheaves onX, the general
point of which represents a ranka, degreeb stable vector bundle supported
on a smooth fibre ofπ.

There is a natural morphismY → C, taking a point representing a sheaf
supported on the fibreπ−1(p) of X to the pointp, and this morphism is a
relatively minimal elliptic fibration. Moreover, there is a universal sheafP
onY ×X, supported onY ×C X, and the corresponding functorΦP

Y →X is
a FM transform. In [7] these ideas are used to prove the following result.

Theorem 4.1. Take an element(
c a
d b

)
∈ SL2(Z),

such thatλX/C dividesd anda > 0. LetY be the elliptic surfaceJX/C(a, b)
overC. Then thereexist universal sheavesP onY ×X, flat over both factors,
such that the resulting functorΦ = ΦP

Y →X is an equivalence of categories
satisfying (

r(ΦE)
d(ΦE)

)
=

(
c a
d b

) (
r(E)
d(E)

)
,(1)
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for all objectsE ofD(Y ). �
Whena = 1 the elliptic surfaceJX/C(a, b) is the relative Picard scheme

of R. Friedman [13], which we denote more concisely byJX/C(b).

Lemma 4.2. For any pair of integersa, b, with b coprime toaλX/C , there
is an isomorphism

JX/C(a, b) ∼= JX/C(b).(2)

Proof. The essential point is that, as in [1, Theorem 6], the determinant map
gives an isomorphism

det:MXp(a, b) −→MXp(1, b) = Jacb(Xp)

on each smooth fibreXp of π:X → C. Glueing these maps gives the
isomorphism (2).

In more detail, letU ⊂ C be an open subset ofC over which the
morphismπ is smooth, and letPU denote the restriction ofP to the open
subset

YU ×C XU ⊂ Y ×C X.

For each pointy ∈ YU , the restriction ofPU to the fibre{y}×C X is a rank
a, degreeb vector bundle on the smooth elliptic curveXπ(y). ThereforePU

is locally free, and we can consider the determinant line bundle∧a PU . This
parameterises degreeb line bundles on the fibres ofπ, and hence defines an
isomorphism

JX/C(a, b)×C U −→ JX/C(b)×C U.

Since both spaces in (2) are relatively minimal overC, [2, Prop. III.8.4]
implies that they are isomorphic.�
Lemma 4.3. For any integerb coprime toλX/C , the elliptic surfaceY =
JX/C(b) has the same Kodaira dimension asX.

Proof. The Euler numbers ofX andY are equal by Lemma 2.3. By [12,
Prop. I.3.23] we must show that the base orbifolds ofX andY are diffeo-
morphic, i.e. that for each pointp ∈ C, the multiplicities of the fibres ofX
andY over the pointp are equal.

Let Φ: D(Y ) → D(X) be a FM transform as in Theorem 4.1, and fix a
pointp ∈ C. LetFY be the fibre ofY overp. ThusOFY

has Chern character
(0, f, 0). It is easy to check using formula (1) that the objectΦ(OFY

) of
D(X) has Chern character−(0, cf, d).

Suppose thatFY is a multiple fibre, so thatFY = mDY for some positive
integerm, and letE = Φ(ODY

). ThenE is an object ofD(X) supported
on the fibreFX of X overp, and if the first Chern class ofE is−DX , we
must havemDX = cf . But c is coprime tod, andm dividesλX/C which
dividesd, so it follows thatFX has multiplicity at leastm. By symmetry
the multiplicities of the fibres ofX andY overp are equal. �
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We can now prove the following classification result.

Proposition 4.4. LetX be a minimal surface of non-zero Kodaira dimen-
sion, with an elliptic fibrationπ:X → C. If Y is an FM partner ofX, then
Y is isomorphic to the relative Picard schemeJX/C(b), for some integerb
coprime toλX/C .

Proof. Letf be the cohomology class of a fibre ofπ. The cohomology class
KX is a non-zero rational multiple off , [2, Cor. V.12.3], so the support of
any special sheaf onX is contained in a finite number of fibres ofπ.

Takex ∈ X lying on a smooth fibre ofπ, and take a pointy ∈ Y such that
the support of the objectE = Φ(Oy) containsx. SinceHomD(X)(E,E) =
C, the support ofE is connected, hence equal to the (smooth) fibre of
π containingx. Now the Chern class ofE must be(0, af,−b) for some
integersa andb, and since

χ(E,Φ(OY )) = χ(Oy,OY ) = 1,

Riemann-Roch implies thataλX/C is coprime tob. SinceE is supported on
an elliptic curve, all of its cohomology sheaves are non-rigid, so Lemma 2.9
implies thatE has only one non-zero cohomology sheaf. Thus a shift ofE
is a simple sheaf on an elliptic curve, hence stable.

