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ABSTRACT: We present a systematic formalism based on a factorization theorem in soft-
collinear effective theory to describe non-global observables at hadron colliders, such as
gap-between-jets cross sections. The cross sections are factorized into convolutions of
hard functions, capturing the dependence on the partonic center-of-mass energy v/3, and
low-energy matrix elements, which are sensitive to the low scale Qo < /3 characteristic of
the veto imposed on energetic emissions into the gap between the jets. The scale evolution of
both objects is governed by a renormalization-group equation, which we derive at one-loop
order. By solving the evolution equation for the hard functions for arbitrary 2 — M
jet processes in the leading logarithmic approximation, we accomplish for the first time
the all-order resummation of the so-called “super-leading logarithms” discovered in 2006,
thereby solving an old problem of quantum field theory. We study the numerical size of the
corresponding effects for different partonic scattering processes and explain why they are
sizable for pp — 2 jets processes, but suppressed in H/Z and H/Z + jet production. The
super-leading logarithms are given by an alternating series, whose individual terms can
be much larger than the resummed result, even in very high orders of the loop expansion.
Resummation is therefore essential to control these effects. We find that the asymptotic
fall-off of the resummed series is much weaker than for standard Sudakov form factors.
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1 Introduction

Jet observables are a crucial tool to extract information about the underlying hard inter-
actions in high-energy processes and are used in a wide range of physics analyses. The
definition of an M-jet cross section involves clustering energetic radiation into jets and a
veto criterion ensuring that the remaining radiation outside the jets is soft. This veto leads
to an intricate pattern of logarithmically enhanced corrections in perturbation theory.

The simplest observable to discuss the effects of the veto are gap-between-jets cross
sections, where one vetoes radiation above a low scale (g in a region outside the jets,
which themselves carry large energy @ > @, with @ of order the center-of-mass energy.
For eTe™ collisions with large jet radius R ~ 1 the leading logarithmic (LL) effects in
such observables are of the form oL", where L ~ In(Q/Qo). Leading logarithms arise
when soft gluons are emitted from the primary hard partons produced in the collision, but
Dasgupta and Salam observed that also soft gluons emitted off secondary emissions inside
jets produce leading-logarithmic contributions [1]. They called the large logarithms arising
from the secondary emissions non-global logarithms (NGLs), since they arise whenever an
observable vetoes soft radiation only in a restricted phase-space region rather than globally.
Even at leading-logarithmic order, the non-global contributions have a quite complicated
structure. In the large- N, limit, they can be resummed using a dedicated parton shower or
by solving the BMS equation, a non-linear integral equation derived by Banfi, Marchesini
and Smye [2]. A generalization of this equation to finite /N, was obtained in [3] based on a
mapping between the JIMWLK [4-6] and BK [7, 8] evolution equations for small-z dynamics.
Using this approach, numerical results for NGLs at N, = 3 were obtained in [9-11]. Over
the past few years, also the parton-shower method for performing the resummation has
been formulated at the amplitude level and extended to finite N, [12-14], so that by now
numerical results for NGLs at N, = 3 are also available in this framework [13-15], following
earlier approximate treatments of effects of subleading order in 1/N, [16-18]. Recently, also
first resummations of subleading NGLs in the large- N, limit were achieved [19-22].

At hadron colliders, there is a second mechanism that produces an interesting set of
logarithmically enhanced contributions, related to the presence of complex phase factors
with non-trivial color structure, which can prevent the cancellation of soft + collinear
contributions among real and virtual corrections. This non-cancellation leads to double-
logarithmic effects starting at four-loop order, i.e., one finds that the leading-logarithmic
terms in the perturbative series are of the form a2t L3+2", The existence of these double-
logarithmic corrections appears surprising at first sight, since they are not tied to a small
angular scale but arise in an observable that superficially only involves wide-angle soft
dynamics. Forshaw, Kyrieleis and Seymour [23], who discovered this effect, therefore called
these terms “super-leading” logarithms (SLLs). The complex phase factors responsible for
the SLLs also induce collinear factorization violation in processes with both incoming and
outgoing partons [24-26]. These effects vanish in the large- N, limit and are not captured by
traditional probabilistic parton showers. Gap-between-jets cross sections at hadron colliders
are therefore examples of observables where traditional showers do not even capture the
leading double-logarithmic terms. Due to the complicated color structures involved, the early



papers on SLLs have restricted themselves to the computation of the four-loop a?L® term
for the ¢¢' — q¢’ partonic contribution to dijet production [23, 27]. In later work, additional
partonic channels were analyzed, and also the five-loop a2L” terms were extracted [28].
A numerical analysis for the t-channel diagrams including a partial resummation of some
higher-order contributions found that the effect of SLLs on the gaps-between-dijets cross
sections could amount to as much as 15% [29]. However, a complete phenomenological
analysis of SLLs including interference effects of different Feynman diagrams in the Born-
level amplitude has never been performed. More importantly, the all-order structure of
the SLLs remained completely unknown. In parameter regions where the SLLs give rise to
significant corrections to physical cross sections, the large double logarithms are numerically
important, and hence an all-order resummation of their contributions becomes mandatory.

In [30, 31] we have developed an effective field-theory framework for non-global observ-
ables at eTe™ colliders and used it to derive factorization theorems for a variety of relevant
jet cross sections. The framework is based on soft-collinear effective theory (SCET) [32-34]
and factorizes the cross sections into hard and soft functions. The hard functions correspond
to the squared ete™ scattering amplitudes into m hard partons at fixed directions inside the
final-state jets. The soft functions are given by matrix elements of Wilson lines along these
directions. In the effective theory, the NGLs can be resummed by solving renormalization-
group (RG) equations. This approach has provided a new way to think about NGLs by
showing that they — like any other large logarithms — result from RG evolution between
two hierarchical energy scales. It has therefore reformulated this complicated problem in a
language familiar from other applications of effective field theories. Our RG equation is
structurally simpler than the non-linear BMS integral equation. Yet, its solution is still
a challenging task, since the anomalous dimension entering the evolution equation is an
operator not only in the large color space of the incoming and outgoing particles, but also
in the infinite space of particle multiplicities.

A similar factorization formula holds for hadron-collider observables [35, 36]. The main
complication is that the hard functions then also involve two incoming hard partons, and the
low-energy matrix elements contain collinear fields associated with these initial-state partons.
While these modifications seem obvious, they have profound effects on the structure of the
anomalous dimension and the associated RG evolution. In the lepton-collider case, the
individual hard functions involve collinear singularities, but the singular terms cancel among
different hard functions when adding up the contributions from different multiplicities [21].
In contrast, in the hadron-collider case the presence of the initial-state partons leads to
a non-trivial collinear RG evolution. A second important difference is the appearance of
complex phase factors in the soft anomalous dimension, which result from the exchange
of Glauber gluons.! These cancel by color conservation for ete™ collisions, but they give
rise to non-vanishing effects for processes with two color-charged initial-state partons. The
Glauber phases spoil the cancellation of soft 4 collinear terms in the evolution, which leads
to double-logarithmic corrections in higher orders — the aforementioned SLLs. Also, in the
presence of Glauber phases, the collinear anomalous dimension involves real and virtual

n the literature, the phase terms are sometimes called Coulomb phases.



parts with different color structures, rather than the usual parton distribution function
(PDF) evolution. In the first part of this paper, we present the factorization theorem for
non-global hadron-collider observables (section 2) and then provide a detailed derivation of
the one-loop anomalous dimension, with a particular focus on its collinear part (section 3).

By iterating the one-loop anomalous-dimension matrix n times, one can calculate
the leading-logarithmic terms at the n-th order in perturbation theory. Due to some
key properties of different parts of the anomalous dimension, only a specific subset of
contributions to these products generates the SLLs in the leading-logarithmic approximation,
as we show in section 4. In [36] we have analyzed the relevant color structures for arbitrary
partonic scattering processes in which the two colliding partons are quarks or anti-quarks
and obtained a closed formula for the SLLs at the n-th order in perturbation theory. The
result was written in terms of four color structures depending on the Born-level hard
functions for the process. Furthermore, we found that the n dependence was simple enough
that (ignoring the running of the strong coupling) the perturbative series could be resummed
into a closed-form expression. The simplest example is the scattering of two quarks with
different flavors, q¢’ — qq’, mediated by a color-singlet exchange in the t-channel, with
a gap of size AY at central rapidity in which the radiation is vetoed. For this case, the
resummation of the infinite tower of SLL contributions to the partonic cross section leads
to the result [36]

SLL = 5 A0k (N’ s ny my (1,12, 5 1.1
94 =q¢ = "%ad'>ad’ —3 \ ) T 2F5(1,1;2, 55 —w), (1.1)
where 6444 is the Born cross section, and w = % L? encodes the double-logarithmic
dependence. There are several general features of this result worth pointing out:

1. Using 2F5(1,1;2, %; 0) = 1, one finds that the Glauber exchange mechanism yields a
first contribution already at three-loop (not four-loop) order. At this order there are
three powers of L, so the three-loop term is not “super-leading” in the strict sense
of the word. Nevertheless, the presence of the squared Glauber phase |i7|? implies a

sizable enhancement factor.

2. The series expansion of the hypergeometric function in the variable w has alternating
signs. As we will show, this is a general feature of the series of SLLs. For realistic
values w 2 O(1), this leads to significant cancellations between different terms in the
series. Indeed, in the asymptotic limit w > 1 one finds

In w
2P (1,152, 55 —w) ~ ——, (12)
w
corresponding to a fall-off of the resummed series. Interestingly, this fall-off is much
weaker than for the standard Sudakov form factor, which in the variable w takes the

c

form e~ “? with some constant c.

3. The color factor in front of the hypergeometric function is C'r ~ N, so that the SLLs
are suppressed by 1/N2 in the large- N, limit. (Recall that N.as ~ 1 remains finite in



this limit.) This suppression can be understood by noting that the Glauber phases
are an interference effect associated with a non-trivial operator in color space, whose
contributions are thus absent in the large- N, limit.

4. For reasonable values of parameters one finds that the variables w = % L? and
Wr = % 72 are both of O(1). The result (1.1) then behaves like a one-loop correction
~ % to the partonic cross section. The potentially sizable effect of the complex phase
terms in double-logarithmic observables has been pointed out long ago in the context
of Drell-Yan and Higgs production [37-39]. In future work, it will be interesting to
consider the impact of higher-order terms in the variable w;.

The quark-initiated processes considered in [36] are relatively simple, since arbitrary
products of color generators in the fundamental representation can be reduced to structures
linear in the generators. In the present paper, we discuss the general case of a hard-scattering
process with arbitrary initial-state partons (quarks, anti-quarks, gluons, or even exotic
objects transforming in different representations of SU(N,)). In section 5, we carry out the
all-order resummation for the general case and show that (at fixed coupling ;) this leads
certain Kampé de Fériet functions, for which we provide several explicit representations.
The relevant color algebra is much more involved in the general case, but we prove in
section 6 that, for any hard process, the SLLs can be expressed in terms of seven linear
combinations of ten basic color traces. A full phenomenological analysis of SLLs is beyond
the scope of the present paper, but in section 7 we provide analytical and numerical results
for several simple partonic scattering processes, in particular the ones relevant for Z- and
Higgs-boson production, also in association with a jet. While the SLLs are numerically
suppressed in 2 — 0 and 2 — 1 partonic processes for reasons that we will elucidate, we
find numerically significant effects for 2 — 2 processes. In the latter case several color
configurations contribute to a given partonic channel, and we show that the interference
between different configurations leads to SLL effects depending on the Born-level kinematics.
As with any calculation relying on the leading double-logarithmic approximation, our results
suffer from large uncertainties due to neglected higher-order terms. An important example
of such a higher-order effect is the scale dependence of the strong coupling a(u). However,
we can take this particular effect into account when solving the RG equation order by order
and compare with the fixed-coupling results. Before concluding, we discuss in section 8 the
systematics of the expansion and what other single-logarithmic contributions would need to
be considered in order to obtain more accurate predictions for physical cross sections.

2 Factorization of jet cross sections at hadron colliders

In this paper, we develop an effective field-theory based approach for a systematic theoretical
description of non-global observables at hadron colliders, such as gap-between-jets cross
sections. The starting point is the factorization formula [35, 36]

02—>M(Q0)=/d1’1/d$2 Z (Hm({n},s, 21,22, 1) W, ({0}, Qo, 21,22, 11)) . (2.1)

m=2+M



Here s denotes the squared center-of-mass energy, 1 and xo are the longitudinal momentum
fractions carried by the colliding partons, and @Qq is the soft scale associated with the
veto imposed on radiation between the beam remnants and the final-state jets. The tuple
{n} = {n1,...,nm} collects light-like 4-vectors aligned with the directions of the initial-
state (i = 1,2) and final-state (¢ = 3,...,m) particles. The above formula generalizes the
analogous result for eTe™ colliders [30, 31], which involves hard functions H,, describing
the energetic partons inside the jets and soft functions 8,, describing the soft emissions
off these hard partons. In the hadron-collider case, the hard functions of multiplicity m
also contain the two initial-state partons, and the functions W,, describe both the soft
emissions off the hard partons and the collinear dynamics associated with the initial state.
In [30, 31] we have also considered the case of narrow jets, which requires the resummation
of collinear logarithms associated with small jet opening angles. In the present paper, we
restrict ourselves to the case of large opening angles for simplicity.

The hard functions H,, describe all possible m-particle scattering processes 1 4+ 2 —
3+ --- 4+ m, where i represents the i-th particle (i = ¢, g, g for colored partons). To keep
the notation compact, we do not indicate the different partonic configurations, but it is
understood that one must sum not only over different values of m, but over all possible
channels. The brackets (...) denote a sum (average) over final-state (initial-state) color
and spin indices. The relevant spin/color multiplicity factors are

2N, fori=gq,q,
Ni = (2:2)
(d—2)(N?—-1) fori=g,

and analogously for color-neutral particles. Here d = (4 — 2¢) is the dimension of spacetime.
Although in our discussion we only consider unpolarized hadron beams, a generalization to
fixed helicities would be straightforward.

The hard functions are obtained after imposing appropriate kinematic constraints, such
as cuts on the transverse momenta and rapidities of the leading jets. One then integrates
over the phase space of the final-state particles but for fixed directions of the outgoing
particles. To define these directions, we choose reference 4-vectors n' = (1,n;) in the
laboratory frame,? so that the associated particle momenta are given by p' = E; n'. For

m

each light-cone vector n!', we introduce a conjugate vector nt' = (1, —n;), so that n; - n; = 2.

The hard functions are then defined as

d— 3
Mo = g 11 [ [ % my Mn (D) M)

21’1.%’28 (2.3)

x (2m)?26(71 - prot — $1\/§) §(ng - prot — 22v/5) 072 (py) Onara({n2}) ,
where pyot is the total momentum of the final-state particles and p, denotes the (d — 2)

components transverse to the beam directions n; and ns. The energies of the incoming
partons are E1 = x14/$/2 and Es = x24/s/2. The angular constraint ©p,q({n}) ensures

?In [36] we have defined the hard functions in the partonic center-of-mass frame. However, in order to
implement experimental cuts, it is more convenient to work in the laboratory frame.



that the hard partons cannot enter the gap or veto region. Note that some of the final-state
particles can be color neutral. In particular, we will also consider the production of Z-
or Higgs-bosons in association with M > 0 jets. We stress that the amplitude in (2.3) is
squared in the sense of a density matrix. We use the color /helicity-space formalism [40],
in which the color and helicity indices of the amplitude [M,,({p})) and its conjugate are
not contracted.

The symbol ® in (2.1) indicates an integration over the directions {ns,...,n,,} of the
final-state particles in the hard scattering process. These integrals must be performed after
the hard functions are combined with the low-energy matrix elements W,,, which encode
the soft and collinear dynamics in the process of interest. Following [21], we have included a
factor ¢¢ = (€72 /7)€ in the denominators of the energy integrals in the definition of the hard
function, where g is Euler’s constant. The same factor is added to the (d — 2)-dimensional
angular integrals, for which we use the measure

o di,
4] = & 5y (2.4)
We thus define
Hm({@}7 S$,T1,X2, ,U,> ® Wm({ﬁ}u Q07 T1,X2, :u)
(2.5)

= [T [1d52) #n ({2}, 5,01, 2 0) Wi ({2}, Qo 21,2, 0).
=3

The factors of ¢€ cancel in the combination of the hard functions and angular integrals but
avoid a proliferation of yg’s and logarithms of 7 at intermediate stages.

