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Abstract. We show that if v is an axially symmetric suitable weak solution to the Navier—
Stokes equations (in the sense of L. Caffarelli, R. Kohn & L. Nirenberg — see [2]) such that either
vp (the radial component of v) or vy (the tangential component of v) has a higher regularity
than is the regularity following from the definition of a weak solution in a sub-domain D of the
time-space cylinder Q7 then all components of v are regular in D.
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1. Introduction

We suppose that €2 is either R? or an axially symmetric (about the z axis) bounded
domain in R3 with its boundary 9 of the class C?*# for some p > 0. Further,
we suppose that T is a positive number. We denote Qr = Q x ]0,T7.

We will deal with the Navier—Stokes initial-boundary value problem for a vis-
cous incompressible fluid with the homogeneous Dirichlet-type boundary condi-
tion, which is defined by the Navier—Stokes equation

aa—:—i—(V-V)V:f—Vp—i—l/Av in Qr, (1)
by the equation of continuity
divv=0 in Qr, (2)
by the boundary condition
v=0 ondQx]0,T| (3)

and by the initial condition
v]t=0 = vo (4)
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where v and p denote the unknown velocity and pressure, f is an external body
force and v > 0 is the viscosity coefficient. We will further suppose for simplicity
that f = 0.

There exist many results on existence, uniqueness and regularity of solutions to
the problem (1)—(4). However, the most important question of existence of strong
solutions (provided that the input data of the problem are sufficiently smooth) is
still open. The existence of a strong solution of the problem (1)—(4) has up to now
been proved only locally in time (see K. K. Kiselev & O. A. Ladyzhenskaya [10],
V. A. Solonnikov [25]) or under the assumption that v and f are “small enough”
(see O. A. Ladyzhenskaya [14], J. G. Heywood [8]).

The existence of a weak solution of the problem (1)—(4) was proved by J. Leray
[17] and E. Hopf [9]). Its uniqueness has up to now been proved only in the class
L™%(Qr)? with 2/r +3/s < 1, r € [2,+00], s € [3,+00] (see G. Prodi [22], H.
Sohr & W. von Wahl [24], H. Kozono & H. Sohr [11], H. Kozono [12], G. P. Galdi
[6]). Moreover, if the weak solution finds itself in L™*(Qr)3 with 2/r +3/s < 1,
r € [2,400], s € ]3,400] and the input data are “smooth enough” then it is
already a strong solution. (See Y. Giga [7], G. P. Galdi [6].) The question whether
the weak solution which finds itself in L>°3(Q7)?3 is a strong solution is still open.

The situation is much simpler in the case of planar (i.e. two-dimensional) flows
where the existence of strong solutions and their uniqueness is known. (See e.g.
J. Leray [17] and O. A. Ladyzhenskaya [13].) There arises a natural question
whether the same also holds for axially symmetric flows. A positive answer is
known if Q = R3, the external force f as well as the initial velocity v, are axially
symmetric and the tangential components fp and vgp are equal to zero (see O.
A. Ladyzhenskaya [15], M. R. Uchovskii & B. I. Yudovich [26] and S. Leonardi,
J. Mélek, J. Netas & M. Pokorny [16]). The same result can also be proved for
general axially symmetric flows in the case that the axis of symmetry is outside €2
with a positive distance from  (see the note in O. A. Ladyzhenskaya [13]).

The question whether the components of velocity are coupled in such a way
that some information about a higher regularity of one of them already implies the
higher regularity of all of them was studied in the papers of J. Neustupa & P. Penel
[19] and J. Neustupa, A. Novotny & P. Penel [20]. In [19], the authors proved that
if v is a so called suitable weak solution then the essential boundedness of the
cartesian velocity component vz on a sub-domain D of Q7 implies the regularity
of all components in D. This result was improved in [20] where the assumption
about the essential boundedness of v3 was replaced by a weaker assumption that
vs belongs to L™*(D) with 2/r+3/s < 1, r € [4,+00], s € |6, +09].

This paper deals with a similar problem as the mentioned papers [19] and [20],
however we study an axially symmetric flow. We use the Navier—Stokes equations
written in the cylindrical coordinates p, 8, z and we show that a higher regularity
of one of the velocity components v,, vs implies the regularity of all components.
The main theorems, proved in this paper, say:
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Theorem 1. Let v be an axially symmetric suitable weak solution to the problem
(1)—(4) with £ = 0. Suppose that there exists a sub-domain D of Qr such that the
radial component v, of v has its negative part v, in L™*(D) for some r € [2, +0o0],
s € 13,400, 2/r+3/s < 1. Then v has no singular points in D.

