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STRAIGHTENING AND BOUNDED COHOMOLOGY
OF HYPERBOLIC GROUPS

I. MINEYEV

Abstract

It was stated by M. Gromov [Gr2] that, for any hyperbolic group G,
the map from bounded cohomology H['(G,R) to H"(G,R) induced
by inclusion is surjective for n > 2. We introduce a homological
analogue of straightening simplices, which works for any hyperbolic
group. This implies that the map H}'(G,V) — H"(G,V) is surjective
for n > 2 when V is any bounded QG-module and when V is any
finitely generated abelian group.

1 Introduction

The bounded cohomology of a group G, H;(G,V), is defined with the
bar-construction the same way as the usual cohomology except that only
bounded cochains are considered (see the precise definition in section 2).
The bounded cohomology of a topological space is defined using bounded
singular cochains.

M. Gromov showed in [Grl] that, for a closed manifold M of negative
curvature and n > 2, the map HJ'(M,R) — H"(M,R) is surjective. The
proof used the fact that each singular n-simplex in a simply connected
manifold of negative curvature can be deformed to a “straight n-simplex”,
and that the straight n-simplices have uniformly bounded volumes.

In [Gr2, 8.3.T] Gromov also claimed the same surjectivity result for
hyperbolic groups and gave a sketch of proof involving quasi-geodesic flows.
This surjectivity result was later used by A. Connes and H. Moscovici [CM]
for a proof of the Novikov conjecture for hyperbolic groups.

We use a different approach to prove the surjectivity result for any
coefficients, namely we show

Theorem 11. Let G be a hyperbolic group and V be a bounded QG-
module. Then the map H}'(G,V) — H"(G,V) induced by inclusion is
surjective for each n > 2.
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W.D. Neumann and L. Reeves [NR] showed that, when G is hyper-
bolic, the map HZ(G, A) — H?*(G, A) is surjective for any finitely gener-
ated abelian group A. Our Theorem 11 implies the same result for higher
dimensions:

Theorem 15. Let G be a hyperbolic group and A be a finitely generated
abelian group. Then the map H}'(G, A) — H"(G, A) induced by inclusion
is surjective for each n > 2.

The idea of the proof of Theorem 11 is the following. For the hyperbolic
group G we take X to be the universal covering of a K (G, 1)-complex with
finitely many cells in each dimension, and let I be the 1-skeleton of X. A
Q-bicombing q in T is a choice of a rational 1-chain g[a, ] for each pair of
vertices a, b such that dqla,b] = b — a. The main step in the proof is

Theorem 10. Let G be a hyperbolic group and I' be a connected graph
with a free cocompact G-action. Then there exists a Q-bicombing q in T’
with the following properties:

(1) q is quasigeodesic;

(2) q is G-equivariant;

(3) q is anti-symmetric, i.e. q[a,b] = —q[b, a] for any a,b € T(0);

(4) there exists a constant T such that, for any a,b,c € T(©),

|qla,b] + qlb, c] + gleal|, < T

Informally, one should think of gla,b] as a singular 1-simplex spanning
a and b.

Hyperbolic groups satisfy linear isoperimetric inequalities for filling ra-
tional n-cycles (see [G] for n = 1 and [M3] for n > 1), hence, by Theo-
rem 10(4), each 1-cycle of form gla, b] + ¢[b, ¢] + ¢|c, a] bounds a 2-chain of
bounded norm. We extend this inductively to higher dimensions, i.e. we
“span” each (n+ 1)-tuple of vertices in X by a cellular n-chain of bounded
f1-norm. Omne may view this construction as a homological analogue of
straightening. Then a formal homological argument is used to finish the
proof of Theorem 11.

The bicombing g[a, b] above may also be viewed as a generalization of
global canonical representatives considered by E. Rips and Z. Sela [RS].
The question of existence of such canonical representatives for an arbitrary
hyperbolic groups remains open.

Everywhere in the paper Q can be replaced by R with no change in the
proofs. In [M1] a converse of Theorem 11 is shown, giving a characterization
of hyperbolic groups by bounded cohomology.
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2 Definitions

2.1 Hyperbolic groups. IfI'is a graph, we always view it as a metric
space with the path metric d induced by assigning length 1 to each edge. A
geodesic path [a,b] in T is a shortest edge path connecting the two vertices a
and b. A finitely generated group G is called hyperbolic if, for any graph T’
with a free cocompact G-action there exists a constant d > 0 such that all
the geodesic triangles in I' are d-fine in the following sense: if a, b, and ¢ are
vertices in T'(©), [a,b], [b, ¢], and [c, a] are geodesics from a to b, from b to ¢,
and from c to a, respectively, and points @ € [b,c|, v, ¢ € [a,b], w,b € [a, ]
satisfy

d(b,¢) = d(b,a), d(c,a)=d(c,b), d(a,v)=d(a,w)<d(a,c)=d(a,b),
then d(v,w) < d. See [A&] for other equivalent definitions.

For the rest of the paper, let G be a hyperbolic group and X be a
contractible cellular complex equipped with a free cellular G-action which
is cocompact on the n-skeleton X (™ for each n. This means that the
quotient of X by the G-action is a K(G,1)-complex with finitely many
cells in each dimension. Such a complex X exists for each hyperbolic (or,
more generally, combable) group (see [E&, Theorem 10.2.6] and [A]). When
G is torsion free, X is the familiar Rips complex and it is finite dimensional.

In what follows, I' will always stand for the 1-skeleton of X. Choose ¢
so that all geodesic triangles in I' are §-fine. Increase § as needed to make
it a positive integer.

For vertices a, b, and ¢ in '), the Gromov product is defined by

(blc)q == %[d(a, b) + d(a,c) — d(b, c)} .
Note that, by the triangle inequality, this product always satisfies
(blc)a < d(a,b), (ble)a < dare), (Ble)a =0, d(a,b) = (Ble)a + (ale)s,
and analogously for any permutation of letters a, b, and c.

The next lemma immediately follows from the definition of hyperbolic
groups.

LEMMA 1 (Fine-triangles property). Let G and I' be as above, and z, z,
y, ',y be vertices in T©) such that x' (respectively, y') lies on a geodesic
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connecting z to x (respectively, z to y). Suppose also that

d(z,2") = d(z,y) < (z]y)-.
Then d(«',y') < 6.

Given a vertex v in I'® and a number 7, a sphere S(v,r) in T is the set
of all vertices w in I'() satisfying d(v,w) = r. A ball B(v,r) in I is the set
of all vertices w in T'©) satisfying d(v,w) < r. If S is a subset of I', then
the r-neighborhood of S, N(S,r), is the set of all points x € T' such that
d(z,s) <r for some s € S.

The following obvious corollary of Lemma 1 will be used several times
throughout the paper.

LEMMA 2. Let G and T be as above, and z, z, y, «',y' be vertices in T'(©)
such that x' (respectively, y') lies on a geodesic connecting z to x (respec-
tively, z to y). Suppose also that m is an integer, x’,y' € S(z,106(m — 1)),
x,y € S(2,100m), and d(x,y) < 55. Then d(z',y) <.

2.2 Normed vector spaces. Let W be a vector space over Q. A norm
on W is a function |- | : W — Ry satisfying (1) w = 0 iff |w| = 0;
(2) lw+w'| < |w|+|w']; (3) |aw| = |a] - |w| for w,w’ € W, a € Q.

Suppose now that a vector space W over Q has a preferred basis
{w;, i € I'}. The ¢1-norm on W with respect to this basis is given by

) oWy = ;.
; ) ;I |

Let (W,| - |1) and (W’,| - |) be normed vector spaces, where W is
equipped with the ¢1-norm | - |;. For a linear map ¢ : W — W', the (-
norm of ¢, |¢|eo, is the operator norm of ¢, i.e. |p|s is the smallest number
K (possibly infinity) such that |¢(w)| < K|w|; for each w € W. One checks
that

@)oo = sup [p(w;)],
el

where {w;, i € I'} is the preferred basis of W.

