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0 Introduction

This work can be regarded as a natural continuation of [BCM], where a study of
the regularity of the global solutions to certain systems of vector fields defined
over compact manifolds was presented. The general fact (already pointed out
in the late fifties by F. Treves; see [T1], Theorem 52.2) that a hypoelliptic
linear partial differential operator has a locally solvable transpose, leads us to
consider the question of the global solvability for the transpose of the systems
considered in [BCM].

Our study is inserted in the context of involutive structures as described
in [T3)]. Let M denote a compact, connected, orientable, real analytic mani-
fold of dimension #. To a real analytic, complex, closed 1-form w over M
we associate, in a natural way, an involutive structure over M x S' (S! is the
unit circle); furthermore, to such a structure we attach a complex of differen-
tial operators {IL’}o<;<.—1 defined by the vector fields orthogonal to dx — @
(x denotes the angular coordinate in S').

One of the results in [BCM] gives, when the characteristic set of the invo-
lutive structure is free from singularities, a necessary and sufficient condition
for the global hypoellipticity of IL°. The transpose of IL° is identified to IL"~!
and the standard functional analysis argument applies: the global hypoellipticity
of ILY implies the global solvability of IL"~!. This fact is the starting point of
our study and, under the above mentioned hypothesis on the characteristic set,
a necessary and sufficient condition for the global solvability of IL"~! can then
be derived (Theorem 1.9). As one would expect in this situation, the presence
of the imaginary part of w brings to the picture the natural generalization of
the so-called Condition (P) of Nirenberg—Treves whereas the real part of @
contributes with the diophantine approximation aspects of the problem. It is
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worth recalling that the latter is just relevant because we are dealing with a
global question: the corresponding local solvability can be described simply in
terms of Condition (P) ([Co-Ho]).

There are two cases for which Theorem 1.9 is a consequence of results
obtained previousiy: when n =1 it follows from results in [H] and when o is
exact it is contained in the main theorem in [Ca-Ho].

Finally we point out that our arguments can be carried out under the
hypothesis of the real part of @ being only ¢°°. Furthermore, when the imag-
inary part of w vanishes identically, even M can be assumed only .

1 Preliminaries and statement of the main theorem

In this work M denotes a compact, orientable, connected, real-analytic manifold
of dimension n» =1 and S' is the unit circle.

Our basic datum is a complex, real-analytic, closed 1-form o defined on M.
To w we associate the line subbundle 7' C¢ € ® T*(M x S') spanned by the
1-form ¥ = dx — w, where x denotes the angular variable in S!. Its orthogonal
L =(T"Y cCQT(M x §") is then a vector subbundle of C® T(M x S')
of fiber dimension n that can locally be described as follows: if (V,1,...,t:)
is a coordinate system on M such that dA = w in V for some 4 € C®(V), the
pairwise commuting vector fields

0 0A0

b=a*aw

j=1,..,n (1.1)
span % over ¥ xS'. Thus & defines a locally integrable structure of codimen-
sion one over M x S, see [T3).

To the structure . it is possible to associate, in a natural way, a complex
of differential operators. The intrinsic construction of such a complex is given
in [T3]; here we briefly recall the definition.

Let A?° (0 £ p £ n) be the subbundle of A?(C ® T*(M x S')) char-
acterized by the following property: if (¥,#,...,4) is a coordinate system
on M then AP0, ¢ is spanned by dt;, |J|= p; we are using the notation
Jz(jl,...,jp), 1<ji<joa<--- <jp§n, dy =dtj1 /\/\dt]p Due to the
isomorphism C(M x §'; AP0) =~ C=(S'; APC>(M)) the exterior derivative
d, in M may be thought of as an operator

dy: CO(M x 8% 4P%) — C°(M x §'; APHLOY
Similarly the operator J, may be considered as an endomorphism

0; 1 CO(M x S'; AP0) = C®(M x S'; A79).
For p € {0,1,...,n} we define

L=1":C®WM x8';47%) — C®M x S'; AP0y (12)



Systems of vector fields 263
by the expression
Lu=(d+wAd)u uecC®MxS';AP0).

Since IL o IL = 0 (which is in fact equivalent to dw = 0), (1.2) indeed defines
a complex of differential operators.