(The negative part of v, is defined: v, = max {—wv,; 0}. A function which is
defined a.e. in Qr belongs to L™*(D) if its product with the characteristic function
of set D belongs to L"(0,T; L*(R2)).)

Theorem 2. Let v be an axially symmetric suitable weak solution to the problem
(1)—(4) with £ = 0. Suppose that there exists a sub-domain D of Qr such that the
tangential component vy of v belongs to L™*(D) where

1. either s € [6,400], r € [20/7, +0o0] and 2/r +3/s < 7/10
2. ors€]24/5,6[, r € ]10,4+00] and 2/r+3/s <1 —9/(5s).

Then v has no singular points in D.

2. Auxiliary results

A point (z,t) € Qr is called a regular point of the weak solution v if there exists
a neighbourhood U of (z,t) in Qr such that v € L>(U)3. Points of Qr which
are not regular are called singular. Let us denote by S(v) the set of all singular
points of v. It is obvious that S(v) is closed in Q7.

The notion of a suitable weak solution was introduced by L. Caffarelli, R. Kohn
& L. Nirenberg in [2]. A weak solution v of the problem (1)—(4) (with f = 0) is
called a suitable weak solution if an associated pressure p belongs to L5/ 4(Qr) and
if the pair (v;p) satisfies the so called generalized energy inequality

T T
21//0 /Q|VV|2¢d(Edt S/O []{|v|2 <% +VA¢>+(|V|2+2P)V'V¢ du dt

for every infinitely differentiable function ¢ on Q7 with a compact support in Q7.
L. Caffarelli, R. Kohn & L. Nirenberg [2] proved the existence of a suitable weak
solution of the problem (1)—(4) (with f = 0) under the assumption that the initial
velocity vo is in L2(Q)? and if © is bounded, then it is also in W?2/55/4(Q)3 (the
space of vector functions whose components have fractional derivatives up to the
order 2 in L%/4(Q)3). Moreover, it is also proved in [2] that if v is a suitable weak
solution of the problem (1)—(4) then its singular set S(v) has the 1-dimensional
parabolic measure equal to zero. The parabolic measure dominates the Hausdorff
measure and so this result implies that the 1-dimensional Hausdorff measure of
S(v) equals zero. A new proof of the same result was later published by F. Lin
in [18] and the result was recently improved by L. H. Choe & J. Lewis, who have
shown that the Hausdorff dimension of S(v) is strictly less than one. (See [3].)
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Suppose that v is an axially symmetric suitable weak solution of the problem
(1)—(4) with f = 0 and p is an associated pressure. It means that neither v nor p
depend on the angular cylindrical coordinate 6. It also implies that domain 2 is a
circular domain whose axis is the z-axis. Suppose that D is a sub-domain of Qr
where one of the components v, or vg of v has a higher regularity — see Theorem 1
or Theorem 2. Particularly, D can be equal to the whole time-space cylinder Q.
Due to the axial symmetry of v, we can assume without loss of generality that D
is also axially symmetric about the z-axis.

It follows e.g. from the works of J. Heywood [8] and C. Foias & R. Temam
[4] that the weak solution v can be redefined on a set of measure zero in Qr so
that it can have singular points in D only in a set G of instants of time in the
interval ]0, T [ such that the ;-dimensional Hausdorff measure of G is finite and
the complement of G in |0,7T'[ is a set of at most countably many disjoint open
intervals |a.,by[; v € T'. Functions v and p are (after a suitable redefinition on a
set of measure zero in @) infinitely differentiable and satisfy equations (1) and
(2) in a classical sense on each of the time intervals ]a,,b,[. We suppose that
the suitable weak solution v we deal with has already been redefined on a set of
measure zero so that it has the properties mentioned above. We will call the time
instants b, such that v has a singularity in D at time b, D-epochs of irregularity.

We will further suppose that ¢y is a D-epoch of irregularity (i.e. to = b, for
some vy € T') and (zg,tp) is a singular point of v in D. We will show that this
assumption is in contradiction with the assumptions of Theorem 1 (respectively
Theorem 2) in Section 3 (respectively in Section 4).

Due to the axial symmetry of v about the z-axis, xg lays on the z-axis. Oth-
erwise the singular set S(v) would contain a circle consisting of all points (z,t)
such that ¢t =ty and x is any point on the circle which arises if ¢ revolves about
the z-axis. However, it would be a contradiction with the results of L. Caffarelli,
R. Kohn & L. Nirenberg [2], F. Lin [18] and L. H. Choe & J. Lewis [3] about the
1-dimensional Hausdorff measure of S(v).