The low-energy matrix elements W,,, involve soft Wilson lines S;(n;) along the directions
of all hard particles in the process (for color-neutral particles, one uses S;(n;) = 1), and
collinear fields for the two incoming partons. They are given by Fourier transforms

o dty
— €

o < dto . .
Wm({@};QO,xhl'Z):/_ o 71x1t1n1-p1/_ T;efmztznz'mWm({ﬂ}’Q07t17t2)
(2.6)

of matrix elements of the form

W ({n}, Qo, t1, 12)

= X PP () )| 85 (t170) 8] (112) S[(m1) .. S |X) (27
Xs

X (X Si(m1) .. Sin(ngn) BF(0) D5(0) [H1(p1) Ha(p2)) 0(Qo — B

where Hy and Hs are the colliding hadrons. In these expressions, the fields ®; are the
gauge-invariant collinear building blocks [32, 41] in the directions of the two hadrons, as
appropriate for a given partonic channel, i.e. ®; € {x;, Xi, A;1 } for a quark, anti-quark or
gluon, while ®; is equal to the corresponding conjugate fields. Note that the argument
of the collinear fields indicates the spacetime point at which they are localized, whereas



AN /N /"

‘1’2/ \ __________________ / \@2

Figure 1. Pictorial representation of the factorization formula (2.1). In black, a hard function H,,
in (2.3) is shown, which is multiplied by soft Wilson lines for each hard parton (red double lines).
The color indices of the Wilson lines along the directions of the final-state particles in the amplitude
are connected (dotted lines) to the ones sourced by the particles in the conjugate amplitude. The
Wilson lines of the initial-state partons connect to the collinear fields (blue), see (2.7). We also
included a real and a virtual soft gluon, which are part of the matrix element W,,.

the argument of the soft Wilson lines indicates their direction. All soft Wilson lines are
located at the point x = 0. Since we only consider unpolarized hadron beams, the Dirac
and Lorentz indices in (2.7) are contracted with the relevant spin sums, i.e.

B
. 5 Xi(0), (28)

PO AT (t715) AT (0) = (—gan) (—idh) AT (t7:) AT (0) = 0y A (t71;) AL (0) .

PO = () %800 (0 = o)

Therefore, W, acts as a unity matrix in helicity space. The additional derivative arising in
the gluon case ensures that the collinear matrix element corresponds to the usual definition
of the gluon PDF. The factorization theorem is depicted in figure 1, which also shows how
the color indices of the Wilson lines in W,,, are connected to the hard functions and the
collinear fields (dotted lines).

In the factorization formula (2.1) the soft Wilson lines S;(n;) in (2.7) multiply the
amplitudes |M,,,({p})) in the hard functions (2.3), while the conjugate Wilson lines ST (ny)
multiply the conjugate amplitude (M,,({p})|. In (2.7), the jet-veto scale @ is defined
to be the upper limit on the total transverse momentum E&, = 3, [piF| of the particles
outside of the jets, but many other kinematic restrictions could be considered. For example,
in order to be less sensitive to the underlying event and pile-up, one can instead define (g
as the upper limit on the transverse momentum of jets inside the veto region, as was done
by the ATLAS collaboration in [42, 43]. In the leading-logarithmic approximation, one is
not sensitive to the precise definition of the observable, but only to the associated energy
scale QQg.

We note that the nj- and no-collinear fields in (2.7) are fields obtained after the
soft-collinear decoupling transformation [32]



has been applied, which explains the appearance of the soft Wilson lines S; 2 in (2.7).
However, it is important to note that the low-energy matrix elements in (2.7) are not
factorized into soft and n;-collinear fields without interactions among them, because the
low-energy effective theory still includes Glauber-gluon interactions between the soft and
collinear sectors, which break this factorization. For the case of forward scattering, the
Glauber Lagrangian was derived in [44]. The non-trivial interactions are associated with
the scale g, and below this scale we can match onto an effective theory that only involves
soft and collinear fields associated with the scale Aqcp of non-perturbative physics. Since
the emissions below the scale Qg are not restricted, we expect that the Glauber interactions
will cancel by the same mechanism which is at work for the Drell-Yan process [45-47]. In
the absence of these interactions, the collinear low-energy matrix elements reduce to the
usual collinear PDFs for quarks and gluons inside the hadron Hj, i.e.

fi(zisp) = /OO .,

ST ()| 97 (175) PO 7 (0) [ Hi(p), (2:10)
—00
which multiply a matrix element of soft Wilson lines. Above the scale (Jy, however, such a
factorization no longer holds.

An important ingredient for the resummation of large logarithms is the RG equation

for the hard functions, which we write in the form [36]

d
dln p

Hin({n},s,0) == > Hi({n},s,p) xTf,({n},s,p). (2.11)
1=2+M

Here and below we omit the momentum-fraction variables for the initial-state partons in
the hard functions and anomalous-dimension coefficients, which in the convolution on the
right-hand side are combined with the standard Mellin convolutions

(Fro)w) = [de [deiotai— &) 1) (&) (212)

There is one such convolution for each initial-state parton. These Mellin convolutions
arise in the usual DGLAP evolution equations, and we find that in the absence of Glauber
phases the collinear part of the anomalous dimension indeed produces the standard DGLAP
evolution. Most of the discussion in this paper concerns the soft part of the anomalous-
dimension matrix, which has a trivial dependence on the momentum fractions proportional
to 0(1—¢&1) (1 —&2), because soft emissions take away an insignificant fraction of longitudinal
momentum. This renders the Mellin convolutions trivial. For the discussion of soft effects,
we will thus omit the convolution symbol x when writing products of anomalous dimensions.

The evolution equation (2.11) exhibits the familiar structure of RG equations in the
presence of operator mixing. However, its solution is a highly non-trivial task even in the
leading-logarithmic approximation. The reason is that the anomalous-dimension matrix
is an operator not only in the high-dimensional color space of the initial- and final-state
particles, but also in the infinite space of particle multiplicities. This is a key feature of
our approach and reflects the intrinsic complexity of the problem at hand. The evolution
equations shows that higher-multiplicity hard functions mix with lower-multiplicity functions



under scale evolution. At one-loop order, and written in the space of particle-multiplicities,
the anomalous-dimension matrix takes the form

Vornm Rorym 0 0
0 Voyyi Roypyyn O
' ({n},s,p) = %sr 0 0 Voymye Ropmge - | +0(a2), (2.13)

0 0 0 Vainss ...

where (24 M) is the minimal number of particles for an M-jet process at a hadron collider.
The virtual-correction matrix elements V;,, on the diagonal leave the number of partons
unchanged, while the real-emission operators R,, map a hard function with m partons onto
one with (m + 1) partons.®> With each higher order in perturbation theory an additional
off-diagonal in the upper right half of the matrix is filled, but the entries below the diagonal
remain zero to all orders.

By solving the RG equation (2.11) we can evolve the hard functions from their natural
scale pup ~ @Q ~ V3, where § = z1x9s is the partonic center-of-mass energy, down to the
scale g ~ Qg of the low-energy dynamics. A formal solution is given by the path-ordered
exponential

U{n}.sompe) =Pesp | [ Cij‘ T ({n},5,p)] . (2.14)

s

which is defined by its series expansion

Hh d
H(pn) * U(pn, ps) = Hpn) + # (pn) * T (1)
Hh d,Uzl 8 Hh glluQ (215)
+/ 7/ — H(un) * T () » T (1) + ...,
Ms lu’l M1 1u’2

where the anomalous-dimension matrices on the right-hand side are ordered in the direction
of decreasing scale values (i.e. pg > pp in the second line). In the last two equations we
have suppressed the energy and direction arguments of the various functions for simplicity.

In the following, we first present a detailed derivation of the anomalous dimension T'
at one-loop order (section 3). In contrast to the case of ete™ collisions, the anomalous
dimension not only contains soft contributions, but also collinear and soft + collinear
contributions associated with the initial-state partons. The soft 4 collinear parts exhibit
a logarithmic dependence on the factorization scale p, which leads to double logarithms
upon performing the scale integrals in (2.15). This feature is the source of the SLLs.
Following our earlier work [36], we then calculate the leading double-logarithmic terms
from (2.1) and (2.15) order by order in perturbation theory, by evaluating the relevant color
traces (sections 4 and 6) and iterated scale integrals (section 5). For this calculation it is
sufficient to work with the lowest-order expressions for the low-energy matrix elements and
combine them with the expression for the RG-evolved hard functions evaluated at leading

3Recall that T'* stands to the right of the hard functions in (2.11).



double-logarithmic order [36]. We can thus neglect all quantum corrections at the scale
1 = Qo, so that the functions W,, are given by their tree-level expressions

Wm({ﬂ}v Q0,$1,$2,M3) = fl(l‘la MS) f2(x27:u8) 1+ O(as) . (216)

In the future, it will be very interesting to study the low-energy matrix elements W, in
more detail. The fact that the evolution of the hard functions produces double logarithms,
but the low-energy theory naively only knows about a single scale )y, implies that the
low-energy matrix elements must suffer from a collinear anomaly, which produces rapidity
logarithms [48, 49]. The presence of rapidity logarithms is characteristic for processes
involving Glauber gluons [44], but since the double-logarithmic terms only start at four-loop
order, these must have quite an intricate structure in our case, which waits to be explored.
A resummation of the rapidity logarithms will be required to extend our results beyond the
leading double-logarithmic approximation.

3 Derivation of the anomalous dimension

We will now derive the one-loop anomalous dimension T'! of the hard functions. The
corresponding anomalous dimension relevant for the case of ete™ collisions was derived
in [21, 31], where in the second reference also the two-loop contribution was obtained.
An important complication present in the hadron-collider case we consider here is the
occurrence of collinear terms in the anomalous dimension. Indeed, it is these collinear terms
which in conjunction with the Glauber phases lead to the SLLs.

The anomalous dimension I'? is related to infrared divergences in the functions .y,
and can be obtained by considering soft and collinear limits of these functions. In the
following, we will first consider the soft limit of the hard amplitudes and recapitulate the
result obtained for the ete™ case. After this, we turn to a detailed analysis of collinear
singularities. We show that for final-state partons, the singularities exactly cancel between
real and virtual corrections. For the initial-state partons, there are singularities that lead

to a collinear anomalous dimension.

3.1 Soft part of the anomalous dimension

The gap-between-jets observable at eTe™ colliders is single logarithmic, and instead of the
matrix elements W,, one has matrix elements &,, which only involve soft Wilson lines.
The physics of the NGLs is driven by soft emissions and we have extracted the one-loop
anomalous dimension by considering the soft limit of the hard functions #,,, which leads
to the result [31]

Vi=2>" in:k) (T, - Ty +Tyr - TjR) WZ

(4)
—2in Y (Tir - Ty — Tir - Tjr) yj, (3.1)
(i)
R =—-4> T o Tj,Rij Onard (1) -
(i)
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A detailed derivation of this result, including the imaginary part in the second line, can
be found in [21]. For ete™ collisions, V5 and Ry are the full result for the entries of the
anomalous-dimension matrix (2.13), but for hadron colliders we need to add the collinear
parts computed below. The superscript S indicates that these terms are associated with
the purely soft singularities of H.,,.

Let us now explain the notation in (3.1). The symbol (ij) on the sums runs over all
(unordered) pairs of parton indices with i # j. The quantity Wﬁcj describes the angular
dependence and is related to the soft dipole

(3.2)

which is the product of the two eikonals, summed over the spin of the emitted gluon. To
restrict the anomalous dimension (3.1) to the purely soft contributions, the collinear limits
of the soft dipole Wl’; were subtracted using

1 1
d(ny —ng) —
n; - Nk ng - ng

=5k

It is understood that the angular delta distribution (n; —ny) only acts on the test function,
not on the coefficient multiplying it. The hard gluons in the real emission are restricted
to lie inside the jet region by the constraint Op,yq(ng), while the virtual corrections are
unrestricted. We use the color-space formalism, where T; denotes a color generator acting on
particle 4. The color matrices T; j, act on the amplitude while T} r multiplies the conjugate,
for example

(Tl,L . T27L +T37R . T47R) H,=T1 - ToH,, + H,T3 -T,. (3.4)

The color matrices in the virtual part act on the color indices of the m partons of the
amplitude and T; - T; = >, T;*Tj". This is the usual color-space notation. The color
matrices in the real emission matrix Ry, are different. They take an amplitude with m
partons and associated color indices and map it into an amplitude with (m + 1) partons,
see figure 5. Explicitly, we have

T oTjrHm =T Hn T}, (3.5)

where a and @ are the color indices of the additional emitted gluon in the amplitude and the
conjugate amplitude. In contrast to the virtual case, these color indices cannot immediately
be contracted because later emissions can attach to the new gluon.

The terms in the second line of (3.1) are purely imaginary. An imaginary part is
present whenever ¢ and j are both incoming or both outgoing partons, the prefactor is
II;; = 1 in these cases and zero otherwise. The imaginary part can be simplified using color
conservation ), T; = 0. For concreteness, consider the process 1 +2 — 34 ---+m. We

- 11 -



then have
m
Y T-Tily =2T - T+ Ti- (T -T2~ T))
(i5) i=3

=21 -1, + (Tl + TQ) . (T1 + T2) — C; (36)

L

Il
w

7

m
=4T T+ C1 +Cy =) Ci,
=3

where T; - T; = C; 1 is the quadratic Casimir of the representation associated with leg 4,
and C; evaluates to Cr for (anti-)quark legs and to C4 for gluons. The constant imaginary
part arises both from the generators T; ;, acting on the amplitude and the generators T;
acting on the conjugate amplitude. These terms cancel in the anomalous dimension. In
case where one or both incoming particles are color-neutral the term 17 - T5 is not present
and the Coulomb phase never contributes to the cross section. The phase terms completely
vanish and can be dropped from the anomalous-dimension matrix as we did in our previous
paper [31]. A non-trivial phase can arise if the initial state carries color, as is the case
for the partonic amplitudes relevant for hadronic collisions. Note that, after using color
conservation to rewrite the sum of the final-state Glauber phases in terms of the initial-state
color generators, the coefficient of the Tj - Th term has doubled. In order to account for the
final-state phases, the Lagrangian of [44] needs to be adapted to our problem. For example,
an immediate consequence of (3.6) is that the coefficient of the Glauber terms must be
twice as large as in the case of forward scattering.

In eTe™ collisions the soft + collinear parts of the anomalous dimension cancel between
the real and virtual entries and one could work in terms of the unsubtracted dipoles WZI; as
explained in [21]. For hadron collider processes, due to the presence of Glauber phases, the
soft + collinear singularities associated with the initial state will not cancel and lead to SLLs.
Furthermore, we will also need a purely collinear anomalous dimension that corresponds, up
to the color structure, to the usual DGLAP evolution of the PDFs. To extract the collinear
pieces of the anomalous dimension, we will now first consider collinear singularities in the
virtual corrections and then collinear limits of the hard function.

3.2 Singularities in virtual corrections

The soft and collinear divergences of massless scattering amplitudes | M., ({p})) are well
known [50-55]. The amplitudes can be renormalized multiplicatively through

Man({p} 1)) = lim Z ({p}, 1) [Mon ({2}, ) (3.7)

The renormalization factor can be obtained from an anomalous-dimension matrix, which
up to two-loop order takes the form [50]

M ({php) =

2 .
Yeusp(ats) In F— 37 4i(a) 1, (3.8)
(i7) CRE

S
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where s;; = 20y p; - pj + 40 with 0;; = 21II;; — 1. The hard functions H,, are given by
squared amplitudes with particles along fixed directions, so that this anomalous dimension
is relevant. However, according to the definition (2.3) the hard functions are integrated
over the energies of the outgoing partons in the presence of the phase space constraints.
Since the collinear part of the anomalous dimension depends logarithmically on the energies
through the cusp logarithms, the result (3.8) does not immediately translate into a result
for the anomalous dimension of the hard functions.

We will now prove that the collinear pieces of the anomalous dimension (3.8) associated
with final-state partons cancel against collinear singularities of real-emission corrections
present in hard functions with additional collinear legs. This cancellation can be shown
to take place before the energy integrals are carried out. To simplify the notation for our
discussion, we write the hard functions in the form

) s@1,32) = €0 Hl(p) (39)

where the “unintegrated” hard functions

m({2}) = M ({p})) (M ({p})] (3.10)

are simply given by the squared amplitude, and [d&,, collects the final-state parton energy
integrals together with the momentum-conservation and phase-space constraints on hard
radiation, see (2.3).
To discuss the collinear singularities, we rewrite the logarithmic part of the anomalous
dimension in (3.8) in the form
2

]
=1
s ng 2E 2E

In

(3.11)

The energy-dependent parts only depend on a single parton and can be simplified using
color conservation

M({£}7 M) = Z & 2T fYCubp(as) <ln
(5)
+ Z ( Ci Yeusp(avs) 2/22 i(%)) 1 (3.12)

:PSMJFZFW.L
7

+ i Hij>

ni'nj

where FM contains the collinear as well as the soft + collinear singularities. Using the relation

/dQ("’“)W’? _ m%, (3.13)

47 Y

where the integral is related to the ones defined in (2.4) by

/ ‘“ﬁk) _ / %] + O(e) | (3.14)
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Figure 2. In the limit where partons ¢ and j become collinear, the hard functions factorize. The
soft Wilson lines (red double lines) associated with ¢ and j combine into a single Wilson line for the
parent parton.

we see that the soft anomalous dimension F?A gives rise to the collinearly subtracted version
of the virtual part V,5 of the one-loop anomalous dimension (3.1). The treatment of the
collinear part of the anomalous dimension is more subtle because it depends on the energy,
which is integrated over for final-state partons.

For later use, let us write out the divergences associated with the collinear anomalous
dimension FM at one loop. We have

m({n},s) /dg [ <cusp<212+11 2‘;) ] m({pH+.,  (3.15)

where the ellipsis denotes terms that are free of collinear singularities at one loop. The
factor of two compared to the result (3.8) arises because we get divergences from both the
amplitude and its conjugate.