A similar construction can be carried out if we allow the coefficients of
the forms to be distributions: we obtain a new complex by replacing C*°
by 2’ in (1.2). Notice that, if (V,1,...,t,) is a coordinate system on M and if
u€ P'(M x S'; AP?) then we can represent ul,, 51 = ;_, w(t,x)dt; and

Li)lyusr = 5 Ljus(tx)dy Aty . (13)
=1 l=p

Our main goal is to find conditions for the global solvability of L*~'u = f
where f € C®(M x S'; A™°) is given and u € 2'(M x S'; A"~1:%) is sought.
There exist natural compatibility conditions on f for the solution u to exist,
namely

Lemma 1.1 If f € C®(M xS"; A™°) and if there exists u € D' (M xSt; A" 10)
with " 'u = f then
[ htx)f(tx)Adx =0 (1.4)
MxS!
for every h € C®(M x §') satisfying 1L = 0.

Proof. First notice that if v € 2'(M x §'; 470) then ILPv A ¢ = d(v A ),
where d is the exterior derivative in M x S'; moreover, when p =n — 1 we
also have 1" 'v A dx = " 'v A 9. Hence, if u, f and h are as above we
obtain

[ hfndx= [ KL"'undx= [ hduArd)

MxS! Mxs! MxSs}
=~ [ dinund=- [ LhAund=0. O
MxS1 MxS!

In view of this lemma it is natural to pose the following

Definition 1.2 Let IE be the set

E = {feC‘”(MxSl;A"’o): [ hfAdx=0

MxS!

for all h € C®(M x S') such that 1% = 0}.

We say that L~ is globally solvable (GS) if for every f € E there exists
ue @M x S A1) such that 1" lu = f.
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As will be seen, there is an intimate connection between the global solv-
ability of IL"~! and the global hypoellipticity of IL%; the latter property was
the subject of [BCM] and we recall its definition.

Definition 1.3 We say that IL° is globally hypoeelliptic (GH) if the conditions
u€ P'(M xS and Lo € C®(M x S'; A1) imply u € C®°(M x S").

In order to state our theorem we now recall a few definitions and results.
Definition 1.4 (See [BCM]) For a closed, real a € A'C®(M), we define:

(i) a is integral if - [ a € Z for any 1-cycle 6 in M.
(ii) a is rational if there exists ¢ € N such that ga is an integral 1-form.
(iii) a is Liouville if a is not rational and there exist a sequence of closed,
integral 1-forms {a;} and a sequence of integers q; 2 2 such that {qj’ (a ~
%aj)} is bounded in A'C®(M).

As in [BCM] we use the notations @ = a+ib and £ = {r € M : b(z) = 0}.

Proposition 1.5 (See [BCM], Proposition 3.1) There exist an open set U with
2 CU C M and a function ¢ € C(U) such that dp=b in WU, ¢ =0 on .
Moreover @ is uniquely determined as a germ of an analytic function on X.

In this work we always assume that the following condition is satisfied:
Each component of X is an embedded analytic submanifold of M . (1.5)

We will denote by .o/ the set of all connected components £’ of X such that
either p =0 or ¢ >0 or p <0 in #'\Z’ for some open subset £’ C %' C %.
Notice that &/ = {M} when b =0.

Proposition 1.6 (See [BCM], Corollary 5.4) Assume that (1.5) holds. The
operator IL° is globally hypoelliptic if and only if each X' ¢ </ has dimension
2 1 and the pull-back, i},(a), of the 1-form a to X' is neither rational nor
Liouville.

Next we recall condition (),—1 from [T2] (see also [Ca-Ho]). Assume that
b is exact, that is, there exists @, € C*°(M) such that dp, = b. Set, for an
arbitrary real number r, M,” = {t e M : @ (t) <r}, M} ={t e M : p,(¢) >
r}, and consider the natural homomorphisms

¥y Hyo(MF) — Hyoa(M)

n—

induced by the inclusion maps M C M, where H,_;(M*) and H,_ (M) stand,
respectively, for the (n — 1) de Rham homology space of M* and M over C.

Definition 1.7 (See [T2],[Ca-Ho}) We say that property (Y}, holds (for
LYy if ini_1 are infective for every real number r.