Lemma 1. There exist positive numbers 7, Ry, Ry such that Ry < Ro and

1. 7 is so small that a, < by —T =1y — T,

2. Bg,(z9) X [to — 7,t0 + 7] C D,

3. {(332 (zo) — Br, (x0)> % [to — Ty to + T]} N S(v) =0,

4. v, Ov/0t and p are, together with all their space derivatives, continuous on
(BRQ (zo) — Br, (mo)) x [to — T, to + 7.

Bg, (70) and Bg, (o) denote open balls in R? with the center zo and radii Ry,
Ry. The proof of Lemma 1 can be found in [19]. It uses essentially the fact that
the 1-dimensional Hausdorff measure of S(v) is equal to zero. Since this result is
not generally known for any weak solution of the problem (1)—(4) and is known
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to hold only for a suitable weak solution, we deal with a suitable weak solution in
this paper.

Let us further denote for simplicity By = Bg, (x¢) and B2 = Bg,(x). Let us
remind that xg lays on the z-axis. Put Rs = (2R; + R2)/3, Rs = (R1 4+ 2R32)/3
and Bs = Bpr,(%0), Ba = Bg,(z0). Suppose that 7 is an infinitely differentiable
axially symmetric function on R? such that its values are in the interval [0, 1],
nzOonR3—B4 and n =1 on Bs.

We will also denote by || . || the norm in L*(Bs) (or in L¥(Bz)™ for some n € N)
and by || . || the norm in L!(ty — 7,to; L*(Ba2)) (or in L!(tg — 7,t0; LF(B2)™)).

The restrictions of functions defined a.e. in Q7 to subsets of Q1 will be denoted
by the same letters. Thus, for example, v € L®(tg — 7,to; WH2?(Bs)?) is the
statement about the restriction of v to By X |tg — 7, to][.

Further, if w is a vector function then we will denote by w1, weo, ws its cartesian

components and by w,, wg and w, its cylindrical components. The relations
between these components are well known:

w, = wy cos 6 + wq sin ¢ (5)
wp = —w; sin 0 + wsy cos 6 (6)
w, = ws. (7)

Ow;
We will also denote by Dw the tensor ( wz) .
Ox; i,j=1,2,3

Lemma 2. To each q €]1, +o0| there exists c1(q) > 0 such that
IDwlly < exla) (Jlewtwll, + [[div wil,) (8)

for every vector function w € Wol’q(Bg)3.

Proof. We can extend w by zero to the vector function in R? and then we can use
the Fourier transform and the Marcinkiewicz multiplier theorem. U

Lemma 3. To each q € ]1,+00] there exists ca(q) > 0 such that

< e2(q) [[(curlw)g 4 9)

w
19wyl + H—
P llq

for every azially symmetric divergence-free vector function w € Wol’q(Bg)?’.

Proof. Since wp does not appear in estimate (9), we can assume without loss of
generality that wg = 0. Differentiating equation (6) with respect to p and z and
using the formula
0
— =cos  — + sin 0 —

ap o0x1 0xo
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which follows from the relation between the cylindrical coordinates p, 6, z and the
cartesian coordinates x1, 2, x3, we obtain:

ow, ow, 9 Ow;  Ows . Oowy . o

i 5 - Z e . . hadhad 1
o r cos” 6 + (8x2 + 8x1> cos 6 sin 6 + s sin” 0 (10)
ow,  Ow; Owy .

5. " 0m cos 0 + s sin 6. (11)

—_— + — =0. 12
Op + p 0z (12)
Thus, we also have:
W _ 0w, Ow. 0w,  Owy  Ouw,
o ap 9z  Op Oxry  Oxo
- 8’[01 .9 8’[01 811)2 . 811)2 2
= o sin® 6 <8:r2 + 83:1) cos 6 sin 6 + D2y cos”“ 6. (13)

Estimate (9) now easily follows from (10), (11), (13), Lemma 2 and the fact that
all components of curl w except for the component (curlw)g are equal to zero. O

We will now localize equations (1) and (2) to the ball By in the space variables.
We put u = nv — V where V is an axially symmetric function whose divergence
is the same as the divergence of nv. Then we will have divu = 0. The existence
of an appropriate function V is given by the following lemmas:

Lemma 4. There exists a linear operator R from L*(By) into Wy'*(Ba)® with the

properties:

1. divRf = f forall f € L*(Bz) such that Jp, fdx=0

2. To each m € NU {0} there exists c3 > 0 such that |[V™ M Rf|2 < c3||[V™f2
for all f e Wi (By).

3. If f is axially symmetric then Rf is also axially symmetric.

4. If f has a compact support in By — By then Rf has also a compact support in
B, — B;.

Items 1 and 2 of Lemma 4 follow from G. P. Galdi [5], Theorem 3.2, Chap. IIL.3
and from W. Borchers & H. Sohr [1], Theorem 2.4. Item 3 is an easy consequence
of the fact that domain B, is axially symmetric. Item 4 follows from the way how
Rf can be constructed — see W. Borchers & H. Sohr [1], pp. 73-76, for details.
(In fact, we use the construction from [1] on By — B; and we extend the obtained
function by zero to B1.) We put V(.,t) = R(v(.,t) - V7). Since