3.3 Collinear limits of hard functions

To analyze the limits where two of the partons in H,,+1 become collinear, we make use of
splitting amplitude factorization

IMps1({p1, 2,035 - - - s Pmt1})) = SP({P1, p2}) M ({P,p3s - - - s Pms1})) + ... (3.16)

in the region where two partons become collinear with p; ~ zP and py ~ (1 — z)P and
P? — 0. We write the collinear limit of 1 and 2 for notational convenience, but in the
application to the hard function, we will need to consider two cases: (i) both collinear
partons are in the final state and (ii) one parton is in the initial state, one in the final state.

In our factorization theorem, the hard functions are multiplied by Wilson lines along
the directions of the hard partons. In particular, the soft function for the two collinear
partons contains Wilson lines for partons 1 and 2 along the common direction np. Since
the generators 1 and 2 commute, the Wilson lines combine into a single Wilson line with
color (T} + T¥),

S1(n1) Sa2(n2) = S1(np) S2(np) = S112(np) . (3.17)
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In [21] it was shown that this implies

Si+2(np) SP({p1,p2}) M ({P,p3;, - . s pm+1}))

= Sp({p1,p2}) Sp(np) IMm({P,p3,...,Pmt1})) -

This relation is illustrated in figure 2 and is an operator version of the usual QCD coherence,

(3.18)

which states that the soft emissions from two collinear partons are the same as the collinear
emissions from the parent parton. It follows immediately from charge conservation, which
implies that the color state of the partons after the decay corresponds to the color state of
the parent parton (see e.g. [52, 56])

(T7" + T3') Sp({p1, p2}) = SP({p1,p2}) Tp . (3.19)

Let us now first consider case (i) with a hard function #H,,+1 in a kinematical situation
where two final-state partons ¢ and j become collinear. Parameterizing the energies as
E; = zEp and E; = (1 — z) Ep and using that the measurement function is collinear safe,

d—2
/dgm+1 :/ dz[2(1 — 2)]¢ 3/d5 E (3.20)

Note the presence of the additional factor of E}iD_Q.
The above equations imply that in the limit where ¢ and j become collinear, the product

we find

of hard and soft-collinear functions before the angular integrations take the form

[ { %mm{g}) Wansi(fuh Q) — [ dzls1 -2
o (3.21)

x [den 2 (Sp({pisps}) Hn({2)) Winl{2}, Qo) SP! (i p})) -

Recall that, as explained after (2.7), the quantity YW acts on both the amplitude and the
conjugate amplitude in the hard function, i.e. half of the Wilson lines in W act on the
left-hand side of .

Explicit expressions for the tree-level splitting amplitudes can be found in (12)—(15)
of [24]. We use the fact that the product Ho W is independent of the colors and spins of
partons ¢ and j to carry out the associated sums in (...). Then it is possible to rewrite the
result as a sum over color and spin of the parent parton P

(SP({pi,p;}) Hon Wan SP! ({pi: pj})) = 470451125; e (2 (Hm Wi ), (3.22)
where s;; = 2E% 2(1 — 2)n; - nj. The scale i is related to the scale p in the MS scale
through ji2 = €7# /(47)u®. We find the spin averages of the squared splitting amplitudes,
which are commonly referred to as splitting functions P;; ;. p. Note that the product (3.21)
will be integrated over (m + 1) directions. When one integrates over the direction nj, one
encounters a collinear singularity

/[de] L _ 1 o= i/[d(zj] 5(ni —ny) + O(e). (3.23)

ng - nj 2€
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We should thus view the splitting function as a distribution that produces a singularity
when integrating over the direction n;. The remaining angular integration over the direction
of parton ¢ can then be reinterpreted as the integration over the direction of the parent
parton so that we are then left with the integral over the m directions relevant for the
parent hard function H.,,.

To proceed we now perform the integrals over z. In the integrand, we have the
spin-averaged splitting functions, which can be found in egs. (14) —(17) of [57], and are
given by
1+ 22
11—z

—e(1-2),

Pngqu(z) = Pg+t7Hi(Z) = Pqugeq(l - z),

Pqugeq(Z) = PtHgHi(Z) =CF

_ 3.24
Potgeg(2) = Pgrqeyg(2) = TF |1 — 2z§1__€,2)} ) ( )
Pytgeg(z) =2Cx + 1=z +2z(1 - 2)] .
1-2 z
Combining (3.21) and (3.22) yields the integrals
1 o 1 1 3
a0 27 3 (Prsges(2) + Porgeale) = Co (~2 = 5) 400, (329)

and
[ 220 = 217 3 (Pargcs(a) + 2 Paraeal®) + Pataral) )
4 (3.26)
=Cy (—1 — 1;) +%TF7’L]‘+O(€),

where we have averaged over the splittings ¢ + g < ¢ and g + ¢ < g which are both part
of the same (m + 1)-parton configuration. The same is true for ¢ + ¢ < g and ¢+ ¢ < g.
Since the integral is symmetric under z — 1 — 2z and the two contributions map onto each
other under this transformation, we could instead also simply only consider one of the two
channels. For g + g < g the factor 1/2 on the left-hand side of (3.26) ensures that we do
not over-count identical particles.

Adding the integral over directions and putting things together, we find the following
result for the collinear contribution associated with a parent parton P splitting into collinear
partons ¢ and j:

[ d€mir (Fnr (2D EWansa (2. Q0)
(3.27)

S cus 1 1 P —
W dgmé%_‘_ [CPVQ P (262+Eln2§'p>72‘| <%m({B})®Wm({B},QO)>

Note that we integrate over (m + 1) angles on the left-hand side and over m angles on
the right-hand side. The extra angular integration has been performed to get rid of the
angular d-distribution and sets n; — n; which is identified with the parent parton direction.
Doing so, we observe that the result on the right-hand side is equal and opposite to the one
associated with virtual collinear singularities shown in (3.15) and after we sum over the
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splitting of all parent partons P, i.e. over all the (m — 2) final-state partons in the hard
function H,,, we find that the collinear singularities associated with final-state partons
exactly cancel.

Next, let us consider case (ii) where a final-state parton becomes collinear to an initial-
state parton. We can infer this splitting from time-like result (3.22) by crossing one of the
final-state momenta to the initial state. For concreteness, let us study the case where leg 1
becomes collinear to leg j by crossing p; — —p1. We also need to take into account the
difference in kinematics. The final-state collinear splittings describe the process P — p; + pj,
where in the collinear limit p; = z P. For the initial-state splitting, we instead consider
p; — P+ p; with P = £ p; in the collinear limit, which implies that we should substitute
z — 1/€ in the time-like splitting functions in (3.22).# The result is that for a space-like
splitting p1 — P + pj, with P = {p; in the collinear limit, the trace in (3.21) evaluates to

2
(—s15)

where P1_,p(§) are the unregularized DGLAP splitting functions. In contrast to the time-

—

(SP({p1,9;}) Hin Wi SP' ({p1,0})) = dmarsji* “Pp(E)(Hn W),  (3.28)

782%

like case, it is customary to only indicate the incoming parton 1 and the parton P entering
the hard scattering. The radiated collinear parton j can be inferred from fermion flavor
conservation. The extra factor of 1/£ in (3.28) compared to the time-like case (3.22) will
correct the flux factor in the cross section to one relevant for the scattering of the incoming
parton P since sps = £s19.

Performing the crossing carefully and taking into account that the average factors (2.2)
change between the left- and right-hand side of (3.28) if parton P and 1 are different,
one finds that P1,p(§) = Pp4j1(§), ie. the one-loop functional form of the DGLAP
kernels is identical to the one which arises in the time-like splitting (3.24) for the given
partonic channel.

Let us now analyze the integration measure of the hard function in the collinear
limit. We parameterize the energy of the final-state collinear particle as E; = F1(1 —§) =
Ep(1—¢£)/¢ and rewrite the hard function as a hard function for the process with initial-state
parton P instead 1 and without the final-state parton j. The denominator in (3.28) is
s1; = —2E%n; - nj (1 —&)/€2. Inserting these expressions, one would naively rewrite the
contribution from (m + 1) partons as

Jdener (Fnaa () Wina ({2, Qo)

W % (251)26 /01 at <1€—§>26 Prop() ny %nj /dEm <%m({£}) Wi ({n}, QO)> ’
(3.29)

To obtain the collinear divergence, we first extract the divergence of the angular integral

~_—

using (3.23). The splitting kernels P,,, and P,_,4 also have a soft divergence when £ — 1.
This divergence is regularized by the d-dimensional energy integral which yields a factor of

4At higher orders, careful analytic continuation is needed to correctly reproduce the complex phases in
the amplitude when performing the crossing p; — —p1 [24]. We work at tree level.
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Figure 3. In the limit where the initial-state parton 1 and the final-state parton j become collinear,
the hard functions factorize, but in contrast to the final-state collinear limit depicted in figure 2, the
soft Wilson lines associated with 1 and j do not combine.

(1 — £)7%¢ in the integrand. We can isolate the divergence using the relation

(1—¢) %= +O(e). (3.30)

+

-9+ |

1

2e

Doing so leads to the following result for the collinearly divergent part
[ 41 (o (2D Wi (2}, Qo.v1,22))

/ dg[cl 5050-6) (3 T g ) =2 Prop(©)] dm—ny) (331
< [ 4w (Funl (o) Win ({0} Qus1.22))

1

where P71, p(£) are the splitting function from which the soft singularity has been subtracted
using (3.30). After adding the collinearly singular terms (3.15) arising in the virtual part, we
would find that the soft 4 collinear pieces would cancel and we would recover the standard
MS DGLAP kernels.

However, in the above derivation there is a subtle mistake. In our argument based on
crossing, we have implicitly used relations (3.17) and (3.18) to combine Wilson lines and
simplify the color structure, but in the space-like limit 1 || j the Wilson line S; is associated
with an incoming particle, while S; describes emissions from an outgoing line, see figure 3.
These two Wilson lines do not combine into a single outgoing Wilson line even if their
direction np is the same. In terms of Feynman diagrams the difference between the two
Wilson lines is the sign of the ¢0 prescription in the associated light-cone direction, which is
of course directly related to the Glauber effects (3.6) we investigate in this paper. Since
we are unable to use (3.18), the color generators associated with the emission cannot be
commuted through the W, 1 function, which remains in the original (m + 1)-parton space.
Let us denote the color matrix associated with the splitting amplitude Sp(p1,p;) by Ci-p.
Since the color structure of the splitting amplitudes cannot be simplified with (3.18), the
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Figure 4. Color structures Ci_, p for different collinear splittings. In the first three cases, the
color structure is given by the color generator associated with the quark-gluon vertex, appropriately
contracted with the hard function. In the last case, the color structure is given by the SU(N.)
structure constant. The first and last example can be written as T} in the color space formalism,
where a is the color index of the emitted collinear gluon.

corrected version of (3.31) then reads

i (Fna () Wansa ({2}, Q. 1,22)

1 1

1 Q " 9
s cusp _ L 1 s 2 o
0y /o e [CWO =6 <2e2 T 2E1> 1P~ PHP(@] d(n1—mn;)  (3.32)

X /dé’m <C1_>Pﬁm({ﬁ})CJ{_>p Wm+1({ﬂ},Q07$1,$2)>-

The matrix C1_, p connects the colors of the three partons involved in the splitting and maps
from the m-parton space with momenta {p} = {P,p2,...,0j—1,Pj+1;--->Pm+1} before the
splitting to the (m + 1)-parton space with directions {i} = {ni,na,..., N1} after the
splitting. We have normalized these matrices to unity for trivial W,,,+1 =1

¢l ,Cip=1. (3.33)

For the ¢ — q or g — g splittings, the matrix C;_,p describes the emission of an additional
collinear gluon, which can be described in the color-space formalism. With our normalization,
we have 1
CipHmCl_ p=Hn c; TrioTrn. (3.34)
The subscripts L, R indicate on which side the color generator multiplies the hard function.
For the soft terms proportional to §(1 — &), the normalization factor C'p simply cancels the
Casimir in the prefactor.
After this discussion, we can now present the result for the full anomalous dimension,
including both the soft part and the collinear pieces associated with the initial-state collinear
singularities. At the one-loop order, we split the anomalous dimension into a soft part and

a sum of purely collinear terms
T(6,6) =6(1-&)5(1 - &) TP+ TT (&) 6(1 — &) +6(1 - &) T (&) (3.35)

To separate the soft + collinear parts from the purely collinear ones, we introduce a reference

scale up ~ V3 and split
1 14 Kh,
| =In— +1 )
n2Ei nuh+ n2Ei (3.36)
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for i = 1,2. The large logarithms In #ih are included with the soft anomalous dimension
' = T%(up, 1) and the remaining O(1) terms are included in T'{'. In the partonic center-
of-mass frame 2F; = 2F, = v/§ so that the extra term is absent for the choice Lh ~ NG
which we adopted in our previous paper [36]. In the laboratory frame, we have instead
2F, = x14/s and 2FE3 = x94/s. To obtain the cross section, the hard functions H,, and
the soft-collinear functions W, 41 are integrated over the momentum fractions. The above
anomalous dimension multiplies these functions in the sense of Mellin convolutions over &;
and &». Since the soft part has trivial dependence on the momentum fractions, we have
suppressed this dependence in [36].

The real and virtual pieces of the purely collinear part I‘ZC of the one-loop anomalous-
dimension matrix (2.13) are given by

V(&) =2 (76—Ci’75u8p In 2/%) 6(1-8&),

R{ (&) =2 (277z‘—>P (&)—Civg PéipIn 2% o(1 —&)) CiprClyppd(ni—ni),

(3.37)

where the L and R subscript indicate how the color matrices act on the hard function. Note
that the collinear real-emission operator has different channels 1 — P. For example, Rqo
acts on hard functions with initial state P, which could be a quark or gluon, and produces a
new hard function with initial-state quark. With the default choice s, ~ v/3 the logarithms
in the collinear anomalous dimension operators evaluate (modulo a sign) to the rapidity
difference between the lab and the partonic center-of-mass frame. After convolution with
the PDFs, this is an order one logarithm. Furthermore, for channels in which the two
initial-state partons transform in the same color representation, the logarithms immediately
cancel for the default scale choice, as is evident from (3.12).

It is interesting that the hard evolution is not driven by the usual DGLAP kernels but
by a real part that has a non-trivial color structure and a color-diagonal virtual part. Only
if the color structure of the soft-collinear functions Wy, 41 is such that the color structure
of the real emissions trivializes, the two parts will combine into the standard MS kernels.
For the same reason also the soft + collinear pieces do not cancel out, which will lead to
double-logarithmic terms in the evolution, the SLLs.

The soft piece I'Y of the anomalous dimension can be split into the following parts [36]

2

V=V, + Vit Y vemE
=12 Hh

(3.38)

2
RS =Rn+ > Rt
i=1,2 Hh

The entries R,, and V,, are the collinearly subtracted real and virtual corrections, and
V& contains the Glauber phases. We have shown that final-state collinear singularities
cancel between the real and virtual pieces so that we are left with the initial-state soft-
collinear terms R and V;°. Let us explicitly list the three ingredients. The wide-angle soft
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Hm Vm = Z . + .
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Hm Evn = Z ]
(i5)

Figure 5. Action of the real-emission operator R,, and the virtual piece V,, on a hard function
H,,. Due to the emitted gluon (green line), the product H.,, R,, defines a hard function with
(m + 1) external legs.

emissions read

Vin=2> (Tir-Tjr+Tir-Tjg) / dQLL(:k) WZ ;

(i7) (3.39)

R,=-4) T,1oTjg WZ Ohard (1) -
(i)

The angular integral in the virtual terms V,,, could be carried out using (3.13), but it is
convenient to keep it to make real-virtual cancellations manifest. The real emission piece,
on the other hand, generates a new parton along direction nj and the corresponding angular
integration can only be carried out at the end. The Glauber terms are given by

VY = 2iry"™P (T - Tor, — Tip-ToR), (3.40)
and the coefficients of the cusp logarithms are

V= 01,

. cusp (3.41)
R =—v, T, oT;ro(ng —n;).

The action of the different parts of the soft anomalous dimension on the hard function #.,,
is depicted in figures 5 and 6.

4 Color traces for the leading double-logarithmic terms

To extract the logarithmically-enhanced terms, we will now compute the evolution (2.15)
order by order. To do so, we will start with the lowest multiplicity hard function for the
given process and multiply by powers of T'!. We will first evaluate the color structure
of these products and then perform the relevant p-integrals. In evaluating the products,
we keep in mind the simple multiplicity matrix structure, namely that the real-emission
contributions (R,,, RS and RY) add an extra leg to a given hard function, while the virtual
pieces (Vy,, Vi€, V& and VZC) keep the number of legs the same. To streamline the notation,
we will no longer write out the multiplicity indices on the anomalous dimensions and the
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Figure 6. Action of the cusp operator R§ and the virtual piece V& on a hard function H.,,. The
operator R§ adds an additional final-state leg (dashed blue line) along the direction of the incoming
parton 1.

hard and soft functions. In multiplicity space, the hard functions are vectors which we
indicate by the notation H. The Born-level hard function only contains a lowest-order
entry, Ho,nr = (Hoyar,0,0,...). We also combine the real and virtual pieces of the soft
anomalous dimension into the matrix notation

re= Z Yo P [Ci1 =T, o Ty g 6(ng, — ni)]
i=1,2
VY = 2iny"™P (T), - Tor — Tir - Tor),

= —k —k
T =23 (Lo Tiw+ TrTon) | 2 Wiy =43 T 0 T Wy Onavalme).
(i5) (i5)

(4.1)
As in (2.11) and (2.15), these are matrices in multiplicity space that multiply the hard
function from the right and the order of the matrices determines the order in which they
act on the hard function. At the same time, they contain color matrices that can act on
the amplitude or the conjugate amplitude in each step, i.e. multiply the color indices of
the hard function on the left or on the right. The vector ny in (4.1) corresponds to the
direction of the emitted gluon. Each emission generates a new vector and in a product of
anomalous dimensions we will label the vectors with an index ny, with £ = 0,1, ..., where
£ = 0 is the last emission, £ = 1 the second to last, and so on.

