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Abstract. It is shown that any continuous bounded functionf onR
2 such that

f (x) = 1

(2π)

∫ 2π

0
f (x + r(x)eit ) dt ,

x ∈ R
2, is constant providedr is a strictly positive real function onR2 satisfying

lim sup
|x|→∞

(r(x)− |x|) < +∞ .

The proof is based on a minimum principle exploiting that lim|x|→∞ ln |x| = ∞ and on a study
of (σ, r)-stable sets, i.e., setsA such that the circle of radiusr(x) centered atx is contained inA
wheneverx ∈ A. The latter reveals that there is no disjoint pair of non-empty closed(σ, r)-stable
subsets inR2 unless lim sup|x|→∞ r(x)/|x| ≥ 3 (taking spheres this holds for anyRd , d ≥ 2).
A counterexample is given where lim sup|x|→∞ r(x)/|x| = 4.

1 Introduction

The main result of this paper is the following:

Theorem 1.1. Let r be a strictly positive real function onR2 such that

lim sup
|x|→∞

(r(x)− |x|) < +∞

and letf be a continuous bounded function onR
2 such that, for everyx ∈ R

2,

f (x) = 1

2π

∫ 2π

0
f (x + r(x)eit ) dt.(1.1)

Thenf is constant.
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In [Fe] the same conclusion is obtained under the considerably stronger as-
sumption that the functionr is bounded. To discuss the background for the
problem which is solved by Theorem 1.1 let us first recall some general notation
which has been used in the survey paper [Ha1] and in [Ha2].

Let λ denote Lebesgue measure and letσ be the(d − 1)-dimensional Haus-
dorff measure onRd , d ≥ 1 . For everyx ∈ R

d andr > 0 let

B(x, r) = {
y ∈ R

d : |y − x| < r} , S(x, r) = {y ∈ R
d : |y − x| = r},

and define

λx,r = (
λ(B(x, r))

)−1
1B(x,r)λ, σx,r = (σ (S(x, r)))−11S(x,r)σ,

i.e., for functionsf on B(x, r) (on S(x, r) resp.)λx,r(f ) is the volume mean
of f on B(x, r) (the spherical mean off on S(x, r) resp.). It is well known
that harmonic functions on a domainU , i.e., functionsh ∈ C2(U) satisfying
∆h = 0, can be characterized by mean value properties, for example: A locally
bounded measurable functionf onU is harmonic if and only ifλx,r(f ) = f (x)

(σx,r (f ) = f (x) resp.) for everyx ∈ U and everyr > 0 such thatB(x, r) ⊂ U .
The problem to what extent harmonicity off is already a consequence of

knowing that for everyx ∈ U there existsone radius r(x) > 0 such that
λx,r(x)(f ) = f (x) (σx,r(x)(f ) = f (x) resp.) has a long history (see e.g. [NV]
and [Ha1]). We say that a real functionf onU is (λ, r)-median((σ, r)-median
resp.) if r is a strictly positive real function onU such thatB(x, r(x)) ⊂ U

(B(x, r(x)) ⊂ U resp.) and

λx,r(x)(f ) = f (x) (σx,r(x)(f ) = f (x) resp.)

for everyx ∈ U (where we implicitly assume thatf has the necessary measur-
ability and integrability properties).

Since bounded harmonic functions onR
d are constant, Theorem 1.1 can be

restated as follows: Every continuous bounded(σ, r)-median function onR2 is
harmonic providedr ≤ | · | +M at infinity. The growth conditionr ≤ | · | +M
seems to be natural, since it is a consequence ofB(r, r(x)) ⊂ U if Uc �= ∅
(see also the counterexample given by Remark 5.1 and Proposition 6.1 where
r ≤ 4(| · | + 1)).

What is known for median functions on domainsU �= ∅ in R
d , d ≥ 1?