/ v-Vndr = div(nv)dm:/ nv-ndS=0
Bo Bo OB2
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(where n is an outer normal vector to 9Bs), we have divV = v -V in By X [tg —
T,to + 7]. Tt follows also from item 2 of Lemma 4 and the smoothness of v on
supp (Vn) x [to — 7, to+7] (see item 4 of Lemma 1) that V and 9V /0t are, together
with all their space derivatives, continuous on By X [tg — T, to + 7]. Moreover, since
v(.,t) - Vi has a compact support in Bs — By, V(.,t) has a compact support in

Bs — By, too.

It can be verified that u satisfies in a classical sense the equations

%-F(U'V)u:h—V(np)—kl/Au (14)
diva = 0 (15)
where ov
h = 5 (mv-V)V—(V-V)nv) +(V-V)V + (npv-Vn)v

—n(l—-—n)(v-V)v=2v(Vn-V)v—vvAn+vAV +pVp
on By x |tg — 7,to[. It also satisfies the boundary condition
u=20 (16)

on OBy X |tg — 7,to[. Since nv(.,t) and V(.,¢) have a compact support in B
for all ¢ € Jto — 7,%0[, u has all derivatives equal to zero on 9By x |to — T,t0].
Function h and all its space derivatives are continuous on Bg X [tg — T, tg + 7).

The cylindrical components of u will be denoted by u,, ug and u,. It is obvious
that u, € L™*(Bz) for r € [2,+00], s € |3,+0c], 2/r 4+ 3/s < 1 in the situation
assumed in Theorem 1 and uy satisfies the same assumptions as vy in the case of
Theorem 2.

3. Proof of Theorem 1

Equation (14) can be written as a system of the following three equations in the
cylindrical coordinates p, 6, z:

du, du, ou, 1 5 9(np) (10 / Ou,\ 0%u,
—+= —Ldu,—+ — - —— =h ——p=" H—= - = 17
ot T p tu 0z pu9+ p p+V_p dp (p dp ) 022 p? (17)
6u9 8u.9 8u.9 1 _1 0 ug aQU.g ug
— — Uy ——+— = —— = H—= - = 18
ot T p tu 0z +pu9up hotv LpOp (p dp ) 022 p? (18)
Oou, Oou, ou, O(np) (10 / Ou,\ O%u,
oz . DI~ b v| == . 19
ot ", T T o, oo (v ap> 022 (19)
We remind that the equation of continuity in the cylindrical coordinates is
Qup Uy Oz (20)

Jdp p 0z
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Put w = curlu and g = curlh. The cylindrical components of w (respectively g)
will be denoted w,, wy and w, (respectively g,, go and g.). Thus,

Oug O Ou 1 0(pus)
9z T oz op’ T p 0p

(21)

Applying operator curl to equation (14), we obtain a vector equation for w. It is
equivalent to the system

Ow, 8wp+ Ow, Ou, Ou,

ot T, T T T o e
(10 / dwp\ | Pw,  wp
=9tV Lp ap ( op ) 022 p?] (22)
O b B B ey 2™,
(10 / Owy 0wy wy]
= ge —|— 1% _;8_/) (pa—p) 822 - ?_ (23)
Ow, Ow, Ow, Ou, Ou,
ot T, T T T o
(10 / Ow, 0w,
_g2+y_;8_p(p 8p)+ 822] 24)

Step 1. Assume that ¢ is an even natural number and ¢t € ]tg — 7,to[. Let us
multiply equation (18) by u371 and integrate over By. In order to keep a simple
notation, we will shortly write

/ ... instead of / ...pdpdfdz.
BQ BQ

If we also apply the integration by parts with respect to p and z and use equation
(20), we obtain:

/ +/ 1au0 / 1 Ouj +/ Up 4
Uy — —2 Ly
dtq B i Bs B, 4 0z B P
Ouyg Oug 9 / ul / .
-1 -7 -7 q -0 _ q
v f o ﬂ(ap) +(az>]“e o e

d1 U g—1 ud/*\ ud/? ul

a4 —puq+1// [( 0 >+( 0 )}—Fu/—e

at g "0l /132 p "’ B, (4/2) ap 0z Ba P°
-1

[\
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d A(g—1) / oul*N\? [ oul*\? / ul
— q A — v
all = ) T ) [T,

<q/ Loy + qllug|l2 + hol? (25)
= 2 q q’
By P

The first integral on the right-hand side can be estimated as follows:

U; q / Ug 1 / —\2.q
—+ud <4 —+— [ (u;)*u
/132 p "’ B, P* 401 Jp, 7 ?