LetY + be the elliptic surfaceJX/C(b), with its relatively minimal elliptic
fibrationπ+:Y + → C. There is a transform

Ψ : D(Y +) −→ D(X)

which takes the structure sheaf of some point ofY + toE. Applying Prop.
2.5 to the transformΨ−1 ◦ Φ shows that there is a birational equivalence
f :Y ��� Y +, such that

(Ψ−1 ◦ Φ)(Oy) = Of(y)

for all pointsy in some open subset ofY .
If X has Kodaira dimension 1, then so doY andY +, so Remark 2.6

shows thatf extends to an isomorphism, completing the proof. The only
other possibility is thatX is a minimal ruled surface over an elliptic base. In
that caseY andY + also have Kodaira dimension−∞, and also have Picard
number2, so are minimal ruled surfaces over an elliptic base. By Prop. 3.2
we may assume thatY has an elliptic fibrationπ:Y → C.

Consider the full subcategoryDsp(Y ) of D(Y ) consisting of objects
invariant under twisting byωY . The support of any object ofDsp(Y ) is
contained in the union of a finite number of fibres ofπ. By uniqueness of
Serre functors (see Lemma 2.1), the FM transformΨ−1 ◦ Φ takes objects
of Dsp(Y ) to objects ofDsp(Y +). This says that the birational mapf takes
fibres ofπ to fibres ofπ+, so applying [2, Prop. III.8.4] shows thatf extends
to an isomorphism. �
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Remark 4.5.If σ is a divisor onX such thatσ · f = λX/C , then twisting
byOX(σ) gives an isomorphism

JX/C(b) ∼= JX/C(b+ λX/C).

Thus an elliptic surface of non-zero Kodaira dimension has only finitely
many FM partners.

The argument of Lemma 4.2 shows that the operation of taking duals
gives a birational equivalence, hence an isomorphism

JX/C(b) ∼= JX/C(−b).
Finally note that there is an isomorphism

JX/C(1) ∼= X.
To see this note that the ideal sheaf of the diagonal inX×CX is flat over both
factors, and hence generates a family of rank 1, degree−1 stable sheaves
supported on the fibres ofπ.

5. K3 and abelian surfaces

LetX be an abelian or K3 surface. Following Mukai [22], one introduces
theextended Hodge latticeof X by using the formula

〈(r1, D1, s1), (r2, D2, s2)〉 = D1 ·D2 − r1s2 − r2s1
to define a bilinear form on the cohomology ring

H2∗(X,Z) = H0(X,Z)⊕H2(X,Z)⊕H4(X,Z),

and taking the following Hodge decomposition ofH2∗(X,C)

H2∗ (0,2)(X,C) = H0,2(X,C), H2∗ (2,0)(X,C) = H2,0(X,C),

H2∗ (1,1)(X,C) = H0(X,C)⊕H1,1(X,C)⊕H4(X,C).

InsideH2(X,Z) one has two sublattices, theNéron-Severi latticewhich
is

NS(X) = H2(X,Z) ∩H1,1(X,C),

and its orthogonal complementT(X), thetranscendental latticeofX. The
transcendental lattice inherits a Hodge structure fromH2(X,Z).

A Hodge isometryφ between the transcendental lattices (or extended
Hodge lattices) of two K3 (or abelian) surfacesX andY , is an isometry
between the relevant lattices which preserves the Hodge decomposition. This
last condition is equivalent to the statement thatφ⊗C takes the cohomology
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class of the unique (up to scalar multiples) non-vanishing holomorphic 2-
form onY to the corresponding class onX.

To each sheaf (or complex of sheaves)E onX one associates aMukai
vector

v(E) = (r(E), c1(E),
1
2
c1(E)2 − c2(E)− εr(E)) ∈ H2∗(X,Z),

where(r(E), c1(E), c2(E)) are the Chern classes ofE, and ε is 0 or 1
depending on whetherX is abelian or K3 respectively. Having done this,
the Riemann-Roch formula becomes

χ(E,F ) = −〈v(E), v(F )〉,
for any pair of sheaves (or complexes)E andF onX.

By Lemma 2.1 any FM partner ofX is also an abelian or K3 surface,
and Lemma 2.3 shows that an abelian surface could never be a partner of a
K3 surface.

The following theorem is due to Mukai [22] and Orlov [24]. We sketch
the proof for the reader’s convenience, and to fix ideas for the next section
where similar techniques are used.