For simplicity let us restrict our attention to continuous bounded functionsf

onU (and assume thatr ≤ | · | +M if U = R
d). Thenf is always harmonic

(no restriction onU or the dimensiond) if f is (λ, r)-median (see [Hu] for
real intervals and [HN1], [HN3] for the other cases). Suppose now thatf is
only (σ, r)-median (only, since every(λ, r)-median function is(σ, r ′)-median
for some functionr ′ ≤ r). Does this imply thatf is harmonic? Ford ≥ 3 this is
an open problem (for any givenU ). Ford = 1 the answer is negative (whatever
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U might be). Ford = 2 the answer is still negative ifU is the unit disk ([HN2]),
whereas Theorem 1.1 yields a positive answer forU = R

2!
Our proof of Theorem 1.1 will be based on a minimum principle for(σ, r)-

supermedian functions onR2 (Proposition 2.1). We recall that a l.s.c. lower
bounded functionf on R

d is called (σ, r)-supermedian ((λ, r)-supermedian
resp.) if, for everyx ∈ R

d , σx,r(x)(f ) ≤ f (x) (λx,r(x)(f ) ≤ f (x) resp.). An
immediate consequence of theminimumprinciple is the following (seeCorollary
3.1):

Corollary 1.2. Let r be a stricly positive real function onR2 such that

lim sup
|x|→∞

(r(x)− |x|) < +∞

and letf be a l.s.c. lower bounded(λ, r)-supermedian function onR2. Thenf
is constant.

Let us note that such a result (assuming that even supx∈R2(r(x) − |x|) <
∞) has been proved in [HN3] and [Ha2] using an entirely different and rather
involved technique.

To deduce Theorem 1.1 from our minimum principle we shall show that
assuming

lim sup
|x|→∞

r(x)

|x| < 3

it is impossible to have twodisjoint non-empty closed setsA0, A1 inR
2 which are

(σ, r)-stable, i.e., satisfyS(x, r(x)) ⊂ Aj wheneverx ∈ Aj , j ∈ {0,1} (Proposi-
tion 4.1). For sets which are invariant under rotations lim sup|x|→∞ r(x)/|x| = 4
is the borderline for the existence of(σ, r)-stable pairs(A0, A1) (Proposition
6.1).

2 A minimum principle for (σ, r)-supermedian functions

The essential step for the proof of our main result is the following minimum
principle in the plane (whereBr := B(0, r)):

Proposition 2.1. LetM > 0 and letf be a l.s.c. lower bounded function onR
2

such that, for everyx ∈ BcM , there exists0< r(x) ≤ |x| +M with σx,r(x)(f ) ≤
f (x). Then there exists a pointx0 ∈ BM such thatf ≥ f (x0).

We observe that this result is rather optimal: Definingf (x) := (M − |x|)+,
x ∈ R

2, andr(x) := |x| +M for |x| ≤ M, r(x) := |x| −M for |x| > M, the
functionf is (σ, r)-supermedian andf (x0) > inf f (R2) for all x0 ∈ BM !
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For the present let us fixε > 0 and construct a continuous real functionϕ ≥ 0
onR

2 such thatσx,r(x)(ϕ) ≤ ϕ(x) for everyx ∈ BcM+2ε and lim|x|→∞ ϕ(x) = ∞.
To that end we define

ϕz(y) := (ln |y − z| − lnM)+ (y, z ∈ R
2)

and fix a continuous real functionψ onR
2 such that 0≤ ψ ≤ 1 onR

2, ψ = 0
onBM+ε andψ = 1 onBcM+2ε. Then obviously

ψ(x)− σx,r(x)(ψ) = σx,r(x)(1− ψ) ≥ σx,r(x)(BM+ε) for all x ∈ BcM+2ε.

So the following lemma shows that the function

ϕ := ϕ0 + 4πM

ε
ψ

has the desired properties.

Lemma 2.2. For everyx ∈ BcM+2ε,

ϕ0(x)− σx,r(x)(ϕ0) ≥ −4πM

ε
σx,r(x)(BM+ε).

Proof. Fix x ∈ BcM+2ε. Sinceϕ0 is harmonic onB
c

M , we haveϕ0(x)−σx,r(x)(ϕ0)= 0 if |x| − r(x) > M. So let us suppose that|x| − r(x) ≤ M.. Knowing
that|x| − r(x) ≥ −M by assumption we conclude thatS(x, r(x)) intersects the
closed diskBM and therefore

σx,r(x)(BM+ε) ≥ 2 · ε

2πr(x)
.(2.1)

In order to get an estimate forϕ0(x)− σx,r(x)(ϕ0) let us consider the point

z := −2M
x

|x| .

