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In the present article we deal with problems of base change for N´eron models
within the context of formal and rigid geometry. Formal N´eron models were
first introduced in [BS] in order to study uniformization phenomena of abelian
varieties on the level of their N´eron models. In standard cases, one can pass
from ordinary Néron models to formal ones by formal completion along the
special fibre. By their definition, N´eron models are compatible with ´etale base
change; i. e., ifR′/R is anétale extension of discrete valuation rings with corre-
sponding extension of fields of fractionsK ′/K, and ifUR (resp.U ′R′) is a Néron
model of a smoothK-schemeXK (resp.XK ′ = XK ×K K ′), the canonical base
change morphismUR ×R R′ −→ U ′R′ is an isomorphism. In the case of a (fi-
nite) ramified extensionK ′/K, the relationship betweenUR andU ′R′ is much
more complicated. IfXK is a group scheme one shows that the Weil restriction
<R′/R(U ′R′) is a Néron model of its generic fibre<K ′/K(XK ′) and that the N´eron
modelUR can be interpreted as a group smoothening of the schematic closure
of XK ↪→ <K ′/K(XK ′) in <R′/R(U ′R′); cf. [BLR], 7.2/4. In particular, ifXK is an
abelian variety whose semi-stable reduction is known over some finite ramified
extension ofK, the Néron model ofXK overR can be obtained by this process.
Furthermore, Edixhoven has shown in [Ed] that, for tamely ramified extensions
K ′/K, the schematic closure ofXK in <R′/R(U ′R′) is already smooth so that the
smoothening process is unnecessary in this case.

In the following we will deal with the same problem, but now for formal
Néron models. To give a few details, letK ′ be any finite field extension ofK.
Starting out from a smooth rigidK-groupXK and a formal N´eron modelU ′R′
of its K ′-extensionXK ′ = XK ×K K ′, we show as main result that a formal
Néron modelUR of XK exists as a formalR-group scheme and, similarly as in
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the scheme case, is obtained as a group smoothening of the schematic closure of

q : XK ×<K′/K(XK′) <R′/R
(
U ′R′

)
K
↪→ <R′/R

(
U ′R′

)
K

in the Weil restriction<R′/R(U ′R′). So, again, the notion of Weil restriction plays
an important role in handling the base change problem. It is needed both on the
level of formal schemes and rigid spaces, and this is why a substantial part of
the present paper is devoted to develop the theory of Weil restrictions of formal
schemes and of rigid spaces. The formal scheme case is not very complicated; it
is closely related to the scheme case by interpreting formal schemes as limits of
ordinary ones. However, the case of rigid spaces is more difficult to handle and
we have to face phenomena which do not show up in the classical scheme case.
For example, given any affinoidK ′-spaceYK ′ , the Weil restriction<K ′/K(YK ′)
exists, but is not necessarily affinoid. Indeed it may not even be quasi-compact
again. Nevertheless, we can show that, in principle, the same representability
result as in the scheme situation holds, if one looks at rigid spaces from the point
of view of Zariski-Riemann spaces.

Now, in order to derive the above result on formal N´eron models and base
change, we have to settle several problems. One of these is that the formation
of Weil restriction of formal schemes isnot compatible with passing to generic
fibres; this is somehow related to the fact that, when passing from a rigid group
to its formal Néron model, in general, a part of the generic fibre is lost. As a
consequence, the morphismq is more complicated than the analogous one in the
scheme situation. Furthermore, in spite of the above representability result for
the rigid Weil restriction, we know very little about its representability on rigid
groups. This fact implies that a prioriq is only a morphism of functors. Once
we have shown that the morphismq is indeed representable, it follows from
the universal properties of group smoothening, Weil restriction and schematic
closure that the formal scheme obtained as a group smoothening of the schematic
closure ofXK×<K′/K(XK′ )<R′/R(U ′R′)K in<R′/R(U ′R′) is a formal Néron model of
XK . Finally, we show that the work of Edixhoven on tamely ramified extensions
can be adapted to our situation without problems.

1. Weil restriction

In this sectionR will be a complete valuation ring of height 1 andπ an element
of K = Fr(R) with positive norm smaller then 1. All formalR-schemes are
supposed to be locally of topologically finite presentation (see [FI]). For results
about rigidK-spaces we refer to the monograph [BGR].

We recall the definition of the Weil restriction. LetC be a category with
fibre products (we will only consider schemes or formalR-schemes or rigidK-
spaces) andS an object ofC. Denote byCS the category whose objects are those
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of C aboveS and the morphisms theS-morphisms, and byFS the category of
contravariant functors fromCS to (Sets).

Definition 1.1. Let h : S ′ → S be a morphism inC andX′ an object ofCS′ .
Consider the following functor

<S′/S(X′) : (CS)o −→ (Sets)

T −→ MorCS′
(
T ×S S ′, X′

)
which is called the Weil restriction functor. If it is representable, the correspond-
ing object will be denoted by<S′/S(X′) as well. It is called the Weil restriction
ofX′ with respect toh.

More generally, given a functorF ′ in FS′ one can consider the push forward
functorh∗F ′ : (CS)o −→ (Sets) defined viah∗F ′(T ) = F ′(T ×S S ′). It is clear
that the functorsh∗F ′ and<S′/S(X′) coincide in the case whereF ′ is represented
by an objectX′ in CS′ . We list here some properties of the Weil restriction.

(W1) The functor<S′/S(X′) is represented by an objectY ofCS if and only if there
exists anS ′-morphismΦX′ : Y ×S S ′ →X′ such that for any objectT in CS
the map MorCS(T , Y )→MorCS′(T ×S S ′, X′) given byf→ ΦX′ ◦ (f × idS′)
is a bijection. In particular,ΦX′ is associated to idY .

(W2) Given a morphismα : T → S in C, letT ′ = T ×S S ′, h′ : T ′ → T be the
projection morphism andX′ an object ofCS′ . There exists an isomorphism

<T ′/T
(
X′ ×S′ T ′

) ∼= <S′/S(X′)×S T
where the functor of points MorCS(−, T ) is still denoted byT . More generally,
given morphismsF ′ → G′ andT ′ → G′ in FS′ we have an isomorphism of
functors inFT

h′∗
(
F ′ ×G′ T ′

) ∼= h∗(F ′)×h∗(G′) T .
By definitionh∗(F ′)×h∗(G′) T (resp.F ′ ×G′ T ′) is an object ofFS (resp.FS′).
In the formula above we have used the same notation for the corresponding
functor in FT (resp.FT ′); i.e., given a functorH in FS and a morphism
φ : H → T , we denote byH also the functorHT in FT defined via

HT

(
Q

η→ T
)
=
{
ζ ∈ H

(
Q

α◦η−→ S
)
= MorFS(Q,H) | φ ◦ ζ = η

}
.

This makes sense because the functorHT is represented by an objectY , more
preciselyY → T , in CT if and only if Y viewed viaα as an object ofCS
representsH .
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(W3) If F ′ → H ′ andG′ → H ′ are morphisms inFS′ , then

h∗
(
F ′ ×H ′ G′

) ∼= h∗F ′ ×h∗H ′ h∗(G′).
Properties of the scheme-theoretical Weil restriction functors are discussed

in [BLR] §7.6. Before proceeding to study the formal and rigid ones, we fix some
notation. We will use lettersXK, YK, .. for rigidK-spaces,XR, YR, .. for formal
R-schemes and calligraphic lettersX ,Y, .. for schemes. As an exception, we
will write simply Xn for then-levels of a formalR-schemeXR andX an for the
rigidK-space associated to a schemeX locally of finite type over an affinoidK-
algebra. Given any formalR-scheme (locally of topologically finite presentation)
XR, we will denote byXK the associated rigidK-space. IfK ′ is a finite field
extension ofK with valuation ringR′, we will write XR′ for the fibre product
XR ×R R′ andYK ′ for the rigidK ′-spaceYK ×K K ′. In the same way, given an
R-algebraAwe will shortly writeAK forA⊗RK. We denoteRn = R/(π)n+1R.

It is not surprising that the representability of a Weil restriction functor in
the formal setting can be deduced from the representability of related scheme-
theoretical Weil restriction functors. One has to remember that we can associate
to any formalR-schemeXR a familyXn = (XR,On) of Rn-schemes having as
topological space the same space asXR and having as canonical sheafOn =
OXR/(π)

n+1OXR . We will callXn the then-level ofXR. The schemeXm can be
identified with the fibre productXn×Rn Rm form ≤ n. For any formalR-scheme
XR, we will call ρmn the injection morphismXm → Xn. Given a morphism
of formal R-schemesf : XR → YR, it determines a family of morphisms
fn : Xn → Yn such thatρmn ◦ fm = fn ◦ ρmn. Furthermore, givenXR, YR and
ZR formalR-schemes there exists a canonical bijection (see [EGA I] 10.6.9)

HomZR(YR,XR)
∼→ lim←− HomZn(Yn,Xn).

We then start with the representability of the formal Weil restriction functor
in the affine case.

Lemma 1.2. LetA andA′ beR-algebras of topologically finite presentation,
whereA′ is a freeA-module with basee1, · · · , en. Then

<A′/A
(

Spf

(
A′〈x1, · · · , xm〉

a

))
∼= Spf

(
A〈x11, · · · , x1n, · · · , xmn〉

aco

)
whereaco is the ideal of coefficients ofa via the homomorphismφ∗ : A′〈x.〉 →
A′〈xji〉 defined byφ∗(xj ) =∑n

i=1 xjiei .