Theorem 5.1. LetX andY be a pair of K3 (respectively abelian) surfaces.
The following statements are equivalent,

(a) there is a FM transformΦ: D(Y )→ D(X),
(b) there is a Hodge isometryφt: T(Y )→ T(X),
(c) there is a Hodge isometryφ: H2∗(Y,Z)→ H2∗(X,Z),
(d) Y is isomorphic to a fine, two-dimensional moduli space of stable

sheaves onX.

Sketch proof.
(a)=⇒ (b). Any FM transformΦ: D(Y )→ D(X) induces an isomorphism
of vector spaces

φ: H2∗(Y,C) −→ H2∗(X,C),

as in Sect. 2.3. Since the kernel ofΦ is algebraic, this isomorphism preserves
the Hodge decomposition. Mukai checks [22, Lemma 4.7, Theorem 4.9],
thatφ preserves the inner product and the integral lattices. It follows thatφ
takesT(Y ) into T(X).
(b)=⇒ (c). This is a consequence of a result of Nikulin [22, Prop. 6.1].
The orthogonal complement ofT(Y ) in H2∗(Y,Z) contains the hyperbolic
lattice

H = H0(Y,Z)⊕H4(Y,Z),

so any isometry of transcendental lattices extends to an isometry of extended
Hodge lattices.
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(c)=⇒ (d). Let
φ: H2∗(Y,Z) −→ H2∗(X,Z)

be a Hodge isometry, and putv = φ(0, 0, 1). Composing with standard
automorphisms ofH2∗(X,Z), obtained either by swappingH0 and H4,
or by twisting by line bundles, we may assume thatv = (r, ,, s), with r
positive,, ample, ands coprime tor.

Sincev is algebraic, we can considerY +, the moduli space of stable
sheaves onX with Mukai vectorv, with respect to the polarization,. The
fact thatv is primitive implies that this moduli space is fine [22, Theorem
A.6], and the fact thatv2 = 0 implies thatY + is two-dimensional. General
results of Mukai show thatY + is smooth [20] and non-empty [22, Theorem
5.4], [18, Prop. 6.16, Cor. 6.23].

By Cor. 2.8 there is a FM transform

Ψ : D(Y +) −→ D(X),

such that for any pointy ∈ Y +, Ψ(Oy) is the corresponding stable sheaf
onX. The argument given for (a)=⇒(b) shows thatΨ gives rise to a Hodge
isometry

ψ: H2∗(Y +,Z) −→ H2∗(X,Z)
taking(0, 0, 1) to v. The compositeψ−1 ◦ φ is a Hodge isometry

H2∗(Y,Z) −→ H2∗(Y +,Z)

fixing (0, 0, 1), which therefore restricts to give a Hodge isometry

H2(Y,Z) −→ H2(Y +,Z).

In the K3 surface case, the Torelli theorem shows thatY andY + are
isomorphic, and we are done. OtherwiseX is an abelian surface, and [26,
Theorem 1] shows thatY is isomorphic to eitherY + or its dual variety.
In either caseY is a FM partner ofX since dual abelian varieties have
equivalent derived categories by the results of [19]. It follows from Cor.
2.10 that there is a universal family of sheaves{Py : y ∈ Y } onX, which
we may assume are locally free, and which are simple by Lemma 2.2. Then
[18, Prop. 6.16] shows that each bundlePy is actually stable (with respect
to any polarization ofX), soY is indeed a moduli space of stable sheaves
onX.

(d)=⇒ (a). Immediate from Cor. 2.8.�
Remark 5.2.Given a FM transformΦ: D(Y ) → D(X) between K3 sur-
faces, the theorem implies thatY is a moduli space of stable sheaves on
X. This doesnot mean thatΦ is given by the formulaΦP

Y →X , with P a
universal sheaf onY ×X. As we mentioned in the introduction, finding the
set of FM transforms between two K3 surfaces satisfying the conditions of
the theorem is a difficult unsolved problem.
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Proposition 5.3. LetX be aK3 or abelian surface. ThenX has only a finite
number of FM partners.

Proof. Suppose for contradiction thatX has infinitely many FM partners
Y , and choose two such surfacesY1 andY2, not isomorphic, together with
a Hodge isometry

φ: H2∗(Y1,Z) −→ H2∗(Y2,Z).