Since|x|−r(x) ≥ −M, the circleS(x, r(x)) is contained in the closed halfplane

H := {y ∈ R
2 : |y − z| ≥ |y|}.

This implies that

σx,r(x)(ϕz) = ϕz(x) and ϕz − ϕ0 ≥ 0 onS(x, r(x)).

Consequently,

ϕ0(x)− σx,r(x)(ϕ0) = ϕ0(x)− ϕz(x)+ σx,r(x)(ϕz − ϕ0)
≥ ϕ0(x)− ϕz(x)(2.2)
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where

ϕz(x)− ϕ0(x) = ln
|x − z|

|x| = ln(1+ 2M

|x| ) ≤ 2M

|x| .(2.3)

Since|x| ≥ M, we know that 2|x| ≥ |x| +M ≥ r(x). Thus, by (2.2) and (2.3),

ϕ0(x)− σx,r(x)(ϕ0) ≥ − 4M

r(x)
.(2.4)

The proof is finished combining (2.1) and (2.4). ��
Proof of Proposition 2.1.Fix δ > 0, and define

g := f + δϕ − inf f (BM+2ε).

By Lemma 2.2,

σx,r(x)(g) ≤ g(x) for all x ∈ BcM+2ε.

Since lim|x|→∞ ϕ(x) = ∞ andf is lower bounded, there existsR > 0 such that
g > 0 onBcR. Consider now the setF of all l.s.c. lower bounded functionsu on
X := BR+M such that

σx,r(x)(u) ≤ u for allM + 2ε ≤ |x| ≤ R

(observe thatS(x, r(x)) ⊂ X whenever|x| ≤ R). ThenF is a convex cone
containingg|X andall affinely linear functionsonX. Letus recall that theChoquet
boundaryChFX ofXwith respect toF is the set of all pointsx ∈ X such that the
Diracmeasureatx is theonlyRadonmeasureµ ≥ 0onX satisfyingµ(u) ≤ u(x)
for everyu ∈ F (see e.g. [BH], p.21). By our definition ofF it is obvious that
ChFX does not contain pointsx ∈ X such thatM + 2ε ≤ |x| ≤ R. Having
g(x) ≥ 0 if |x| < M + 2ε or |x| > R and thereforeg ≥ 0 on ChFX, Bauer’s
minimum principle (cf. [Ba1,Ba2] or [BH]) yields thatg ≥ 0 onX whence
g ≥ 0 onR

2. Sinceδ > 0 is arbitrary, we conclude that

f ≥ inf {f (x) : x ∈ BM+2ε} onR
2.

This inequality holds for everyε > 0. Thus the lower semi-continuity off
implies that

f ≥ inf {f (x) : x ∈ BM} onR
2

and that inf{f (x) : x ∈ BM} = f (x0) for some pointx0 ∈ BM . ��
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3 Application to (λ, r)-supermedian functions

If f is a l.s.c. lower bounded(λ, r)-supermedian function, thenf is obviously
(σ, r ′)-supermedian for some strictly positive functionr ′ ≤ r. Therefore Propo-
sition 2.1 has the following consequence (cf. [HN3,Ha2]):

Corollary 3.1. Let r be a strictly positive real function onR2 such that
lim sup|x|→∞(r(x) − |x|) < +∞ and letf be a l.s.c. lower bounded(λ, r)-
supermedian function onR2. Thenf is constant.

Indeed, by the assumption onr there existsM > 0 such thatr(x) ≤ |x|+M
for all x ∈ BcM . Therefore, by Proposition 2.1, there exists a pointx0 ∈ R

2 such
thatf ≥ f (x0) onR

2. Obviously, the set

A := {x ∈ R
2 : f (x) = f (x0)}

is closed andx0 ∈ A. Moreover, for everyx ∈ A, the inequalityλx,r(x)(f ) ≤
f (x) and the lower semi-continuity off imply thatB(x, r(x)) ⊂ A. ThusA is
open as well, and we conclude thatA = R

2, i.e., thatf = f (x0) onR
2.

