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U n i f o r m l y  d i f f e r e n t i a b l e  b u m p  f u n c t i o n s  

By 
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Abstract. We present a construction of uniformly smooth norms from uniformly 
smooth bumb functions without making use of the Implicit Function Theorem. 

Introduction. A bump function on a Banach space is a real valued function with bounded  
nonempty  support.  It is clear that if a space admits a no rm with certain smoothness, then the 
space admits a Lipschitzian bump function with the same smoothness (cf. [1, 1.2.1]). The 
converse is not  true in general, in fact there is a Banach space which admits a Lipschitzian 
Cl-smooth bump  function and admits no G~teaux smooth norm (cf. [1, Chapter  VIII). 
However,  if X is separable, the existence of Fr6chet differentiable bump function on X 
implies that X admits a Fr6chet differentiable norm (cf. [1, II.5.3]). Furthermore,  it is shown 
in [3] that if a space X admits a bump function that is uniformly Fr6chet differentiable, then 
X admits a norm with the same kind of smoothness. The proofs of the above theorems made 
use of the Implicit Function Theorem for Fr6chet differentiability. Unfortunately,  the Implicit 
Funct ion Theorem does not seem to work in the uniformly G~teaux case. In  this article, we 
make use of the duality between uniform smoothness and uniform convexity to construct 
uniformly G~teaux differentiable norms from uniformly G~teaux differentiable bump functions. 
Our  construction also works for the uniformly Fr6chet case, and all the intermediate cases. 

Let (X, II " II) be a Banach space. The unit sphere Sx  (1[ " I[) of X is the set {x E X :ll x II= 1}. 
L e t f  be a real valued function on X. We say t h a t f  is Gfiteaux differentiable at x E X if there 
is lx E X* such that 

( .)  lim f (x + th) - f (x) = lx (h) 
t~o t 

for every h E Sx(ll' I1). If moreover, this limit is uniform for h E Sx([I. II), we say t h a t f  is 
Fr rche t  differentiable at x. We call lx the G~teaux or Fr~chet derivative of f at x. The 
function f is said to be G~teaux (Frrchet)  differentiable if it is G~teaux (Fr~chet) 
differentiable at every x E X. If for every h E S x  (11 �9 II), the limit in ( , )  is uniform in x E X,  
we call the function f uniformly G~teaux differentiable (UG).  Suppose that f is a norm 
equivalent  to II-II, we say that the norm f is G~teaux differentiable if it is G~teaux 
differentiable at every point  on its unit  sphere. If for every h E Sx  ([[ - II), the limit in ( , )  is 
uniform in x E Sx ,  we say that f is a U G  norm. 
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We recall that a dual norm t [  11 is said to be weak*-uniformly rotund (W*UR)  if 

---, 0 in the w*-topology wheneverxn ,yn  E Ss-(l l -  It) and ~ ---, 1. It  is a welt Xn ~ y n  

known result that a dual norm is W * U R  if and only if its predual  norm is unformly Gfiteaux 
differentiable (cf., for instance, [1, II.6.7]). Given a convex function f defined on X, f* 
denotes the Fenchel  dual (or conjugate) of f ,  i.e. f*(x*) = sup{(x*,x) - f ( x )  : x E X}, for 
x*E X*. We refer the readers to [1] and [6] for all other unexplained results and 
terminologies used in this note. 

The main  result of this article is the following theorem. 

Theorem 1. Suppose a Banach space X admits a UG bump function b, then it admits a UG 
norm. 

We need the following lemma in the proof of this theorem. 

Lemma 2. Suppose X admits a convex function f such that 1 ilxl[2 _<__ f (x)  _-< MIIxll 2 + c for  
some constants M > 0 and c > 0 and such that f is UG on bounded sets, i.e., given x E Sx, 
e > 0 and m > O, there exists a 6 > 0 such that 

f ( y  + tx) - f ( y  - tx) - 2f(y) < eltl, 

whenever It[ < d and y E mBx ,  then X admits a UG norm. 