The preferred basis on the space of cellular n-chains, C,(X,Q), will
always be the set of n-cells in X and we always equip C, (X, Q) with the
f1-norm.

2.3 Bounded modules. A bounded QG-module is a QG-module which
is normed, as a vector space over Q, and such that G acts on the module
by linear maps of uniformly bounded norms. Note that this definition is
more general than one may find in literature in that we do not require the
module to be a Banach space, and also it is a vector space over QQ rather
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than over R. Of course, any normed vector space over Q may be viewed as
a bounded QG-module with the trivial G-action.

2.4 Bounded cohomology. There are various equivalent definitions
for the bounded cohomology of a group (see [I] and [N]). In the paper
we will use the homogeneous bar-construction definition. Namely, for any
bounded QG-module V', the bounded cohomology of G with coefficients
in V, Hy(G,V), is the homology of the cochain complex

0— CYUG, V) 2 el V) 25 ckG V) 2
where
CHMG,V) :={a:G"" - V| ais abounded G-map}

and the coboundary map is defined by
n+1
Sna((z0, .. s n11)) == Y _(=D'a((z0,.. ., iy Tmy1)) -
i=0
Here G"™*! is considered with the diagonal G-action, and “bounded” means
“has bounded image with respect to the norm on V7.

Equivalently, C}'(G,V) € Homga(Cn(G,Q),V) is the subspace of all
QG-morphisms C,(G,Q) — V, which are bounded as linear maps, where
Cn(G,Q) is the space of all chains (= finite support functions) G"™! — Q
given the /1-norm with respect to the standard basis G"*!'. One should
think of an element of G"*! as an n-simplex. Such simplices form a sim-
plicial complex Y representing the bar-construction. For convenience, in
the text we will use the notation CY = C,(Y,Q) instead of C,,(G,Q) and
Cy = C™(Y, V) instead of C"(G, V).

3 Auxiliary Statements

In this section we first prove some auxiliary statements, and use them to
prove Theorem 10 mentioned in the introduction. The reader may want to
skip the technicalities and first go to section 4 where this result is used for
bounded cohomology.

All cellular chains in X will be assumed with Q-coefficients unless stated
otherwise.

A bicombing p in T is a function assigning to each ordered pair (a,b) of
vertices in T(©) an oriented edge-path pla, b] from a to b. A bicombing p is
called geodesic if each path pla, b] is geodesic, i.e. a shortest edge path. A
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bicombing p is G-equivariant if p[g-a,g-b] = p- qla, b] for each a,b € T" and
each g € G.

For the rest of the paper, fix some G-equivariant geodesic bicombing p
in I'. So each pla, b] is an isometric embedding pla, b] : [0, d(a,b)] — I" with
pla,b](0) = a and p[a, b](d(a,b)) = b, and pla, b](r) stands for the image of
r € [0,d(a,b)] via the map p[a,b]. Abusing the notation we will also view
the path pla, b], as a 1-chain, with dp[a,b] = b — a.

A homological bicombing ¢ in I is a function which assigns a 1-chain
qla, b] to each ordered pair (a,b) of vertices in T'©) so that dg¢[a,b] = b — a.
A Q-bicombing is a homological bicombing with coefficients in Q. A homo-
logical bicombing is called quasigeodesic if

e there exists a constant » > 0 and a geodesic bicombing p such that

supp qla,b] € N(pla,b],r) for each a,b € T and

o there exists a constant C' > 0 such that ‘q[a b] }1 < C'd(a,b) for each

a,bel),
A homological bicombing ¢ is G-equivariant if qlg - a,g - b] = g - qla, b] for
each a,b € I'® and each g € G.

A convexr combination is a (cellular) 0-chain with non-negative coeffi-
cients which sum up to 1. For v,w € I'© the flower at w with respect to
v is the set

Fl(v,w) :=5(v,d(v,w)) N B(w,d) C r©,

First we recall a version of the dandelion construction from [M3]. For
each vertex a in T'©, define the “one-level-lower projection toward a”
pro : T© — 1O a5 follows.

e pry(a) :=a, and

o if b# a, pry(b) := pla, b](r), where r is the largest (integral) multiple

of 10§ which is strictly less than d(a, b).

Now for each pair a,b € T(®) we define a (cellular) O-chain f(a,b) in T.
The definition is inductive on the distance d(a,b). For vertices a and b with
d(a,b) <104, put f(a,b) :=0b. If d(a,b) > 100 and d(a, b) is not a multiple
of 109, let f(a,b) := f(a,prq(b)). If d(a,b) > 100 and d(a,b) is a multiple

of 106, let
fla,b) := #Fl( Z fla,pra(z

zEFl(a,b)

PROPOSITION 3 (Canceling convex combinations). The function f defined
above satisfies the following properties:

(1) f(a,b) is a convex combination.
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(2) If d(a,b) > 100, then supp f(a,b) C Fl(a,pla, b](104)).
(3) If d(a,b) < 100, then f(a,b) = b.
(4) f is G-equivariant, i.e. f(g-a,g-b) = g- f(a,b) for any a,b € T(©)
and g € G.
(5) There exist constants L > 0 and 0 < A\ < 1 such that, for any
a,b,c e TO),
!f(a, b) — f(a, c)‘1 < LAI9)a
The proof of this and later statements may look a bit cumbersome, but
the main point should be clear: use the fine-triangles property whenever
possible. It is probably also worth mentioning that the number 104 in the
statement can be replaced by any “sufficiently large” integer.

datl o)

Figure 1: Convex combination f(a,b).

Proof of Proposition 3. It is clear from the definition that f(a,b) is
a convex combination and it is G-equivariant because the definition uses
only metric properties of I'®©)| which are preserved under the G-action. So
properties (1) and (4) are satisfied. Property (3) follows directly from the
definition. To prove (2) we need the following lemma.

LEMMA 4. Let a,b € T'© and let m be an integer satisfying 106 < 106m <
d(a,b). Put v := pla,b](10dm). Then
flap)= > axfla,x),
zE€F(a,w)
for some non-negative coefficients o, with erFZ(a,v) oy = 1.
Proof. This follows almost immediately from the definition of f. The
main tools here are the fine-triangles property and the fact that “a convex

combination of convex combinations is again a convex combination”. Fix
an arbitrary pair of vertices a and b in I'®©. We prove the assertion by
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the inverse induction on m. Let mpyax be the maximal integer among all
m satisfying 10dm < d(a,b). Since 100 < d(a,b) by the hypotheses of the
lemma, then mya, > 1.

m = Mmpax. If 100mmax = d(a,b), then b = v and the 0-chain
f(a,b) = f(a,v) can be represented as the trivial linear combination
> zeFi(aw) % f(a, ), where o, = 1 and a, = 0 for all  # v.