Proposition 1.8 (See [Ca-Ho]) If w is exact then 1L."~" is globally solvable if
and only if (Yr),— holds.

We are now ready to state the main result of the present work.
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Theorem 1.9 If (1.5) holds then the property

1) I is globally solvable,
is equivalent to
(I) One of the following conditions is satisfied:

(1), IO is globally hypoelliptic;

(I1), b is exact, (Y)p—1 holds, a is rational, and if ¢ € N is the smallest
integer such that qa is integral then ¢ = min{! € N : li3,(a) is integral} for
every X' € of.

We now present an example in order to clarify the meaning of condition
(IN),: Let M = IR?/2nZ? be the two-dimensional torus, where the coordinates
are written as 1 = (f,5). Take a = zdf) + (1/3)dt,, where 7 is a rational
number, and b = cost dt;. It is easily seen that condition (y); is satisfied.
Moreover 2~ = {t : ty = £n/2} and both of its components belong to o. If
7 = 4/3 then g = 3 and (II), is satisfied whereas if © = 1/2 then ¢ = 6 and
(I1), is not satisfied.

2 Study of KerIL°

The purpose of this section is to describe KerIL?, where L = d, + (a+ib) A d;
is the operator defined in Sect. 1, acting on C®(M x S!).

In the statements below we will make use of the universal covering of M,
nm-M-—-M.

Lemma 2.1 Let o, B € A'C®(M) be real and closed and consider the operator
D : C®(M) — A'C>®(M) defined by

D =d, +i(e+if)A .

Then:

(i) if either B is non-exact or o is non-integral then Ker D = {0},

(it) if B is exact and « is integral then Ker D is spanned by the function
e~V . % where Y € C®(M) is such that df = IT*a and ¢° € C®(M) is
such that do® = B.

Proof. Let u € C>*(M) be such that Du = 0. Take y € C°°(A7I ) such that
dy = II*(a + if). Then we have d,(IT*u) + idy(IT*u) = 0 and, consequently,

d(eT*u) =0 in M.
Hence IT*u = ce""‘,Afor some constant ¢ € C.
For all 4,B € M with I1(A) = II(B) = p we have u(p) = ce ¥ =

ce B If c+0 then, writing y =y, + i®, we must have

ilVe(B)—tha(D)]—[0B)~o)] _ |
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This implies @(4) = @(B) and eWeB Vel — 1 for all 4,B as above; these
facts imply, respectively, that f is exact and « is integral. Thus part (i) is
proved.

Furthermore, when f§ is exact and « is integral, it is easy to see that the

function e~ - ¢? indeed belongs to Ker ID. The proof is complete. O
We can now describe Ker ILC.

Lemma 2.2 (i) If either b is non-exact or a is not rational then Ker L° = C;
(ii) if b is exact and a is rational then KerIL® consists of the functions
h..e C®(M xS") whose x-Fourier series are of the form h(t,x) = Z;fioo hi(t)
e’* where
0 {0, if j+qN, VN € Z
j p——

Cve NV .eNos if j=gN, N€Z

where ¢ = min{! € N : la is integral}, ¥ € C®(M) with dy = IT*(qa),
Qe € C®(M) with dp, = b, and Cyy € C.

Proof. Let h € C=(M xS'). By using the x-Fourier series we see that L% = 0
if and only if DA (¢) =0, for all j € Z, where D; = d, + ij{(a + ib)A.

If b is non-exact (respectively, a is not rational) then jb is non-exact (re-
spectively, ja is non-integral) for all j € Z\{0}. Now Lemma 2.1 implies
hi(t) =0, for all j € Z\{0}.

If j = 0 then Dy = d; and so hy(t) = constant, since M is connected.

Assume now that b is exact and a is rational. Then jb is exact for
all j € Z. Also ja is integral if and only if j = ¢gN, with N € Z. Now
Lemma 2.1 implies that h;(t) = 0, for all j ¢ ¢Z. Lemma 2.1 also implies
that, for j = gN, N € Z, hyn(t) = Cyne™ NV . Voo where dy = II*(qa).
Thus if IL% = 0 then % has the form stated in lemma.