Uq 1 2/8 sq S‘:2
caf 3l r)" (=)
1 B2 p2 461 Bz( P ) B2 | 6

ul 1 _ s=3 3q/
<5, /B Y0 4 2 | (o] 27
2

44,
25
S luellg

§51/ — + 02luelli, + callu,
B>

ud oud/?\? oul/*\?
< Ug 0 0 -
<o e [ (%) + (T |+ e

Cs—3( 3\ 1\
“= 509 46, '

(We have used the Young inequality

1
_1/ 1 \a—7T .
ab < d9a” + a-- (—> pa—T
« ado

2s
§77 luollg

where

which holds for all @ > 0, b > 0, d2 > 0 and « > 1.) Substituting these estimates
into (25), we obtain the inequality

d Ag—1) dud*N\? [ oul*\? ul
_ q 2, — _
allvella + ( g C552q> /32 [( o ) T\ + 51)(]/32 p?

25
< caqllu, 11577 [Juallg + alluollg + ll7oll3-

Choosing §; = v and dy = 4v(q — 1) /c5¢?, we get:

s+3 3 3
s—3 1 =3 (3¢5 *3 q2 5—3
cy = —
4 S 4v S qg—1

d
7 luellg < aco(t a) lluollg + llhollg (26)

and

where )
e
s~ + 1.

co(tq) = callu, (1)
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Integrating inequality (26) with respect to ¢ from ¢ty — 7 to ¢, we obtain:

t t t
(-, )2 < ef to—r o@Dy g0 y|ja 4 / el caclc@do |y e)|ade,

to—T
to d
o)l < el 0D [lfug (. tg = 7)lg + 7/ gllc, 0] -

Due to our assumption about wu,, cs(.,q) is integrable on the time interval
Jto — 7, to[. Hence

llwolloo,qg < c7(g) < 400 for each ¢ € N. (27)

Thus, we can observe that ugy satisfies assumptions of Theorem 2. However, we
cannot simply finish the proof of Theorem 1 on this place and refer to Theorem
2. It would be a logical loop because some estimates we will still derive in this
section and use in order to complete the proof of Theorem 1 will also be used in
the proof of Theorem 2.

Step 2. Let 0 < € < 1 and let us multiply equation (23) by wg/p?~¢ and integrate
over Bs. If we also apply integration by parts and use equation (12), we obtain:

d1 / wg 1 / Up 8w§ 1 / U, 8w§ / Up o / Ug
—= + = -+ - —— wy—2 ——Ww,Wy
dt2 Jp, p>=¢ 2 g, 0> 0p 2 )p, 0?0z Jp, 0P " T g, P’
we wy 0wy wy 02wy / wy Owg / wg
=/ 90 76+V/ pomr +’// — tv| SV —
/32 p? B, PP7¢ Op? B, PP7€ 027 B, PP Op B, P*
d 1/ wg n / 1 Owg 2+ Owg 2
e Py I [ (i el
dt 2 Bs p276 Bs p276 8p 82
2 2 2
wy / 2uyg [(2 —€) ] / wg / wp
= u—=+ | Swwy v —1 ——*+ [ 90— (28)
/B2 N N 2 B, P I, PPTC

The axial symmetry of the flow implies that wg, u, and u, behave like O(p) as
p — 04 and so the presence of parameter € assures the convergence of the above
integrals. The terms on the right-hand side of (28) can be rewritten or estimated

in this way:
/ 2u€w w / QUJQ 8u€w
ZUD e = — Qug
B PP B, PP 0z
_/ uj Owp
B, PP7C 0z
2 4
gz/ L (% +i/ U
2 Jp, p?P7¢ \ Oz 2v g, pP¢
/ 1 (8w9>2_(1—6)(2—6)/ w3 +/ [a(wg )T 1
B, PP\ Op 2 B, P g, LOp\p' )| pf
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and
6 1/6 6/5+ 5/6 21/2
o< (L) (L) <l L GE)]
By P Byl P Baol P Bs P
2 1/2 2
1 1
Bal \P p 4 JB,| \p p

Substituting these equalities and estimates to (28), we can obtain:

11/ w3+z/ O \I" [0 (2 \]1L
dt 2 Bo p276 4 Bo ap plfe 0z plfe pe

< / |u |_w§ +r+—1 Y +c
S € 10
B p p3—€ QU B p4—€

2 4
w 1 U

SG/ |up|—§R§+—/ —4 RS + cio.
Bs P By P

2v Jp,

(Remind that Rs is the radius of ball By.) Passing now to zero with €, we get
d1 wg v 0 [ we 2 0 [ we 2 1 u‘é
- 4 — (= — (= <— [ = .(2
dt2/3202+4/32{{3p(p MEE p _21//3204+010 (29)