If 100mmax < d(a,b), then, by the definition of f,

f(a7 b) = f(a¢pra(b)) = f(aa U) ’
which is again the trivial linear combination.

m + 1 — m. If an integer m satisfies 1 < m < Mypqz, then 10§ <

106(m + 1) < d(a,b), so, by induction hypotheses,
flad)= > axf(ax),
z€Fl(av’)
where v := pla, b](106(m + 1)) and «, are some non-negative coefficients
satisfying Zmepl(a,v,) ay = 1. By definition, each f(a,z) in the last sum
has the form
fla,) = #Fl oz 2 lapra),
yeFl(a,x)

therefore

fan= Y o [#FZ(M > e

zE€Fl(av’) yeFl(a,x)
- Z Z #Fl (a,pra(y)) (1)
z€Fl(aw') yeFl(a,x)

Now collect like terms in the last double sum. It amounts to grouping
the coefficients o, /#Fl(a, ac) Their sum is 1:

IDENDY #Fzm: 2 [ﬁax) 2 1]

z€Fl(an’) yEF(a,x) z€Fl(an’) yeFl(a,x)
= Z ap =1,
z€Fl(av’)
and after the grouping the coefficients will still sum up to 1. We have
d(v',y) <d(',x) +d(z,y) <26,
hence, by Lemma 2, d(prq(y),pla,b](106m)) < §. This implies that all

the points pry(y) mentioned in formula (1) belong to Fl(a,p[a, b](10dm)).
Lemma 4 is proved. O
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Now part (2) in Proposition 3 is immediate: if d(a,b) > 104, then, by

taking m := 1 in Lemma 4, we obtain v = pla, b](10J) and
fah= Y ad@n= Y aw
z€Fl(a,wv) z€Fl(a,w)

To finish the proof of Proposition 3 it only remains to show part (5).
Let
w = max {#B(v,d) | v e F(O)} :

Obviously, w > 1, and also w < oo because, up to the G-action, there are
only finitely many balls of radius § in I'®©. Note that the cardinality of
each flower Fl(a,b) does not exceed w.

LEMMA 5. Suppose that vertices a, b, ¢ in T(©) and an integer n satisfy
d(b,c) < ¢ and d(a,b) = d(a,c) = 100n. Then

1 n—1
‘f(avb)f(a’c)}1§2<1w2> :
Proof. Induction on n.

n < 1. In this case
n—1
’f(a,b) —f(a,c)‘1 < ’f(a,b)‘l + ’f(a,c)‘l =2<2 <1 — %) .

n — 1 +— n. Suppose d(b,c) < § and d(a,b) = d(a,c) = 10dn, where
n > 2. Then

‘fab_f( )|1
'#anb 2 flapra(e)) - #Flac 2, flapraly

z€Fl(a,b) yEFl(a,c)

'#Flab) #Fl(a,c) Y. D> [flapra(@) — fla,pra(y))]

z€Fl(a,b) yeFl(a,c) 1
1

< el AR Y 2 M) = fapra)l-

z€F(a,b) yeFl(a,c)
(2)

By the hypotheses, d(b,c) < d,sob € Fl(a,b)NFl(a,c), and therefore there
is a term in the last double sum corresponding to x := y := b. This term is
obviously zero. The remaining #Fl(a,b)-#Fl(a,c)—1 terms in this double
sum can be bounded as follows. Since

d(z,y) < d(x,b) +d(b,c)+d(c,y) <6+0+d =30,
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then, by Lemma 2, d(prq(x),prq(y)) < 6. The induction hypotheses now
apply to the vertices a, prq(z), and prq(y) giving the bound

1 (n—1)—1 1 n—2
‘f(a,pra(x)) — f(a,pra(y))‘l <2 (1 — E) =9 (1 — E)
for each « € Fl(a,b) and y € Fl(a,c). So continuing inequality (2) we have
|f(aa b) - f((l,C)|1

1 1 n—2
< TR R g #F@D)  #Fl0 — 1) -2 (1 _ _>

B (1 - FFET G c>) '2 (1 - 5) =2 (1 - é)

Lemma 5 is proved. O

Now we finish the proof of Proposition 3(5). Pick any triple of vertices
a,b,cinTO, Let

1 1/1086 1 -3
w w

Recall that 1 < w < 0o, hence L > 0 and 0 < A < 1, as needed.
If (blc)q < 206, then

| f(a,b) —f(a,c)h < |f(a,b)‘l + ‘f(a’c)h —9
- <1 - i?) ‘ (1 - i2> = LA < [A200 < Al
w w

We can now assume (b|c), > 20d. Let m be the maximal integer among
those satisfying 106m < (b|c),. It easily follows that

G —1<m (3)

and 200 < 100m < (b|c)q < d(a,b), hence, by Lemma 4,
flap)= > axfla,x),

z€Fl(a,w)

where v := pla, b](106m) and «a, are some non-negative coefficients sum-
ming up to 1. In the same way,

fla,e)= > Byf(a,y),
yeFl(a,w)

where w := pla,c](106m) and (3, are some non-negative coefficients sum-
ming up to 1 (see Fig. 2).
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S(a,106(m —

c
a e« ';
S(a,100) S(a, 106m)
Figure 2: Proof of Proposition 3(5).
Then
fah) —f@ol,=| 3 af@n - S 8fay)]
z€Fl(a,w) yeFl(a,w)
=| Y afen X 8- Y a Y Afley)]
z€Fl(a,w) yEF(a,w) z€Fl(a,w) yEF(a,w) (4)
| X X aslien-fay]]
z€FI(aw) yeFl(a,w)
< DY aByfler) - flay),,
z€Fl(a,w) yeFl(a,w)
whereas, by the definition of f,
}f(a,x) - f(aa y)}l
1 1
“lare 2o S gy 2 e,

y'e€Fl(a,y)
1

S Ee Eey L 2 @) = fapmi)),

z'€Fl(a,z) y' €Fl(a,y)
(5)

By the choice of v, w, and m, d(a,v) = d(a,w) = 10dm < (b|c),, then the
fine-triangles property yields d(v,w) < d. Since z € Fl(a,v), y € Fl(a,w),
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z’' € Fl(a,z), y' € Fl(a,y),
d(x',y") < d(z', x)+d(z,v)+d(v, w)+d(w, y)+d(y,y') < 5+5+6+5+0 = 55,
then, by Lemma 2, d(prq(z’),pre(y’)) < 6, and by Lemma 5,

(m—-1)-1 m—2
(6)
Combining inequalities (4), (5), (6) and (3),
(@) — f(ar0)],

< 22 #Fl(a arﬁ;ﬂ(a y) 2 22 <1__>m2

:rEFl(a v) yeFl(a,w) z'€Fl(a,xz) y'€Fl(a,y)

(blc)a
1 \m2 1 [ le) 71]72
1\73 1 08 X
:2(1——2> .<1——2> = LACIO)a,
w w

Proposition 3 is proved. O

Now we use the function f to construct another function f with addi-
tional properties.
For each a € T©) we define a 0-chain star(a) by

1
star(a) == ———— Z x.
#B(a, 79) z€B(a,76)
In other words, star(a) is “the uniform spread” of a to all the vertices
that are 7d-close to a. Also, star(a) can be defined for any O-chain a, by

linearity:
star( Z fos ):: Z agstar(z)

el () zeT(©)
LEMMA 6. star satisfies the following properties:

If a is a convex combination, then star(a) is a convex combination.
supp star(a) lies in the 7§-neighborhood of supp a, for any 0-chain a.
star is a linear operator Cy(I', Q) — Co(T', Q).

This operator is of norm 1, i.e. |star(a)|; < |a|; for any O-chain a.
star is G-equivariant, i.e. star(g-a) = g - star(a) for any 0O-chain a
and any g € G.

The proof is immediate.
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Now if f is the function from Proposition 3 and a,b € I'©), define
f(a,b) == star(f(a,b)) .
PROPOSITION 7.  The function f defined above satisfies the following
properties:

(1) f(a,b) is a convex combination.
(2) If d(a,b) > 105, then supp f(a,b) C B(pla,b](106),85).
(3) If d(a,b) < 105, then supp f(a,b) C B(b,76).

(4) f is G-equivariant, ie. f(g-a,g-b) = g- f(a,b) for any a,b € T'©
and g € G.

(5) There exist constants L > 0 and 0 < X\ < 1 such that, for any
a,b,ce ),

|f(a,b) = f(a, )], < LACI-.
(6) There exists a constant 0 < X < 1 such that if a,b,c € T'O) satisfy
(alb). <106 and (alc)p < 100, then
‘f(b,a)—f |1<2)\,
(7) Leta,b,c € _l“(o), 7 be a geodesic path from a to b, and let ¢ € N (v, 99).
Then supp f(c,a) C N(v,99).
Proof. Lemma 6 and Proposition 3(1)—(5) imply Proposition 7(1)—(5). We

show Proposition 7(6) now.
Let wy = max{#B(v,70) | v € TO}, and X = 1 — ﬁ We have

7
1 < wy < 00, and hence 0 < X < 1. Let us assume that a, b, ¢ € I'©) satisfy

the hypotheses
(alb)e <100 and (alc)y < 104.