Sinceφ preserves the Hodge decomposition, it induces lattice isomorphisms

T(Y1) −→ T(Y2), NS(Y1)⊕H −→ NS(Y2)⊕H,
whereH = H0(Y,Z) ⊕ H4(Y,Z) is the hyperbolic lattice. The second
isomorphism shows that the latticesNS(Y1) and NS(Y2) have the same
genus [23, Theorem 1.3.1, Cor. 1.9.4]. There are only finitely many different
lattices of each genus [11, Ch. 10,§3.3], so we may chooseY1 so that there
are infinitely many possible choices forY2 such thatNS(Y1) andNS(Y2)
are isometric. For any such choice we can find a Hodge isometry

f : NS(Y1)⊕ T(Y1) −→ NS(Y2)⊕ T(Y2).

Fix an abstract latticeW isomorphic toNS(Y1)⊕ T(Y1). Lattices con-
tainingW as a sublattice of finite index are all contained in the dual lattice
W ∗ = HomZ(W,Z), and thus correspond to subgroups of the finite abelian
groupW ∗/W , as in [23, Sect. 4]. Obviously there are only a finite number
of these, so, changingY1 again, we may assume that there are infinitely
many possible choices forY2 such that the lattice extensions

NS(Y1)⊕ T(Y1) ↪→ H2(Y1,Z), NS(Y2)⊕ T(Y2) ↪→ H2(Y2,Z)

are isomorphic. But for any such choice, the isometryf extends to a Hodge
isometry

H2(Y1,Z) −→ H2(Y2,Z).

If X is a K3 surface, the Torelli theorem implies thatY1 andY2 are isomor-
phic. In the case whenX is an abelian surface we can apply [26, Theorem 1]
to conclude thatY1 is isomorphic toY2 or its dual. In both cases we obtain
a contradiction, since we claimed there were an infinite number of possible
choices forY2. �

Remark 5.4.Nikulin’s results imply that if a K3 surface has Picard number
at least 12 then it has no FM partners other than itself [22, Prop. 6.2]. This
result is not true in general; Mukai observes [22, p. 394] that there are K3
surfaces with isometric transcendental lattices (hence equivalent derived
categories) but distinct Ńeron-Severi lattices.
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6. Enriques and bielliptic surfaces

We conclude our classification of FM transforms by considering surfaces
with non-trivial canonical bundle of finite order, i.e. Enriques and bielliptic
surfaces. Collectively we shall call such surfacesquotient surfaces.

All bielliptic surfaces have exactly two elliptic fibrations, and the general
Enriques surface is also an elliptic surface in two different ways. Thus it
is possible to generate many examples of non-trivial FM transforms for
quotient surfaces by considering compositions of the transforms arising
from Theorem 4.1. Further examples were described in [10]. Nonetheless,
in this section we shall prove that ifX is a quotient surface then any FM
partner ofX is isomorphic toX itself.

Let X be a quotient surface, and letn be the order ofωX . It is easily
seen that there is a surfacẽX, with trivial canonical bundle, such thatX is
the quotient ofX̃ by a free action of the finite cyclic groupG of ordern.
We refer to the quotient mappX : X̃ → X as thecanonical coverofX. Let

Φ: D(Y )→ D(X)

be a FM transform. By Lemma 2.1,ωY also has ordern, so has a canonical
cover pY : Ỹ → Y . In [10] we proved that there is alift of Φ to a FM
transform

Φ̃: D(Ỹ ) −→ D(X̃)

making the following two squares of functors commute

D(Ỹ ) Φ̃−→ D(X̃)

p∗
Y

�
�pY,∗ p∗

X

�
�pX,∗

D(Y ) Φ−→ D(X).

Moreover any such lift is equivariant, in that there is an automorphism
µ:G→ G such that for eachg ∈ G there is an isomorphism of functors

g∗ ◦ Φ̃ ∼= Φ̃ ◦ µ(g)∗.

Proposition 6.1. LetX be an Enriques surface. Then the only FM partner
ofX isX itself.

Proof. Take notation as above. Thus̃X and Ỹ are K3 surfaces andG =
Z/(2). It follows thatY is also an Enriques surface. Letg be the generator
of G. Define sublattices

H2∗
± (X̃,Z) = {θ ∈ H2∗(X̃,Z) : g∗(θ) = ±θ}.
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Note thatH2∗− (X̃,Z) ⊂ H2(X̃,Z). Furthermore

H0,2(X̃,C) ⊂ H2∗
− (X̃,Z)⊗ C.

The transformΦ̃ induces aG-equivariant Hodge isometry between
H2∗(Ỹ ,Z) andH2∗(X̃,Z), and hence gives aG-equivariant isometry

f : H2∗
− (Ỹ ,Z) −→ H2∗

− (X̃,Z),

taking the subspaceH0,2(Ỹ ,C) ontoH0,2(X̃,C). We claim thatf extends
to an isometry

f : H2(Ỹ ,Z) −→ H2(X̃,Z).