We recall that the idealaco is generated by the coefficientsfj ∈ A〈xji〉 of
φ∗(f ) =∑n

i=1 fiei asf varies overa. The proof of the lemma above is simply
a translation of the analogous statement in [BLR].

One can also see that Weil restriction (or more generally the push forward)
functors are compatible with open and closed immersions for a large family of
morphismsh.
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Proposition 1.3. Leth : S ′R → SR be a proper morphism of formalR-schemes.
Given functorsF ′,G′ : (For/S ′R)

o −→ (Sets) and a functorial morphismu′ :
F ′ → G′, leth∗(u′) : h∗(F ′) −→ h∗(G′) be the canonical morphism associated
to u′.
i) Assume thatu′ is an open immersion, thenh∗(u′) is an open immersion.
ii) Assume thatu′ is a closed immersion andh is finite and locally free. Then
the morphismh∗(u′) is a closed immersion.

This proposition can also be proved by translating the arguments in [BLR]
7.6/2. We recall that a morphismF → G of functorsF,G : (For/SR)o −→
(Sets) is called an open (resp. closed) immersion if for every functorial morphism
TR → G, whereTR is an arbitrary formalSR-scheme, the morphismF×GTR →
TR obtained by base change withTR overG is an open (resp. closed) immersion
of formalR-schemes.

Using result 1.3 it is now possible to prove the representability of some formal
Weil restriction functors in a constructive way, simply by patching the formal
schemes which locally represent the Weil restriction functor. We have to suppose
that the morphismh is finite and locally free and that the formalR-schemeX′R
satisfies a certain property (PFor). In particular, if the special fibre ofX′R satisfies
an analogous property (PSch), formal Weil restriction can be described in terms
of its n-levels.

Given a schemeX we will denote by (PSch) the following property:

(PSch): Each finite set of points ofX is contained in an open affine subscheme.

In the same way, given a formalR-schemeXR we will denote by (PFor) the
following property:

(PFor): Each finite set of points ofXR is contained in an open affine formal
subscheme ofXR.

It is clear that a formalR-schemeXR satisfies (PFor) if and only if onen-level
(and hence eachn-level) satisfies (PSch).

Theorem 1.4. Let h : S ′R → SR be a finite, locally free morphism of formal
R-schemes andX′R a formalR-scheme overS ′R. If the functor<S′n/Sn(X′n) is
representable for alln, then<S′R/SR (X′R) is represented bylim−→ <S′n/Sn(X

′
n).

In particular, this is true if the formalR-schemeX′R satisfies property(PFor).

Proof.. All schemesS ′n andX′n are locally of finite presentation. Then the mor-
phismsX′n→ S ′n are locally of finite presentation ([EGA I] 6.2.6). If all functors
<S′n/Sn(X′n) are representable, then the correspondingSn-schemes are locally of
finite presentation ([BLR] 7.6/5). Letn ≥ m. The schemes<S′m/Sm(X′m) and
<S′n/Sn(X′n) ×Sn Sm are canonically isomorphic and lim−→ <S′n/Sn(X

′
n) is a formal

SR-scheme ([EGA I] 10.6.3). The limit is locally of topologically finite (tf) pre-
sentation because alln-levels are locally of finite presentation ([Bo] 1.1.8).
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Given any formal SR-schemeYR = lim−→ Yn we have the following

bijections HomS′R(YR ×SR S ′R,X
′
R) ' lim←− HomS′n(Yn ×Sn S ′n,X′n) '

lim←− HomSn(Yn,<S′n/Sn(X′n))' HomSR (YR, lim−→ <S′n/Sn(X
′
n)) from which it follows

that the formalR-scheme lim−→ <S′n/Sn(X
′
n) represents<S′R/SR (X′R).

For the last assertion: the formal schemeXR satisfies(PFor) if and only if all
n-levels satisfy property(PSch). Then all<S′n/Sn(X′n) are representable because
of [BLR] 7.6/4. 2

We want to list here some properties which are preserved by formal Weil
restriction.

Proposition 1.5. LetX′R andh be as in the previous theorem. Suppose that the
morphismX′R → S ′R is

a) topologically of finite presentation (= quasi-compact)
b) separated
c) smooth

then the same is true for the morphism<S′R/SR (X′R)→ SR.
Suppose thatX′R is a formalS ′R-group. Then<S′R/SR (X′R) inherits anSR-group
structure.
Suppose thatX′R = XR ×SR S ′R for some separated formalSR-schemeXR. Then
the canonical morphismΨ : XR → <S′R/SR (X′R) is a closed immersion.

Proof.. Any morphism of formalR-schemes (locally of tf presentation) is lo-
cally of tf presentation ([EGA I]§6.3). Then the condition of tf presentation is
equivalent to quasi-compactness. The latter is a topological property and we can
argue onn-levels. Assertiona) follows from [BLR] 7.6/5 e), as all morphisms
Xn→ Sn are of finite presentation and, hence, quasi-compact. The separatedness
and smoothness can be checked onn-levels applying [BLR] 7.6/5 b), h).

The group structure on<S′R/SR (X′R) descends from the definition of Weil
restriction and property (W3).

Suppose now that there exists a separated formalSR-schemeXR such that
X′R = XR ×SR S ′R. All its n-levels are separated and the morphismsψn : Xn→
<S′n/Sn(X′n) are closed immersions. This is sufficient to conclude thatψ is also a
closed immersion. 2

It is more difficult to analyse the representability of the Weil restriction
in the rigid context. We start with an easy example: letK ′/K be a finite ex-
tension ande1, · · · , en a fixed base ofK ′ over K. Recall the scheme case
<K ′/K(Spec(K ′[x])) ∼= Spec(K[x1, · · · , xn]) (see [BLR]x7.6). Given aK-
algebraA and a homomorphism

f ∈ HomK ′
(
K ′[x], A⊗K K ′

)
, f (x) =

∑
aiei, ai ∈ A
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the universal property of Weil restriction associates tof a homomorphism

g ∈ HomK(K[x1, · · · , xn], A), g(xi) = ai.

Given now an affinoidK-algebraB and a homomorphism

f ∈ HomK ′
(
K ′〈x〉, B ⊗K K ′

)
, f (x) =

∑
biei, bi ∈ B

it is not possible in general to assign a homomorphism

g ∈ HomK(K〈x1, · · · , xn〉〉, B), g(xi) = bi.

In fact, any homomorphism ofK-affinoid algebras has to be a contraction
with respect to the supremum semi-norm ([BGR] 6.2.2/1) but we can have
‖∑ biei‖sup ≤ 1 with some‖bi‖sup > 1. Moreover, if the extension is insepa-
rable we can have‖∑ biei‖sup = 0 and‖bi‖sup not a priori bounded. All this
says that then-dimensional rigid ball does not in general represent the functor
<K ′/K(Sp(K ′〈x〉). In particular, Weil restriction does not commute with forma-
tion of generic fibres. In fact, we have already seen that ifR′ is finite and free
overR, then<R′/R(Spf(R′〈x〉) is represented by Spf(R〈x1, · · · , xn〉).

To find a good candidate to represent the functor<K ′/K(Sp(K ′〈x〉) we have
to characterize the condition‖∑ biei‖sup ≤ 1 in terms of thebi . This can be
done using the coefficients of the characteristic polynomial of

∑
biei . These co-

efficients are obtained canonically from the coefficientsci(x.) ∈ B[x1, · · · , xn]
of the characteristic polynomial of

∑
i xiei ∈ B ′[x1, · · · , xn] via the substitution

xi → bi .
We recall that the spectral value of a polynomialp(z) = zn+c1z

n−1+· · ·+cn
with coefficients in a semi-normed ring(C, ‖ ‖) is defined as the real number
σ(p(z)) = maxi ‖ci‖1/i . From now on, we will denote by‖ ‖ the supremum
semi-norm on any affinoidK-algebra.

Lemma 1.6. Let B andB ′ be affinoidK-algebras withB ′ = ⊕ni=1Bei a free
B-module. Suppose given an elementb = ∑

i biei of B ′ with characteristic
polynomialp(b, z) = zn+ c1(b.)z

n−1+· · ·+ cn(b.). Then‖b‖sup= σ(p(b, z)).
In particular,‖b‖sup≤ 1 if and only if‖cj (b.)‖sup≤ 1 for everyj ∈ {1, · · · , n}.

Proof.. SupposeB to be a finite field extension ofK and b = ∑
i biei ∈

B ′ with p(b, z) = ∏
pi(z)

αi andpi(z) irreducible polynomials inB[z]. Let
pm(b, z) = ∏

pi(z)
βi with βi ≤ αi be the minimal polynomial ofb. Then

‖b‖ = σ(pm(b, z)) = maxi σ (pi(z)) = σ(p(b, z)) ([BGR] 6.2.2./2 and
1.5.4/1).
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Let nowB be a more general affinoidK-algebra. Then

‖b‖ =
∥∥∥∥∥∑

i

biei

∥∥∥∥∥ = sup
x∈MaxB ′

∥∥∥∥∥
(∑

i

biei

)
(x)

∥∥∥∥∥
= sup

y∈MaxB

 max
x∈MaxB′
x∩B=y

∥∥∥∥∥
(∑

i

biei

)
(x)

∥∥∥∥∥


= sup
y∈MaxB

∥∥∥∥∥∑
i

bi(y)ei

∥∥∥∥∥ = sup
y∈MaxB

σ

(
p

(∑
i

bi(y)ei, z

))

= sup
y∈MaxB

{
max
i
‖ci(b.(y))‖ 1

i

}
=max

i
‖ci(b.)‖ 1

i =σ(p(b, z)).