It is easy to see that functions of this form indeed belong to Ker IL°. This
concludes the proof. O

3 Necessity

Assume that neither (I1); nor (II); hold and reason in the following way.
Suppose first that b is not exact; then Proposition 1.6 implies that (3.3) below
holds. If otherwise b is exact then the conjunction of Proposition 1.6 with the
negation of (II), implies that we are in one of the remaining four situations
below:

(3.1) b= 0 and a is Liouville;

(3.2) b is exact, a is rational, and (¥),—; does not hold;

(3.3) b is non-exact and there exists X’ € ./ such that i},(a) is either
rational or Liouville;

(3.4) b is exact, b=0, a is riot rational, and there exists 2’ € &/ such that
i3/(a) is either rational or Liouville;
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(3.5) b is exact, b =0, g is rational, ({),—; holds, and there exist / € N
and 2’ € o/ such that /i3,(a) is integral but /a is not integral.

We will show that each of these conditions implies L"~! not globally
solvable by violating the inequality appearing in the next lemma. The latter
is a variation of the classical result Lemma 6.1.2 of Hormander {H1], and its
proof will be omitted.

Lemma 3.1 If IL""! is globally solvable then there exist C > 0 and m € Z..
such that

[ g@tx)f(tx) Adx| < Cf |mlLoG]lm ,

M xS}

for all g€ C°(M x S') and all f € E (here || ||,n denotes some norm which
defines the C™ topology).

In order to violate this inequality we will construct sequences { f;};en C E,
{g;}jen C C®(M x 8') such that, for arbitrary m € Z,
I/ lmlLOgsllm — 0 as j— oo

and

[ g;f; Ndx — a nonzero number .
MxS!

In cases (3.3)-(3.5) where there is X' € .o/ we will reason under the
assumption that ¢ > 0 in U'\X’, the case ¢ < 0 being similar.

(3.1) =~ (I). By assumption there exist a sequence of closed, integral
1-forms {a;} and a sequence of integers g¢; = 2 such that {qj’(a - —aj)} is

bounded in A'C®(M). Let ¥; € C°°(M) be such that dyy; = II*a; and let
also Q € A"C*°(M) be nowhere vanishing. Recalling that eVi € C®(M) (cf.
Lemma 2.3 in [BCM]) we set, for j = 1,2,...,

fitx)y = e VO, gi(tx) = U

For each j we have f; € E since Ker L’ = C and

[ findx= (Jei‘/’iQ) ([ dx) =0.

MxS!
Also
[ gifindxk= [ .QAdx—27tf9=§=0 (3.6)
MxS! MxS!

On the other hand .
LY; = ig; (‘1 - aj) g;
q;

and a simple computation shows that, for each m € Z,, there exists C,, > 0
such that, for all j € N,
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and »
L0l < Cugy 7.
Thus
1AillmlIL2g;llm — 0, as j— oo (3.7)
Now the conjunction of (3.6) and (3.7) shows that the inequality in
Lemma 3.1 is violated.

(3.2) =~ (I). Here KerIL is spanned by the functions

e~ iNWTiape)  pigNs N o 7 |

where g is the smallest natural number such that ga is integral, d(ﬁ = [T*{(ga),
and dpe = b.

Since (), does not hold we may assume (changing x — —x if neces-
sary) that, for some r, i; is not injective. Thus there exist a closed 1-form
v € A'C(M;") such that v is exact in M but not compactly exact in M,".
This allows us to choose y € C*(M) such that dy = v and also, due to
de Rham’s theorem, a form u € A*"'C®(M,”) such that du = 0 in M,” and
fM #Av+0. Next take ro < r such that suppv C M, and for a fixed ¢ > 0

with ro +2¢ < r we also select { € C°(M, ,,,) with { =1 in M, ... We have

0% funv=[Clundy=~[dlwAx=~[iNy,
M M M
where we have set i = d({p). We note that @4(¢) = rp + & on supp fi.
Set, for N = 1,2,...,
frl(t,x) = e-—in(X—iw-(t))+iN;/:(t)’/j(t), gn(t,x) = ein(X~i<Po('))~iNJ(t)X(t) .
Since u is exact it follows that each fy belongs to IE. Furthermore,
LOgy = NG—ioa)=INV0) . (1

ILogxllm < CuN™e0M

1 fwllm < CuNme™C0*eM

f ngNAdXZZRIﬁAX*O.
MxS! M

Thus the inequality in Lemma 3.1 is also violated in this case.