Assuming this for the moment, note thatf is then aG-equivariant Hodge
isometry, so by the Torelli theorem for Enriques surfaces, [2, VIII.21.2],X
andY are isomorphic.

To prove the claim we use more results of Nikulin. The orthogonal com-
plement ofH2∗− (X̃,Z) in H2(X̃,Z), which is equal toH2

+(X̃,Z), is even,
2-elementary ([23, Defn. 3.6.1]) and indefinite. The claim then follows from
Prop. 1.14.1 and Theorems 3.6.2 and 3.6.3 of [23].�

Proposition 6.2. LetX be a bielliptic surface. Then the only FM partner
ofX isX itself.

Proof. Take notation as above. TheñX is a quotient of a product of two
elliptic curves by a finite groupH of translations, so is an abelian surface with
two elliptic fibrations without multiple fibres. The Ńeron-Severi group of̃X
is generated by the algebraic equivalence classesf1, f2 of the corresponding
fibres andf1 · f2 = m, the order ofH.

Note that the groupG acts on one of the fibres, sayf2, of X̃ via multipli-
cation by a complexnth root of unity. It follows thatX has a multiple fibre
of multiplicity n, and that there exists a divisorD onX such thatp∗

XD = f1.
Consulting the table on [2, p. 148], the possible values ofm are 1,2,3

and 4, and whenm > 1, the prime factors ofm are the same as those ofn.
By Remark 4.5, all the relative Picard schemes ofX̃ considered in Sect. 4
are isomorphic tõX. We shall show that̃Φ is isomorphic to a composite of
transforms arising from the two elliptic fibrations via Theorem 4.1.

Cor. 2.10 shows that̃Φ is a sheaf transform. Thus we can suppose that
for each point̃y ∈ Ỹ , the objectF̃ = Φ̃(Oỹ) is a sheaf onX̃, of Chern
character(r, pf1 + qf2, s) say. The fact that̃Φ is a lift of Φ implies that

χ(p∗
X(Φ(OY )), F̃ ) = χ(Φ(OY ), pX,∗(F̃ )) = χ(Φ(OY ), Φ(Oy)) = 1,

wherey = pY (ỹ). Nowp∗
X(Φ(OY )) has second Chern class divisible byn,

and hence bym, so Riemann-Roch implies thats is coprime tom.
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Leth be the greatest common divisor ofr andp, and take integersb and
d such thatbp+ dr = −h. Riemann-Roch together with Lemma 2.2 shows
that rs = mpq. Sinces is coprime tom, we see thatm dividesr/h. By
Theorem 4.1 we can find a transform̃Ψ : D(X̃)→ D(X̃) such that(

r(Ψ̃E)
d(Ψ̃E)

)
=

(−p/h r/mh
dm b

) (
r(E)
d(E)

)
,

whered(E) = c1(E) · f2 for any objectE of D(X̃).
The transform̃Ψ arises by considering the moduli space of stable sheaves

Ψ̃(Oỹ)onX̃ of Chern character(0, af2, b), wherea = r/mh. We must show
thatΨ̃ is the lift of a transformΨ : D(X)→ D(X), it follows from this that
Ψ̃ isG-equivariant. By [10, Lemma 5.1], it is enough to check that for some
objectA of D(X),

χ(p∗
XA, Ψ̃(Oỹ)) = 1.

By Riemann-Roch, this is the statement that there is a divisorD onX such
thatb is coprime top∗

XD · f2. But we can assume thatp∗
XD = f1, and this

is enough, sinceb is coprime tom.
ReplacingΦ with the composite transformΨ ◦ Φ we can now assume

that r = 0 andp /= 0. By Riemann-Roch,q = 0 also, soF̃ has Chern
character(0, pf1, s), where, as before,s is coprime top andm. There exists
an equivariant transform

Ψ̃ : D(X̃) −→ D(X̃)

such thatΨ(Ox̃) has this same Chern character, so composingΦ̃ with the
inverse ofΨ̃ we can assume that̃F = Φ̃(Oỹ) has Chern character(0, 0, 1).
But Φ̃ is a sheaf transform, so there is an isomorphismφ̃: Ỹ → X̃ such that
for all ỹ ∈ Ỹ ,

Φ̃(Oỹ) = Oφ̃(ỹ).

SinceΦ̃ isG-equivariant,φ̃ descends to an isomorphismφ:Y → X. �
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