Step 3. In order to estimate the integral on the right-hand side of (29), we mul-
tiply equation (18) by uj/p? and integrate over Bs. We obtain:

d1 / ug / ug’ Oug / ud Oug us
—— —dx + Up— —— + u—a——l—/ —u
dt4 Jp, p? B PP O g, P 0z Jp, 0P’

3 3 3 92 4
U uy O Oug uy 0%ug U
= h9—9+1// —9—(/)—)—1—1// -4 dm—u/ —

B, P’ B, PP Op\" Op B, P° 027 By P
LR PR O R S G R G S g
dt4 Jp, p? B, Op 4p* g, 40* Jp, 02 4p*>  Jp, p?

3 2 2 4 2 2 4

[ e [ (o) e [ B [ m(G) oy [
B, P B, P2\ Op By P B, PP\ 0z By P

11/ u_‘s+§/ upuy | 3y LKG_)+<3_>]:/ nt
dt4 Jp, p* 2J)p, P 4 Jp, P* |\ Op 0z B, P’

Since
3v i(@_uz)Q_Sl// [a <u§>r+3y/ ul
4 Jg, P*\ Op 4 Jg,[9p\ p 4 Jp, p*’
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we obtain
2 2
dl/“9+3_’/ 3“9 L[ (4 +3_’//“_3
dt 4 4 dp 0z \ p 4 Jp, p*
3/ upuy / uj
= —— + hg—.
2)p, P B, P

Using the estimate
he v /
B, P? 4

d 1/ u‘é 3v 0 ug 2 o (u2\1? V/ ug
—— [ L4 = —(=2)| + |5 (2L o
dt4 |, p? 4 Jp, L LOp 0z \ p 2 Jp, p*

3 / upue <3 / |up|u9
= —c + ci1|ho < + ci12 30
) B p 11||| |||oo o 2 B /) ( )

4
Ug

+ennflholl oo

we get

B}

Step 4. Multiplying (30) by 2/v? and adding it to ( obtain:

2t LB {WZ )
L T 3

The first term on the right-hand side of (31) can be estlmated as follows:

1/4 1/12 5/8 1/24
i |Up|u9 < i u_2p / 6 / u_‘é / 136 /
2 3 =73 2 Up 1 Ug
v JB, P v By P Bs By P Bs
2/3 2/9 1/9
=3 4 14 0 Ug .
VB, P By P Bs Bs

Using Lemma 3 and estimate (27), we obtain:

2/3 2/9
B[ luguf 1 @ A o)
2 5 = T C1s “o Up
v? Jg, p 2v /g, p* By Bs
1 u4 w? /3
< — 4+ 16 (/ —9> (/ uﬁ) +ci7.
2v Jp, p By p? Bs p

Substituting this estimate into (31), we get:

) LB G

dt 2 dt2v? |, p?

LB BET (LA, o o

|uplug
;3 0 +c13. (31)

N[
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luy||2 is an integrable function of ¢ on the interval Jty — 7,to[ and so estimate
(32) implies, except others, the boundedness of ||wg/p|2 (and consequently also
the boundedness of ||wp||2) on the time interval |tg — 7, to][.

Step 5. Finally, let us multiply equation (22) by w,, equation (24) by w,, sum
these products and integrate over By. We obtain:

O (ol + sl2) + v (Il + 19l2) +v [ 22
dt 2 P2 zll2 pll2 z||2 5, /)2

_ Oup du, | Dus du.
_/B’Q(gpwp"_gzwz)"_ B, apwp+/ (az + ap pwz+ B 82: wz~ (33)

We can now estimate the terms on the right-hand side:

A

1
[ @+ 9:02) < 5 (ool + e + ).

/ du, 2<H8up

< €216] Vw|[3 + c20(8)l|wp I3,

/ %_'_auzww 8up+8u
B, \ 0% op ) * = ap

— Ay
N

< caalnl (ol + lo-3)

lwpllz < e2(2)lwollzllwpllE < llwplI§ + c20(8) lw, I3

llwpllallwz]la
2

llwpllallws]l4
2

0

4
w
< O (lloal? + l=112) + "23(‘””7 (oll3 + e 13)
2

< ea16 (VeI + 1V 13) + c2(6) (w3 + o= 3)-

(We have used Lemma 3 in order to estimate ||0u,/dpl|2 and [|0u,/0z||2.)