This implies that
d(b,c) = (a|b). + (al|c)y < 204. (7)
Without loss of generality, d(a,b) < d(a, c) (interchange b and ¢ otherwise).
Additionally we assume for the moment that
d(a,b) > 104.
Let v := plb, a](105) and w := plc, a](106). By Proposition 3(1,2),
f(b Z azx and  f(c,a) = Z Byy s

zEFI(bw) yeFI(bw)

where a, > 0, erFl(b,v) ay =1, By >0, ZyEFl(b,w) By =1 (see Fig. 3).
Then
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| ple, af

Figure 3: Proof of Proposition 7(6).

}f(b, a) — f(c, a)!1 = ‘star(f(b, a)) — star(f(c, a))‘1

:’star< Z awx)—star( Z Byy)‘l

zEF(bw) yeFI(c,w)

:’ Z agstar(z) — Z Bystar(y)‘l (8)

z€F1(bw) yEFI(c,w)
< Z Z ozxﬁy|star(aj) - star(y)‘l.
zeFl(bv) yeFl(c,w)

Let w’ be the vertex on the geodesic p[c, a satisfying d(a,w’) = d(a,v). We
have

d(a,w') = d(a,v) = d(a,b)—d(b,v) = d(a,b)—108 < d(a,c)—108 = d(a,w),
hence, using inequality (7),
d(a,w") = d(a,v) < 3[(d(a,b) — 105) + (d(a,c) — 106)]
= 1[d(a,b)+d(a,c)—205] < 3[d(a,b)+d(a,c)—d(b,c)] = (blc)a,
therefore, by the fine-triangles property, d(v,w’) < §. Also
d(w',w) = d(a,c) — d(c,w) — d(a,w') = d(a,c) — 105 — d(a,v)

= d(a,c) — d(a,b) = [(alb)c + (blc)a] — [(ale)y + (Ble)a]

= (a|b). — (ale)y < (alb). < 104.
So we have

d(v,w) < d(v,w") +d(w',w) <§+105 = 114.
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If x € Fl(b,v) and y € Fl(c,w), then using the last formula we get
d(z,y) < d(z,v) +dv,w)+dw,y) <+ 116+ 6 = 134.
This implies that, for each such a pair of vertices x and y, there is a vertex

s € B(x,75) N B(y,7d). (Take s to be a vertex on a geodesic edge path
between x and y nearest to the midpoint.) Then

‘stafr(x) — star(y) ‘ .

1 / 1 /
:‘#B(:U,%) 2 T 4By, 79) 2 Y

z'eB(x,76) y'€B(y,79)

1 / /
= ZB(2,79) - #B(y,79) 2. 2, W=y ©)

z'€B(z,76) y'€B(y,79)

1
= %B(z,70) - #B(y,70)

1 1
=211-— <2(1—=1)=2\.
Combining inequalities (8) and (9),

|f(b,a) — f(c,a)|, < Z Z azfy - 2N =2\ .
z€Fl(bw) yeFl(c,w)

This was proved assuming that d(a,b) > 106. Also recall that d(a,b) <
d(a, c) holds.

If d(a,b) < d(a,c) < 104, then take v := w := a. If d(a,b) < 10§ <
d(a,c), then take v := a and w := p[c, a](100). In the latter case we have

d(v,w) = d(a,w) = d(a,c) — d(c,w) = d(a,c) — 108
<d(a,c)— (a|b). = (blc)q < 100.

Therefore d(v,w) < 104 in either case, hence, for any « € Fi(b,v) and any
y € Fl(c,w),

- 2(#B(z,76) - #B(y,76) — 1)

d(y,xz) <100 + 26 =120,

so the same argument using formulas (8) and (9) works. Part (6) is proved.

Part (7) of Proposition 7 is almost immediate. If d(a,c) < 106, then
supp f(c,a) € B(a,76) € N(v,95) by Proposition 7(3). Suppose now
d(a,c) > 106. Let b’ be a vertex on v with d(b/,c) < 90 (see Fig. 4).
Let also v := p[e,a](109) and w be the vertex on 7 with d(a,w) = d(a,v).
Such a vertex w always exists because

d(a,t') > d(a,c) — d(c,b') > d(a,c) — 95 > d(a,c) — 106 = d(a,v).
Then
d(a,w) = d(a,v) = d(a,c) — 106 = % [d(a,c) + d(a,c) — 204]
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Figure 4: Proof of Proposition 7(7).

< $[d(a,c)+d(a,b')+d(b', c)—205] < 3[d(a,c)+d(a,b')—d(b,c)] = (blc)a,
and, by the fine-triangles property, d(v,w) < J. Since supp f(c,a) C
B(v,86), then -
supp f(c,a) € B(w,96) € B(v,96) .
Proposition 7 is proved. O
First we will construct a homological bicombing ¢’ in I" with certain
properties. Recall that p was a choice of a geodesic bicombing in I". The

notation pa, b] makes sense not only when a and b are vertices in 'O, but
it also can be defined when a is any 0-chain, by linearity:

p[ Z QzT, b} = Z agplz,b)].
zeIl(0) 2eI(0)
One easily checks that Opa,b] = b — a if a is a convex combination.

The 1-chain ¢'[a,b] is defined inductively on d(a,b). If d(a,b) < 109,
put ¢[a,b] := pla,b]. Assume now that d(a,b) > 10§. By Proposition 7(2),
supp f(b,a) € B(p[b, a](105),85)

hence, for each vertex x € supp f(b,a),

d(a,z) < d(a,p[b, a](lOé))+d(p[b, a](lO(S),a:) < [d(a, b)—lO(S] +80 < d(a,b),

so ¢'[a, z] is defined by the induction hypotheses. Now we define ¢'[a, f (b, a)]
by linearity over the second variable, and put
d'[a,b] .= [a, f(b,a)] + p[f(b,a),b] .

One easily checks that d¢'[a,b] := b — a, so ¢ is a homological bicombing
inT.
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PROPOSITION 8. The Q-bicombing ¢' constructed above satisfies the
following conditions.

(1) ¢ is G-equivariant.

(2) ¢ is quasigeodesic.

(3) There exist constants M > 0 and N > 0 such that, for all a,b,c € T(©),

¢/[asb] — dla,dl], < Md(b,c) + N

Proof. (1) is obvious because the definition of ¢’ used p and f, and they
are G-equivariant.

(2) First we define a sequence of sets of vertices Vj(a,b) for each pair
a,b € TO). Put Vy(a,b) := {b} and

Vit1(a,b) := Vi(a,b) U U supp f(c,a) .
ceVi(a,b)
This sequence is increasing and stabilizes at a certain vertex set which we
denote by V(a,b). Tracing the definitions of ¢'[a,b] and V(a,b) we see
that ¢'[a, b] is a linear combination of geodesic paths of length at most 184
whose endpoints lie in V' (a,b). Hence, to show that ¢’ is quasigeodesic, it
is enough to show that V' (a,b) lies uniformly close to pla, b].

We prove that V;(a,b) C N(pla,b],99) inductively on i. Firstly, Vj(a,b)
= {b} C N(pla,b],99). Secondly, if V;(a,b) C N(p|a,b],99), then, by Propo-
sition 7(7),

Viga(a,b) = Vi(a,0) U ) supp f(c,a) € N(pa,b],95) .
c€Vi(a,b)
This implies V'(a,b) C N(p|a, b],99).