4 (σ, r)-stable sets

The proof of Corollary 3.1 breaks down if we only know that the functionf is
(σ, r)-supermedian, since then the closed setA = {f = f (x0)} is only (σ, r)-
stable, i.e., we haveS(x, r(x)) ⊂ A for all x ∈ A, and this of course does not
imply thatA is open. Obviously, the conclusion of Corollary 3.1 itself does not
hold if f is only(σ, r)-supermedian, since every continuous functionf ≥ 0with
compact support is(σ, r)-supermedian for a suitable (even bounded) functionr.
If, however,f is a continuous bounded(σ, r)-medianfunction the situation is
different. Applying Proposition 2.1 tof and−f we obtain pointsx0, x1 ∈ R

2

such thatf (x0) ≤ f ≤ f (x1) and then we have two non-empty closed(σ, r)-
stable subsets{f = f (x0)}, {f = f (x1)}. We shall see that this is impossible
unlessf (x0) = f (x1) or r grows too fast at infinity.

Let us say that(A0, A1) is a(σ, r)-stable pair, if A0, A1 are non-empty closed
(σ, r)-stable sets inRd such thatA0 ∩ A1 = ∅.
Proposition 4.1. Letd ≥ 2 and suppose that there exists a(σ, r)-stable pair of
subsets inRd . Then, for every lineL in R

d ,

lim sup
x∈L,|x|→∞

r(x)

|x| ≥ 3.(4.1)

We observe that of course lim supx∈L,|x|→∞ r(x)/|x| ≤ 1 if r ≤ | · | +
M. Before passing to the proof of Proposition 4.1 let us note the following
consequence:
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Corollary 4.2. Letf be a continuous(σ, r)-median function onRd , d ≥ 2, and
suppose that there exist pointsx0, x1 ∈ R

d such that

f (x0) ≤ f ≤ f (x1) onR
d .(4.2)

Thenf is constant providedlim supx∈L,|x|→∞ r(x)/|x| < 3 for some lineL
in R

d .

Proof. If f is not constant, then the sets

Aj := {x ∈ R
2 : f (x) = f (xj )} (j ∈ {0,1})

form a(σ, r)-stable pair and therefore (4.1) holds for every lineL in R
d . ��

Proof of Proposition 4.1.Let (A0, A1) be a(σ, r)-stable pair inRd . First let us
fix pointsa0 ∈ A0, a1 ∈ A1, and denote byL the line containinga0 anda1 (our
proof of (4.1) for this line will imply that every line inRd intersectsA0 and
A1). Let e be the unit vector(a1 − a0)/|a1 − a0|. Using the bijective mapping
t �→ a0 + te fromR onL we obtain an order≤ onL. Clearly, the setsAj ∩ L,
j ∈ {0,1}, are closed and non-empty. SinceA0, A1 are(σ, r)-stable, we know
that

x ± r(x)eL ∈ Aj ∩ L wheneverx ∈ Aj ∩ L, j ∈ {0,1}.(4.3)

In particular, the subsetsAj ∩L ofL, j ∈ {0,1}, are neither bounded from below
nor bounded from above (with respect to≤). Let us define

Aj+2k := Aj (k ∈ N, j ∈ {0,1}).
We claim that there exist pointsx±

n ∈ An such that, for everyn ∈ N,

x−
n < x

−
n−1 ≤ x+

n−1 < x
+
n

and the line segment

In−1 := {x ∈ L : x−
n−1 − r(x−

n−1)e ≤ x ≤ x+
n−1 + r(x+

n−1)e}
does not intersect the spheresS(x, r(x)) for x ∈ An∩(L\In−1). Indeed, wemay
takex±

0 = a0.Any sphereS(x, r(x)),x ∈ L\I0, intersectingI0 contains points of
S(a0, r(a0))which by (4.3) is impossible ifx ∈ A1∩(L\I0), sinceA0∩A1 = ∅.
Suppose now thatn ∈ N and thatx±

0 , . . . , x
±
n−1 are already constructed. Define

x+
n := min{x ∈ An ∩ L : x ≥ x+

n−1 + r(x+
n−1)e},

x−
n := max{x ∈ An ∩ L : x ≤ x−

n−1 − r(x−
n−1)e}.