We now proceed to prove that each of the conditions (3.3), (3.4) and (3.5)
imply the negation of (I). First, however, we pause to state a result that will
be necessary in the argument.

Lemma 3.2 Let X' be a component of Z,II' : £ — X' q universal covering
and let U 2O X' be a tubular neighborhood of X' in M with an analytic
retraction map p: U — X', Let finally a € A'C®(M) be real and closed and
take n € C*(U) so that dy = a — p*(i,(a)).

(A) If i3 (a) is integral then there is Y€ C*(£') such that &%’ € C*(Z")
and (d, — ia)[(e*’) o pe"] =0 in U.
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(B) If i3/(a) is Liouville then there are {y} C C>(2) and {9;}<Z.,
2 < q; — oo such that {(¢' ] )o p} and {g/(RelL%)[e~"4/t~ (e S »1} are
bounded sequences in C°(UY and A'C®(U x S"), respectively.

Proof. (A) If Y° € C*>°(Z") is such that dg,(y°) = I1"*i},(a) then eV’ ¢ c2(3")
[cf. Lemma 2.3 in [BCM]). The remaining conclusions in this part follows from
direct computation.

(B) We take sequences {q,} C Z,, 2 <q; — oo, and {a;} C A'C=(2"),
each a; integral, such that {qf(ig,(a) — %)} is bounded in A'C®(Z'). We
also take 1#]9 € C°°(2") such that df,lﬁ}’ = I1"*(a;). Since {a;} is bounded
in A'C>(2’) we obtain, by the chain rule, that {ei‘l'? o p} is bounded in
C>®(U). The chain rule also implies that {qj’ (p*iz(a)— p—%@)} is bounded in
A'C®(U). Finally we have

(Re LO)[e™4x=D(e] o p)]

={d,+ [p*(izl(a))«———” )y + (“f)] ax}[e—“qf“-"’(e"wfop)]

b q;

= —ig; [P*(i},(a)) -f ;C.lj)] [e™9"P(eYi 0 )]
7

+ {a’, + [dn L 2D ;a" )] A ax} [e~ (Vi o p)]
J
= —ig; [p*(izf(a)) AL ;a’ )] [em =M (e 0 p)]
J
where in the last equality we have used the fact that
d (") 0 p] = p*ldz:(e¥)] = p*liase¥i] = ip™(a;) ¥ 0 p). O
We now prove the implications (3.3) =~ (I) and (3.4) =~ (I).

Case (i). Assume that there exists 2’ € &/ such that i},(a) is rational.

Let ¢ = min{/ € N : li},(a) is integral}. Lemma 3.2(A) implies the
existence of Y° € C>°(2") such that dy® = I (gi}(a)), ¥’ € C(5"), and,
for j=1,2,...,

(d, — ijga)[(e™" o p)eM =0 i U. (3.8)

Take y € C(U) with ¥ = 1 in a neighborhood of X’ and ¢(¢) 2 ¢ >0
on supp (dy), for some ¢ > 0. Finally we select § € C°(U) with o(¢) < &/2
on supp 0 and

SO *0. (3.9)
M
For j =1,2,..., we define

filtx) = eijq(x—iqf(t))(e~ij¢f° o p)e—ijn(t)g(t)g(t)
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and .
gj(tx) = e TN (G o YDy (1) .

We have {f;} C E since KerIL = C and

MxS!

f f; Adx = (fejqw(e—ijwo o p)e»ijngg) (f el dx) =0,
M sl

Also, by (3.9),
[ gifindx=C#+0 (3.10)

MxS!
with C independent of j. On the other hand, by using (3.8), we obtain
L°g; = (dy)e~aG=io@)(eih® o p)ein®)

We have _
“f}“m = ijmesj/z’ HILOngm SECujme™

and, consequently,
1/l 1Ll — 0 a5 j — 0. (3.11)

The conjunction of (3.10) and (3.11) show that the inequality in
Lemma 3.1 is also violated in this case.