In the fourth equality we have applied lemma 3.8.1/5 in [BGR] and in the fifth
the result already obtained for field extensions. As usual(

∑
i biei)(x) denotes

the image of
∑

i biei in the fieldB ′/x andbi(y) the image ofbi in B/y. 2

It is then possible to control the supremum semi-norm after tensor product
and hence to describe the rigid Weil restriction in the affinoid case.

Proposition 1.7. LetA andA′ be affinoidK-algebras withA′ a freeA-module
of basee1 · · · en. Then

<A′/A(Sp(A′〈x〉)) ∼= lim−→ Sp(Cλ)

with λ integers,λ ≥ 0 andCλ=A〈πλx1, · · · , πλxn〉〈c1(x.), · · · , cn(x.)〉, where
cj (x.) ∈ A[x1, · · · xn] are the coefficients of the characteristic polynomial of∑

i xiei ∈ A′[x1, · · · xn].
The space<A′/A(Sp(A′〈x〉)) can be viewed as an open subspace of the affine

n-space overA, explicitly {y ∈ (Spec(A[x1,· · ·, xn]))ansuch that| cj (x.)(y) |≤ 1
for all integers 1≤ j ≤ n }. It is an increasing union of affinoid spaces with
jλµ : Sp(Cλ)→ Sp(Cµ) (µ ≥ λ) the canonical open immersions.

Proof.. Denote byj ∗λµ the homomorphism associated tojλµ and byX(λ)
K the

affinoidK-space Sp(Cλ). For any integerλ ≥ 0 consider the homomorphism

Φ∗λ : A′〈x〉 → Cλ ⊗A A′, Φ∗λ(x) =
n∑
i=1

xiei .

It is well-defined as‖∑i xiei‖ ≤ 1 if and only if ‖cj (x.)‖ ≤ 1 for all indices
j . As (j ∗λµ ⊗ idA′) ◦ Φ∗µ = Φ∗λ the family (Φ∗λ)λ≥0 defines a morphismΦ ∈
HomA′(lim−→ X

(λ)
K ×A A′,Sp(A′〈x〉)).
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To prove that lim−→ X
(λ)
K represents the Weil restriction functor we have to prove

that for anyK-spaceYK over Sp(A) the map

HomA

(
YK, lim−→ X

(λ)
K

)
−→ HomA′

(
YK ×A A′,Sp(A′〈x〉))

ψ −→ Φ ◦ (ψ × id)

is bijective. It is sufficient to show it forYK = Sp(B) affinoid.
For the injectivity: letψ1 andψ2 be morphisms in HomA(YK, lim−→ X

(λ)
K ) such

thatΦ ◦ (ψ1× id) = Φ ◦ (ψ2 × id). There exists a positive integerµ such that
bothψ1 andψ2 factor throughX(µ)

K . If ψ∗1 , ψ
∗
2 : Cµ→ B are the corresponding

homomorphisms,Φ ◦ (ψ1 × id) = Φ ◦ (ψ2 × id) implies(ψ∗1 ⊗ idA′) ◦ Φ∗µ =
(ψ∗2 ⊗ idA′) ◦Φ∗µ. As thee1, · · · , en are free generators, the equalities∑

i

ψ∗1(xi)ei =
((
ψ∗1 ⊗ idA′

) ◦Φ∗µ) (x) = ((ψ∗2 ⊗ idA′
) ◦Φ∗µ) (x)

=
∑
i

ψ∗2(xi)ei

giveψ∗1(xi) = ψ∗2(xi) for any indexi ∈ {1, · · · , n} and henceψ1 = ψ2.
For the surjectivity: letϕ′ be a morphism in HomA′(YK ×A A′,Sp(A′〈x〉)).

It corresponds to a homomorphismϕ′∗ : A′〈x〉 −→ B ⊗A A′ = ⊕ni=1Bei given
by ϕ′∗(x) = ∑

i biei with bi ∈ B and‖∑i biei‖ ≤ 1. Let λ̃ be the minimal
non-negative integer such that‖πλ̃bi‖ ≤ 1 for all i. For anyλ ≥ λ̃ define
ϕ∗λ : Cλ → B with ϕ∗λ(xi) = bi . It is well-defined by 1.6. The family(ϕ∗λ)λ≥λ̃
gives a morphismϕ ∈ HomA(YK, lim−→ X

(λ)
K ) such thatΦ ◦ (ϕ × id) = ϕ′. In

particular,Φ is the unique morphism associated to id<A′/A(Sp(A′〈x〉)). 2

We can now consider more general affinoid spaces.

Proposition 1.8. LetA andA′ be affinoidK-algebras withA′ a freeA-module
of basee1, · · · , en. DefineDλ = C⊗̂mλ as the complete tensor product ofm copies
of the affinoidK-algebraCλ defined in 1.7. Explicitly

Dλ =A〈πλx11,· · ·, πλx1n,· · ·, πλxmn〉〈c1(x1.),· · ·, cn(x1.), c1(x2.),· · ·, cn(xm.)〉.
Then we can prove the following:

i) <A′/A(Sp(A′〈x1, · · · , xm〉)) ∼=
m∏
i=1

<A′/A
(
Sp
(
A′〈xi〉

)) ∼= lim−→ Sp(Dλ).

The homomorphismsΦ∗λ : A′〈x1, · · · , xm〉 → Dλ ⊗A A defined viaΦ∗λ(xh) =∑
i xhiei give the unique morphismΦ associated toid<A′/A(Sp(A′〈x1,··· ,xm〉)).

ii) Given an ideala = (f1, · · · , fr) in A′〈x1, · · · , xm〉
<A′/A

(
Sp

(
A′〈x1, · · · , xm〉

a

))
∼= lim−→ Sp

(
Dλ

aco

)
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where aco = (f11,· · ·, f1n, f21,· · ·, frn) is generated by the coefficients of
Φ∗λ(fj ) =

∑
i fjiei in Dλ.

iii) If K ′/K is a finite separable field extension andA′ = A⊗K K ′, there exists
an integerµ ≥ 0 such that

<A′/A
(

Sp

(
A′〈x1, · · · , xm〉

a

))
∼= Sp

(
Dµ

aco

)
.

iv) If all generatorsfj ofa are elements ofA〈x1, · · · , xm〉, the unique morphism
Ψa associated toidSp(A′〈x1,··· ,xm〉/a) is a closed immersion.

Proof.. The assertion ini) descends from the fact (see (W3)) that Weil restriction
commutes with fibre products. Hence

<A′/A(Sp(A′〈x1, · · · , xm〉)) ∼= <A′/A
(

m∏
i=1

Sp
(
A′〈xi〉

)) ∼= m∏
i=1

(
lim−→ Sp(Cλ)

)
i
.

As any morphismTK → lim−→ Sp(Cλ), with TK an affinoidK-space, factors

through an affinoid space Sp(Cλ) for an indexλ large enough, we have also∏
lim−→ Sp(Cλ) ∼= lim−→

∏
Sp(Cλ) ∼= lim−→ Sp(Dλ).

For the second assertion one repeats the arguments in the proof of proposition
1.7. This time we have to consider alson-dimensional Tate algebras modulo an
ideal. The ideal of coefficientsaco we have introduced is defined in the same way
as in [BLR] 7.6/4 (or in lemma 1.2).

For iii): the functor<K ′/K(Sp(K ′〈x.〉)) is represented by a quasi-compact
rigid K-space because after base extension Sp(K ′′)→ Sp(K), it becomes iso-
morphic to the product ofn-copies of Sp(K ′′〈x.〉)), whereK ′′ is the small-
est normal extension ofK containingK ′ (in a fixed separable closure ofK ′)
and n the degree ofK ′/K. Hence the functor<K ′/K(Sp(K ′〈x.〉)) ×K A ∼=
<A′/A(Sp(A′〈x.〉)) is represented by a quasi-compact rigid space over Sp(A).
This means that lim−→ Sp(Dλ)must coincide with Sp(Dµ) for some integerµ and

that<A′/A(Sp(A′〈x.〉/a)) is represented by Sp(Dµ/a
co).

The fourth assertion can be proved as in the classical scheme situation. We
recall only the definition of the morphismΨa. If Γi ∈ A are the coefficients
of 1 = ∑i Γiei in A′ andλ̄ ≥ 0 is the minimal non-negative integer such that
maxi ‖πλ̄Γi‖ ≤ 1, we can consider the morphismΨ : Sp(A〈x.〉)→ lim−→ Sp(Dλ)

given by the family of surjective homomorphisms

Ψ ∗λ : Dλ→ A〈x.〉, Ψ ∗λ (xji) = Γixj for λ ≥ λ̄.
As (Ψ ∗λ ⊗ idA′) ◦ Φ∗λ = idA′〈x.〉, the morphismΨ is the unique morphism such
that idSp(A′〈x.〉) = Φ ◦ (Ψ × id). The morphismΨ is a closed immersion. Calling
Φa the morphism induced byΦ andΨa : Sp(A〈x.〉/a) → lim−→ Sp(Dλ/a

co)
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the one induced byΨ . Then also the morphismΨa is a closed immersion and
idSp(A′〈x.〉/a) = Φa ◦ (Ψa× id). 2

At this point one would like to proceed by glueing the spaces which represent
locally the Weil restriction functor and then find a sufficient condition such
that this glued space represents our functor. What has to be proved is that Weil
restriction is compatible with open immersions, at least forh a finite and locally
free morphism. As in the formal scheme setting, we can prove it in functorial
language.