Three properties of the different components of the anomalous dimension (4.1) greatly
simplify our calculations. Color coherence, the fact that the sum of the soft emissions off
two collinear partons has the same effect as a single soft emission off the parent parton,
implies that

HIT =HTTC, (4.2)

in other words they commute when multiplying a hard function H
[T, T] = 0. (4.3)

To derive this relation, we note that the contributions R,, and V,, only depend on the sum
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of colors if two partons ¢ and j become collinear, e.g.
Tir TopWix + Tz - TisWiy, = (Tip + Tjz) - T, p Wi (4.4)

because the associated dipoles are identical if the particles are collinear. Then one uses the
property (3.19) to transform the sum of the color generators of the collinear partons into
the color generator of the parent parton. Next, the cyclicity of the trace ensures that

HT®1)=0, (HVP®1) =0. (4.5)

The first relation is a consequence of collinear safety: the singularity associated with a
collinear real emission cancels against the one in the associated virtual correction. The
second equation describes a cancellation of complex phases between the amplitude and
its conjugate. The three properties hold for an arbitrary hard function # obtained, for
example, from the lowest-order hard function Ho_, s after applying the one-loop anomalous
dimension several times.

To get the leading SLLs at a given order, we want to maximize the number of insertions
"¢, but the properties (4.5) imply that we need a factor of VT at the end of the evolution,
otherwise the I' immediately vanish. The insertion of this Glauber phase breaks color
coherence [23-26]. To get a real, non-vanishing contribution to the cross section a second
insertion of V¢ is needed on top of this, while all remaining insertions can be due to
double-logarithmic I'® terms. Based on these considerations we concluded in [36] that the
leading SLLs arise from the color traces

Crn = (Hosy (T VE(T)" " VET ® 1), (4.6)

where 0 < r < n. The additional p < n collinear gluons, which can be emitted from the
n insertions of I'“, will be labeled by indices k1, ..., k, (reading the insertions of I'® from
right to left) and the final wide-angle gluon emission will have direction vector ny,. Our
normalization of the hard functions is such that their trace is equal to the contribution of
the given partonic channel to the Born-level cross section, i.e.

<H2—>M & 1> = 5’2—>M . (47)

Note that for a given M, there are several partonic channels 1 +2 — 3+ .-+ 4+ (2 +
M) contributing. As explained earlier, we suppress the channel indices to keep the
notation compact.

The symbol o in the real-emission terms of the I' and T generates an additional gluon.
There are two cases, where the associated color sum can be evaluated. First of all, if the
rest of the color structure does not act on the color index of the additional gluon, it can
immediately be summed over

TiroTir = Tz'(,lL iC,LR' (4.8)

Secondly, if the remaining color structure only contains a single color generator T, associated
with the emitted gluon ky, we can insert the explicit form of the generator and sum

E7L ° E7R Tk?[ = 7,(,1L I-ZL?R (_Zbea) ° (4’9)

Here and below, a sum over repeated color indices is implied.
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The symbol ® in (4.6) includes, in particular, integrations over the directions ny, of
the emitted collinear gluons, which simply has the effect of replacing 6(nx —n;) — 1 in the
expression for I'¢. It also includes an integration over the direction ny,, which has the effect
( ko)

of adding an integral [ in front of the second term in T'. The trivial consequences of
these angular 1ntegrat10ns are a result of the fact that the low-energy matrix elements W,,
are proportional to the trivial color structure 1 in lowest order, see (2.16).

So far, we have only considered the different pieces of the soft anomalous dimension,
but let us also briefly discuss the purely collinear part. Combining real and virtual as in

the soft case
T (&) = y { (27)1—)P(£1) —Ciyg PIn (1 ) 57:P) S(nk —ni) Co,pClp

| (4.10)
-2 (% - €™ In E)Ml—@wm

we find that also the purely collinear anomalous dimension commutes with the wide-
angle emissions

HIC ()T =HTT(&). (4.11)

As for (4.2), this property follows from (4.4) and (3.19). Furthermore, when inserted in the
last step one can perform the color sum over the emitted parton, after which the real and
virtual parts combine into the usual DGLAP kernels

(HIF () 1) = (Ho 1) Piop(E). (4.12)

Here the soft-collinear cusp pieces have cancelled out between the real and virtual terms. As
mentioned above, this will no longer be the case beyond the leading order due to Glauber
phases in the low-energy matrix elements. Compared to the contributions C,.,, contributions
involving the collinear anomalous dimension involve fewer powers of logarithms at a given
order and we will not discuss them further in this paper, but it is interesting that in the
presence of Glauber phases the collinear evolution becomes more complicated than the one
associated with the DGLAP equations.

5 Iterated scale integrals and resummation

Expanding the path-ordered exponential in (2.14) one generates the ordered product (2.15)
of integrals over the anomalous dimension. The leading double-logarithmic terms in this
series result from the iteration of the soft anomalous dimension T'¥ in (3.35), which in turn
consists of the three elements given in (4.1). For these terms the Mellin convolutions are
trivial, and we obtain the iterated integral

Hh d,u1 Hh dMQ Hh dMn
/ / -/ 5 (s fin) - TSy i) T o). (5.1)
ni

Hn—1 n

To obtain the series of SLLs one picks out the different components of the anomalous
dimension (T'¢, V& or T') corresponding to the color traces in (4.6). This leads to the
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iterated integral

Iz Iz
zm(uh,us):/ hd#lasw/ hdpn as(pz)

o b AT Sy ope 4w
% /“hd,u?) as(ps3) In i% L /Mh dpin—ri2 Os(fn—ri2) In N?L—r—m
pe M3 4 :U%L Mn—rt+1 Hn—r42 4m M}%
% /Mh dpin—r+3 0s(fin—r13)
Pn—ri2 Hn—r+3 4
y /Hh ditn—r+4 Os(fn—r+3) In M%fr+4 ___/“h dpiny3 as(finys) In /’L3L+3 _
Pn—rt3 Hn—r44 4m T3 pntz Hnt3 4m I

(5.2)
The integrals in the second and fourth line of this expression result from the (n —r) and r
insertions of I'“ in (4.6), respectively.
From (2.1), (2.15) and (2.16), we find that in leading double-logarithmic approximation
the cross section for a 2 — M jet process can be written in the form

Ogg%\/[(QO) = Z /da;l /d«rQ fl(‘rl,,uls) f2(x27ﬂs) Z Z Irn(ﬂhvﬂs) Crn, (53)

i€{q.q.9} n=0r=0

with pp, ~ v/§ and ps ~ Qp. Note that the color traces depend on the partonic channels
contributing to the Born-level 2 — M scattering process, C,,, = &TJ{ 2H3+'“+(2+M), but this
dependence is implicit in our notation. The formula for the cross section includes a sum
over all contributing partonic channels, and i = 1,2,...(2+ M) refers to any of the partons

involved in the process.

5.1 Evaluation of the iterated integrals

In the strict leading double-logarithmic approximation, the running of the coupling can be
neglected in (5.2), because this is a single-logarithmic effect. Then the above expression
simplifies to [36]

] = ()" G ()

no running - < 47 (2’/2 + 3)' 4qr (r') Us

(5.4)

We will see that the scale ambiguity under variations of [ is significant because the coupling
as(f) enters with a large power. To estimate the corresponding uncertainty, we will vary
the reference scale i in the interval between pg and pp.

The ambiguity in the choice of i can be avoided if we evaluate the ordered integrals
including the scale dependence of the running QCD coupling. At leading order, we use

JIa
"

v Ar B 2 oy T
) Bo Ja, (5.5)
bndy as(v) | v 1 47 Ldx
/ — 11172:_77/7(1_%)7
v o AT 2Bo Boas(pn) Ja, @
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where x,, = as(up)/as(p), and fy is the one-loop coefficient of the QCD S-function. We
then obtain
1 n+3
Lon(pns pis) = < )

1 i ] /1dwl dzs
250 BOO[S<,“}L) zs L1 Jxy T2

td ! dxp ! oy
X/ﬁ(l—l'gg)"'/ u(l_%_m)/ @n-r+3

2 .’L'3 n—r+1 xn_7'+2 n—r+2 mn—’r-{—?) (56)

1 dx,— L q
% / ALn—ria (1 —2zp—rta) / In+3 (1= 2pi3)
X X

n—r+3 xn_7=+4 n+2 $n+3

“(m)

where x5 = as(pun)/as(ps) < 1. These iterated integrals generate simple functions hy,, ()

—4m n
50045(/%)] (@),

containing logarithms and polynomials. For the calculation of the super-leading terms up
to five-loop order one needs

In3z
hOU(x) = _Ta
In‘z  In?
hlg(:c):%—¥—(2+x)lnx—3+3x,
In*z Inz Inz
hii(z) = 1 + G + 5 +Inz+1-—=x,
hao () = ln5$+ln3x+<5+>n2:ﬁ+ 1 5 22 | 21+ +5x2
208 = 7090 T 6 47%) 9 RN e T T
In°z In*zx In’z 3 In2z 11 39 22
ha(@) = =50 ~ 21 ~ g +<_2+$)2_<4+2x>lnx_8+5x_8’
In°z In*z Inz In’z

2
hoo(z) = — + +(2+x)lnx+?22xf6. (5.7)

zl—ﬁoas ln@

- as(lu's) 27 s (5'8)

and expanding the result to O(a?"*3). We will find that the numerical results obtained
using the expression (5.6) are close to the results obtained from the simpler form (5.4) with
the intermediate scale choice it = \/pup jts- The simpler form is, however, more convenient
for performing the all-order resummation of the leading double logarithms.

It is straightforward to include the effects of the two-loop cusp anomalous dimension
and two-loop S-function in this analysis, which eventually would be necessary to extend our
calculation to a systematic analysis in leading order of RG-improved perturbation theory.
This is accomplished by replacing

Ldz Ldz as(pn) [ (P Y1 B Inz
/yl‘(l—l’)—)/y :L‘(l—.%’){l—i- - [<VSUSP_&)>$+B()H

+} (5.9)
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for all “cusp terms” generating double logarithms in (5.6), and

Ldx Ldw as(un) (K0 B 1
— = — |1 - | —4+... 5.10
/y x /y x [ Ll WP B ) x * (5.10)

for the two Glauber terms. In the approximation where one works with a fixed coupling

as(i1), as in (5.4), one would obtain

- : _\n+2
Lo ) _ (CM)n—i—d - P as (i) n (—=4)"n!  (2r)! 1n2n+3(uh>
M o suning W A | e sl w )y n)

(5.11)
To approximately take this effect into account in our numerical results presented in section 7,
we will simply replace

- 7P as(i) -
as(ﬂ) — |1+ Cusp as(ﬂ) (5.12)
Yo a7

in the fixed-order results. For the results obtained using a running coupling, we will
multiply the integrals I,,, in (5.6) with the same factor to the (3 + n)-th power evaluated at
i = v/QQo, to avoid reevaluating the integrals in (5.6) according to (5.9). Numerically this
has the effect of increasing the running coupling by about six percent.

5.2 Resummation and asymptotic behavior of the super-leading logarithms

We will derive an exact, closed-form expression for the color traces C,, for an arbitrary
2 — M process in section 6. While the resulting expressions for specific partonic channels
can be lengthy, we find that in all cases the dependence on r and n can be factorized in the
general form

6
Con = (8 N [k:o b0+ > ki vf} , (5.13)
i=1
with ’ySuSP = 4 and process-dependent coefficients k; and parameters
1 3N.+2 2(N.£1)
=5 =1 = =—_— 5.14
U1 2 5 V2 ) V3,4 2NC y V5,6 Nc ) < )

where v3 and v5 correspond to the plus signs. These v; arise as eigenvalues of I'¢ acting
on the space of color structures, see section 6. Neglecting the running of the coupling, as
is formally permitted at strict double-logarithmic accuracy, we derived in (5.4) a simple
expression for the integrals I,,. Using this expression and the power-like dependence of
Cin, on r, we find that the SLL contribution to the partonic cross section is given by the

double sum

o n —\\ 3 6
. as(#)\" 1 4
U%}M - z%)z;) ITn(th Ms) Crn = ( 4; )> 6 In® (;) {k(] Eﬁ(w) + Z ki Z(Uiaw>] )
n=0r= S =1
(5.15)

w = NeQs(B) 1o <’Z) (5.16)

where
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encodes the double-logarithmic dependence, and all relevant sums can be expressed in terms
of the functions

oo sl L (1 o > (5.17)
g w" = 12, = —w .
~ 27’L+3 21472 P 727 ’

and

"3lnl (2r)!
7 n 1
ZZ 2n+3 oyt (5.18)

n=0r=0

which satisfy ¥o(w) = 3(0,w) and are normalized such that
Y0(0) = 3(v,0) =1. (5.19)

For small values w < 1, one finds the Taylor series

v 4w? v 32

Notice that the expansion of each (v, w) function in powers of w generates an alternating-
sign perturbative series. This important fact can be traced back to the sign of the cusp
logarithm in the soft anomalous dimension (3.38).

Setting n = m 4+ r, we can extend the sum over r to infinity. Rewriting the factorials
as Pochhammer symbols (z),, = I'(z + n)/I'(z), we obtain the representation

1 i —w)™ (—vw)"
Yy >+T%<2)r< )" (—ow) (5.21)

m=0r=0 (2)m+r< mlr!

which shows that the sum is a Kampé de Fériet function®

1:1l
5 .
2,3 ;

[

Y(v,w) = 1+1F2+0( —w, —vw) : (5.22)
The arguments in the upper line indicate the Pochhammer symbols in the numerator, and
the lower line corresponds to the ones in the denominator. A useful integral representation
of ¥(v,w) can be obtained by first performing the sum over r in (5.21) in terms of a
hypergeometric function, then using an integral representation for this function, and finally
performing the sum over m in terms of the error function erf(y). We find

o 2 Jreri(y(a))
Y(v,w) _/0 dx NG lyz(x) - @) )

(5.23)

with y(x \/w 1+ (v —1)z). For the special case v = 1, it follows that

Y (w) =2(1,w) = 3 M. (5.24)

w 2w3/?

®We thank B. Ananthanarayan and Souvik Bera for pointing this out.
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Figure 7. Plot of the function X (v, w) for the largest parameter vs and the smallest non-zero value
v1. The full result is shown as a solid line. The red dotted lines show the perturbative expansion up

to the eighth order in w. The blue dashed line is the large-w asymptotics shown in (5.27).

It is possible to carry out the integral in (5.23) and obtain a representation in terms of the

Owen T-function, which has an implementation in MATHEMATICA. We obtain

Vow v (5.25)

lzw(ﬁz, ﬂ) _Vrzef(Vow) | ymeVerf(z)

B, w) = Qz?/ﬁ z
+merf (vw) erf(z) + 2 arccos (%) — 77} ,

with z = /(v — 1 + ie)w, where the ic prescription is needed for the analytic continuation

tov < 1.
It will be useful to derive the asymptotic behavior of the function ¥(v,w) in the limit

w — oo. For ¥o(w) we find from (5.17)

So(w) = % (In(4w) + e - 2) + 4%2 +Ow3). (5.26)

For the general case v # 0, we can derive the asymptotic behavior from (5.23), finding

(0, w) = Jarctan (vo —1) 37 L O ?). (5.97)
Vu—T1w 24/v w3/?

Note that the limits v — 0 and w — oo do not commute, and hence one does not
recover (5.26) from (5.27). It is interesting to contrast the asymptotic form of ¥ (v, w) and
Yo(w) to the standard double-logarithmic behavior, which in the variable w translates
to e~ " where the coefficient ¢ of the double logarithm depends on the process under
consideration. The standard behavior leads to the exponential Sudakov suppression. The
suppression is much weaker for the SLLs. We will come back to this after we analyze the

color traces for a few simple processes.
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Figure 8. Behavior of the functions X (v, w) for different values of v corresponding to the eigenvalues
in (5.14). Darker colors correspond to larger values of v.

The functional form of ¥(v,w) for two different values of v is illustrated in figure 7,
where we also show the perturbative expansion up to the eighth order in w (dotted lines) and
the asymptotic form (5.27) (dashed line). Note that in the phenomenologically interesting
region w 2 1 the convergence of the Taylor series (5.20) is slow. In figure 8 we show
the functions (v, w) for all relevant eigenvalues v;. We observe that the shape is fairly
universal. As discussed in section 7, this induces cancellations that strongly reduce the
super-leading effects in 2 — 0 and 2 — 1 processes, for which the results can be expressed
in terms of differences of ¥ (v;, w) functions belonging to different eigenvalues.