The inequality |¢'[a,b]]; < 180 d(a,b) follows by induction on d(a,b),
using the definition of ¢/, so part (2) is proved.

(3) Up to the G-action, there are only finitely many triples of vertices
a, b, ¢, satisfying d(a, b) +d(a, c) < 606, hence there exists a uniform bound
N’ for the norms

‘q/[av b] - q/[av CHl
for such vertices a, b, and ¢. Let A\ be the constant from Proposition 7(6),
N - 560 M + 364
el
We prove the statement by induction on d(a,b) + d(a, ¢).
If d(a,b) + d(a,c) < 604, then
{q/[a, b] — q/[a,CH1 <N <N<Mdb,e)+N
just by the choice of N" and N. We assume now that d(a,b)+d(a,c) > 600.
Consider the following two cases.

M :=18/ and N := max{N’,
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Case 1. (a|c)p > 106 or (alb). > 100.
Assume, for example, that (a|c)y > 100 (see Fig. 5). Then, in particular,

Figure 5: Case 1.

d(a,b) > 104, hence, by definition,
¢'[a,b] = q'i[a, f(b,a)] + p[f(b,a),b]
and supp f(b,a) C B(v,86), where v := p[b,a](105). Also, d(b,c) > (alc)s
> 106, so there exists a geodesic v between b and ¢, and a vertex v’ on
with d(b,v") = d(b,v) = 105. By the fine-triangles property, d(v,v") <. If
x € supp f(b,a), then
d(z,b) < d(x,v)+ d(v,b) <8+ 100 = 189, (10)

d(z,¢) < d(z,v) + d(v,v") + d(v',¢) <85+ + [d(b,¢)—106] < d(b,c) —1,
and

d(a,z) < d(a,v) + d(v,z) < [d(a,b) — 106] + 85 < d(a,b),
therefore d(a,x) + d(a,c) < d(a,b) + d(a,c), so the induction hypotheses
apply to the vertices a, x, and ¢, giving

}q'[a, x] — q/[a,cﬂl < Md(z,c)+ N < M(d(b,c)—1)+ N

— Md(b,c)— M +N.
For some non-negative coefficients «, summing up to 1,
f(b,a) = Z QT
x€B(v,89)

Then, by the definition of ¢'[a,b] and M and inequalities (10) and (11),

|d'la,b] = ¢'[a,c][, = |d[a, f(b, a)] + p[f(b,a), 8] — ¢'la, ],

(11)
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=| ¥ et Y awlebl - dlad]

z€B(v,89) z€B(v,86)
<| Y alled-dad)| +| > k|,
z€B(v,86) z€B(v,89)
< Y aldlaa]—dlad] + D oalplab]],
z€B(v,89) z€B(v,89)
< Z ozz-(Md(b,c)—M—i—N)—i— Z oy d(x,b)
z€B(v,89) z€B(v,89)

< Md(b,c) — M + N 4185 = M d(b,¢) + N .

Case 2. (a|c)p <106 and (alb). < 104.
In this case Proposition 7(6) applies. Since d(a,b) + d(a,c) > 600 and
d(b,c) = (alc)p + (alb). < 200, then d(a,b) > 106 and d(a,c) > 10. Then,
by the definition of ¢'[a, b] and ¢'[a, ],

|¢'la.b] = q'la, ]|, = |d[a, F(b,a)]+p[F(b,a),b]=q'la, f (c, )]— [f(e.a), ]|y
< |d'la, f(b,a)] = d'la, f(e,@)]|, + |p[f (b, a),0]], + |p[f(c.a), ]|,
= |d[a, F(b,a) = F(c, @), + [p[F(b,a),8]], + |p[F(c,a),c !1- (12)
The 0-chain f(b,a) — f(c,a) (as any other) can be represented in the form
f+ — f—, where f; and f_ are O-chains with non-negative coefficients and
disjoint supports. By Proposition 7(6),
feli 4+ 1=l = f+ = f=l1 = |f(b,a) — fc,a)|, <2X.
The coefficients of the O-chain fi — f_ = f(b,a) — f(c,a) sum up to 0,
because f(b,a) and f(c,a) are convex combinations. It follows that
[feli =1l <. (13)

Also, _
supp f1 C supp f(b,a) C B(p[b, a](105),85)

and

supp f— C supp f(c,a) € B(plc, a](104),85)
hence, for each = € supp f+ and y € supp f—, we have (by the hypotheses
of Case 2)

d(z,y) < d(xz,b) +d(b,c) + d(c,y) < 185 4 205 + 185 = 56 .

Also d(a,z)+d(a,y) < d(a,b)+d(a,c), so, by the induction hypotheses for
the vertices a, =, and y,

|d'[a,x] — ¢'[a, y]|, < Md(z,y) + N <566M + N (14)
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for each x € supp f+ and y € supp f—. Then we continue inequality (12)
using inequalities (13) and (14) and the definition of N:

|¢'la,0] = ¢'la, ], < |d[a, (b a)—f(c, )|, +|p[f (b a), b]|, +[plf(c,a), ][,

_‘q a, Jr]*q a - ‘1+’p[f(b,a),b]‘lJr}p[f(c,a),c”l
<N - [560M + N]+ 186 + 185 < N < M d(b,c) + N .
Proposition 8 is proved. O

Given a triple of vertices a, b, ¢ in T(9) a vertex z is called a center of
the triple {a, b, c} if there exist geodesics [a, b], [b, |, [c, a], points a € [b, ],
b € [c,al, and ¢ € [a, b] satisfying

d(b,e) =d(b,a), d(c,a)=d(c,b), d(a,¢)=d(a,b),
and such that d(z,a) < 6, d(z,b) < §, and d(z,¢) < 6. Since geodesic
triangles in I" are J-fine, such a center always exists.
LEMMA 9. For the bicombing q' constructed above, there exist constants
K >0 and 0 < X < 1 with the following property. If ’,a,b,c € T, z €T
is a center of the triple {a,b,c}, and a’ € N(p|z,al,106), then

|d'[b,a] — q'[e,a] — ¢'[b, 2] + ¢[e, 2], S K(L4+ A+ A2+ . 4 \1=a))
(see Fig. 6).

The expression on the right can be bounded by a universal constant,

and this will be used later in Theorem 10. We present the lemma in this
form to enable the inductive proof.

Proof of Lemma 9. Let X\ and L be the constants from Proposition 7(5)
and M and N be the constants from Proposition 8(3). We take K to be
sufficiently large, namely

K := max {446M + 2N, LA"*(266M + N + 185)} .
Note that all these constants are universal, i.e. they depend only on the
choice of T'.
We prove the lemma by induction on d(z,d’). If d(z,a’) < 224, then,
by Proposition 8(3),
¢'[b,d'] = d'le,;a’] = ¢'[b, 2] + ¢ [e, 2 \1

<|d'b,a1 = d'b, 2|, + |d'[c.a'] — ¢le, 2]

< [Md(z,d')+ N| + [Md(z,d") + N|

< 446M + 2N < K < K(1 4 ... + A4z

We now assume that d(z,a’) > 22§. Since z is a center of {a, b, c}, there
exist a geodesic 7 from b to a and a point ¢ € v with d(a,c¢) = (b|c), and
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Figure 6: Lemma 9.

d(z,¢) < 0 (see Fig. 7). Denote v := pla’,b](100) and pick an arbitrary
x € B(v,80). We want to use the induction hypotheses for the vertex z, so
our first goal is to show that d(z,z) < d(z,a') and x € N(p[z,a|,105). This
will be possible to do because d(z,a’) is large enough. By the hypotheses
of the lemma there is a vertex u on p[z,a] with d(a’,u) < 105. Then

d(z,u) > d(z,a') —d(a',u) > 226 — 106 > § > d(z,¢) > (ale).,
hence
d(a,u) =d(a,z) —d(z,u) = [(z\é)a + (a|é)z] —d(z,u) < (2]¢)q -

The last inequality implies that there is a vertex u' on v with d(a,u’)
= d(a,u) and, by the fine-triangles property, d(u,u’) < §. This implies
that

d(a',v") < d(d,u) + d(u,u’) <106 + 8§ = 116,
d(a,e) > d(a, z) — d(z,¢) > [d(a,u) + d(u,z)] — &
> d(a,u) + [d(z,d") —d(a’,u)] =0
> d(a,u) + 225 — 106 — & = d(a,u) + 116 = d(a,u') + 116
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Figure 7: Proof of Lemma 9.