Proposition 1.9. Let h : S ′K → SK be a proper and flat morphism of rigid
K-spaces. Given functorsF ′,G′ : (Rig/S ′K)

o −→ (Sets) and a functorial mor-
phismu′ : F ′ → G′, leth∗(u′) : h∗(F ′) −→ h∗(G′) be the canonical morphism
associated tou′.
i) Assume thatu′ is an open immersion. Thenh∗(u′) is an open immersion.
ii) Assume thatu′ is a closed immersion and h is finite and locally free. Then
h∗(u′) is a closed immersion.

As immediate consequences we have:

Corollary 1.10. Let h be as above. Suppose thatu : UK → VK is an open
(resp. closed) immersion ofS ′K -spaces and<S′K/SK (VK) is representable. Then
<S′K/SK (UK) is represented by an open (resp. closed) subspace of<S′K/SK (VK).

Proposition 1.9/ii) implies also an assertion about separatedness. In fact, (W3)
gives an isomorphism<S′K/SK (X′K)×SK <S′K/SK (X′K) ∼= <S′K/SK (X′K ×S′K X′K).
Corollary 1.11. Leth : S ′K → SK be a finite and locally free morphism of rigid
K-spaces andX′K a separated rigidS ′K -space. If<S′K/SK (X′K) is representable
then the correspondingSK -space is separated.

Let us now prove proposition 1.9.

Proof.. Consider a rigidSK -spaceTK and a functorial morphismTK → h∗(G′).
DefineF ′

T ′K
= F ′ ×G′ T ′K andFTK = h∗F ×h∗G TK , whereT ′K is the space

TK ×SK S ′K . Let h′ be the projection morphismT ′K → TK and consider the
following diagram

h∗F ×h∗G TK = FTK

F ′ ×G′ T ′K = F ′T ′K

TK

T ′K

h′

?
-

-
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The first arrow is an open (resp. closed) immersion by hypothesis. We have to
prove that the second arrow is an open (resp. closed) immersion as well. Write
WK for the open (resp. closed ) subspace ofT ′K such thatF ′

T ′K
is represented by

WK . We have the following isomorphisms of functors from(Rig/TK)o to (Sets)

<T ′K/TK (WK)=h′∗(WK) = h′∗
(
F ′
T ′K

)
=h′∗

(
F ′ ×G′ T ′K

) (W2)∼= h∗(F ′)×h∗G′ TK = FTK .
If we can prove that the functor<T ′K/TK (WK) is represented by an open (resp.
closed) subspace ofTK , the same rigid space represents alsoFTK . The lemma
below gives the desired result. 2

Lemma 1.12. Let h′ : T ′K → TK be a proper and flat (resp. finite and locally
free) morphism of rigidK-spaces. For any open (resp. closed) subspaceU ′K of
T ′K the functor<T ′K/TK (U ′K) is represented by an open (resp. closed) subspace
of TK .

Proof.. For the statement about closed subspaces we reduce to 1.8. Let{VK,i}i∈I
be an admissible covering ofTK by open affinoid subspaces and denote byV ′K,i
the open subspace(h′)−1(VK,i) of T ′K . By property (W2) we have isomorphisms
<T ′K/TK (U ′K)×TK VK,i ∼= <V ′K,i/VK,i (U ′K ×T ′K V ′K,i). These allow us to restrict the
proof to the affinoid caseTK = Sp(A) andT ′K = Sp(A′) with A′ a finite and
freeA-module. Lete1, · · · , en be a family of free generators ofA′ overA. The
closed subspaceU ′K is of the form Sp(A′/a) for some ideala = (f1, · · · , fr).
From 1.8 (case m=0) we know that the functor<T ′K/TK (U ′K) = <A′/A(Sp(A′/a))
is represented by the closed subspace Sp(A/aco) of TK with aco = (fij ) andfij
coefficients offi =∑j fij ej in A.

The assertion about open subspaces requires more work. We can suppose
again thatTK is an affinoidK-space. Consider the setR(U ′K) of all points of
TK whoseh′-fibre is contained inU ′K . If we can prove thatR(U ′K) is admissible
open, it is immediate to check thatR(U ′K), with the canonical structure of rigid
space induced byTK , represents<T ′K/TK (U ′K).

If U ′K is a Zariski-open subset ofT ′K and we denote byU ′cK the (closed)
analytic subsetT ′K − U ′K , thenh′(Uc

K) is a closed analytic subset ofTK and its
complement isR(U ′K). For more general admissible open subsets, it is no more
possible to proceed in this way because the complement of an admissible open
subset is not in general an analytic subset. To overcome this problem, we will
switch from the rigid to the formal level. It is immediate to see that we can restrict
to the case where all spacesU ′K ↪→ T ′K → TK are separated and quasi-compact.
By [Ra], we can find morphisms of admissible formalR-schemesi : U ′R → T ′R
andψ : T ′R → TR such that the associated rigid morphisms are the ones above.
In particular, we can choose asi an open immersion ([FI] 4.4) andψ flat ([FII]
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5.2). The morphismψ is automatically proper ash′ is proper. This is the easy
direction in the equivalence between properness in the rigid and formal setting.

We want to prove that the quasi-compact open subspaceWK = (ψ(U ′cR )c)K
of TK , i.e. the rigid space associated to the complement of the image of the closed
subsetT ′R − U ′R, represents<T ′K/TK (U ′K).

It is clear thatWK ⊆ R(U ′K) as the fibre inT ′K of any rigid point ofWK

is contained inU ′K . For the converse: letx ∈ R(U ′K) be a rigid point ofTK
whose fibre is contained inU ′K and call x̄ its specialization inTR. The point
x corresponds to a closed immersion Sp(L) → TK whereL is a finite field
extension ofK or, in the same way, to a closed immersion Spf(B)→ TR where
B is an integral local ring with quotient fieldL. Then, the point̄x is the image
of the closed point of Spf(B). The fibre product Spf(B)×TR T ′R is an admissible
model of Sp(L) ×TK T ′K , i.e. of the fibre ofx in T ′K . Usually one has to divide
out theπ -torsion but in this case the flatness ofψ implies that Spf(B) ×TR T ′R
already has noπ -torsion. Hence any closed point ofT ′R above the closed pointx̄
is the specialization of some point ofT ′K abovex.As the fibre ofx is all contained
in U ′K , the fibre ofx̄ is all contained inU ′R. This says that̄x is a point ofψ(U ′cR )

c

and thatx ∈ WK . 2

We are now allowed to glue what we obtained locally. Even if we have proved
the representability in 1.8 only forSK and S ′K affinoid, we are interested in
morphismshwhich involve not only affinoidK-spaces. Therefore, we introduce
suitable coveringsS of SK andU of X′K which permit to use locally the results
in 1.8. If SK andS ′K are affinoid andh is free then the coveringU is simply the
covering ofX′K given by all its open affinoid subsets.

Theorem 1.13. Leth : S ′K → SK be a finite and locally free morphism of rigid
K-spaces andX′K a rigid S ′K -space. Let furthermoreS be the covering ofSK
given by all open affinoid subspacesVK such thath−1(VK) is finite and free over
VK andU the set of all open affinoid subspaces ofX′K ×SK VK asVK varies over
S. It is possible to glue the rigid Weil restrictions<S′K/SK (U ′K) asU ′K varies over
U obtaining a rigidSK -spaceRS′K/SK (X

′
K). If X′K is separated thenRS′K/SK (X

′
K)

is separated.

Proof.. First of all observe that, ifVK is in S and we denote byV ′K the open
subspaceh−1(VK) of S ′K , then<S′K/SK (U ′K) ∼= <V ′K/VK (U ′K) for all open sub-
spacesU ′K of X′K ×S′K V ′K . This descends from property (W2). Then the functor
<S′K/SK (U ′K) is representable for all affinoid spacesU ′K in U.

For the glueing we apply proposition 9.3.2./1 in [BGR] with:

– Xi = <S′K/SK (Ui
K) asUi

K varies overU.

– Xij = <S′K/SK (Ui
K ∩ Uj

K),Xij ↪→ Xi , the canonical open immersion (1.9).
– ϕij : Xij → Xji the obvious isomorphism.
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The unique point that has really to be checked is the cocycle condition:
ϕijl : Xij ∩Xil → Xji ∩Xjl (induced byϕij ) satisfyϕijl = ϕlji ◦ ϕilj .
This follows from

Xij ∩Xil ∼= <S′K/SK
(
Ui
K ∩ Uj

K

)
×<S′

K
/SK
(UiK)
<S′K/SK

(
Ui
K ∩ Ul

K

)
∼=
(
<S′K/SK

(
Ui
K

)×<.(X′K) <S′K/SK (Uj

K

))
×<.(UiK)

(
<S′K/SK

(
Ui
K

)
×<.(X′K)<S′K/SK

(
Ul
K

))
∼= <S′K/SK

(
Ui
K

)×<.(X′K) <S′K/SK (Uj

K

)
×<.(X′K) <S′K/SK

(
Ul
K

)
∼= <S′K/SK

(
Ui
K ∩ Uj

K ∩ Ul
K

)
where we have applied several times property (W3), reading the intersections in
terms of fibre products.