Then the open line segment fromx−
n to x+

n does not intersect the spheresS(x−
n ,

r(x−
n )), S(x

+
n , r(x

+
n )) and therefore

r(x±
n ) ≥ |x+

n − x−
n | = |x+

n − a0| + |a0 − x−
n |.(4.4)
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Any sphereS(x, r(x)), x ∈ An+1 ∩ (L \ In), intersectingIn would contain
points of the subsetS(x−

n , r(x
−
n ))∪ S(x+

n , r(x
+
n )) of An which is impossible. So

S(x, r(x)) ∩ In = ∅ for everyx ∈ An+1 ∩ (L \ In).
If supn |x+

n | < ∞, then limn→∞ x+
n ∈ A0 ∩ A1. Impossible! Therefore

sup|x+
n | = ∞ and, similarly, sup|x−

n | = ∞, i.e.,

lim
n→∞ |x±

n | = ∞.(4.5)

Of course (4.4) implies that

r(x+
n ) ≥ 2 |x+

n − a0| or r(x−
n ) ≥ 2 |x−

n − a0|(4.6)

whence lim sup|x|→∞ r(x)/|x| ≥ 2 which would be sufficient for the proof of
Theorem 1.1. To prove (4.1) we finally define

y+
n−1 := max{y ∈ An−1 ∩ L : y ≤ x−

n + r(x−
n )e} (n ∈ N).

Obviously,y+
n−1 ≥ x+

n−1, sincex
+
n−1 < x

+
n ≤ x−

n + r(x−
n ) by (4.4) so that

lim
n→∞ |y+

n−1| = ∞.
For a moment let us fixn ∈ N. Since 0≤ y+

n−1 − a0 ≤ r(x−
n )e − (a0 − x−

n ), we
know that

|y+
n−1 − a0| ≤ r(x−

n )− |a0 − x−
n |.(4.7)

Since the open line segment{y ∈ L : y+
n−1 < y < x

−
n + r(x−

n )} and the sphere
S(x−

n , r(x
−
n )) are contained in the complement ofAn−1, we conclude that

r(y+
n−1) ≥ |y+

n−1 − (x−
n − r(x−

n ))|.(4.8)

We claim that

r(x−
n ) > 3|x−

n − a0| or r(y+
n−1) ≥ 3|y+

n−1 − a0|.(4.9)

Indeed, suppose thatr(x−
n ) ≤ 3|x−

n − a0|. Then
|x−
n − a0| + r(x−

n ) ≥ 2(r(x−
n )− |x−

n − a0|).
Using (4.8), (4.7), and the inequalityx−

n ≤ a0 ≤ y+
n−1 we obtain that

r(y+
n−1) ≥ |y+

n−1 − a0| + |a0 − x−
n | + r(x−

n ) ≥ 3|y+
n−1 − a0|.

Thus (4.9) holds and we conclude that

lim sup
x∈L,|x|→∞

r(x)

|x| ≥ 3.

Finally let L̃ be any line inR2. Since limn→∞ |x±
n | = ∞, there existsk ∈ N

such thatB(a0, |a0 − x±
n |) ∩ L̃ �= ∅ for everyn ≥ 2k. Fix j ∈ {0,1} and let

n = 2k + j . By (4.6),B(a0, |a0 − x+
n |) ⊂ B(x+

n , r(x
+
n )) orB(a0, |a0 − x−

n |) ⊂
B(x−

n , r(x
−
n )) and thereforeS(x+

n , r(x
+
n )) ∩ L̃ �= ∅ or S(x−

n , r(x
−
n )) ∩ L̃ �= ∅

whenceAj ∩ L̃ �= ∅. This finishes the proof. ��
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5 Proof of Theorem 1.1

As already indicated our main result now follows immediately: Suppose that
we have lim sup|x|→∞(r(x) − |x|) < +∞ and thatf is a continuous bounded
(σ, r)-median function onR2. Then there existsM > 0 such thatr(x) ≤ |x|+M
whenever|x| ≥ M. Since the functionsf and−f are(σ, r)-supermedian, we
conclude from Proposition 2.1 that there exist pointsx0, x1 ∈ R

2 such that
f ≥ f (x0) and−f ≥ −f (x1), i.e., thatf (x0) ≤ f ≤ f (x1). Thusf is constant
by Corollary 4.2.