6 Evaluation of the color traces

The second relation in (4.5) implies that we can replace the last two color operators under
the color trace in (4.6) by their commutator [V'“ T'. Introducing the abbreviation

H = Hop (L) VE (@)™, (6.1)
we find after a straightforward calculation
H[VET] =167 fare »_ (01 — bia)
,J

X {[(T{IT5’1’3¢+1}¢T{ZT£’)H+%(TngT;+1}¢TfT2b)} /dQ(nko)ko

47 Wij

a C C a Tk
—2 (TP Ty HTS + TP HTL 1) W @hard(nko)}. (6.2)

Note that one of the two indices in the sum over i and j in T must be equal to 1 or 2,
corresponding to an attachment of the emitted soft gluon (with index kg) on one of the
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initial-state partons, while the second index can be arbitrary. When the above result is
inserted under the color trace in (4.6), we can use the cyclicity of the trace to move all color
generators to the right-hand side of ‘H, and the symbol ® implies that we must integrate
over the direction ny, of the emitted gluon. We obtain

(HVOT®1) = —32nfue > (H (TP T Tf + T TP TY) )
49 ’) (6.3)
ng, =k 7k
X /TO (le) - W2§) Gveto(nk0)7

where Oyeto(nk,) = 1 — Onard(nk, ), and we have used the fact that WZ = 0 by definition.
The right-hand side still contains the integrals over the directions of the up to (M + n)
remaining partons in H, but for brevity we omit the symbol ® 1 here and below. It is
not difficult to show that the color trace on the right-hand side of this relation vanishes if
j = 1,2 refers to one of the initial-state partons. We thus obtain

(HVET ®1) = —64nfape > Jj (HT{ TETY), (6.4)
7>2

where we have defined

gi= [ B (1w ) Do) (6.5)

The fact that the angular integration is now restricted to the region outside the jets allows us
to replace the subtracted dipoles WZ defined in (3.3) with the original, unsubtracted ones.
Already at this stage, we observe that all information about the phase-space restrictions
on the direction of the emitted gluon kg is contained in the angular integrals J;. If the
gluon is emitted from one of the hard final-state partons present in the Born process, then
n; is equal to the direction of that parton. If instead the gluon is radiated off one of the
gluons collinear to the beam, which can be obtained from any of the insertions of I'¢ in
the structure H defined in (6.1), then its direction n; is equal to ny or ny. In this case, we
encounter the integral

41

Jio=Jo = —Ji = / W O veto () (6.6)

Overall, there are thus (M +1) independent kinematic structures J; for a 2 — M jet process.

Given the result (6.4), we will now successively evaluate the effects of the various
insertions of I'* and V& contained in the original structure # in (6.1), working from right
to left.

6.1 First set of insertions of I'¢

We first evaluate the action of the right-most factor of I'® in the hard function H in (6.1)
on the result shown above, assuming that (n — r) > 1 (otherwise this step is skipped).
We obtain

(HTVOT@L) = —2567 fape D J; > (RO TP T T —H T, 0T, g T TE TS, (6.7)
j>2 =12
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where now
H = Hop (D) VE (@)1 (6.8)

contains one insertion of I'¢ less than before. For the term involving the o symbol in (6.7)
we need to distinguish the two cases where parton j coincides with the collinear gluon k;
emitted from the explicit factor I'¢, or where it is one of the remaining partons. Using the
definition of the o symbol shown in (4.9), we find

S LHT Lo TR TP TITE) = 3 M TAT T TETA) — ifepa Ji, (HTE TR TS TH),
i>2 j>2

(6.9)
where the prime on the sum in the first term means that j # k;. After summing over
1= 1,2, we find that the last term on the right-hand side vanishes after contraction with
fave- Physically, this means that the (virtual or real) gluon emitted by the insertion of T'
does not attach to the collinear gluon emitted by the insertion of I'°. To arrive at this
result, we have used the identity

N
JaaBfoBc feca = 5 fabe - (6.10)

Considering the first term in (6.9), our strategy is to move the color generator T;A that
sits next to ‘H all the way to the right, where it multiplies the second insertion of TiA to
produce a factor Cj, yielding a contribution which cancels the first term on the right-hand
side of (6.7). The only leftover contributions are those from the commutator terms, and
we obtain
(HTVET ®1) = —641 (4N) fare > Jj (HTL T TS). (6.11)
j>2

Surprisingly, we find that the insertion of I' has the effect of reproducing the previous
structure (6.4) up to an overall color factor (4N.), combined with the restriction that the
sum over j no longer contains the collinear gluon k;.

We can repeat this argument for the remaining (n — r — 1) insertions of I'“ on the
right-hand side of (6.8), finding

(HT)"TVET @1) = —64r (AN fupe > T3 (H TP TETY), (6.12)
j>2
where now
H =Hop () VE, (6.13)

The prime on the sum over j now means that this sum does not include any of the collinear
gluons emitted from the (n—r) insertions of I'“. Importantly, however, the sum does include
the collinear emissions of the remaining r insertions of I'® still contained in the structure #
in (6.13).

6.2 Insertion of the second Glauber phase

A more complicated structure arises when one applies the second insertion of V& to
expression (6.12). After some algebra making use of the group-theory identity (6.10), we
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find

(HVE @) " "VOTe1)
_ 2 n—r - a b e d _ ma b e d (614)
= 2567 (ANe)"™" fate feae Ty (H (T ATY TEY T = TETY, T} T))

3>2

where now

H = Hoy (T°) . (6.15)

The result involves anti-commutators of color generators, which in general cannot be
simplified using the Lie algebra of SU(NV,).

As a side remark, let us mention that if particles 1 and 2 transform in the fundamental
or anti-fundamental representation of SU(N,), one can use the relation (for i = 1,2)

1
{fl"'i“?fl'%b} = ﬁ&zbl + o; dabcT%Ca (6.16)
C
where o; = 1 for an initial-state anti-quark and o; = —1 for an initial-state quark, to

eliminate the anti-commutators. The d-symbol appearing on the right-hand side is totally
symmetric in its indices. The result (6.14) can then be simplified by means of the identity

N,
Jave fede (Tza {T1b7 Tlc} ,I‘]d - Tla {Tva TQC} 11]d> = (Tl - TQ) ’ I‘J - 76 (01 - 02) dabe ,1-11(11—121)1—;'C :

(6.17)
Based on this observation, we have shown in [36] that in this case, the color traces evaluate
to (only for particles 1 and 2 in the (anti-)fundamental representation)

M+2

n T‘NC a C
C'Tn:_QS*TTr2 (4NC) { Z Jj <%2~>M l:(Tl—TQ)'T'j—Q 7(0'1_0-2)dabcT1 TQbT']:|>
=3
—2(1=60) J12 (Hons [Cr 1+(2’”—1)T1-T2}>}. (6.18)

In the following, we will generalize this simple result to the general case, where particles 1
or 2 (or both) do not transform in the (anti-)fundamental representation.

6.3 Remaining insertions of I'“

When one applies the right-most factor of I'® in (6.15) to the color structure shown in (6.14),
additional structures are generated. In the following discussion, we assume that r > 1,
otherwise this step is skipped. As in (6.9), we need to distinguish between the terms in
the sum where j is equal to the collinear gluon emitted by the new insertion of I', and
the remaining terms where j labels a different parton. Contrary to the discussion following
relation (6.9), we find that the contribution where j = k,,_,; refers to the new collinear
gluon does not vanish. Instead, it produces a term involving the angular integral Ji2 defined
in (6.6), because the collinear gluon moves in the direction of either particle 1 or particle 2.
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After some algebra, we arrive at the result
<7‘t T VG (FC)n—r VGT ® 1>
n—r / a c a c
= 25672 (AN2)"" fape Fode {Z J; [6Ne (1 (Tg (T}, T} T — T T2, T5) 1Y)

§>2

- 4fBbg fC’cg <% <T2a {Tle Tlc} 1—1]d - Tla {T2B7 TQC} T’jd) >}
NC a C
+ 4J12 7<’HT2 {lele}(Tfl—TQCl»
+anngdg <HT2A{T1va1€}T2D>_fBbngd9 <HT2a{TlBaT16}T1D>

— foeg fpag (TS {TY, TEYTP) 4+ (1 2)} } . (6.19)

The primed sum over j now includes only the final-state partons contained in the resid-

ual structure

H =Hoy o (T) L (6.20)

Note the important fact that in each term on the right-hand side the number of color
generators is still four, as in (6.14). In the terms under the sum over j, the original color
structure is reproduced times a factor 6/V., and a second, analogous structure is generated,
which involves four rather than two f-symbols. The contribution proportional to Ji2 has a
more complicated form since it contains color structures in which three generators act on
the same initial-state parton.

In the result (6.19) we encounter products of four f-symbols, which can be simplified
using the notation

(F*)pe = —ifabe (6.21)

for the generators in the adjoint representation of SU(N,) and noting the trace relations [58]

Tr (FOF®) = N. by,
N,

Tr (FOFF°) = 7 i fabe » (6.22)

1 N,
Tr (FanFCFd) = 5ad 6bc + 5 (5ab 6cd + 6ac 6bd) + I (fade fbce + dade dbce) )

the second of which is equivalent to (6.10). Next, we use the symmetry properties of the
anti-commutators and define the symbols

1
Fészd -5 (fabEdee+facefbde)’ ( )
6.23

N — DN

1 N,
F(léyl():d - Tr (Fa{Fba FC}Fd) = 5ad 6bc + 5 (5ab 5cd + 5ac 6bd) + Z dadedbce ’

a
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both of which are symmetric in the index pairs (b, c) and (a,d). The result (6.19) can then
be recast in the form

(HTVE @) " VEiT©1)

e (4 {2 [0+ P G (1 (T T — (1 2)

7>2
Ne 2 4
— 4 [ P+ | (15 (rh Ty (T + (06 2
(6.24)
Note that the structure F é;lgd can be generated from F ggd using the relation
4 2
iy = —Fove foee Fapoa - (6.25)

Let us now explore what happens when we pull out additional insertions of I'® from
the structure H and apply them to the color structures in (6.24). We will first discuss
the structures under the sum over j and then focus on the new structures multiplying Jio.
Naively, one would expect that at least in these latter structures the number of generators
acting on particle 1 or 2 is increased by one under each insertion of I'. Fortunately, we will
find that group theory is kind here and this is actually not the case.

Color traces under the sum over j

Considering the terms under the sum over j, we observe that the trace over color structures
is the same as in (6.14). The effect of the insertion of I' is simply to replace the coefficient
according to
2 ) (4)
Fabea = ONeFgpeq +4F 0 - (6.26)

a

This pattern repeats itself when we apply additional insertions of I'“. In the next step, we
find the replacement rule

ONe Fypoy + 4F g — ONe [6NeFlgoy + 4F3,0| +4 [6NEly)y +4F5), |
(6.27)
=36N2F2) 4+ 48N, F 4+ 16FC) |
where
inl?gd = —[Be foce Fé?od : (6.28)

This would seem to generate increasingly complicated tensor structures, but using the

explicit form of F élﬂd in (6.23) we find that this is, in fact, not the case. Instead, we obtain

Fif,’}ld = Féfﬁd — Nebad Ope — ]\g dade dpce - (6.29)
To arrive at this result, we have defined the matrices
(D")pe = dape (6.30)
and used the trace relation [58]
Tr (FYF°D°) = N? dabe - (6.31)
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Generalizing relation (6.29) to higher orders leads to

n n 1 (N\"H!
Fgii = F 4+ (N Suaie = 5 () duedie (6.32)

for all n € N. It follows that any symbol F| ﬁfd) for n > 3 can be reduced to the two symbols
in (6.23) plus terms proportional to d,q 0p. and dyge dpce- In other words, only four color
tensors are generated by successive applications of I'¢, namely

fabe fcde ) dade dbce ) 5ab 6cd ’ 5ad 6bc . (633)

There is no need to symmetrize the first and the third structure in the index pair (b, c)
because the color trace

(H(Tg T, TF T — (145 2))) (6.34)

with which these structures are contracted already has this symmetry.
At this point, we arrive at the result

M+2 4 A
Crn = —256m (4N,)" " [ Z J; Z cgr) (Hoosmr O(])> + terms proportional to Jia| ,
j=3  i=1

i

(6.35)
where the basis operators are defined as
(J) _ a frb ey pd
01 —fabefcdeTQ {T17T1}11j (1<—>2)a
) _ b d
02 = dade dpce T2a {TlaTlc}T‘j - (1 < 2) ) (636)

Of) = BT TV} T) — (15 2),
0Y) =20, Ty - T — 2C, T, - T
They are antisymmetric in the parton indices 1 and 2. From (6.14) it follows that for the
special case where r = 0 we have
AV =5 (6.37)
(s)

7

Applying s insertions of I'“ we generate the right-hand side of (6.35) with coefficients ¢
(We also generate terms proportional to Jj2, which will be discussed below.) Applying I'
one more time, the four structures change to

oY) - 6N, 0 + N.0Y + 40y + 10,
oY) — 4N, 0¥,

oy — 10y + 6N, 0,

o) — 2N, 0f.

(6.38)

The first relation follows from (6.26), and the remaining relations are readily derived by
repeating the derivation of (6.19) from (6.14), after replacing the overall color tensor fupe fede
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Figure 9. Representative diagram depicting a contribution to the color trace C,., relevant for
M = 2 jet production. The soft wide-angle gluon emission mediated by T is shown in green, Glauber
exchanges described by V& are drawn as red dotted lines, and collinear gluon emissions governed
by I'® are represented by the dashed blue lines. The diagram shows a contribution to Cy 19 which
involves r = 4 emissions (light-blue lines) before the first Glauber exchange and (n —r) = 6 emissions
between the two Glauber exchanges (dark-blue lines). The same color trace also gets contributions
involving Glauber exchanges in the conjugate amplitude and wide-angle soft emissions from other
legs of the Born-level hard function.

with dgde dpee, Oab Ocd, and dqq Ope, Tespectively, and making use of the trace relations in (6.22)
and (6.31). The above replacement rules lead to the recurrence relations

Y = 6N, )+ 4c)
cgs“) = N, cgs) + 4N, cés) )

(6.39)
cgsﬂ) = 4053) + 6N, c:(,)s) ,
cl(fH) = 4058) + 2N, cfls) .
Solving this set of equations with the initial conditions in (6.37), we find
) =2 (BN +2)" + (3N, - 2)" ],
Ne+2) | (3N.—2)" (2N,
Cgr) — 2T—2Nc (3 C+ ) + (3 c ) _ ( 20) ’
N.+2 N, —2 N2 _4
(6.40)

&) =2 (BN, +2)" — (BN, - 2)"],
T _ 9\" r+1
) e [(3N0+2) L BNe—2)" 2N 1 |

Ne+1 N.—1 N2-1
()

Figure 9 shows a representative example of the contributions from the operators O;
in (6.35) for the case of a 2 — 2 hard-scattering process. The wide-angle soft gluon emitted
into the gap between the jets must be attached to one of the initial-state partons in the
Born amplitude and one of the final-state partons in the conjugate Born amplitude, or vice
versa. In the evolution from the hard scale to lower scales (inside to out in the figure), the
attachment to the initial-state parton must happen after the second Glauber exchange has

taken place. Only in this case a non-zero SLL contribution is obtained.
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Terms proportional to Jq2

We now return to the terms shown in the last line of (6.24), which using (6.23) can be
expressed in terms of traces of H with the four color structures

fabefcde T2a {T1b7Tlc} (Tld + T2d) + (1 < 2) = fabefcde {T1b¢Tlc} {TQ ) } - C Tl T2 )

Ng—

4
dade Apee TS {TY, TF} (T 4 T8) + (1 45 2) = dage dpee {T7, TE{TS, T + T, - T

+ 2dade dbce [TQG (leTlchd)_i_ + (1 — 2)} s
Ty (T0, TV (TP + TY) + (1 6 2) — {T0, TV} {12, T3}
(201+202— )T1 T,
CiTh- (Ti+Th)+ (1 2)=(C1+Co) Ty - Tr +2C1 Ca 1. (6.41)

On the right-hand side of these equations we have introduced symmetrized products of
color generators whenever more than one generator acts on the same parton. In the second
relation

ai an — Qo (1) %o (n)

(T ... T, = — U%;n T T (6.42)
denotes the symmetrized product of n color generators, where the sum is over all permu-
tations of {1,2,...,n}. To derive the first and second relations we have used the second
trace identity in (6.22) and the relation [58]

1 N2 N
Tr (FanDch) = 5 (5ab 5cd - 5ac 5bd) fade fbce ade dbce (6'43)

), which is the only

The above structures are the “descendants” of the operator Oij
operator present in (6.14). After additional insertions of I'“, one also generates the operators
Ol(j ) With i = 2,3,4 in (6.35). Repeating the analysis for these structures, we find that O(] )
has no descendants, Oéj ) gives rise to the first and third structures in (6.41), and Ofl 7 leads
to the fourth structure. In the analysis for O(‘7 ) we need the trace relation (6.43).