There exists furthermore a morphism

Λ : RS′K/SK
(
X′K

)×SK S ′K −→ X′K

obtained by glueing theΦUiK : <S′K/SK (Ui
K) ×SK S ′K → Ui

K , whereΦUiK is the
unique morphism associated to id<S′

K
/SK

(UiK)
([BGR] 9.3.2/1).

Suppose thatX′K is a separatedS ′K -space. This means that the diagonal mor-
phismX′K → X′K ×S′K X′K is a closed immersion. Its associated morphism

<S′K/SK
(
X′K

) −→ <S′K/SK (X′K ×S′K X′K) (W3)∼= <S′K/SK
(
X′K

)×SK <S′K/SK (X′K)
is a closed immersion (of functors) by 1.9. In particular,

<S′K/SK (UK ∩ VK) −→ <S′K/SK (UK)×SK <S′K/SK (VK)
is a closed immersion for anyUK, VK open affinoid subspaces ofX′K in U. By
definition ofRS′K/SK (X

′
K),

<S′K/SK (UK ∩ VK) ∼= <S′K/SK (UK)×RS′
K
/SK

(X′K) <S′K/SK (VK)

and then the diagonal morphismRS′K/SK (X
′
K)→ RS′K/SK (X

′
K)×SK RS′K/SK (X′K)

is a closed immersion too. 2

We will now give a condition for the representability of rigid Weil restriction
functors. It is easy to see that ifh is a finite and free morphism of affinoid spaces
andX′K is an affinoid space or a rigid Stein space, thenX′K satisfies it.
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Proposition 1.14. Let the hypothesis be as in 1.13. The rigid spaceRS′K/SK (X
′
K)

represents<S′K/SK (X′K) if and only if for any (affinoid)SK -spaceTK and any
S ′K -morphismφ : TK ×SK S ′K=T ′K → X′K the coveringφ∗U={φ−1(UK)}UK∈U
admits a refinementV′ = {WK×SK S ′K}WK∈V with V an admissible covering of
TK .

Proof.. Suppose that the condition on the coveringU is satisfied and let the
spaceTK , the morphismφ and the coveringV be as in the hypothesis. For
anyWK ∈ V there exists an elementU(W)

K ∈ U with φ(WK ×SK S ′K) ⊂ U(W)
K

and a unique morphismψW : WK → <S′K/SK (U(W)
K ) such thatφ|WK×SK S′K =

Λ ◦ (ψW × idS′K ), whereΛ was defined in 1.13/proof. The unique morphism
ψ : TK → RS′K/SK (X

′
K) such thatφ = Λ ◦ (ψ × idS′K ) is simply given by the

glueing of theψW . By property (W1), this is sufficient to conclude thatRS′K/S(X
′
K)

represents<S′K/SK (X′K) andΛ = ΦX′K .
For the converse: suppose that the spaceRS′K/SK (X

′
K) represents<S′K/SK (X′K)

with Λ = ΦX′K . Choose a rigidK-spaceTK and a morphismφ : T ′K → X′K
as in the hypothesis. There exists a uniqueψ : TK → RS′K/SK (X

′
K) which

satisfiesφ = Λ ◦ (ψ × idS′K ). The extension toT ′K of the admissible covering
{ψ−1(<S′K/SK (UK)}UK∈U of TK is trivially a refinement ofφ∗U. 2

The condition above is not easy to check. We look for a weaker but suffi-
cient condition. We could try to translate properties(PSch) and(PFor) with the
following

“Any finite set of rigid points is contained in some open affinoid subspace".

This is already a step in the right direction. The following example shows that if
a rigidK-space does not satisfy the property above, it is not to be expected that
the space introduced in 1.13 represents Weil restriction.

Example 1.15.Let SK = Sp(K) and S ′K = Sp(K ′) with K ′ a finite Galois
extension ofK of degreen ≥ 2. Consider the discD = Sp(K ′〈x〉) and choose
aK ′-valued point as centerO. LetX′K be the glueing of two copies ofD along
the open subspaceD − {O}. X′K is a disc with a double centerO1 andO2.
It is obviously not quasi-separated and there is no open affinoid subspace of
X′K containing bothO1 andO2. It is evident thatRS′K/SK (X

′
K) can not represent

<S′K/SK (X′K). If this was the case then any morphism Sp(K ′ ⊗K K ′) → XK
whose image contains the pointsO1 andO2 would factor through an open affinoid
subspace ofX′K and this is absurd.

Unfortunately the property above is not sufficient to say that the glueing space
in 1.13 represents the rigid Weil restriction. This comes from the fact that even if
<S′K/SK (X′K) is representable and the morphismλ : RS′K/SK (X′K)→ <S′K/SK (X′K)
is locally an open immersion and a bijection between the rigid points, it may
happen thatλ is not an isomorphism. We can explain this fact saying that there
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are not sufficiently many rigid points to characterize their rigid space. For this
reason we introduce theZariski-Riemann space. We will consider only rigidK-
spaces which have an admissible model, i.e. a flat formalR-scheme whose rigid
fibre is the space we are considering. This is the case if the rigid space is quasi-
separated and quasi-compact ([Ra]) or more generally paracompact ([Bo]). For
properties of Zariski-Riemann spaces we refer to [Fu] or [Bo]. We recall that
given a flat formalR-schemeXR then the ZR-space associated toXR is

<X>= lim←− XA

whereXA runs over all admissible blowing-upsφA : XA → XR of XR with
respect to an open coherent idealA ⊆ OXR . It is clear that there exists a (unique)
XR-morphismφAB : XB → XA if and only if AOXB is invertible inXB and
the morphismφAB is necessarily the blowing-up with respect toBOXA . This
construction works forR any complete valuation ring, not necessarily of height
1. In our case, there is a specialization map

sp : XK −→<X>
which associates to any rigid pointx ∈ XK the family(xA)A⊆OXR

of projections
of x. It is injective and has dense image for the constructible topology on<X>

([Bo] 2.1.5). There exists also a map (see [Bo] for a precise definition)

θ−1 : {G− topology onXK} −→ {topology on<X>}.
This associates to the generic fibre of an open formal subschemeUA of some
XA the open subsetπ−1

A (UA) =<U> with πA : <X>→ XA the canonical
projection. Observe also that the ZR-space depends only on the rigid spaceXK
and not on the particular admissibleR-model chosen to construct it. One of
the advantages one has working with ZR-spaces is that they permit to describe
admissible rigid coverings in terms of their topology. IfXK is an affinoidK-
space andV a family of open admissible subsets ofXK thenV is an admissible
covering ofXK if and only if {θ−1(VK)}VK∈V is a covering of<X>.
We will say that a rigidK-spaceXK satisfies property(PRig) if

(PRig): XK has an admissibleR-model and given a finite set of pointsI of the
Zariski-Riemann space<X>, there exists an open affinoid subspaceUK ofXK
such thatI ⊆<U>⊆<X>.

This property is trivially fulfilled by affinoidK-spaces and it is a local
property.This means that any open quasi-compact subspace ofXK satisfies(PRig)

if XK satisfies(PRig). Property(PRig) is of some use if given a finite locally free
morphismψK : ZK → YK the corresponding map<ψ > : <Z>→<Y >
between ZR-spaces is surjective and with finite fibres. To prove this fact, we can
work locally and suppose thatψK : Sp(CK)→ Sp(BK) is a finite free morphism
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of affinoidK-spaces. It is surjective because of [FII] 5.11 and [BGR] 9.6/3. As
K-affinoid algebras are Jacobson rings, we have surjectivity between the usual
affine spectra. Points of the Zariski-Riemann space<Sp(BK)> correspond to
pairs(p, V )with p a prime ideal inBK andV a valuation in the field of fractions
of BK/p satisfying certain conditions (cf. [Bo], Introduction, [PS]). Similarly
for points in<Sp(CK)>. Moreover(q,W) in <Sp(CK)> is above(p, V ) in
<Sp(BK)> if and only if q ∩ BK = p andW extendsV . Now, there are finitely
many prime idealsqi in CK above anyp in BK and the extension of fields of
fractions Fr(CK/qi)/Fr(BK/p) is finite. Hence the conclusion.

We can now prove that property(PRig) is sufficient for the representability
of the rigid Weil restriction.

Theorem 1.16. Leth : S ′K → SK be a finite and locally free morphism of rigid
K-spaces andX′K a formal rigid S ′K -space. Suppose thatX′K satisfies(PRig).
Then the functor<S′K/SK (X′K) is represented by the spaceRS′K/SK (X

′
K) defined

in 1.13.

Proof.. We will check that the condition on 1.14 is satisfied. LetTK be an affinoid
SK -space,φ : TK×SK S ′K = T ′K → X′K a givenS ′K -morphism andU the covering
of X′K defined in 1.13. It suffices to prove that{<T ′K/TK (φ−1(V ′K))}V ′K∈U is an
admissible covering ofTK . In fact, its extension toT ′K is a refinement ofφ∗U.
This is equivalent to show that any point in the ZR-space<T> is contained in
some open subset of the formθ−1(<T ′K/TK (φ−1(V ′K))). It is sufficient to prove it
for closed points as<T> is a Jacobson space.