This means that ¢ lies between b and u’ on the geodesic v and
d(u',e) = d(a,c) — d(a,u') > 115.
Further,
d(b,e) = d(b,u’) — d(u',e) < d(b,u') — 115
<d(b,u") —d(a’,u") < d(b,u') — (d'|b)y = (a'|t/)p .
Therefore there exists a point  on p[a’, b] with d(b,r) = d(b,¢) and, by the
fine-triangles property, d(r,¢) < J, so
d(z,r) < d(z,¢)+d(c,r) <d+0=26. (15)
Recall that v was defined as p[a’, b](109), then we have
d(a',v) =106 <225 — 26 < d(d',z) —d(z,r) < d(d,2) — (d|r), = (2|7,
so there exists a vertex v’ on p[z,a’] with d(a’,v") = d(a’,v) = 106 and, by
the fine-triangles property, d(v,v") < 4.
(z|u)e = 3[d(z,d') +d(a,u) — d(z,u)]
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<3 [dlz ) + dl'yw) = d(z, ) + d(d', )]
=d(a',u) <108 = d(d’,v"),
then
d(z,v") = d(z,d") —d(a',v") < d(z,d") — (z|u)e = (d'|u),,
hence there exists a vertex v” € p[z, a] with d(z,v") = d(z,v’), and, by the
fine-triangles property, d(v’,v") < 6.
For any vertex x € B(v,89),

d", z) < d(" V') +d',v) +d(v,z) <6+ 6+ 85 =106,

w0 T € N(p[z, al, 105)
and
d(z,z) < d(z,v") +d(v',z) = [d(z,d') — 106] + d(V, z)
< [d(z,a") —106] + 98 < d(z,a") — 1.

The last two formulas say that each vertex x € B(v,89) satisfies the induc-
tion hypotheses, hence

|¢'[b,2] — d'[e;x] — q'[b, 2] + ¢[e, 2] |, < K(1+ A+ X+ - 4 x4=2))
<K@+ A+ 224 4 2= 0 (g6)

The convex combinations f(a’,b) and f(a’,c) have the form

fla Zam and f(d',c) = Za"fn

zel () z€el(0)
for some coefficients o/, and /. Define a O-chain fy by

where o, := min{a/, o/}. Put
fr=1f(db)—fo and [ :=f(d',c) = fo.
Then we have
supp fo = supp f(d’,b) N supp f(d',c),
and fy and f_ are with non-negative coefficients and disjoint supports.

Also _ _
f(a/7b) —f(a',c) :er—f,’

hence the coefficients of fi — f_ sum up to 0, so |f+|1 = |f-|1. By Propo-
sition 7(5),

\fel+ 1=l =1 f+ = f-l1 = | f(d.b) — f(d,c)|, < LAPIw
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We recently proved the existence of a vertex r € p[a’,b] which is 26-close
to z (see inequality (15)). The same argument with ¢ in place of b shows
that there exists a vertex s € p[a/, ¢] which is 2d-close to z. It follows that

(ble)ar = 5 [d(d’,b) + d(a’,¢) = d(b, c)]
> %[ (a',b) +d(a’,c) — (d(b,7) + d(r, z) + d(z,s) + d(s, c))}
3 [(d(d,b)=d(b,7))+(d(d', c)=d(c, s))=d(r, z)=d(z,5)]  (17)
= %[d(a r)+d(d’,s) —d(r,z) — d(z, s)]
> %[(d(a’ 2) —d(z,7)) + (d(d,2) —d(z,s)) —d(r,z) — d(z,s)}
> 3[d(d,2) — 26 +d(d,2) — 26 — 26 — 28] = d(d,z) — 46
Thus,

folr = [f=l < $LACIDer < Lppdlza)=40, (18)
Since d(z,a’) is large enough, then d(a’,b) > 106 and d(d’, c) > 104, so, by
the definition of ¢/, we have
q/[b,a] — Q’[c '] = ', 2] + d'le, 2]
— |, Fl D) + plF D)) — (e, Fld )
[ f(d',c),d]) = q'lb, 2] +q'le, 2]
< |d'b, f(a',0)] = d'le, f(d, )] = ¢'[b, 2] + ¢'[e. 2]
+ |plf(d,b),d'] = plf(d’,c),d')|
= |d'[b, fo + f+] — d'le, fo + ff] —q'b, 2]+ q'[¢, 2],
+ |plfy = £, d|;
< |d'[b, fo] — d'le, fo] = I folr - '1b, 2] + | fol - d'[e, 2]
+ |d'b, f+] = d'le, f-1 — (A = | folr) - ¢'[b, 2] + (1 — | fol1) - ¢'[e, 2],
+ |plfs — f=.d]|, -

We are going to bound each of the three terms in the last sum, let us call
them Ai, As, and As, respectively.

Bound for A;. The O-chain fj is supported in the ball B(v,84), so

for some oy,
fo= D> o,

z€B(v,80)
and for each z € B(v,89), inequality (16) holds, hence
S A S R R
1= |q > awr|=d|e, > awx|—|folr- ¢l 2+ foh ¢le, 2|,

z€B(v,89) z€B(v,86)




Vol. 11, 2001 BOUNDED COHOMOLOGY OF HYPERBOLIC GROUPS 831

= Y au(dbal—dleal = dbA +dle )|

z€B(v,8)
< ag - K(L+ A+ X2 4o 4 2=
z€B(v,89)

= foli - K(L4+ X4 X2 4. 4 \U=0)-1)

Bound for A;. Pick any xg € B(v,8), so inequality (16) holds for
o as well:

’q’[b,xo] —q'le,wo] — ¢'[b, 2] + ¢'|c, zHl SKA4+A+X+ .+ )\d(z’a/)_l) )
(19)

Informally speaking, we are going to move both fi and f_ to xg, and this

move will not change the picture much. As before, v = p[d’, b](104), and
we denote w := p[d’, ¢](105). The O-chains f} and f_ have forms

fr= ) Bw and  fo= 3 By
z€B(v,88) y€B(w,86)
Note that

Yo 8= Y By=Ifsh=1f-li=1—1foh.

2€B(0,85) yEB(w,85)
Also, for each x € B(v, 8)),
d(z,z0) < d(x,v) + d(v,z¢) < 85+ 85 =160,
and, for each y € B(w, 89),
d(y, o) < d(y,w)+d(w,a’)+d(a',v)+d(v,z9) < 85+105+1056+85 = 364 .