It remains to work out what happens if we apply I'“ to these four structures themselves,
which happens as soon as we act with another insertion of I' on the structures shown in
the last line of (6.24). In essence, this maps

S; —4 Z (Cl S; — T;A S; T‘ZA) (6.44)
i=1,2
for each of the four structures in (6.41). After some lengthy algebra, we find that the set of
linearly independent color structures must be generalized to

S1 = fave fede {TL, TEY (TS, T3
Sy = dudedpee (TP, T{} {T3, T8}
SS = dadedbce [T2a (leTlchd)_i_ + (1 AN 2)} ;

R R (6.45)
Sy = {Tlle}{T27T2}7
Ss=T-T5,
Se=1,
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Figure 10. Representative diagram depicting a contribution to the color trace C,.,, in which the
wide-angle soft gluon connects to a collinear gluon emitted from one of the initial-state partons. The
meaning of the colors is the same as in figure 9.

which are symmetric in the parton indices 1 and 2. In other words, the linear combinations
of the different structures in each line of (6.41) are broken up in their substructures. With
this generalization, we obtain the mappings

S1 —8N.S1 +2N.Ss + 88, +32C1Cy Sg,

Sg — 4Nc SQ R
53 — 4Nc 53 R
(6.46)
Sy — 881 +8N.Sy,
55 — 4N, S5 R
S¢ — 0,
as well as '
0 - N.(28) + 85 +283) + 48,
N. (N?+38
+16 Cl+CQ—(2Z+) S5 +16C1Cs S,
Oéj) 50, (6.47)
OY) 48, + 2N, S, + 4N, (Cy + Cy — N,) S5,
OY) — —AN, (Cy + C3) S5 — 8N, C1C, S .
Therefore, most remarkably, the basis {S;} closes under repeated application of I'“.
Master formula for the color traces
At this point, we obtain the final result
M2 4 . 6
Crn = =2567° (4N)" " | S0 3 3 & (Hosnr O — J12 37 d) (Hosr 81|
j=3 =1 i=1
(6.48)

where the basis operators have been defined in (6.36) and (6.45). It follows from (6.14) that
the coefficients dl(-r) vanish for r = 0. We find that these coefficients obey the recurrence

-39 —



relations
A = Nl 4 4cl) + 8N, d1Y) + 84

dgerl) _N, cgs) 42N, dgs) + 4N, dés) 7

d:())s+1) = 2N, cgs) + 4N, d:(;) )

dit = ael? + 2N, o) + 8y + 8N dfY (6.49)
désﬂ) =4(C1 + Co) [4658) + N Ci(%S) — Ne CELS)}

2N, (N?
_ 2N (Ne +8) - 8 9 anz )+ an.
dgt) =810y 20l - Nocf) +4df?)].

Taking into account the expressions for the coefficients cgs) obtained in (6.40), we find that

the solutions to these relations are
AV =2 [(No+ 1) + (Ne—1)"] =27 [(3N. +2)" + (3N, — 2)" ],

(N, +1)" n (N.—1)" (BN +2)" n (3N, — 2)'}
N+ 2 N.—2 N, +2 N.—2 |’

dg”) _ 237"72NC |: ] o 27"72NC

r r r+1
) oriny |[BNe+2)" | (BN.—2)" (2N
dy =2 NC[ N.+2 | N.-2  N2-4|
dz(lr) —_ 237'71 [(NC 4 1)7" _ (NC — 1)7'] — 27'*1 [(3Nc + 2)T — (3Nc - 2)71} )
; (6.50)
(r) _ or N.+2 T_NC—2 _ 7"_2NC+1
47 = 27 (Cy + C») Nc+1(3NC+2) NC_1(3NC 2) N2 1

1N,
-3
d) =231 Oy [(Ne+ 1)1+ (N, — 1)" 1] (1= 6,0)
(3N. +2)" N (3BN.—2)"  2N;*! ]
N, +1 N.—1 N2—1|

[(Ne+4) (BN, +2)" + (N. — 4) (3N, — 2)" — (2N,)"*'],

— "t O l

Figure 10 shows a representative example of the contributions from the operators S;
in (6.48) for the case of a 2 — 2 hard-scattering process. The wide-angle soft gluon emitted
into the gap between the jets must be attached to one of the final-state partons in the Born
amplitude and one of the collinear gluons emitted from one of the partons 1 or 2 in the
conjugate Born amplitude, or vice versa. The attachment to the initial-state parton must
happen after the second Glauber exchange has taken place, while the attachment to the
collinear gluon must be on a gluon emitted before the first Glauber exchange. Only in this
case a non-zero SLL contribution is obtained.

It is straightforward to express the results for the coefficients cl(r) and dl(r) in terms of
the eigenvalues v; defined in (5.14). We obtain

1.1

i 2
(T) — (4N, T _ Nc r Nc r Nc r
& = @N) s g T N 1) B T Ay =) Y

1 1
o) = (AN |3 05— 5 UZ] ’
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") = (4N,) Névj o+ 2(Ncl+1) 5+ 2(Ncl— 5 vg} , (6.51)
and
d\" = (4N,)" :—;vg— ;UZ-F;U;-F;UE} ,
r N, N, N, N,
& = @0 | s e i
A= (N |- Nj?v - 1T 2(N]:ri 2) 5t 2(NNC— %) }
) = (AN, ——% o + %vz; + %vg _ ;vé} , (6.52)
d") = (4N,)" ]\;2 vl — %(NC A h — %(NC —4) v;;]

\ ON, , Ne+2 ., N.—2 ,
+(4Nc) (01+CQ) |:—JV21'U1+N +1'U3—N 1U4:|,

4N, 4N, 2
d\ oNe, <5, C - r
(AN CiCo| = Ry ot 7 U1~ g v
2 e 2 2
— v v v,
N,-1* N.4+1°% N,—1°F6

Final result in the diagonal basis

Armed with the results (6.51) and (6.52), we can now diagonalize the recursion matrix and
write the result for the color traces in the form

6

Crn = =16 (75" 71)” (" P N)™ S o] (Hoosnr Qi) (6.53)
i=0

where the eigenvalues v; are defined in (5.14) and we included §,9 = 0" via vg = 0 in the
sum. The corresponding eigenoperators are given by

AN,
Q=2 |5z G128
M+2 r
N, ) 2N, 4N,
Q=2 i ‘Ng_lo‘(*ﬁ} e [N3—1(Cl+02)s5 N2 -1 010256]
M+2 - 2 2 2
N; () Ne N
@2 g O e [ e
Miz oy ‘ . A 6.54)
L o0 Ne @ 4 L AW 1 ) (
Q3’4 ZJ] _201 +4(ch:2)02 203 +2(Nc:t1)04
1 N, N, 1
e {2S1+4(Nci2) %AW ey P
N, (N, + 4) N, +2 201 Cy
+<6$(CI+C2) Nci1>S5 Ncils(i}’
1 N, 2010,
— g, | e Gyt
Qs J1o [2514-4(]\[ iy S S4+Nci156},



where the subscripts 3 and 5 (4 and 6) refer to the upper (lower) signs. Note that in our
final formula the ten color traces which appeared in (6.48) have been reduced to only seven
independent color structures @Q;. Along with the operator definitions (6.38) and (6.45),
this represents our final result for the coefficient functions C,,, for particles transforming in
arbitrary representations of SU(N.). The above result is equivalent to formula (6.48) in
which the coefficients C,,, were expressed directly in terms of the operators O; and S;.

In the derivation of these results, the number M of final-state particles has been kept
arbitrary. While in the early literature SLLs have only been discussed in the context
of 2 — 2 hard-scattering processes [23, 27, 28], our formulas can also be applied to the
important cases where there is a single final-state jet (M = 1) or even no final-state jet
(M = 0) [36]. In the latter case, the sums over j in (6.48) and (6.54) are absent, but the
terms proportional to Jj2 remain. The argument that one needs (at least) two colored
particles in the initial state to get a non-trivial effect from Glauber phases can also be
applied to the final-state particles, which explains why 2 — 2 processes have been the focus
of previous studies of SLLs. However, the collinear gluons emitted with each insertion of
I'¢ (after the second insertion of the Glauber phase V&) can provide the additional hard
final-state partons in the cases where M < 2. For M = 1 we need one such emission,
and hence the SLLs will first arise at four-loop order. For M = 0 we need two collinear
emissions, such that the SLLs appear starting at five-loop order. For the simple processes
with M = 0,1 the color traces can be simplified. This will be discussed in section 7.

6.4 Simplification for QCD with quarks and gluons

In QCD, all fields transform either in the (anti-)fundamental or the adjoint representation
of the gauge group. In this case, the master formula (6.48) can be simplified because for
such a particle we can simplify

dade dbce {T;'b7 1—110} Tlid = Rz T‘ia ) (655)
where for quarks and gluons
2
(N2 —4) N2 -4

For the fundamental representation, this relation follows from (6.16). For the adjoint
representation, it follows from the fact that T = F'*, and hence

dpee {T°, T} = 2dp. F*F¢ = N, D® (6.57)
by virtue of relation (6.31). This leads to

N2 —4

dade dpce {’-Tib7 1—ch} T;d = N, dadeDeFd = T P ) (658)
where we have used the relation [58]
N2 -4
Tr (D“DF°) = —5—— ifape. .
T ( ) o, ifab (6.59)
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The structure appearing in (6.55) can be recast in the form

N2 —4
dade dbce {Eba ’I;c} ’I,id - 2dade dbce (T,zb T'z‘CT’id)_i_ + CT ,-Tia . (660)

From this relation, it follows that for particles transforming in the (anti-)fundamental or
the adjoint representation of SU(N,) we can eliminate the structure S5 in (6.45) in favor of
simpler structures. We obtain

S3 = (6.61)

R1+R27N02—4 S
2 6 o

This eliminates the most complicated color structure S3 from the master formula (6.48)
and changes the coefficient of the structure Sy to

r T r | R R N2 -4
d = a0 = dl) + al") 1; o ] (6.62)
Using the solutions in (6.50), we find
7(r) T NC+2 r Nc_2 r 2Ng+1
=2 N.+2)" — N, —2)" —
ds (C1+ C3) Nc+1(3 +2) Nc—l(g ) Ng—l
, N (BN.+2)"  (3N.—2)" (2N (6.63)
+24(RI+R2)[ N+ 2 N.—2  N2—-14

— o % [(Ne+2) (3N +2)" + (Ne — 2) (3N, — 2)" — (2N.)" .

6.5 Initial-state partons in the fundamental representation

The general results (6.48) and (6.53) simplify drastically if particles 1 and 2 transform in the
(anti-)fundamental representation of SU(N.), because we can then use the relation (6.16)
to reduce any symmetric product of color generators to structures involving at most one
generator for each parton. We will now discuss these simplifications in detail. For the basis
color operators OEj ) defined in (6.36), we obtain

N,

h O N2—4
Oé]) - CT (01— 02) dape T{TYTY

; X b (6.64)
oY) = N (T1 — o) - Tj + (01 — 02) dape TY Ty T

; N2 -1
oY) = — S M -T)-T;.
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Moreover, for the non-trivial basis color operators S; in (6.45) we get

N2 -1 N2 —4

S 1 e T - T
S1 N 5 01021 - Ty,
2
N2 -4
ng( CN ) o101 - To,
w2 ¢ N2 —6) (6.65)
N —4)(N*—-6
S3 = ¢ ¢ T, -T:
3 3N02 1 2

N2 -1 N2_4
S e ¢ ]_ ¢ T T .
4 NCQ + N, o102471 - 13

In deriving these results we have used the trace relation (6.31) as well as the identities

N2 —4

N D (6.66)

daab =0, dabcdabd =
It follows that we encounter only the following linear combinations of coefficients,

r 1 r Ng_l T r
cg)—ﬁcé)— i ci):(QNC),

N, N2 -4
¢l 22 4 ) = —om N, (2NL)"

2 TN,
_chV:l "+ vagl d) +d) =20k (1= 6,0) (2N,)" (6.67)
(Ve — 26]2\72 O 0 ) —ar 1) N
N (chvf)zdgﬂ PN,

where we have used that C; = Cy = Cr = (N2 —1)/(2N.). The master formula then takes
the very simple form shown in (6.18) and was first derived in [36].

In the diagonal basis, only the first three operators (associated with the lowest three
eigenvalues vg =0, v; = % and vy = 1) are non-zero, and we find

Qo =2J12CF1,
M+2
Qi=> Jj(T\—T) T;—2J13 (Cr1—T, - T),
=3 (6.68)
M+2 N
Q= > J; (-;) (01— 02) dape TY T T — 2J15Ty - T,
7j=3

Q;=0; i=23,4,5,6.
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7 Numerical results for simple partonic scattering processes

Using color conservation, the master formulas (6.18), (6.48) and (6.53) can be simplified for
scattering processes involving at most two hard final-state partons at Born level (M < 2).
Since these processes are of great phenomenological importance, it is worthwhile to study
these simplifications in some detail and analyze the size of the SLLs for such processes. To this
end, we provide compact expressions for coefficients C,., for different partonic subprocesses
and then plot resummed and order-by-order results for the partonic cross sections.

7.1 Evaluation of the angular integrals

To get numerical results, we need to evaluate the matrix elements of the basic color structures

and the angular integrals which were defined in (6.5) as

Jj = / dQZf:k) (Wlkj - WQkJ) eveto(nk) . (71)

For concreteness, we will consider in the following a veto region y, < yr < yp, where
the rapidity y is defined with respect to the beam directions and particle 1 has rapidity
= +o0o. With this definition of the veto region, the angular integral takes the form

v o Aoy sinh(yx — y;)
Jj = /a d k/ 2 cosh(yx — ;) — cos(ér — ¢j) (7.2)

where y;, and ¢;, are the rapidity and azimuthal angle of the emission and y; and ¢; the
ones of the hard parton along n;. Carrying out the integrations leads to the result

Jj =~ (Yo — va) sign(y; — w) , (7.3)

since the jets cannot be inside the veto region, i.e. y; ¢ (ya,yp). This makes it clear that
the integrals .J; are invariant under boosts along the beam direction and only depend on
the rapidity difference AY = vy, — 4., so that they are the same in the laboratory frame
and the partonic center-of-mass frame.

Below we will consider 2 — M scattering processes with M = 0, 1,2 color-charged
partons in the final state. For the 2 — 0 case, for which all final-state particles are
color-neutral, only the integral

Jig = Jo =AY (7.4)

is relevant. For forward scattering in a 2 — 2 process, the hard final-state particles have
ys > yp and y4 < yq, which yields
J3 =AY, Jy = +AY . (7.5)

For backward scattering, these signs are opposite. Symmetric 2 — 1 scattering channels
such as gg — g and qq — g only involve the integral Ji2, but for the qg — ¢ channel also
the integral J3 arises, with J3 = —AY for forward scattering and the opposite sign for the
backward case.
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7.2 2 — 0 hard-scattering processes

The case where the final state does not contain any color-charged hard partons is particularly
interesting since it applies to phenomenologically relevant processes such as the production
of one or several electroweak bosons (H, v, W*, Z°) via qg scattering or gluon-gluon
fusion. Especially for Higgs and diboson production it is experimentally often necessary to
impose a jet veto to suppress background. Such jet-veto cross sections have been studied
extensively, but so far no analysis has addressed the effects of the SLLs. Without a hard
particle in the final state, the sum over j in (6.48) is absent, and color conservation implies
that Th + 15 = 0.

For the case of qg — 0 scattering, we then immediately obtain from (6.18) the sim-
ple expression

Cron = =5127 Cp (AN)" (1= 2"77) (1 = 6,0) J12 (Hggs0) (7.6)

which vanishes for » = 0, 1. It follows that the super-leading terms start at five-loop order
in this case (n > 2), in accordance with the argument given near the end of section 6.3. It
is instructive to also consider the all-order result for the SLL contribution to the partonic
cross section in the strict double-logarithmic approximation, as given in (5.15). We obtain

4C $\?
GSLL = _&Q(POTF (j‘r) T2 LPAY [2(0,w) - 25 (3,w) + D(1,w)|,  (7.7)

where as; = ag(i), L = In(up/ps), w = Ncafs(ﬁ)[/z from (5.16), and we have used that
according to (4.7) the color trace of the hard function Hqg-0 is equal to the Born-level
cross section G47—0. The condition that the first two terms in the Taylor expansion of the
expression in rectangular brackets must vanish can be formulated as (cf. (5.20))

6 6
k=0, > kv =0, (7.8)
1=0 =0

which is obviously satisfied in the present case.

The analysis is significantly more involved if the initial-state particles do not transform
in the (anti-)fundamental representation of SU(V;). In this case, one needs to simplify the
color structures S; in (6.45) after replacing T — —T7. After a lengthy calculation, using
the relations derived in section 6.4, we find

Crp = 51272 N2 (4N)" " 2" (1 — 6,0) J12 (Hgg—0)

Ne+3 2r—1 r r
x {Nc+1 2271 (Ne+1)" = (3N, +2)" | (79)
NC_3 2r—1 r r 4Ng+1
_Nic_l[z (NC—1)—(3NC—2)}+N3_1},

— 46 —



which also vanishes for » = 0, 1. In this case, the all-order result for the SLL contribution
to the partonic cross section in the strict double-logarithmic approximation is given by

2N, [a\? 8N?2
ASLL ~ c s 213 1
Tgg30 = —0gg—0—— (F ) L AY{ : € [E(O,w) - (5711))}

3 -1
- Rt D) [0,w) - 23 (M52 ) + (NC“vw)}
P [0 22 () + 2 ()}
~ s (%) sr2120 [510.0) 25 (40) +25 ($10) - 5 (5.0)].