Case (ii). Assume that there exists 2’ € o/ such that i},(a) is Liouville.
We take y as in Case (i) and select & € X’ and a chart (V,y) with
y:¥V—=B=B(0,1), y(ty) = 0 and ¥V C {y = 1}. Since ¢(t) = 0 we have
(1) L Cly(r)), for all r€ ¥ and some constant C > 0. Next, choose § € CX(B)
with 60 and set, for j = 1,2,...,

0(gj¥(t)), teV
0.(2) =
i) { 0, te M\V,

where {g;} is as in Lemma 3.2(B). We have @(¢) £ C/q; on supp ;.
According to Lemma 3.2(B) we set, for j = 1,2...,

[i(t,x) = g10,(1)et Vet ™! 0 A1),
9/(8.3) = 1) PO o p)
As in Case (i) we have {f;} C IE. We also have
L0, = (dp)e™9%e 5= o p) + 1(1) - Re L (e o p)le9°
and thus, since Lemma 3.2(B) implies the estimates

: 1 0
(dp)e™ Y%~ (Y 0 p)llm £ Cugfe™
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and
R L4 0 p)le 0l < Cng; ™™,
we obtain '
||]Logj||m = Cm‘l}'n(e-sqj +qj”) R
We also have
[ fillm = Cmq T q]qf <C q"+'"

which then give
1l L0gillm < CnCmg?™ (€™ + ;)=S0 (3.12)
On the other hand, writing (y~')*Q = hds) A --- A ds,

[ afindx=g] [ 000020 ndx = 2ng] [ 0,(020)
MxS§! MxS!

= 2ng” [ (y71)"(0,Q) = 2nq” [ 0(q;s)h(s)dsy A+ -+ A ds,
B B

= 2nq}q;" [ O0(s")h ( ) dsy A---Ads,
and the last expression converges, as j — oc, to the non-zero value 2mh(0) [ 6.
Thus the inequality in Lemma 3.1 is violated.

Finally we show that (3.5) =~ (1).
Take q,/,Z' as in the assumption and n € C*°(U) such that dn = la —
p*(li5,(a)). Next we apply Lemma 3.2(A), with a replaced by /a, and get the

existence of y° € C°(2’) such that eV’ € C*(2') and
(d, — ila)[(&* 0 p)e" =0 in U .
With the notation ¢; = / +¢j, q; = q;/! we note that, for j =1,2,...,
(- iq;a)(€W” 0 p)e" =0 in U.

Finally we select y € C>°(U) with x = 1 in a neighborhood of £’ and ¢(f) =
¢ > 0 on supp (dy), and also 8 € C*(U) such that ¢(¢) < &/2 on supp 0 and
such that (3.9) holds. Set, for j = 1,2,...,

- . 10 . 7
Siltox) = AT o p)e ™ 0()Q()
N . . 140 N
g,(t,x) = e WETHONEU 0 ey (1) .
We have {f;} C E because KerIL° is spanned by the functions
hy = e—iN(EJriqw.)einx, NeZ,

and, for all j € N and N € Z, we have

[T gx =0
sl
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Now,
ILOgj = (dx)e—iqj(x—iw(t))(eiq}lﬁo ° p)ei";‘"

and hence we obtain
1Ll < Cuj™e ¥ .

On the other hand
”f/”m = ijmeeqj/2

and so
I il L0G)llm S CLj*"e™*U* =0, as j— oco.

Finally, since
I figindx=2n f 83 (1)Q1) %0,

MxS!

the inequality in Lemma 3.1 is also violated in this final case.

4 Sufficiency

For the proof of the sufficiency it will be convenient for us to split the action
of IL? into certain subspaces, as follows. Let 4 C Z. Define

DyM x S") = {u eP'M xS utx)=3 uj(t)eijx} _

jea

The space 2;(M x S'; A7:%) is defined in an analogous fashion. More generally,
if F C 2'(M x §'; AP°) then we set Fy = F N 94(M x S'; A7%). Notice that
if ILPF C G then ILPE; C G4; we use the notation ]Lf for the operator IL?
acting from Fy into G4. Also, any decomposition Z = AU B with ANB =0
induces direct sum decompositions F = Fy @ Fp and ILPF = L{F, & ILLF;.
Furthermore, when F is a Hilbert space these decompositions are orthogonal
direct sums.