8UZ : / (8up ) <Haup )
w, = — Wy
B, 82 z ap ) || H4

< ea(2)[|wallz|ws 13 < ea(2)|| 2 o7

1/2
[

2
< OlwsIg + c25(9)l|w= 13 < 216 Vs[5 + ca5(8) |- 13-

=6

(We have also used Lemma 3 in order to estimate the L2-norms of du,/dp and
up/p.) Choosing now ¢ so small that 3c216 < v/2 and substituting all the above
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estimates to (33), we obtain:

w
B, P
(I3 + c20(8) + c20(6) + e25(8)] (w13 + - 13).

Integrating this inequality on the time interval [tg— 7, o[, we obtain the bounded-
ness of ||w,||2 and |jw.||2 on this interval. This fact, together with the boundedness
of ||wp|l2 and Lemma 2 implies the boundedness of |[Dul|s on Jtg — 7,%[. Using
the technique explained e.g. by V. A. Solonnikov in [25], u can be extended to a
strong solution of the problem (14)—(16) on the interval |ty — 7,tg + 7/[ for some
7/ > 0. Due to the smoothness of function h, this solution is a classical solution
on |tg — 7,to + 7'[. Hence (x¢,%p) cannot be a singular point of solution u of the
problem (14)—(16) or solution v of the problem (1)—(4). O

d1 v 2
3 (1ol + s18) + & (19,1 + 19ecl) +v [ 2
<

4. Proof of Theorem 2
Step 1. We can derive estimate (31) in the same way as in the previous section.
However, the integral on the right-hand side of (31) must be estimated in a different

way. We will estimate this integral later, in Step 3.

Step 2. We multiply equation (23) by wg/‘G and integrate over By. We get:

d 5 12/5 35V/ ’ 6/52 / w;2/5
—— w + — Vw +v
dt12 Jg, ° 36 Jp,| ¢ B, P
U 5 U 5 5
:/ —pwéQ/ +2/ _ewg/ wp—i—/ gawg/. (34)
By P By P Bs

The terms on the right-hand side can be estimated in this way:
Up 12/5 we we

[ 22 < |22 -

B P P P

The norm ||u,||« can be estimated by means of interpolation inequalities (see L.
Nirenberg [21]):

7/5

lwolliyys < lluplloo 11/13 36/65
2

lwally ™ llwellzgys - (35)
2

7/10 3/10
luplloo < casllunl 5™ 1Vu,ll355,
7/13 6/13
luplloo < C27H“p”6/ HVUPHBf/S/S'

The norms [[u,|[12 and [Ju,[l¢ can be estimated by [|Vu,ll12/5 and [[Vu,||2. Thus,
if we also use Lemma 3, we obtain:

7/10 3/10
casllwall 57 llwall3era: (36)

IA

(A

7/13 6/13
lpllse < eaollwnlls”™ llwollgss- (37)

A



Vol. 2 (2000) A Suitable Weak Solution to the Navier—Stokes Equations 395

If we raise inequality (36) to the power ég, inequality (37) to the power 52 35, multiply

the two inequalities and substitute the product into (35), we obtain:

U 5 we 7 12 EER A 43.12, 6 23
/B fW;Q/O < 30 7‘ ||W«9H11§/35Hw9” 13t13°35 ||W9||36/d 0'35 71335
2 2
wo 6/2 6 24/25
] R s e e e
2

5/3
12/5 2/5 || +0
(5Hw9||36§5 + 631(5)HW9||3HW€H1£/5

IN

2
6/5 wo 12/5
< deanlVf 1B + c @l (| 22| +lnliZ). @9
2

2 6/5
9 / U0 T/, — 2 / uo /500 _ T / U g 1/5
By P By P 0z 6Jp, p 0z
v Owy*[* 49 [ uh ass
~ 4 Jp,| 0z 36v Jp, p? ¢
y 6/02 49 U/éQ 1/10 ug 7/10 ) 1/5
S - Vu} + — 6 — Wy
4 Jp, 36v\Jp, p By P Bs
1/3 ul 2/7
v 6/5|° (/ Uéz) o 2
< - Vw +46 — + c34(0 —Z w,
4/32 ’ B, P° O\, 7 ?
w2
< [ [9t[ et | v(—) e (/ —§)| wolld. (39)
4 Jp, Bs P
7/5 12/5
/ Gows </ + c36. (40)
2
Substltutlng estimates (38)—(40 (34) and adding inequality (31), we obtain:
d (1]|we 12| 12/5 v ’
a1 + 5|22 Hwenm/d v (2
dat\ 2| p|y 202 p 4 9
3 u? 1
+(z-5°’35)HV(—) 2n)
26v 6/5 |W€|12/5 3 |wp|ug
B e / 2 3 [ o

12/5

4/7
+|we||12/5> + e ‘ 2l
2

12/5

w
+em(@)lunlB( |2 +lwll 22 + exr. (41)