Remark 5.1.If we only require thatr : R
d → ]0,∞[ satisfies

lim sup
|x|→∞

r(x)

|x| ≤ 4,

then it is possible that there is a continuous bounded(σ, r)-median function
which is not constant (but invariant under rotations).

Indeed, Proposition 6.1 will show that there existsr : R
d → ]0,∞[ and a

(σ, r)-stable pair (A0, A1) which is invariant under rotations such that
lim sup|x|→∞ r(x)/|x| = 4. Let f denote the continuous bounded function on
R
d which is harmonic onRd \ (A0 ∪ A1) and equal toj onAj , j ∈ {0,1}. Let
r̃ : R

d → ]0,∞[ such that̃r = r onA0∪A1 andr̃ ≤ min(r,dist(·, A0∪A1)) on
R
d \ (A0 ∪A1). Then the (non-constant) functionf is obviously(σ, r̃)-median

and invariant under rotations.

6 Rotationally invariant (σ, r)-stable sets

The following result will complete our considerations:

Proposition 6.1. Suppose thatd ≥ 2.

1. There existsr : R
d → ]0,∞[ and a (σ, r)-stable pair which is invariant

under rotations such that

lim sup
|x|→∞

r(x)

|x| = 4.

2. Conversely, ifr : R
d → ]0,∞[ such that there exists a(σ, r)-stable pair

which is invariant under rotations, then

lim sup
|x|→∞

r(x)

|x| ≥ 4.(6.1)
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Proof. 1. Takingβ0 = 0 we define recursively

αn := βn−1 + 1, βn := 3αn.

Denote
Vn := {x ∈ R

d : αn ≤ |x| ≤ βn} (n ∈ N)

and let

A0 :=
∞⋃
k=1

V2k, A1 :=
∞⋃
k=1

V2k−1.

Finally, we definer : R
d → ]0,∞[ by

r(x) :=



2αn, |x| = αn, n ∈ N,

4(βn + 1), |x| = βn, n ∈ N,

dist(x, ∂(A0 ∪ A1)), x /∈ ∂(A0 ∪ A1).

It is immediately seen that

lim sup
|x|→∞

r(x)

|x| = 4

andS(x, r(x)) ⊂ Aj for all x ∈ Aj \ ∂Aj , j ∈ {0,1}. For everyx ∈ R
d and for

everyr > 0,

min{|z| : z ∈ S(x, r(x))} = |r − |x||,
max{|z| : z ∈ S(x, r(x))} = r + |x|.(6.2)

For everyn ∈ N,

[r(αn)− αn, r(αn)+ αn] = [αn,3αn] = [αn, βn]
andαn+2 = βn+1 + 1= 3αn+1 + 1= 3βn + 4,βn+2 = 9βn + 12 whence

[r(βn)− βn, r(βn)+ βn] = [3βn + 4,5βn + 4] ⊂ [αn+2, βn+2].
This shows thatS(x, r(x)) ⊂ Aj for everyx ∈ ∂Aj , j ∈ {0,1}. Thus(A0, A1)

is a(σ, r)-stable pair.
2.We shall prove (6.1) by contradiction. Let us suppose thatr : R

d → ]0,∞[
and(A0, A1) is a(σ, r)-stable pair such that, for some realK > 0,

r(x) ≤ 4|x| whenever|x| ≥ K.(6.3)

Let us identifyR with the lineR × {0}d−1 in R
d and introduce

Aj+2k := Aj (k ∈ N, j ∈ {0,1}).
Choosing an arbitraryα0 ∈ A0 ∩ [K,∞[ we define recursively