Using these observations, Proposition 8(3), and formulas (18) and (19), we
obtain a bound for the second term:

Ay = ‘q,[l% fel=dle f-] =14l -d' b 2] + 1 f- |- dle, ZHl
<|d'b, f4] = dles f-] = (I fshy - ¢, o) + | =1 - d'le, xo)) |,
+[(Uf 1 - g oy wo) = | F-11 - ¢le, o)) = [fl - d'b, 2] + [f- |1 - ¢l 2]
= ‘ Y. Bdbal—d b)) = D> B(dley] = dlew])|
2€B(v,80) yEB(w,80)
+ | f+ 1 - |d' by o] — ¢'[e;x0] = ¢'[b, 2] = ¢'le, 2]
< >0 Bdbal—d bl + D Byldley] — e x|,

z€B(v,88) y€B(w,85)
+ | f]1 - |d'[b, zo] — ¢'e,wo] — ¢'b, 2] + [, 2]




832 I. MINEYEV GAFA

< > B, (M-165+N)+ > 8- (M-365+N)
z€B(v,88) y€B(w,86)

F Al K@+ A+ A% 4 2H=a)7T
= |fe (M -526 +2N) + | fo]1 - K(14+ A+ X2 4 - 4 X4z
< Lpxd=a)=48 (A1 . 525 + 2N)
el KL+ A+ A2 4o 2=
= LA (965 MAN) + |fo]1 - K(A4AA24 .. 4A4Ea) 1)
Bound for Ag. For each vertex x € supp f+ U supp f—,
|p[a’,x]‘1 =d(d,x) <185,
then, using formula (18),
Az = |plfy — f-,d]|, < |fv = f-|, - 186
= (If+]1 + [ f-]1) - 185 < LAU=a) =43 185
Combining the three bounds above and the definition of K, we obtain
|d'[b,a'] = ¢'[e;a’] = d'[b, 2] + d[e. 2]], < A1+ Az + A3
<|fol - KL+ XA+ M2+ 4 A=D1 o A=) =45 (9650 + N)
Ll KA+ A2 4 2dEa) 1) g ppdEa)=16 g4
= K14+ A4+ X+ 4121 L LA(260M + N + 186) - X4
<K+ A+ X244 2= 4 gpdEa)
= K1+ A+ A2 4 4 A=)
Lemma 9 is proved. O

Theorem 10. Let G be a hyperbolic group and I' be a connected graph
with a free cocompact G-action. Then there exists a Q-bicombing ¢ in I’
with the following properties:
(1) q is quasigeodesic.
(2) q is G-equivariant.
(3) q is anti-symmetric, i.e. g[a,b] = —q[b, a] for any a,b € T'.
(4) There exists a constant T such that, for any a,b,c € T,
|gla,b] + q[b,c] + qlc,a]|, < T.
Proof. Define g by “anti-symmetrizing” ¢’, namely,
qla,b] == %(d'[a,b] — ¢'[b,a]) .
The first three properties follow directly from the definition of ¢ and the
fact that ¢’ is quasigeodesic and G-equivariant. Now we prove property (4).
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Let a, b, and ¢ be arbitrary vertices in I'©), and z be a center of the
triple {a, b, c}. Then, by Lemma 9, taking a’' := a,

‘q,[bv CL] - q,[C, a] - q/[b7 Z] + q/[c, ZH1 < K(l +A+ )‘2 +eee )\d(z7a))

gKZ;A—zj

The same argument for cyclic permutations of the vertices a, b, and ¢ yields
K

|d'[e,b] — ¢'[a,b] — ¢'[c, 2] + ¢[a, 2] |, < T

and
‘q’[a,c] —q'[b,c] — d'la, 2] + {[b, zHl < % :
The three inequalities above provide just what is needed:
‘q[a, b] + q[b, c] + q[e, aHl
= 3|(¢'[a,b] = '[b,a]) + (¢'[b,¢] = ¢'[e, B]) + (¢[e;a] = ¢[a, )],
5| = (d'b.a] = d'le;a] = ¢'[b, 2] + d[e, 2])
= (qle;0] = q'[a,b] = ¢'[e, 2] + ¢'[a, 2])
—(dla,c] = d[b.c] = ¢'la, 2] + ¢'[b, 2])
< 5(1d[b.a] = dle;a] = d'[b, 2] + ¢'[e, 2]y
+1d'le,0] = ¢'la, b] — ¢[e; 2] + ¢'[a, 2]k

1 K
+1d'la,d —g'[b,c] = ¢'la, 2] + ¢'[b, 2]h) < 53—,
2 1-A
so we put T' := % Theorem 10 is proved. O

4 Bounded Cohomology

In this section we prove

Theorem 11. Let G be a hyperbolic group and V be a bounded QG-
module. Then the map Hy'(G,V) — H"(G,V) induced by inclusion is
surjective for each n > 2.

Let X be as in section 2 and Y be the geometric realization of the
homogeneous bar-construction for G. This means that Y is the simplicial
complex whose n-simplices are labeled by ordered (n+1)-tuples (zg, ..., xy)
of elements of the group G, and the i-th face of (xg,...,z,) is identified
with the simplex labeled (xo, ..., Z;,...,xy,) in the obvious way. The action
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of G onY is diagonal:

g (o, xn) = (9 -20,..., 9 Tp).
Let CX and CY be the augmented chain complexes of cellular Q-chains in
X and Y, respectively, i.e. C¥X is

C 2 0y(X,Q) B (X, Q) 2 Cp(X,Q) <> Q —0
and CY is
L Oy(Y,Q) B ¢y (v, Q) 25 Co(,Q) -5 Q@ — 0,

where € is the augmentation map taking each 0O-chain to the sum of its
coefficients. Both X and Y are contractible, hence CX and C¥ are acyclic.
Both CX and CY have free QG-modules in each non-negative dimension
(and those of CX are finitely generated). Once again, C;\ and C)! are
normed vector spaces with the ¢1-norm.

PROPOSITION 12. Given a hyperbolic group G and chain complexes CX
and CY as above, there exist G-equivariant chain maps ¢, : C¥ — CX and
1y : CX — CY such that

(1) s and v, are identities in each negative dimension, and
(2) @« is bounded in each dimension at least 2.

REMARK. The existence of ¢, and 1, satisfying condition (1) follows from
standard arguments for any group G (see below). Since each CX is finitely
generated, it follows automatically that v, is bounded in each dimension.
Property (2) is what requires a new argument, and hyperbolicity of G is
essential here. We give a formal homological proof, but the main idea is
that, when G is hyperbolic, it is possible to represent n-simplices of the
bar-construction, n > 2, as n-chains in X of bounded ¢;-norm.

Recall the following standard fact from homological algebra (see [B,
Lemma 1.7.4] for the proof).

LEMMA 13. Suppose that (C,0) is a chain complex having free modules in
dimensions n > 0, (C’',d") is an acyclic chain complex, and homomorphisms
Yy, : C — C), are defined for n < —1 such that 9, o 1, = ¥,_1 0 0, for
each n < —1. Then the maps 1), extend to a chain map 1, : C — C'. This
extension is unique up to a chain homotopy.

Of course, by a “module” here we mean a QG-module. The following
theorem was proved in [M3] using [M2, Theorem 5.4].

Theorem 14. Hyperbolic groups satisfy linear isoperimetric inequalities
in each positive dimension (over Q and over R). More precisely, if G is
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a hyperbolic group, X is the universal cover of a K(G,1) complex with
finitely many cells in each dimension, and i is a positive integer, then there
exists a constant S; such that, for any cellular i-cycle b in X, there exists
an (i + 1)-chain a with 0a = b and |aly < S;|b|1.

It was shown by S. Gersten [G] that, for finitely presented groups, lin-
earity of the isoperimetric inequalities for 1-cycles is equivalent to hyper-
bolicity.

Proof of Proposition 12. Define ¢, and v, to be the identity maps in
all dimensions n < —1. Let 1, be an arbitrary extension of the maps ¥,
guaranteed by Lemma 13.