Step 3. We will now estimate the first term on the right-hand side of (41). We
will distinguish between the two cases: s > 6 and s < 6.
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VL)) ()
(42)

Step 3.1. s> 6
i/ |up|uj <i / Up
v2 Jg, P T 2 \Ug,

2
U
p p

N

where a4+ 3+~ =4, a—i—E:?, ——I— +ﬂ+’y_1 and L2 <g< 30
2 4 4 s 5
Interpolating the L?-norm between the L'2/5_ and the L*%/°-norms, we obtain:
36—5q 15¢—36
% < % 10q % 10q
P llq P 125 36/5

Using this estimate, applying the Young inequality, estimating the L'2/5-norm of
u,/p by means of Lemma 3 and using finally the continuous imbedding of VVO1 2 (B2)
into L5(By), we can obtain that the right-hand side of (42) is less than or equal to

12/5

4(36—5q) 48q
5(12+3q—2aq) ug 1213¢—2aq

p

Up

p

4
u
+ c35(8)|| 2
38()p

8vq
12F+3q—2aq

[[uolls
66
7—3a
. (43)
2

The left-hand side of (41) contains the norm |[u3/p||2 in power 2 and so we need the
power on the right-hand side to be also 2. So we get the condition: 65/(7—3a) = 2.
This condition together with already mentioned equations for «, (3, v and ¢, gives:
=2 y=23and ¢ = 125/(5s — 20). Moreover,

8vq 20s 12 < 12s 36

- d
12+3¢—2ag 75-30 ¢ 5 =5s-20° 5

0

+5‘“

36/5 12/5 2

2 2
< deao [ V?| +5' 1o Y
2 P

4
+ a0(8) || 5 (| woll5s +
4

O{—g,

It follows from the assumptions of Theorem 2 (item 1) that ||u‘9||§os/(78730) is

integrable, as a function of time, on the interval |to — 7,%o].

We can now substitute the computed values of «, 3, v and ¢ to (43), (42) and
o (41). Choosing ¢ sufficiently small and integrating then (41) with respect to
time, we obtain the boundedness of the norms [lwg/pll2, [|[ug/pll2 and |lwe||12/5 on
the time interval |to — 7, to][.

Step 3.2. s < 6 If we multiply equation (18) by ugflpq (where ¢ is an even
natural number) and integrate over Ba, we obtain:

d1 _
S [t va-) [ 190 )

Bg BQ

_ _ €43
=/ houg ™' pf §C41/ lugp|?™* §C42/ lugp)|* + —=.
B2 Bz B2 q

If we integrate this inequality with respect to ¢, we can show that the norm ||ugp||,
is bounded on the interval Jtg — 7, 9| and moreover, the upper bound does not
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depend on ¢. Thus, we can pass to +oo with ¢ and we obtain the boundedness
of [lupplleo o0 Jto — 7, to[. The integral on the right-hand side of (41) can now be

estimated:
2\ % 4\ ¢ 2\ § 1
VL) (L) (ol o
B B> B>
(14)

4
3 |up|ug <i/
1/2 Bo P3 _1/2 Bo
B B v

1
where a+[8+v+& =4, a+ = =2, g—i———l—— = 31 and «, 3,7, > 0. Using the
2 4 4 s 36

Young inequality as in Step 3.1 and the boundedness of ||ugp|leo on Jto — 7, t0 ][,
we can further estimate the right-hand side of (44) and we get:

(o3
ug

p

Up

p

Ug
p

4 4 12+ 2 %
o < dllanl 323+ Heu@lul 7|22 (45)
If we put again 63/(7 — 3a)) = 2, we obtain:
a:45_58, 5258_247 V:E, §:30—55 and 12~ _ 10s .
9 9 18 18 7—3a b5s—24

It can be easily verified that «, 3,7,£ > 0 and 7— 3« > 0 if and only if %4 < s <6.
Substituting these values of «, ..., £ into (45), we get:

3 / |up|ug 12/5 ug
— —=— < 4||ws| + || —
2 |y 36/5 P

4

+ C44(5)Hu9
4

2112

10s
5524 || Yo
s -

(46)

2

It follows from the assumptions of Theorem 2 (item 2) that ||u9||§03/(53_24) is

integrable on the interval |ty — 7, to][.

We can now use estimate (46) in (41). Choosing § sufficiently small and inte-
grating (41) with respect to time, we obtain again the boundedness of the norms
|wa/pll2; [|ug/pllz and [lwell12/5 on the time interval Jto — 7, to].

Step 4. The proof of Theorem 2 can now be completed in the same way as the
proof of Theorem 1 — see Step 5 in Section 3. O
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