As we will work locally, we can assume thatSK is affinoid andh is free.
This is possible because property(PRig) is preserved. Let̃t be a closed point
of <T >. Its fibre in<T ′> is finite and is contained in some open subset of
the formθ−1(φ−1(V ′K)) asX′K satisfies(PRig). It might be thatφ−1(V ′K) is not
quasi-compact, so we choose a quasi-compact open subspaceU ′K of φ−1(V ′K)
such that<U ′> contains the fibre of̃t . Recall now the construction used in the
proof of 1.12. There exist morphismsi : U ′R → T ′R andψ : T ′R → TR with
i an open immersion andψ proper and faithfully flat such that the associated
rigid morphisms areU ′K ↪→ T ′K → TK . Then<T ′K/TK (U ′K) is the rigid space
associated to the open formal subschemeψ(U ′cR )

c of TR. Call t the projection of
t̃ onTR. With arguments similar to those in [Bo] 3.2.2, we can see that all closed
points ofT ′R abovet are projections of points of<T ′> abovet̃ . This implies
that the fibre oft is totally contained inU ′R. Hence the pointt is inψ(U ′cR )

c and
t̃ ∈ θ−1(<T ′K/TK (U ′K)) ⊆ θ−1(<T ′K/TK (φ−1(V ′K))). 2

Condition(PRig) is easier to handle than the one in 1.14. It has the advantage
that one can check it looking at admissibleR-models. Suppose that a rigidK-
spaceXK has an admissibleR-model which satisfies(PFor). It follows from
the definition of the ZR-space that the rigid spaceXK satisfies(PRig). More
generally, this is true even if the formalR-model is not flat.
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In any case, even ifXK satisfies(PRig), we are forced to consider almost
all open affinoid subsets ofXK (at least those inU as defined in 1.12) in order
to describe an admissible covering of the rigid Weil restriction. It is sometimes
useful to consider particular admissible coverings ofXK coming from coverings
of an admissibleR-model, and see if they induce not only a covering of the formal
Weil restriction but also an admissible covering of the rigid Weil restriction. So
we change condition(PRig) and make it depend on coverings as follows:

LetXK be a rigidK-space which has an admissible formalR-model. Sup-
pose given an admissible coveringV ofXK by open affinoid subspaces. We will
say that the coveringV satisfies property(PRig)|V if:

(PRig)|V: Given any finite set of pointsI of the Zariski-Riemann space<X>,
there exists aUK ∈ V with I ⊂ θ−1(UK) =<U>⊂<X>.

In particularXK satisfies(PRig). Hence(PRig)|V is another sufficient con-
dition for the representability of rigid Weil restriction functors.

Proposition 1.17. Let h : S ′K → SK be a finite and locally free morphism of
affinoidK-spaces and letX′K be a rigidS ′K -space which admits a coveringV by
open affinoid subspaces satisfying(PRig)|V. Then<S′K/SK (X′K) is representable
and an admissible covering of the representing space is given by the rigid spaces
<S′K/SK (VK), asVK varies overV.

Proof.. It is clear that(PRig)|V implies (PRig) and hence the functor<S′K/SK (X′K)
is represented by the glueing spaceRS′K/SK (X

′
K) defined in 1.13. Proceeding as in

1.13 one proves that the rigid spaces<S′K/SK (VK) give an admissible covering of
<S′K/SK (X′K) if and only if for any (affinoid)SK -spaceTK and anyS ′K -morphism
φ : TK ×SK S ′K = T ′K → X′K the coveringφ∗V = {φ−1VK}VK∈V admits a
refinement which descends to an admissible covering ofTK . To conclude, we
can repeat what we have done in 1.16 with(PRig)|V in place of(PRig) and the
glueing of<S′K/SK (VK), VK ∈ V, in place ofRS′K/SK (X

′
K). 2

If X′K has a "good" admissible modelX′R we can consider only open affinoid
subspaces coming from open formal subschemes ofX′R to describe the rigid Weil
restriction.

Corollary 1.18. Let h be as in Proposition 1.17. Suppose that theS ′K -space
X′K has an admissibleR-modelX′R which satisfies property(PFor). Then the
functor<S′K/SK (X′K) is representable and the spaces<S′K/SK (V (i)

K ), asV (i)
R varies

over the open affine formal subschemes ofX′R, give an admissible covering of
<S′K/SK (X′K).
Proof.. As X′R satisfies(PFor), the covering{V (i)

K }i∈I described above satisfies
(PRig)|{V (i)K }i∈I . To check this, it is sufficient to recall the definition of Zariski-

Riemann spaces. Any pointx̃ ∈<X′> has a projectionx ∈ X′R. It is clear that
x ∈ V (i)

R if and only if x̃ ∈<V (i)>. 2
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We conclude this section with comparing Weil restriction on schemes, for-
malR-schemes and rigidK-spaces via analytification, formal completion and
Raynaud functors. At first we consider the analytification functor. For more de-
tails about this functor we suggest [K¨o]. We are interested in schemesX ′ which
satisfy(PSch). This permits to describe a covering of<.(X ′) in terms of affine
subschemes ofX ′.

Proposition 1.19. Let A andA′ be affinoidK-algebras,A′ a finite and free
A-module andX ′ anA′-scheme locally of finite type. Suppose thatX ′ satisfies
(PSch). Then the functor<A′/A(X ′) is represented by anA-scheme locally of finite
type and the rigid space<A′/A(X ′)an∼= RA′/A(X ′an) represents<A′/A(X ′an).

Proof.. Let U ′ be an affineA′-scheme of finite type,T = Spec(B) with B an
affinoid K-algebra overA andT ′ = T ×A A′. By [Kö] 1.1 & 1.2 we have
canonical bijections HomA(Sp(B),<A′/A(U ′)an)

∼→ HomA(T ,<A′/A(U ′)) ∼→
HomA′(T ′,U ′) ∼→HomA′(Sp(B ⊗A A′),U ′an). This implies that<A′/A(U ′an) ∼=
<A′/A(U ′)an.

In the general case: sinceX ′ satisfies(PSch) the functor<A′/A(X ′) is rep-
resented by anA-scheme locally of finite type (7.6/4 and 7.6/5 in [BLR]) and
<A′/A(X ′)an is defined. Moreover, there exists a coveringV of X ′ by open affine
subschemes such that<A′/A(X ′) is covered by<A′/A(Uj ) asUj varies overV.
LetTK be an affinoidA-space andψ : T ′K = TK×AA′ → X ′an anA′-morphism.
Thenψ−1(Uan

j ) are Zariski-open subsets ofT ′K and also<T ′K/TK (ψ−1(Uan
j )) are

Zariski-open subsets ofTK . In fact, if we denote byp the projection morphism
T ′K → TK then<A′/A(ψ−1(Uan

j )) is simply obtained as the complement ofp(Cj)

whereCj is the closed analytic subsetT ′K − ψ−1(Uan
j ). The open subspaces

<T ′K/TK (ψ−1(Uan
j )) coverTK asX ′ satisfies(PSch). In fact any point inTK has

finite fibre in T ′K and its image is contained in someUan
j . They then give an

admissible covering ofTK ([BGR] 9.1.4/7). Applying (W1) it is immediate to
see that the glueing of<A′/A(Uan

j )
∼= <A′/A(U ′j )an, i.e.<A′/A(X ′)an, represents

the functor<A′/A(X ′an).
The spaceRA′/A(X ′an) is defined and there exists a locally open immersion

λ : RA′/A(X ′an)→ <A′/A(X ′an) such thatΛ = ΦX ′an ◦ (λ × id). We recall that
the morphismΛ was defined in 1.13/proof. Let{Uj }j∈J be the affine covering of
X ′ previously considered. EachUan

j is isomorphic to some lim−→ Uj,h, h ∈ N, with

Uj,h open affinoid subspaces ofX ′an andUj,h ↪→ Uj,h+1 open immersions. It is
easy to check that the functor<A′/A(Uan

j ) is represented by lim−→ <A′/A(Uj,h). This

implies that the covering{<A′/A(Uj,h)}(j,h)∈J×N of the rigid space<A′/A(X ′an)

is admissible. The spaces<A′/A(Uj,h) are also open subspaces ofRA′/A(X ′an)

and they give an admissible covering viaλ. Then the morphismλ is indeed an
isomorphism. 2
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Let now X be anR-scheme locally of finite presentation. Its completion
XR along the closed subscheme given by the idealπOX is a formalR-scheme
locally of topologically finite presentation. Working on special fibres one can
see that if the schemeX satisfies property(PSch) then the formal schemeXR
satisfies(PFor). We can then give another comparison result.

Proposition 1.20. Let h : Spec(A′)→ Spec(A) be a finite and free morphism
with A′ andA two R-algebras of finite presentation. LetX ′ be anA′-scheme
locally of finite presentation and suppose that it satisfies(PSch). If we denote by
X′R itsπ -adic completion and bŷA′ (resp.Â) theπ -adic completion ofA′ (resp.
A), then the functor<A′/A(X ′) is represented by anA-scheme locally of finite
presentation whoseπ -adic completion represents<

Â′/Â(X
′
R).