We may talk about global solvability and global hypoellipticity of IL7 rel-
ative to the subspaces Fy; more precisely,

Definition 4.1 Let A C Z. We say that 1'}"" is globally solvable (GS) if, for
every f € Ky, there exists u € (M x SI ALY such that LY 'u = f. We
say that 1LY is globally hypoelliptic (GH) if the conditions u € Z;(M x S')
and Lu € CP(M x S'; A0) imply u € CL(M x S").

When A = Z we of course recover the previous notions of (GS) and (GH);
it is also clear that IL”~! is (GS) if and only if ]L;’,‘1 and 1L}~ are (GS).

The next result is a variation of Theorem 26.1.7 in [H2]; the proof will be
omitted.
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Proposition 4.2 Let B CZ and assume that 1L}, is (GH ) and that Ker L ={0}.
Then:

(i) there exist C >0 and k € Z, such that
lully £ ClLgullay, for all ue C2(M x 81,

where || ||1) and || ||x) are Sobolev norms on M x S';
(i) Ly is (GS).

We now move on to the proof of the sufficiency.

(I1); = (I). In this case Ker IL® = € by Proposition 1.6 and Lemma 2.2(i).
We choose 4 = {0} and B = Z\{0}. Notice that Z\(M x §') = D'(M),
L' =d, KerL} = C, and 4 = {f € A"C®(M): [,, f = 0}. Thus each
f € [E4 is an exact n-form on M, that is, there exists u € A" 'C>®(M) such
that dyu = f. Therefore I ! is (GS).

Since IL? is (GH) the same is true of LY. Also KerIL) = {0} and then
Proposition 4.2 applies to yield the fact that ]LZ_1 is (GS). Thus L"~! is (GS).

(I1); = (I). Here we choose A = qZ and B = Z\qZ. We have Ker L’ C
C(M x S') and so Ker L} = {0}.

In order to show that IL,',;”1 is (GS) we will make use of the following
isomorphism of Zj(M x S'; 470):

T( 5 qu(t)e"q”*> = 3 ugy(t)e” MO
Nez NeEZ

where J S C°°(11A4 } is such that d@ = [T*(ga). Notice that T is aiso an
isomorphism of C°(M x S'; A7?) and a direct computation gives

T ' T =d, +ib A6, .

Let f/ € [E4 be given. Since b is exact and (¥),—; holds, it is easily seen
that Proposition 1.8 applies to yield the existence of v € 2'(M x §'; A*~1.9)
with (d,+ibAd,)v = T~! f. Since IL"~! acts in an invariant way the component
vs of v satisfies IL"~'(7v4) = f. Hence L' is (GS).

In particular the proof is complete when B = () (which is equivalent to
the property that a is integral). From now on we assume ¢ = 2 and proceed
to show that I} is (GH) which, according to Proposition 4.2, will finish the
proof.

Let then u € 24(M x S') be such that Lyu € C2(M x S'; A10). We will
show that ({p} x S') N singsupp(u) = @ for all p € M; we consider three
separate cases,

Case (i). p € M\ZX. Here it suffices to recall that IL® is elliptic in the set
(M\Z) x S

Case (ii). p € Z\(Uycy 2')- In this case ¢ is an open map at some point in
the same connected component of p in X. Corollary 4.8 in [BCM] yields then
the desired conclusion.
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Case (iii). p € X', with 2’ € &/. For this case we need to recall some facts
from [BCM], p. 271ff. We take the pullback i},(a) and associate to it the
vector 7 = I([i}(a)]) € éZV (cf. Proposition 2.2 in [BCM]). It is easy to
sce that there exists & > 0 such that | — F/s| = d/|s| for all # € Z¥ and all
s € B. Thus ¥ is non-Liouville with respect to denominators belonging to B.
Consider then the operator LY : 9/(X’ x §') — 2'(Z’ x §'; AM0) defined by
LY =4 +i%,(a) A Oy, where d’ denotes the exterior derivative on X’. A minor

modification of the proof of Theorem 2.4 in [BCM] implies that ]Lg/ is (GH),
hence u(p, - ) € C3°(S!). Finally, Theorem 4.1 in [BCM] implies the desired
result, namely ({p} x §') N singsupp(u) = 0.
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