(7.10)
where the last relation holds for N. = 3. It can easily be checked that the sum rules (7.8)
are again satisfied.

As discussed in the introduction, due to the appearance of the Glauber phases the
SLL contribution are of subleading order in large- N, counting, which is indicated by the
prefactors Cp = (N2 — 1)/(2N,) and N. (instead of N2) in (7.7) and (7.10). The terms
shown in the last two lines of (7.10) are multiplied by coefficients which appear to upset this
counting. However, as they should, the leading terms cancel out in the relevant combination
of ¥(v,w) functions.

In figure 11 we study the SLL contributions to the total cross sections for ¢g — 0 (top
row) and gg — 0 (bottom row) as a function of the jet-veto scale @ for fixed partonic
center-of-mass energy () = 1TeV and a gap region in rapidity with AY = 2. In both
cases, the right panel shows the individual SLL contributions arising at (3 + n)-th order in
perturbation theory, with the strong coupling as(jz) evaluated at the intermediate scale
i = +/QQy. We use the two-loop running coupling with the normalization as(myz) = 0.118
and include the two-loop cusp anomalous dimension according to relation (5.12). Recall that
the first contributions to 2 — 0 processes arise at five-loop order, corresponding to n = 2.
The gray line shows the all-order sum of the SLL terms. Notice the alternating-sign behavior
of the perturbative series, which is a general feature of the SLLs. For gqg — 0 scattering, the
individual contributions are rather small, reaching at most 1% at Qg = 10 GeV. The five-
and six-loop terms (n = 2, 3) give the biggest contributions but cancel each other to a large
extent. For gg — 0 scattering, on the other hand, the individual contributions are larger by
more than an order of magnitude, with the biggest terms arising at six-, seven- and eight-loop
order (n = 3,4,5). This reflects the well-known fact that the color factors in gluon-initiated
scattering processes are typically much larger than those in quark-initiated processes.

The left panels in the figure show the infinite sum of the SLL terms for three different
choices of the renormalization scale in the running coupling a,(p): the high scale @ = Q
(blue line), the low scale i = Qo (red line), and the intermediate scale i = v/QQ (gray
line). The shaded band between these lines serves as an estimator of the residual scale
ambiguity. The running of the coupling is a single-logarithmic effect, which is beyond the
accuracy of our calculation. Any choice for u between @ and @Qq, the two physical scales of
the cross section, should be considered a valid choice. Yet, it makes sense to obtain a “best
guess” for the appropriate scale by performing the scale integrals using the running coupling
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Figure 11. Numerical results for super-leading contributions to partonic ¢g — 0 scattering (top
row) and gg — 0 scattering (bottom row) as a function of the jet-veto scale Qq, at fixed partonic
center-of-mass energy V3 = Q = 1TeV and for a central rapidity gap with AY = 2. The left plots
show the resummed all-order contribution of the SLLs for three different scale choices in a4(f) (red,
blue and gray lines) and with a running coupling «(u) used inside the scale integrals (black line),
see (5.6). The right plots show the individual contributions at (3 + n)-th order in perturbation
theory (always summed for r < n) obtained with the intermediate scale choice ji = /Q@Qg. The
terms with n = 0,1 vanish for 2 — 0 processes. The gray line depicts the infinite sum over all
contributions and is the same in the left and right panels.
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as(p) in the integrands, as shown in (5.6). In this case we sum up the first 13 terms in the
series (0 < n < 12), corresponding to 15-loop order. The corresponding result is shown by
the black line, which we consider this to be our best estimate of the total contribution of
the SLLs.

In the case of gqg — 0 scattering one finds significant cancellations when summing up
the individual terms obtained at different orders, so that the resummed result is smaller by
roughly a factor of 2 compared with the lowest-order (five-loop) contribution. For gg — 0
scattering, on the other hand, one finds extreme cancellations, and the resummed result is
almost two orders of magnitude smaller than the dominant contributions arising at six- to
eight-loop order. In fact, the cancellations are so strong that the curves in the left-hand
plot belonging to different scale choices cross each other at scales below Q¢ ~ 25 GeV. The
black line in the left plot, which is obtained by summing up the terms up to n = 12, stops
being accurate below Qo ~ 16 GeV (as marked by the dashing), indicating that higher-order
contributions are still important for such low scale choice.

Our results suggest that SLLs play a subdominant role in processes where electroweak
bosons are produced without additional jets. We stress, however, that a careful study of
subleading logarithmic effects will be necessary to corroborate this conclusion. This is left
for future work. We also emphasize that for the gluon case one would be led to a rather
different conclusion if one estimated the SLL contributions using the five-loop result, in
which the super-leading terms first arise. For Qg = 15 GeV, for example, one would then
find a correction to the Born-level cross section of approximately —10%, which is a huge
five-loop effect.

In our analysis of other partonic channels below we observe a similar pattern. The
individual contributions at fixed n, but also the cancellations among them, will always be
larger in gluon-initiated processes compared with quark-initiated ones. Due to the sum
rules in (7.8), the cancellations are strongest for the 2 — 0 processes studied above.

7.3 2 — 1 hard-scattering processes

These processes are also of great phenomenological importance since they include some
benchmark Standard Model reactions such as pp — V + jet or pp — H + jet. In this
case, the sum over j in (6.48) includes only a single term, and color conservation implies
that T3 — —T7 — T5. The relevant partonic scattering reactions are qq¢ — g, g9 — ¢,
q9 — q, and gg — q. Only for the first of these both initial-state particles transform in
the (anti-)fundamental representation of SU(N,). In this case, it is not difficult to show
from (6.18) that the term with j = 3 gives no contribution, and we obtain

1—2-
Crp = 25672 (4N,)" (1 — 6y0) (2"”NC + N> Ji2 (Hggg) - (7.11)

Note that this result vanishes for » = 0, and hence the super-leading terms for gg — ¢
scattering start at four-loop order (n > 1). For the all-order SLL contribution to the
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partonic cross section in the double-logarithmic approximation we obtain

. . 2N, [as\?

Bty = ~O4g-9 5 (W) mLPAY
. (7.12)

x {E(O,w) -3 (4w) - < [3(0,w) = 25 (§,w) + 3(1,w)] } .

In this case only the first sum rule in (7.8) is satisfied, which ensures that the first
contribution to the cross section arises at four-loop order.
The analysis of the remaining partonic channels is again more involved. We obtain

Cpn = 2567 (4N)" " {le [dY) (Hao1 S1) + dS) (a1 So) + d) (Ha1 Su)

n C3 —Cp —C r
+ (8 B0 4 D) ()] (7.13)
, 5 Cs—Cy—C
+ J3 [Cg )(Rl — RQ) +2 (Cg ) + Cgl )) (Cl — 02):| % <7‘t2%1>} s

where the coefficients R; have been defined in (6.56), and the coefficient cfg) has been given
in (6.63). The terms shown in the last line of (7.13) are present only for the mixed channels
q9 — q and gg — q. All coefficients involved vanish for » = 0, so that the super-leading
terms start at four-loop order (n > 1).

It is straightforward to evaluate the relevant color traces for the different partonic
channels. For the case of g4 — ¢ scattering the above expression reduces to the simple
result shown in (7.11). For gg — ¢ scattering, we obtain

Cypn = —256m% (4N,)"" (1 — 6,0) 2" N,
N, +2)(N, — 3)

(N. — 2)(N. +3) . ;
[ 2(Nc+1) (3Nc+2) 2(Nc_ 1) (3NC 2)
r—1 r—1 6N2+7’
+4"(Ne +3) (Ne + 1) +4"(Ne —3) (Ne — 1) _Ngic_l Ji2 <’H99%g>v
’ (7.14)
as well as
2N, [as\? 6N2
~SLL c (%s 2713 c 1
Ogg=g = ~Ogg—0 5 (W> T L AY {Ncg T [E(O,w) - X (i,wﬂ
(Ne = 2)(Ne + 3) 3N.+2
2N +1) [2(0’“’)_2< 2N, “’ﬂ
(Ne +2)(Ne = 3) 3N.—2
2(Nc _ 1) [E(O,U)) - X ( 2N, 7w)}
Ne+3 2(Ne+1) N.—3 2(N,—1)
- [2(0,w) - 3 (205 w)| - N (30, w) - 3 (252, w)]
A Qs 3 213AY |3 32 1 12 11 12 8
= e\ ) 0T 0w =353 (hw) +52 (F0) + 32 ()|
(7.15)

The SLL contribution to the total cross section for ¢ — g (top row) and gg — g (bottom
row) are shown in figure 12, where the meaning of the curves is the same as before. We

— 50 —



2f —n=0,1,2 1
zzin=3,4,5
— 1t e g
= 'n=6,7,8 :
= .
‘1 P S— n—=
©
~ ,'
; _1_1 4
8
=27 p=+yvQQ 1
—3'| 1 1 1 1
10 20 30 40 50
Qo [Ge\/]
30F —n=0,121
. 20_'\‘\ 22in=3,4,5 ]
< I v B n=6,7,85
£ 04f ]
O
= 0.2r 1
= I
& I
ool —as(Qo)  —as(Q)
; / / as(v/QQo) — as(n)
_0.2—1 1 1 1 1 1 1 1 1 11
2

0 30 40 50 10 20 30 40 50
QQ [Ge\/} Qo [Ge\/]

10

Figure 12. Numerical results for super-leading contributions to partonic ¢qg — g scattering (top
row) and gg — ¢ scattering (bottom row) as a function of the jet-veto scale Qo, at fixed partonic
center-of-mass energy (Q = 1TeV and for a central rapidity gap with AY = 2. The meaning of the
curves is the same as in figure 11. The term with n = 0 vanishes for 2 — 1 processes.

observe a similar pattern as in the case of 2 — 0 scattering, see figure 11, where now the
dominant contributions in perturbation theory arise at four- and five-loop order (n = 1,2)
for q¢ — g and at five-, six-, seven- and eight-loop order (n = 2,3,4,5) for gg — g. The
presence of initial-state gluons leads to larger color factors for gg — g and, therefore, the
individual contributions arising at fixed order in perturbation theory are quite large. The
level of cancellations seen after resumming the infinite series of the SLLs is milder compared
to the 2 — 0 case. As a result, the resummed contribution for ¢g — g amounts to a negative
correction to the Born-level cross section, which can reach a few percent for low values of
Qo, about a factor 3 larger than in the case of ¢q¢ — 0. For gg — ¢ the correction are also
about a factor 3 larger compared to gg — 0 but still remain at the level of a few permille.
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Figure 13. Numerical results for super-leading contributions to partonic gg — ¢ scattering in
forward (top row) and backward scattering (bottom row) as a function of the jet-veto scale Qq, at
fixed partonic center-of-mass energy @@ = 1TeV and for a central rapidity gap with AY = 2. The
meaning of the curves is the same as in figure 11. The term with n = 0 vanishes for 2 — 1 processes.

Finally, for the case of g9 — ¢ (and gg — ¢q) scattering, we find

Crn = —1287% (4N,)" " (1 — 8,0) 2" N,

N.(N: +3)

X { (J12 — Jg) {2(]\%4—1) (3NC -+ 2)7" _

N.(N.—3)
2(N, — 1)

+ (J12 + J3) (2Nc)r - 6J12Ng} <’Hqg%q> .

~52 -

(3N, —

2)" —

N2 +

N2 _

Cc

1
1

s
C

(7.16)



Here the angular integral J3 = FAY contributes, where the upper (lower) sign refers to
forward (backward) scattering. For forward scattering we obtain

2N, (0} 3 4N2—2
~SLL A c s 273 1
Oqg—q = ~0qg—q 3 () L AY{ ¢ {E(O,w) Z( w)}

N2-1 2’
Ne(N.+3) 3N.+2 N.(N.—3) SN, _2
) [E0w) =3 (352 w) [+ e [m0.w) -5 (8 w)}}

=G4y (0‘5)347TQL3AY s, 5 (bu)+ 25 (4w)]}

9—a \ ) 3 3 3 6 )
(7.17)

while for backward scattering
N, [as\3

GSIL = ~Bugq 5 <(jr> 2I3AY [22(0,w) — 3% (%,w) + 2(1,@} . (7.18)

Figure 13 shows the SLL contributions to the total cross sections for the qg — ¢ process
in the case of forward scattering (top row) and backward scattering (bottom row). Even
though the resummed contributions are similar in both cases and reach a few percent
for small values of (g, we observe two crucial differences. First, for forward scattering
the cross section is enhanced by the SLLs, whereas for backward scattering it is reduced.
Secondly, the individual contributions arising at fixed order in perturbation theory show a
very different pattern in the two cases. For forward scattering, they are comparable to the
corrections to gg — g scattering (see the lower panels in figure 12) and quite large, but in
the process of resummation strong cancellations take place. For backward scattering, on
the other hand, the individual contributions are much smaller and the resummed result is
determined to a large extend by the first non-vanishing term (n = 1) in perturbation theory.
This is the first example showing that in general SLLs can affect the differential cross section
for a process in a non-trivial way and do not simply result in an overall K-factor.

7.4 2 — 2 hard-scattering processes

We now proceed to study 2 — 2 partonic scattering processes, for which the color structure
of the SLLs and their dependence on the scattering kinematics is far more complicated.
As we will show, while strong cancellations between the SLLs arising at different orders
in perturbation theory still persist, the effects obtained after resummation turn out to be
significantly larger in these cases, such that they should be included in future precision
calculations of multi-jet LHC cross sections.

We begin with 2 — 2 small-angle scattering, in which case the Born-level scattering
amplitude is dominated by a single Feynman diagram, as shown in figure 14. As a result,
the SLLs give a correction to the Born-level cross section that takes the form of a constant
K-factor, as in the cases of 2 — 0 and 2 — 1 scattering. Using the relation Zle T, =0
implied by color conservation in the master formulas (6.18) and (6.48), or in the equivalent
formula (6.53), we find that the results for the partonic channels gg — ¢g and qg — qg
depend on the three angular integrals Ji2, J3 and Jy, whereas for all other 2 — 2 channels
the last two integrals only enter in the combination (J3 — Jy).
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Figure 14. Tree-level Feynman diagrams dominating in small-angle scattering for the 2 — 2 partonic
scattering processes studied in this paper. The second diagram is only relevant for q¢ — ¢'¢’, if the
initial- and final-state quarks have different flavor. In all other cases the t-channel diagrams dominate.

In figures 15, 16, and 17 we show the SLL contributions to the (anti-)quark-initiated,
gluon-initiated, and quark-gluon-initiated 2 — 2 scattering cross sections, respectively, for
the case of forward scattering. In all cases, the corrections to the Born-level cross section
found after resummation are significant and exceed the 10% level for small values of Qy,
even if the coupling a,(j1) is evaluated at the intermediate scale i = \/Q Qg or if a running
coupling is used. (For the choice i = Qo, the effects are still much larger.) The only
exception is qq — ¢'q scattering, shown in the lower panels in figure 15, for which the SLL
contribution amounts to just a few percent. This can be understood by looking at the result

3
61%311’6’ = 04547 % <C::> m’LPAY

, (7.19)
x {E(O,w) —S(1,w) — 7 [3(0,w) + 2% (§,w) - 32(1,@]} .

By coincidence, this particular 2 — 2 process fulfills the first sum rule in (7.8) and, therefore,
starts at four-loop order, which makes it comparable to the 2 — 1 scattering processes,
see e.g. (7.12). The pattern of the SLL contributions in individual orders of perturbation
theory can differ quite substantially between different channels. For example, in both
qq — gg and gg — qq scattering (figure 16), the three-loop contribution (n = 0) yields the
dominant correction to the cross sections.® In other cases, such as gg — ¢gg and, to a lesser
extent, qg — qg scattering (figure 17), also higher-loop contributions can be very large, and
significant cancellations among them take place, so our resummation formalism is crucial to
obtain reliable results.

Once we leave the kinematic region of small-angle scattering, the calculation of the
SLL terms becomes more complicated. An interesting new feature of 2 — 2 hard-scattering

5Tn the strict sense of the word, these n = 0 terms are not a “super-leading” effect, even though they
result from two Glauber exchanges.
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Figure 15. Numerical results for super-leading contributions to partonic q¢’ — ¢¢’ (top row) and
qq7 — ¢'q (bottom row) small-angle scattering as a function of the jet-veto scale Qq, at fixed partonic
center-of-mass energy (Q = 1TeV and for a central rapidity gap with AY = 2. The meaning of the

curves is the same as in figure 11.

processes is that there are in general several different color configurations which contribute
to a given process. Choosing an orthonormal basis {|Br)} of color configurations, the

amplitudes in a given channel can be decomposed as

(M) =S M 1By, (7.20)
I

where the coefficients ./\/14(1]) are functions of the kinematic invariants. The “unintegrated”

hard function (3.9) can then be represented by a matrix

(Ha)rs = MPMD* (7.21)
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Figure 16. Numerical results for super-leading contributions to partonic ¢¢ — gg (top row) and
99 — qq (bottom row) small-angle scattering as a function of the jet-veto scale Qq, at fixed partonic
center-of-mass energy (Q = 1TeV and for a central rapidity gap with AY = 2. The meaning of the

curves is the same as in figure 11.