P r o o f .  We begin the proof by ccnstructing a dual W * U R  norm on  X*. Without  loss of 
generality, we may assume that the function f is symmetric and f > 0. Consider the dual 
function g = f*. Clearly 

1 , 2 1 
(1) 4 ~ l l x  II --c<=o(x*) <= _llx*ll 2. 

Let {x~,} and {y~,} be two sequences in X* such that 9(x*~)= 9(Y*~)= 0 for all n, and 

9(  * ~ ) - - 0  as n - -  oe. 

We shall see that x~, - y~, --, 0 in the w*-topology. To this end, let x, E X be such that 

Xn, n Y*~ --f(xn)--'~O as n----~ e~. Therefore we have 

0 = o(x;') + 9(Yn) 1 . 1 . 
2 => ~ [(x.,x,,) - f(Xn)] + ~ [ (x . ,y . )  -- f(x.)]----~0. 

Hence,  

(xn,y.)  - f ( x . ) - ' * O  = O(Y*n), and 

(2) (x,~,x*.,) - f(xn)---*0 = 0(x,]). 

C l a i m .  {x.} is bounded.  

P r o o f  o f  c l a i m .  Since 9(x*~) = 0 ,  we have IIx*~ll z <-_ 4Mc 

IIx~ll <- 2v/--M-~ = K. From (2) 

3 for large n. (xn,x*n) - f ( x n )  > - "~, 

Therefore  f ( x . )  _-< ( x . , x ' . )  + 3 <_ gllx.II + 3. 

by (1). Therefore 
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But  f ( x n )  >-_ �89 2. Therefore �89 _-_0. Hence Ilxnll _-<4 for some 
constant  2 for large n (end of proof of claim). 

To  see x~, - y~-----*0 in the w'-topology, let x E S x ,  e > 0 be given. Since f is uniformly 
Gfiteaux differentiable on 2 B x ,  there is a 6 > 0 such that 

f ( y  + tx) + f ( y  - tx) - 2f(y) _-< Eltl, 

for all It] < 6 and y E 2 B x .  Therefore we have 

f (Xn + tx) + f(Xn -- tx) -- 2f(Xn) ~ eltl. 
Hence,  

Therefore 
( x .  + t x , x ' . )  - g (x;,) + ( x .  - tx,y*.)  - o (y,;) - 2 f ( x . )  _-< ~ltl. 

[ ( x . , x . )  - gfx~) - / ( x ~ ) ]  + [ (Xn ,y . )  -- g(y•)  -- f ( x . ) ]  + t(X, Xn -- Yn) ~ ~ltl. 

According to (2) there exists no E ~ such that for all n _--> no, 

[(x,,,x;) - g(x*)  - f (x ,) l  + ](Xn,y*,) - g(Y*n) - f (x ,)]  = e6. 

Consequent iy,  for all n >= no, t (x ,x* , , -y ; , )  _<--2e6 for all ttl _<-6. Which implies ( x , x * , , - y ~ )  
=< 2e. Similarly, we can show that (x,y*,, - x ~ )  _--< 2e. Therefore x~, - y , ]  converges to zero in 

the w* topology. 
Now let B = {x* : g(x*)  <- 0} and [[[. [[[ be Minkowski 's  functional of B. The set B is 

w ' -compact  and contains nonempty interior. Thus the norm []] �9 []1 is an equivalent  dual norm 

on X*. 
It remains to verify that the norm Ill" I[I is W*UR.  Let  u;, and v~, be points on Sx. ( l I l"  Ill) 

u,*~ + v~. It is clear that g(un)* = g(u~) = 0 for all n E N. such that [[]w;,[][ ~ 1, where w;, = 2 

w;, ,0 ,  since ][[w~,[[[ --+ 1. By the uniform continuity of g, we have M o r e o v e r ,  w~ IIIw;,lll 

g (w;,) ~ 0, By the property exhibited by g as seen above, we have that u* - v~ converges to 
zero in the w*-topology. Therefore 11]" 111 is a W * U R  norm and it's predual norm ]]]. Ill. is 
UG.  [] 

P r o o f  o f  T h e o r e m  1. We follow the arguments  as in [5]. Let b be a bounded  uniformly 
Gfiteaux differentiable bump function. According to [5, 2.1(a)], we may assume that b 
satisfies the following properties: 

(1) b(x)  = 1 if Ilxll =< 1/3, and 

(2) b(x)  = 0 if ]lx[[ >- 1/2. 