αn = inf (An ∩ [
αn−1,∞

[
), βn = sup(An ∩ [αn, αn+1]) (n ∈ N).
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Then, for everyn ∈ N,

αn, βn ∈ An, αn ≤ βn < αn+1 ≤ βn+1(6.4)

and

A0 ∩ [α1,∞[ ⊂
∞⋃
k=1

[α2k, β2k], A1 ∩ [α1,∞[ ⊂
∞⋃
k=0

[α2k+1, β2k+1].(6.5)

By (6.2) we conclude that, for everyn ∈ N, there exist (unique) numberskn and
mn such thatkn ≥ n,mn > n, the differenceskn − n andmn − n are even, and

[|r(αn)− αn|, r(αn)+ αn] ⊂ [αkn, βkn],
[|r(βn)− βn|, r(βn)+ βn] ⊂ [αmn, βmn].

In particular,|r(αn) − αn| ≥ αkn ≥ αn, hence|r(αn) − αn| = r(αn) − αn.
Similarly, |r(βn)− βn| = r(βn)− βn. Using (6.3) we obtain that

αkn ≤ 3αn, αkn + 2αn ≤ βkn,(6.6)

αmn ≤ 3βn, αmn + 2βn ≤ βmn.(6.7)

Havingαn ≤ αkn and 5αkn ≤ 3αkn + 6αn this implies that

3αn ≤ βkn, 5αkn ≤ 3βkn.(6.8)

Similarly,

3βn ≤ βmn, 5αmn ≤ 3βmn.(6.9)

Let J denote the set consisting of allkn andmn, n ∈ N, and let us remove all
pointsx with αi ≤ |x| ≤ βi for somei ∈ N\J fromA0 andA1. Then the reduced
pair (Ã0, Ã1) which we obtain is of course still(σ, r)-stable and invariant under
rotations. It leads to sets̃An and intervals[α̃n, β̃n] in Ãn such that 5̃αn ≤ 3β̃n for
everyn ∈ N (each interval[α̃n, β̃n]) contains an interval[αki , βki ] or [αmi , βmi ],
i ∈ N). In other words, we may assume from the very beginning that

5αn ≤ 3βn for all n ∈ N.(6.10)

Then by (6.6), (6.4), and (6.10),

αkn ≤ 3αn ≤ 3 · (3
5

)3
αn+3 < αn+3,

αmn ≤ 3βn ≤ 3 · (3
5

)3
βn+3 < βn+3 < αm+4

whence for alln ∈ N

kn ∈ {n, n+ 2}, mn = n+ 2.
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If n ≥ 2, thenmn−1 = n+ 1 and therefore

βn < αmn−1 ≤ 3βn−1 < 3αn ≤ βkn.
Thus in fact

kn = n+ 2 for all n ≥ 2.

Using (6.6), (6.7), and (6.10) we conclude that, for everyn ≥ 2,

αn+3

αn+2
>
βn+2

αn+2
≥ 1+ 2 · βn

αn
: αn+2

αn
≥ 1+ 2 · 5

3
: 3> 2

and therefore

α6 = αk4 ≤ 3α4 ≤ 3

22
α6 < α6.

This contradiction finishes the proof. ��
Remark 6.2.Note thatkn = n in the example given for the first part of Proposi-
tion 6.1. In fact, a closer analysiswould reveal that for every reduced(σ, r)-stable
pair which is invariant under rotations we even have lim sup|x|→∞ r(x)/|x| ≥ 5
unlesskn = n for almost everyn ∈ N.

Final remark.Suppose thatU is a proper subset ofRd , d ≥ 2, and that 0<
r < dist(·, Uc). Then there is no(σ, r)-stable pair inU . To see this it suffices
to proceed similarly as in the proof of Proposition 4.1 using an extension of
a polygonal arc intersectingA0 andA1. Consequently, ifg, h are harmonic
functions onU andf is a (σ, r)-median continuous function onU such that
g ≤ f ≤ h andg(x) = f (x), f (y) = h(y) for some pointsx, y ∈ U , then
f = g = h.
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