Proof.. If X ′ satisfies(PSch) thenX′R satisfies(PFor) because the special fibre
X ′k satisfies(PSch) as well. It is then sufficient to work locally on open affine
subscheme ofX ′ and then the result follows comparing 1.2 with the analogous
result for schemes. 2

At this point it remains to compare the formal and rigid Weil restriction. We
have already seen that the formal one preserves quasi-compactness even when the
rigid one does not. Remember the case of the unit rigid ball and the affine formal
line. So we have no possibility to prove that the Weil restriction commutes with
the formation of generic fibres. The best we can prove is that we obtain canonical
open immersions.

Lemma 1.21. Leth : Spf(A′)→ Spf(A) be a finite and free morphism of affine
formalR-schemes (of tf presentation) andX′R an affine formalSpf(A′)-scheme.
The space<A′/A(X′R)K is canonically isomorphic to an open affinoid subspace
of<A′K/AK (X′K).
Proof.. LetX′R = Spf(A′〈x.〉/a) with x. a set of indeterminatesx1, · · · , xm and
a = (f1, · · · , fr). We have seen in 1.2 that

<A′/A
(

Spf

(
A′〈x.〉

a

))
= Spf

(
A〈x11, · · · , x1n, · · · , xmn〉

aco

)
.

Recall from 1.8 the definition ofD0. Then

<A′/A(X′)K ∼= Sp

(
AK〈x11, · · · , x1n, · · · , xmn〉

aco

)
∼= Sp

(
D0

aco

)
is an open affinoid subspace of<A′K/AK (X′K). For the last isomorphism one uses
the fact that the elementse1, · · · , en are free generators ofA′ overA and hence
‖∑i xiei‖ ≤ 1 is trivially true inA′K〈x11, · · · , xmn〉. 2

This lemma can be generalized.
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Proposition 1.22. Let h : S ′R → SR be a finite and locally free morphism of
admissible formalR-schemes andX′R a formal S ′R-scheme. Suppose thatX′R
satisfies(PFor). Then both<S′R/SR (X′R) and<S′K/SK (X′K) are representable and
the canonical morphism

ξ : <S′R/SR
(
X′R
)
K
−→ <S′K/SK

(
X′K

)
is an open immersion.

Proof.. We can restrict to the case whereh is a finite and free morphism of affine
formal schemes and then check that

ξ−1
(
<S′K/SK

(
W ′K

)) = <S′R/SR (W ′R)K
for any open affine formal subschemeW ′R of X′R. Hence the assertion is a con-
sequence of lemma 1.21. 2

Among the formalR-schemes those which are smooth groups behave par-
ticular well with respect to Weil restriction functors.

Proposition 1.23. Let h : R → R′ be a finite and free morphism of complete
valuation rings andX′R′ a smooth formalR′-group scheme. Then
a) The functor<R′/R(X′R′) is representable. The corresponding formal scheme
<R′/R(X′R′) is covered by the open affine formal subschemes<R′/R(U ′R′) asU ′R′
varies over the open affine formal subschemes ofX′R′ .
b) The functor<K ′/K(X′K ′) is representable. The rigid spaces<K ′/K(U ′K ′), as
U ′R′ varies over the open affine formal subschemes ofX′R′ , give an admissible
covering of the representing space.
c) The canonical morphism

ξ : <R′/R
(
X′R′

)
K
−→ <K ′/K

(
X′K ′

)
is an open immersion.

Proof.. The formalR′-schemeX′R′ satisfies(PFor) because the identity compo-
nent of its special fibre is a quasi-projective variety. Then a) follows from 1.4, b)
from 1.18 and c) is 1.22. 2

2. Formal Néron models

Let in the followingR be a complete discrete valuation ring. We recall that given
a smooth rigidK-spaceXK a formal Néron modelof XK overR is a smooth
formalR-schemeUR, whose generic fibreUK is an open rigid subspace ofXK
and which satisfies the following universal property:
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(N) Given a smooth formalR-schemeZR and a morphism of rigidK-spaces
uK : ZK → XK , u extends uniquely to a morphismu : ZR → UR of formal
R-schemes.

A formal Néron modelUR is unique up to unique isomorphism. IfXK is separated,
UR will be separated and ifXK is a rigidK-group,UR inherits a group structure.
For more details about formal N´eron models we refer to [BS].
It is immediate to see that the formation of formal N´eron models is compatible
with étale base change. Let nowK ′/K be a finite field extension. Suppose there
exists a formal N´eron modelU ′R′ ofXK ′ = XK×K K ′ over Spf(R′). One can ask
if a formal Néron modelUR of XK exists and, in the affirmative case, look for a
relation betweenUR andU ′R′ . To do this we have to deal with formal and rigid
Weil restrictions and with smoothening processes. The smoothening process in
the formal context involves (admissible) formal blowing-ups with centers in the
special fibre. More precisely, ifX′R → XR is an admissible formal blowing-up
of a formalR-scheme with centerYk ⊂ Xk andI ⊂ OXR is the corresponding
(open) ideal, the open formal subscheme ofX′R whereIOX′R is generated by the
uniformizing parameterπ ∈ R is called thedilatationof Yk onXR and denoted
byX′R,π . It is flat and it satisfies the following universal property:

(D) If ZR is a flat formalR-scheme andv : ZR → XR is an R-morphism
such thatvk factors throughYk, thenv lifts uniquely to a morphism of formal
R-schemesZR → X′R,π .

Dilatations commute with products. This implies that the dilatation of a formal
R-group scheme with center in a subgroupYk ofXk is a formal group scheme and
the canonical mapX′R,π → XR is a group homomorphism. The smoothening
process in the formal context is described in [BS]§3. It is a process introduced to
deal with situations where a formal group may have smooth generic fibre without
being smooth.
If GR is a formalR-group such that its generic fibre is smooth agroup smoothen-
ing of GR will be a morphismG′R → GR of formalR-groups such thatG′R is
smooth and eachR-morphismZR → GR with ZR smooth admits a unique fac-
torization throughG′R. Given anRsh-valued pointa of GR one definesδ(a) as
the length of the torsion part ofa∗ΩGR/R. It measures the defect of smoothness
at a. The key result in order to prove that group smoothenings indeed exist, is
the following:

Lemma 2.1. LetGR be a formalR-group such that its generic fibre is smooth.
Denote byFk the Zariski closure inGk of the set of theks-valued points which lift
toRsh-valued points ofGR.ThenFk provided with its canonical reduced structure
is a closed subgroup scheme ofGk. Letu : G′R,π → GR be the dilatation ofFk
in G. We have

δ(a′) ≤ max{0, δ(a)− 1}
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for eachRsh-valued pointa ofGR and its unique liftinga′ toG′R,π . Furthermore:
For any smooth formalR-schemeZR and eachR-morphismv : ZR → GR with
ZR smooth,v admits a unique factorization throughG′R,π .

The proof of this fact is a translation of the analogous result 7.1/4 in [BLR] using
lemma 3.4 in [BS].

Proposition 2.2. LetGR be a formalR-group with smooth generic fibre. Then
GR admits a group smoothening.

Proof.. As the identity componentG0
R of GR is quasi-compact the functionδ is

bounded onG0
R by an integer, saym. Applying finitely many times (at mostm)

the previous lemma, we obtain a formalR-groupG′R which is flat and smooth at
all Rsh-valued points of the identity component. In particular, it is smooth at the
origin and thenG′R is smooth ([SGA 3] VIA 1.3.1 and [FII] 1.2). By construction
it satisfies the desired lifting property. 2

We now go back to the initial problem on formal N´eron models. It is easy to
prove the existence ofUR if the Néron modelU ′R′ is quasi-compact. One simply
applies 1.2 in [BS]. We have, however, no description ofUR in terms ofU ′R′ .
Furthermore, in the non quasi-compact case, it was not known that the existence
of U ′R′ implies the existence ofUR. In the following theorem we describe the
relation between the formal N´eron modelsU ′R′ andUR by means of formal and
rigid Weil restriction functors and we prove the existence ofUR even in the non
quasi-compact case.

Theorem 2.3. LetXK be a smooth rigidK-group. Suppose that the rigidK ′-
groupXK ′ = XK×K K ′ admits a formal N´eron modelU ′R′ . Then a formal N´eron
modelUR of XK can be obtained as the group smoothening of the schematic
closure ofHK = XK ×<K′/K(XK′ ) <R′/R(U ′R′)K in the formal Weil restriction
<R′/R(U ′R′).
Proof.. Observe that we have not proved the representability of<K ′/K(XK ′) for
XK ′ a rigidK ′-group and we are apparently forced to work with functors instead
of spaces. First of all we have to see thatHK is represented by an open subgroup
of XK , still denoted byHK . Consider the following diagram of contravariant
functors on(Rig/K):

<R′/R(U ′R′)K <K ′/K(U ′K ′) <K ′/K(XK ′)

HK <XK′/XK (U ′K ′)

2

XK

α β Ψ

ζξ

ζ ′

- -

-

? ? ?
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The morphismξ is an open immersion and both functors are representable (1.23).
The morphismζ is also an open immersion by 1.9. Furthermore, the repre-
sentability of<XK′/XK (U ′K ′) and property (W2) say that the diagram on the right
is cartesian. HenceHK can also be defined as the fibre product

<XK′/XK
(
U ′K ′

)×<K′/K(U ′K′) <R′/R (U ′R′)K .
This implies thatHK is representable because all the functors above are repre-
sentable. Moreover, the canonical morphismHK → XK is an open immersion
which factors through the open subspace<XK′/XK