(x)] 
Let q0(x) -~ 3" 1 - b ~ . It is shown in [5, 2.2] that 

n = l  

~ (][x][ - 3 )  q~(x)  9(Hxl[ + 1) x E x ,  _<_ =< for all 

and qo is uniformly G~teaux differentiable. 
The convex function ~0 of q~ defined by 

~p(x) = inf a i ~ ) ( X i )  : X = C~iXi, ai >= 0, Cti = 1, n E N 
i=1 i=1 
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satisfies 

l ( [ [ x [ [ - 3 )  ~p(x) _-< q~(x) <_- 9([[x[[ + 1 )  all E X,  __< for 

Fur thermore ,  ~p is uniformly G~teaux different iable (cf, [5] or [1, V.3.2]). A n  appropr ia te  
mult iple and translate of the function ~2 will satisfy the hypothesis  of the convex function in 
L e m m a  2. [] 

R e m a r k s .  

1. If X admits  a U G  norm, then by [4, 2.4], every convex function bounded  on bounded  
sets can be approx imated  uniformly on bounded  sets by U G  convex functions. Therefore  
Theorem 1 general ises [5, Theorem 2.5]. 

2. Our  construct ion presented  above is still val id for the U F  case and all the in termedia te  
cases. Therefore ,  by the same construction, we obtain:  

Theorem 3 [3, Theorem 3.2]. Suppose a Banach space X admits a UF bump function b, 
then it admits a UF norm. 

We would now show an approximat ion theorem for U G  and U F  convex functions. We 
shall make  use of the following lemma. 

L e m m a  4 [5]. Let f and g be continuous convex functions defined on X. Suppose g is UG 
(UF) so isft3 o, wherefng(x)  := inf {f(y) + g (x - y) : y E X} is called the infimal convolution 

o f f  and g. 

Propos i t ion  5. Let dp be a convex function defined on X that is bounded on bounded sets. 
Suppose fb is UG (UF), then every convex function f <-_ (b can be approximated uniformly on 
bounded sets by UG (UF) convex functions. 

P r o o f .  Without  loss of generality,  we assume q~* ~ 0. By our  assumption,  4~* =< f*, 

( ( ~ b * ) * )  B y L e m m a 5 ,  gn is uniformly therefore  we have domf* c domq~*. Let  g, = f o  -n- ~x " 
smooth  for each n E ~d. 

We have to show that  g, converges to f uniformly on bounded  sets, we first note that  

= f* + ~* _-> f*, therefore  g, <= f .  Given e > 0, 2 E •, let F = sup [f(x) l and xo ~ 2Bx.  
n x~nx 

Let  x* E Of(xo), then Ilx*ll <= M, the Lipschitz constant  of f on 2Bx.  By a proper ty  of 
subdifferentials,  we have 

(3) f(Xo) = (x*,xo) - f*(x*). 

Therefore  

f (xo)  = (x*,xo) - g*.(x*) + ~*(x*) =< g.(xo) + ~*(x*) 
n n 

Fur thermore ,  (3) yields 

f*(x*) = (x*,x0) - f ( x o )  <= IIx*llllx0[I + [f(x0)l --< K2 + F =:  Z. 
Z 

Consequently,  ~b*(x*)_-< Z (as f_-< q~). Therefore  for aU n ~ --, we have g , (x0)<=f(xo)  
8 

=< O,(x0) + 2e for all x0 E 2Bx. [] 
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