The chain map ¢, is constructed inductively on dimension as follows.
Co(Y,Q) is isomorphic to QG, so we can define g : Co(Y,Q) — Co(X,Q)
by mapping the unit element of G to some vertex in X and extending by
G-equivariance and by linearity over Q. Define ¢ : C1(Y,Q) — C1(X,Q)
on the 1-simplices (xg,x1) by

p1(z0, 21) := q[@o(0), wo(z1)] ,
and extending to C1(Y,Q) by linearity over Q. In other words, each 1-
simplex in Y maps to an element of the homological bicombing ¢ from
Theorem 10. Since g and g are G-equivariant, then ¢ is a QG-module
morphism. For each 2-simplex (xq,z1,22) of Y,
©1(0(z0, 21, 22)) = 1 ((21, 22) — (20, 22) + (20, 21))

= q[po(x1), vo(z2)] — q[po(x0), vo(z2)] + ¢[@o(x0), po(z1)]

= Q[@o(ﬂil),@o(ﬂcz)] + Q[SOO 732), wo(zo ] +Q[<P0 <P0(9€1)] )
because ¢ is antisymmetric, hence, by Theorem 10(4),

|01(d(z0, 21, 22)) |,
< |aleo(x1), po(z2)] + qleo(w2), po(xo)] + alpo(zo), wo(x1)]|, < T,
where the constant 7" is independent of the choice of the triple (zg, 1, x2).
Since ¢1(0(x0,x1,22)) is a l-cycle, then, by Theorem 14, there exists a
2-chain ¢ = ¢(xg, 21, x2) in X with dc = ¢1(9(zo, z1,22)) and
‘1 <5-T
Since G acts freely on Y, this 2-chain ¢(xzg, z1, 2) can be chosen G-equivari-
antly so that the map ¢2 : Co(Y,Q) — Co(X,Q) defined by
pa(wo, 21, 22) = (w0, T1, T2)
is a homomorphism of QQG-modules and it is bounded, by the inequality
above.

el < Si[p1(9(xo, 21, 22))
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The further inductive steps are similar. If a QG-module morphism

Pn : Cn(}/a Q) - Cn(Xa Q)
is constructed for some n > 2 and has norm bounded by some constant R,,,

then we define ¢, 41(xo, ..., %nt1) to be an equivariant choice of a filling
for the n-cycle ¢, (9(xo, ..., 2n+1)). Since
n+1 .
‘gpn(a(m‘o, s ’l‘nJrl))‘l = Z(—l)zgpn(:po, s 7:?2" s ,$n+1)
i=0 1
n+1

< Z}Son(w())--'a'fia"wxn-f-l)‘l < (TL+2)Rn,
=0

then, by Theorem 14, the filling can be chosen to satisfy
|ens1(@os - Tny1)|, < Sn|en(0(@o;- .. Tny1))|, < Sn(n+2)Ry,
i.e. the norm of the map ¢,,4+1 : Cry1(Y,Q) — Chy1(X, Q) is bounded by
Ryt1:=Sp(n+2)R,.

One easily checks that the maps ¢, constructed this way form a chain map
@, : CY — CX. Proposition 12 is proved. O

Proof of Theorem 11. Apply functor Homgg(-, V) to the chain maps .
and @, from Proposition 12. With the notation

Cx = Hong(CX,V), Cy = Hom@g(CY,V)7

<P* = HomQG(SO*a V) ) w* = HomQG(w*a V) ,
we have two cochain complexes, Cx and Cy, and two cochain maps, ¢* :
Cx — Cy and ¢* : Cy — Cx. In the positive dimensions, the homology
of the cochain complexes Cx and Cy is equal to the cohomology of G,
H*(G,V), and in these dimensions both ¢* and 9* induce endomorphisms
of H*(G,V).

By the definition of ¥, and ¢, the chain map ), o @, : cY — Y and
the identity chain map id, : C¥ — CY coincide in each negative dimension,
hence, by Lemma 13, they are chain homotopic. Hence their duals ¢* o)™ :
Cy — Cy and id* : Cy — Cy are chain homotopic, so the map ¢* o ¢*
induces the identity map on H*(G,V) in each positive dimension.

Let n > 2. Given any element of H"(G,V), we represent it by an
n-cocycle o € Cy-. Then the cocycle

(" o9™)(a) = ¢"(P"(a)) € C3
represents the same element of H"(G,V). It remains to show that ™ (¢"(«))
is bounded (with respect to the {o-norm on Cy, or, equivalently, as a linear



Vol. 11, 2001 BOUNDED COHOMOLOGY OF HYPERBOLIC GROUPS 837

map C} — V).

Y (a) € Cy = Hom(@g(Cff,V) = Hong(Cn(X, Q), V) ,
i.e. ¥"(a) is a QG-module morphism C,, (X, Q) — V. Since V is a bounded
QG-module, each G-orbit of n-cells in X is mapped by this morphism to

a bounded set in V. There are only finitely many such orbits in X, hence
[ (@) ]oo < 00. Also, by Lemma 12(2), |pn]co < 00, hence

‘Spn(wn(a))‘oo = ‘"‘/’n(a) © 90”’00 <P (@)oo * lnloo < 00
This shows that each element of H"(G,V), n > 2, is represented by a
bounded cocycle in the bar-construction. Theorem 11 is proved. m

It was not needed for the proof, but (using the explicit cone-off proce-
dure from [M2]) it is possible to refine the argument above so that each
k-simplex ¢ in the bar-construction maps to a “quasi-straight” k-chain
in X, in the sense that the support of this k-chain lies uniformly close to
a union of geodesics connecting the images of the vertices of ¢. This is a
combinatorial analogue of the fact that straight simplices in H" lie close to
their 1-skeleta.

5 Abelian Groups as Coefficients

In this section we deduce surjectivity for finitely generated abelian coefhi-
cients. The argument is similar in spirit to the one by W.D. Neumann and
L. Reeves [NR].

For an arbitrary abelian group A, it is not clear what the definition of
the bounded cohomology, H; (G, A), should be. One may use a “norm” |- |
on A to make sense of boundedness for cochains (in the bar-construction).
In this case either one calls a function |- |: A — RU {occ} a norm if

e |la] =0iff a =0, and

e |a+b| <|a|+|b| for all a,b € A,
or one requires an additional condition that

e |na| = |n|-|a| for all n € Z and a € A.

There is a third possible definition. Given an arbitrary abelian group A,
one may call an n-cochain (in the bar-construction) with coefficients in A
bounded if it takes only finitely many values on n-simplices. Then the set of
bounded cochains has a ZG-module structure and it defines the bounded
cohomology of G with coefficients in A. (Unfortunately, this makes the
notation Hj (G, V') ambiguous, because one needs to say whether V is a
vector space or it is only viewed as an abelian group.)
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Whatever definition we accept, the surjectivity statement always holds
for finitely generated coefficients:

Theorem 15. Let G be a hyperbolic group and A be a finitely generated
abelian group. Then the map H}'(G,A) — H"(G, A) induced by inclusion
is surjective for each n > 2.

Proof. Let n > 2. First we prove the theorem in the special case A = Z.
Pick any element of H"(G,Z) and represent it by a(n integer-valued G-
invariant) cocycle « in the bar-construction. This cocycle can be viewed as
a real-valued cocycle, so, taking V' := R in Theorem 11,

a=00+d,

where 43 is the coboundary of a real-valued (n — 1)-cochain 3, and o/ is a
bounded real-valued n-cocycle. Both 3 and o' are G-invariant. Let int(f3)
be the (n — 1)-cochain whose value on a simplex o is the integer part of
B(c). Then int(B) is G-invariant. We have
a—0(int(8)) = 6(8 — int(8)) + <.

The left-hand side of this equality is integer-valued and the right-hand
side is bounded (with respect to the usual norm on R), hence the cochain
o —d(int(B)) is a bounded integer-valued cocycle (i.e. it takes only finitely
many values in Z). Obviously, it represents the same cohomology class in
H"(G,Z) as a.

Now assume that A is any finitely generated abelian group. In this
case A = Ay @D Z™, where Ay is a finite abelian group. According to this
decomposition each cocycle « € C™(Y, A) decomposes as a sum of integer-
valued cocycles o = ag + a1 + ... + - Obviously, ag takes only finitely
many values. By case A = Z, each component oy, k > 1, can be replaced
by a cohomologous cocycle «, which takes only finitely many values. Then
the cocycle ap + o) + ... + ), is cohomologous to « and it takes finitely
many values, therefore it is bounded (in any sense). o
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