(
U ′K ′

)
of XK . In particular,

HK is represented by a (smooth) subgroup ofXK becauseXK , <K ′/K(XK ′) and
<R′/R(U ′R′)K are group functors.
To prove that the morphismα is a closed immersion, it is sufficient to see thatβ is
a closed immersion.This fact would be clear if<K ′/K(XK ′)were representable. In
fact, asXK is separated, the morphismΨ : XK → <K ′/K(XK ′)would be a closed
immersion. In our case, we have no information about the representability of such
a functor. We only know that there exists a rigidK-spaceRK ′/K(XK ′) which
almost represents it and that the canonical morphismψ : XK → RK ′/K(XK ′) is a
closed immersion (this can be proved in the same way as one would prove thatΨ

is a closed immersion if representable). Now, there is a locally open immersion
of functorsλ : RK ′/K(XK ′)→ <K ′/K(XK ′) andζ factors throughλ. In fact, given
any open affinoid subspaceWK ′ ofXK ′ , the space<K ′/K(WK ′ ∩U ′K ′) is open both
in <K ′/K(U ′K ′) and inRK ′/K(XK ′). Hence the morphismβ is a closed immersion
because the diagram above remains cartesian if we writeψ in place ofΨ . In
particular, ifU ′R′ is quasi-compact then so are<R′/R(U ′R′) andHK .
It is immediate to see, using the definition ofHK as a fibre product, that a formal
Néron model ofHK will be a formal Néron model ofXK . To construct it, let
HR be the schematic closure ofHK in <R′/R(U ′R′). Locally on an affine open
formal subschemeZR = Spf(A) of <R′/R(U ′R′) it is defined as Spf(A/Ker(ρ))
with ρ : A → AK → AK/I andI ⊂ AK the ideal which definesα−1(ZK) as
a closed analytic subspace ofHK . As <R′/R(U ′R′) is flat,HR exists, is flat and
satisfies the following universal property:

(S) For any flat formalR-schemeYR and any morphismφR : YR → <R′/R(U ′R′)
such thatφK factors throughHK , φR factors throughHR.

The formal schemeHR inherits also anR-group structure. It satisfies the
Néron mapping property (N) but it might not be smooth. Consider then a group
smoothening ofHR, sayH sm

R . It exists by 2.2. It is a smooth, formalR-group and
it satisfies property (N) with respect toHK . Hence it is a formal N´eron model of
HK and then ofXK . 2

Although the theorem above is a complete answer to our problem, we are dis-
turbed by the smoothening process which is not easy to control. We will see
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that if the extensionK ′/K is tamely ramified, we can use what was done by
Edixhoven in [Ed] to prove that the formalR-group schemeHR obtained as the
schematic closure ofHK in <R′/R(U ′R′) is already smooth and hence a formal
Néron model ofXK overR. To do this, we will divide the proof in several steps.
This is necessary because after base change we may lose the existence of formal
Néron models.
It is known that formal N´eron models are compatible with ´etale base change.
We want to see that in this case the schematic closure ofHK in <R′/R(U ′R′) is
isomorphic toUR.

Lemma 2.4. Let the rigid spacesXK andXK ′ and the formal N´eron models
UR and U ′R′ be as in 2.3. Suppose furthermore that the finite field extension
K ′/K is unramified. ThenUR is isomorphic toHR, the schematic closure of
XK ×<K′/K(XK′ ) <R′/R(U ′R′)K in the formal Weil restriction<R′/R(U ′R′).
Proof.. It is clear thatU ′R′ = UR′ asR→ R′ is étale andδR : UR → <R′/R(U ′R′)
is a closed immersion because any formalR-group is separated. In particular,UR
is the schematic closure ofUK in<R′/R(U ′R′). But in this caseUK is nothing else
than<X′K/XK (U ′K ′). If we look at the diagram in 2.3/proof, we see thatβ = ξ ◦δK
andHK = UK ×<K′/K(U ′K′ )<R′/R(U ′R′)K is indeed isomorphic toUK . As bothUR
andHR are flat closed formal subschemes of<R′/R(U ′), this is sufficient to
conclude. 2

Suppose now that the extensionK ′/K is finite, Galois with groupG. The group
G acts onXK ′ but it acts also onU ′R′ . In fact,G acts onR′ and we can apply
the universal property of formal N´eron models. This action induces an action on
<R′/R(U ′R′) described as follows:
Let TR be a formalR-scheme andτ ∈<R′/R(U ′R′)(TR)=HomR′(TR′, U

′
R′). Then

τ · g = ρU ′
R′ (g) ◦ τ ◦ ρTR′ (g)−1

whereρU ′
R′ (g) is the automorphism ofU ′R′ induced byg. The same forTR′ .

Chosen a formalR-schemeYR on whichG acts, we will consider the functor of
fixed points (see [Ed] in the scheme-theoretic setting)

YG : (For/R)o −→ (Sets)

TR −→ YR(TR)
G

In our caseY = <R′/R(U ′R′). We can consider the infinitesimaln-levelsYn on
whichG acts as well and apply [Ed] 3.1. ThenYGR is represented by a closed
formal subscheme ofYR as the formal schemeYR is separated. In particular

<R′/R
(
U ′R′

)G = lim−→ <R′n/Rn
(
U ′n
)G
.
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If we suppose that the order ofG is prime to the characteristic of the residue
field, then we can apply [Ed] 3.4 to each n-level and recognize that<R′/R(U ′R′)G
is smooth.

Lemma 2.5. Let the notation be as in 2.3 andK ′/K a finite Galois extension
with groupG, with the order ofG prime to the characteristic of the residue field
k. Then<R′/R(U ′R′)G is a formal Néron model ofXK overR. In particular, it is
the schematic closure ofHK in <R′/R(U ′R′).
Proof.. We have already seen that<R′/R(U ′R′)G is represented by a smooth formal
R-scheme. It remains to prove that it is isomorphic toHR. We have closed
immersions of flat formalR-schemes

<R′/R
(
U ′R′

)G η−→ <R′/R
(
U ′R′

) ξ←− HR
It is then sufficient to prove that the corresponding rigid fibres are isomorphic
as closed subspaces of<R′/R(U ′R′)K . First we observe that the Galois action
onXK ′ induces a Galois action onU ′K . This rigid space descends to the open
subspaceZK = <XK′/XK (U ′K)ofXK .There is also a closed immersionβ : ZK →
<K ′/K(U ′K ′) (see 2.3/proof) andZK represents<K ′/K(U ′K ′)G. The action ofG on
<K ′/K(U ′K ′) and the fix-point functors are defined in the analogous way as for
the formal Weil restriction. It is easy to see, simply working on points, that(

<R′/R
(
U ′R′

)G)
K
= <R′/R

(
U ′R′

)
K
×<K′/K

(
U ′
K′
) ZK.

We are somehow proving that the fix-point functor commutes with the formation
of generic fibres. The formulation is complicated by the fact that Weil restriction
does not commute with the formation of generic fibre and in the best case we can
only expect an open immersion<R′/R(U ′R′)K ↪→ <K ′/K(U ′K ′). The fibre product
on the right isHK . Hence the conclusion. 2

Till now we have considered only particular field extensions. We want to see that
it is possible to add or forget unramified extensions without loosing property
C(K ′;K). This is a short notation to say that a formal N´eron model of the
smooth rigidK-groupXK is given by the schematic closure of

XK ×<K′/K(XK′ ) <R′/R
(
U ′R′

)
K

in <R′/R
(
U ′R′

)
.

Applying 2.4 and the universal properties of formal N´eron models and Weil
restriction, we can prove the following fact:

Lemma 2.6. LetK ′/K be a finite extension,Ku an unramified extension ofK
inK ′ andXK a smooth rigidK-group. Suppose thatXK ′ admits a formal N´eron
modelU ′R′ . ThenC(K ′;K) holds ifC(K ′;Ku) holds.

It is also possible to add unramified extensions above.
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Lemma 2.7. Let notations be as in the previous lemma. Suppose thatKt is an in-
termediate extension withK ′/Kt unramified. ThenC(Kt ;K) holds ifC(K ′;K)
holds.

We can now collect all these partial results and prove thatC(K ′;K) holds by
tamely ramified extension.

Proposition 2.8. LetXK be a smooth rigidK-group andK ′/K a tamely ramified
extension. Suppose that theK ′-groupXK ′ admits a formal N´eron modelU ′R′ .
Then the schematic closure ofXK ×<K′/K(XK′ ) <R′/R(U ′R′)K in the formal Weil
restriction<R′/R(U ′R′) is a formal Néron model ofXK .

Proof.. We have to prove that propertyC(K ′;K) holds. By 2.6 we can suppose
thatK ′/K is totally ramified and tame. Let̃K the smallest normal extension of
K, containingK ′, in a fixed separable closure ofK ′. The extensioñK/K ′ is
unramified and hence a formal N´eron model ofXK̃ exists. By 2.7 we can reduce
to the caseK ′ = K̃. Consider then the maximal unramified extension ofK in
K ′, sayKnr. Again by 2.6 we can suppose thatKnr = K and henceK ′/K will be
totally ramified, tame and Galois. In particular the order of Gal(K ′/K) is prime
to the characteristic of the residue field and the conclusion follows from lemma
2.5. 2
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