The one-loop hard functions for all 2 — 2 parton processes have been compiled in [59].
The authors of [60] have extended these results to two-loop order and also provided a
MATHEMATICA notebook to access the results. Due to the simple kinematics for 2 — 2
scattering in the partonic center-of-mass system, we find from (2.1) and (2.16) that in the
leading-logarithmic approximation the differential cross section is given by

( d(%)g% : (Ha1), (7.22)

dar ~ 1678

where 7 = —£/3 = sin?(0/2).
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Figure 17. Numerical results for super-leading contributions to partonic gg — gg (top row) and
qg — qg (bottom row) small-angle scattering as a function of the jet-veto scale Q, at fixed partonic
center-of-mass energy (Q = 1TeV and for a central rapidity gap with AY = 2. The meaning of the

curves is the same as in figure 11.

In the literature so far, SLLs were analyzed only for processes such as q¢’ — qq’, which
at lowest order only involve a single color structure, shown in the first diagram in figure 14.
To illustrate the interference effects arising in the presence of multiple color structures we
study the process gqg — qq, for which the amplitude receives contributions from two color

structures. They can be can chosen as

1 2 c c
Bl = <{Q}’BI> = ﬁ 50:3012 5044041 ) 82 = <{Q}"82> = ﬁ tagag toz4o¢1 . (723)

These color structures are normalized such that (B7|B;) = d7;. In this basis, the tree-level,
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Figure 18. Numerical results for super-leading contributions to partonic qqg — qq scattering as
a function of the jet rapidity 7, at fixed partonic center-of-mass energy Q = 1TeV and jet-veto
scale Qo = 25 GeV, and for a central rapidity gap with AY = 2 (gray area). The left plot shows the
resummed all-order contribution of the SLLs for three different scale choices in a;(jz) (red, blue and
gray lines) and with a running coupling a,(p) used inside the scale integrals (black line). The right
plot shows the SLL contributions summed up to (3 4+ n)-th order in perturbation theory for different
values of n, obtained with the intermediate scale choice i = +/Q Q.

spin-averaged hard function for the gg — qq process is given by [60]”

1 N
1 Z Hag—qq
spins
/N2=1 [3_3,2 _
B (47Ta )2 20k N, CF(T2 — 9o+ 2) 2c (T 3r -&-l(i\ic-‘rél)r 2)
- N2 | VN2 (7"3—37"2+(Nc+4)7”—2) (N241)rt —dr3 4+ (N2+2No+7)r2 —2(Ne+3)r+2
2 1—7r 2(1—r)2

(7.24)

(Let us note parenthetically that the color space for gg — qg is three-dimensional, while that
for gg — gg is nine-dimensional. The color bases and hard functions for all 2 — 2 processes
can be found in [60].) Not only the hard functions, but also the operators Oz(j ) and S;
are represented by matrices in this basis. The full set of matrices is listed in appendix A,
including a discussion on how to work with color structures that are not normalized. The
off-diagonal elements of these matrices correspond to interference effects, i.e. contributions
in which the color structures in the amplitude and the conjugate amplitude differ. To
obtain the coefficients C;,, in (6.48), one must evaluate the traces of the products of the
hard-function matrix in (7.24) with the operator matrices given in appendix A.

"These authors did not normalize their color structures, and hence they found slightly different entries in

the matrix, see appendix A.
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Due to the matrix structure of the operators, the kinematic dependence of the SLL
contributions differs from that of the Born-level cross section. In figure 18, we show the
SLL corrections to the differential cross section for gqqg — qq scattering, normalized to the
Born-level cross section, for a partonic center-of-mass energy of @@ = 1TeV, a jet-veto scale
Qo = 25GeV, and a central rapidity gap with AY = 2. Instead of the scattering angle
0, we use the rapidity of the jet, n; = Incot(6/2), as the kinematic variable. Because of
the central gap (gray area in the plot), the hard jet must be restricted to |n;| > 1. For
illustrative purposes, however, we also plot our results inside the gap region, even though
the associated integrals J; are only meaningful if the jet is outside this region. The right
plot shows the partial sum of the SLL terms up to order a*" for different values of n,
obtained with the intermediate scale choice 1 = /QQp. The left plot shows the effect of
changing the scale in a4(iz). Even though it is a small effect, the kinematic dependence on
the SLL contributions on the jet rapidity is clearly visible in the two plots.

8 Discussion

In this work, we have developed a full description of the leading double-logarithmic correc-
tions to arbitrary non-global observables at hadron colliders. While the existence of SLLs
had been known since the seminal 2006 paper [23], a systematic all-order understanding of
the subtle quantum effects responsible for the breakdown of color coherence in non-global
observables had been lacking. The insights we have obtained change this situation in both
a qualitative and a quantitative way and raise the hope that it will be possible to develop a
complete theoretical description of such effects.

Yet, much remains to be accomplished before our findings can be turned into accurate
predictions for physical cross sections for a large class of relevant collider processes. The
most pressing challenge is, perhaps, the extension of our results beyond the leading double-
logarithmic approximation. This will be necessary in order to remove the significant O(1)
scale uncertainties seen in our numerical estimates for different partonic scattering processes.
At the technical level, reaching single-logarithmic accuracy will require accounting for arbi-
trarily many insertions of all terms in the one-loop anomalous dimension in (3.35), not just
those enhanced by the cusp logarithm in (3.38). These include, in particular, the collinear
parts in (3.37), which introduce new and non-trivial color structures.® Another important
term is the Glauber-phase operator V&, which gives rise to m2-enhanced contributions to
the cross sections, which for realistic choices of parameters are numerically not much smaller
than the double-logarithmic corrections. The structure of these terms will be discussed
briefly in section 8.1.

Perhaps the most challenging task will be to account for multiple wide-angle soft
emissions, which build up the NGLs in the cross section. In the large- NV, limit, higher-order
insertions of the corresponding operator T' can be computed using Monte Carlo methods [35],
a technique pioneered in [1]. Recently even the subleading NGLs generated by two-loop
contributions to the soft anomalous dimension [21] have been implemented into a parton

8In addition, one needs to account for the two-loop contributions to the cusp anomalous dimension and
the S-function. This is not difficult to implement and has been sketched in (5.9) and (5.10).
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shower [22], along with the one-loop corrections to the hard functions and low-energy matrix
elements [61]. Accounting for SLLs in a Monte Carlo approach will require methods to
compute these terms for N, = 3. As discussed in the introduction, such methods are
currently being developed, and first numerical results are available since a few years [9-15].
However, the Glauber phases have so far only been included in a framework with an
approximate treatment of color [17, 18].

On a more fundamental level, it will be important to understand the asymptotic behavior
of non-global cross sections in a detailed way, in order to include subleading logarithmic
corrections in a systematic way. While the systematics of RG-improved perturbation theory
for standard Sudakov problems is well understood, this is not the case for double-logarithmic
non-global observables, where the resummation of large logarithmic corrections cannot
be simply organized as an expansion in the exponent. This crucial complication will be
discussed in section 8.2.

In order to obtain results relevant for phenomenology it will be necessary to go from the
partonic cross sections studied in this paper to hadronic cross sections, which include a sum
over partonic channels, convolutions with the relevant parton distribution functions, and
realistic cuts. Finally, it will be crucial to understand if the loss of color coherence, which is
responsible for the existence of double-logarithmic corrections to non-global observables,
also leads to a violation of conventional collinear PDF factorization, which is the foundation
for all theoretical predictions of LHC cross sections. The authors of [62] have studied
Glauber exchanges in partonic hard-scattering cross sections and stated that the loss of
coherence extends also to many global observables. To answer the question whether PDF
factorization holds, it is important to study Glauber exchanges involving also spectator
partons. If these are non-vanishing, they amount to multi-parton interactions which violate
factorization. At least for certain observables, such effects indeed seem to be present [63-65].
A phenomenological study of factorization-violating effects due to multi-parton interactions
was performed in the recent paper [66]. A detailed study of these important open issues is
left for future work.

8.1 Glauber series

We have seen that the leading-logarithmic corrections to the cross sections for non-global
observables at hadron colliders form a series of the form

> as \" Qs P 2 fag 5\"
o~ |con (L) + cim <L> (mL) (L ) +...
= s T T s

with L ~ In(Q/Qo) > 1. It requires two insertions of Glauber phases to obtain a double-
logarithmic series, which therefore starts at three-loop order in perturbation theory. It

is possible to generalize the color traces in (4.6) by including a higher (even) number
of insertions of the Glauber operator V&. This generates additional double-logarithmic
contributions at higher orders. Defining the variables

_ Ncas(ﬂ) L2 W — Ncas(ﬂ) 7T2 (82)

s s

w
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we can write the leading logarithms in the presence of an arbitrary number of Glauber
insertions in the form

> o n o o
o~ Z |:CO,n (S L> +cin <S L) w" (wrw) + cop (S L) w"” (www)2 + .. ]
= T T

T
= Z lco,n <S L) + <S L) Z Com wn wﬁ] .
T T
n=0 (=1

For realistic values of parameters, such as @ = 1TeV and Q¢ = 25 GeV, the quantities
w ~ 1.4 and w,; ~ 1.0 both take values of O(1) for our default choice i = VQQo, and
hence the infinite set of terms involving these parameters is expected to give effects which

(8.3)

can be as large as the one-loop prefactor. In other words, the imaginary part of the cusp
logarithm can be numerically of similar order as the real part. Referring to both the real
and imaginary parts as logarithmic terms, we see that the double-logarithmic behavior of
the sum of SLLs starts at three-loop order (n = 0, £ = 1). We refer to the expression shown
in the second line of the above result as the “Glauber series”. We leave a detailed analysis
of the higher-order terms in w, for later work.

8.2 Systematics of the double-logarithmic approximation

It is a difficult open problem to understand the systematics of the resummation of large
double-logarithmic terms for non-global hadron-collider observables. The RG evolution
equation (2.11) is of the Sudakov type, meaning that the anomalous dimension I'¥ contains
“cusp terms”, accompanied by one power of the logarithm In(u?/ u%) and proportional to the
cusp anomalous dimension Yeusp(@ts), as well as “ordinary terms” without such a logarithmic
enhancement. The complication is, of course, that in our case each term in the anomalous
dimension is an operator in color space as well as in the infinite space of parton multiplicities.
Consequently, the path-ordered exponential (2.15) does not give rise to an exponential in
the usual sense.

Conventional counting scheme with a;L = O(1)

If one adopts the conventional counting scheme, where asL = O(1), then the Sudakov
double logarithms asL? ~ 1/a; are formally larger than O(1). In simpler applications
of SCET, the resummation of Sudakov logarithms produces a perturbative series in the
exponent, such that after RG resummation the expression for an observable takes the form

o ~ o0 exp [—as(lmgom) + g1 (s) + s (pin) g2 (zs) + - }

= 0 exp |~ () + (o) | [L ) aa(o) ..

with s = as(un)/as(ps) as in (5.6). The function gg involves the one-loop cusp anomalous

(8.4)

dimension and S-function, g; involves the two-loop cusp anomalous dimension and S-function
and the one-loop coefficients of the remaining terms in the anomalous dimension, and so
on. Keeping only gg in the exponent correctly reproduces the leading double-logarithmic
terms, which are formally larger than O(1), but the term proportional to g; still gives
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rise to a modification of the cross section by an O(1) amount. The next correction term,
proportional to go, can however be treated as a parametrically small correction to the cross
section. For this conclusion, the fact that the exact solution of the RG equation yields a
perturbative expansion in the exponent is crucial. A series expansion of the first term in
the exponential generates arbitrarily many inverse powers of the strong coupling, and in
this expanded form

DI I P |[ gom)rl (91 (@)™ [os(n) g2(z )™, (8.5)

119!
oz mlnalng! L as(un)

it would not seem that the terms involving go give a small correction to the cross section,
since for n3 < ny these contributions are enhanced by inverse powers of o ().

Our problem resembles this latter situation. The integrals I, in (5.6) involve more
and more inverse powers of «; in higher order, but the resummation of these terms does
not produce a simple exponential. In the strict double-logarithmic limit, where one neglects
the running of the coupling, the resummation yields the functions ¥o(w) and X(v;, w)
introduced in (5.17) and (5.22). These correspond to the exponential of the gy term above.
Taking into account that w ~ 1/ay in this counting scheme, it follows from (5.15) that the
SLL contribution to a cross section scales like a;In ag, where the logarithmic enhancement
results from the presence of the function ¥y(w). The problem is that we see no reason to
expect that higher-order terms (for instance, those involving the two-loop cusp anomalous
dimension and S-function, the effects of the running of the coupling, or multiple insertions
of T') give a multiplicative correction to the leading result. Rather, compared with (5.15)
we expect a result of the form

(Oéif))dtlfl(/::) G(w) ~ Goo(w) (8.6)

with some unknown function G(w), whose asymptotic form for w — oo we denote by G (w).
At any fixed order in perturbation theory, this expression features one large logarithm less
than the corresponding expression (5.15) for the SLLs. However, how large this contribution
is after resummation, relative to the sum of the SLLs, depends on the properties of this
function Goo(w). The best one can do in this case is to adopt the same approximation
scheme for the anomalous dimension I'" as in the standard Sudakov case and hope for
the best (i.e., assume that the asymptotic properties of the resummed series of the leading
SLLs are similar to those of the resummed series of subleading SLLs). The series of the
leading double logarithms is then expected to receive corrections of O(1) from subleading
logarithmic effects, like in the Sudakov case. To calculate these effects one would need to use
the two-loop expressions for the cusp anomalous dimension and the S-function, allow for an
arbitrary number of insertions of T as well as V¢, and also include the collinear anomalous
dimensions in (4.10). In addition, one would have to resum the rapidity logarithms in the
low-energy matrix elements W,,. Similar to the case of transverse-momentum resummation,
such logarithms must be present for consistency of the RG equations [48], but their structure
has not been explored so far.
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Counting scheme with asL? = O(1)

The analysis changes if one adopts a counting scheme where asL? = O(1). Then it is
consistent to count as L ~ /g, and hence subleading logarithmic contributions such as that
in (8.6) are parametrically suppressed. Note that, since w = O(1) in this case, the function
G(w) also counts as O(1). In other words, one is not in an asymptotic regime, where this
function could develop a non-trivial behavior. In this counting scheme, the sum of the
leading double-logarithmic corrections presents the parametrically leading contribution to
the cross sections, and subleading logarithmic effects are parametrically suppressed by at
least a factor of /a;. It follows from (5.15) that the SLL contribution to a cross section
3/2

scales like a5’ “, whereas the subleading terms in (8.6) scale like a2

Given that the relevant parameter w = M L? ~ 1.4 for representative values
pr = 1TeV and ps = 25 GeV, it is not clear which counting scheme is more appropriate.
On the one hand, counting w = O(1) seems not unreasonable. On the other hand, we have
found that the scale ambiguity from the choice of j turns out to be an O(1) effect in our

case and does not appear to be suppressed with a factor of \/as ().

9 Conclusions

In this paper, we have presented a factorization formula for non-global hadron-collider
observables. It separates cross sections into hard functions and soft-collinear matrix elements.
We have provided a detailed derivation of the one-loop anomalous dimension that governs
the scale evolution of the hard functions, which forms the basis for the resummation of
large logarithms in these cross sections. In contrast to the case of non-global observables at
lepton colliders, the anomalous dimension contains non-trivial complex phases, which spoil
the cancellation of soft 4 collinear contributions between the real and virtual parts. As a
consequence, the renormalization-group evolution produces double-logarithmic terms, and
even the purely collinear part of the evolution kernel has a non-trivial color structure, in
contrast to the standard DGLAP evolution of parton distribution functions.

The double-logarithmic terms in the cross section are called super-leading logarithms
(SLLs). We have presented general results for the SLL terms arising in arbitrary 2 — M
scattering processes, extending our earlier results for quark-initiated processes reported
in [36]. Our results have been obtained by solving the relevant evolution equations order by
order, after identifying the subset of color traces giving rise to the leading double-logarithmic
effects. We find that the structure of the resulting terms is simple enough that they can be
resummed to all orders and expressed in closed form in terms of Kampé de Fériet functions.
Our results open the door for a full phenomenological analysis of the contributions of
SLLs to some benchmark LHC cross sections. Studying the numerical size of the effects
for a number of partonic channels, we have observed several interesting features. The
SLL terms at different orders in oy alternate in sign, and the individual terms can give
rise to contributions that are much larger than the all-order sum. The same is true for
the pattern of double logarithms arising in the standard Sudakov form factor. What is
quite different in our case is the asymptotic behavior: in the Sudakov regime the cross
section gets an exponential suppression in the double-logarithmic variable w ~ asL?, while
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the SLLs are only suppressed by Inw/w. To find the asymptotic behavior beyond the
double-logarithmic approximation is an interesting open problem. In standard Sudakov
problems, the double-logarithmic terms give rise to a global prefactor in the cross section,
but given the complicated structure of the SLLs this will not be the case here.

For a generic 2 — M partonic process, the Glauber-phase terms first contribute at
third order in perturbation theory, since one needs two insertions of the phase terms and a
soft emission into the veto region to obtain a non-zero result. Once the phases are present,
the first SLL arises at four-loop order. For 2 — 0 and 2 — 1 processes, such as Higgs-boson
production in association with M < 1 jets, the pattern is different. For 2 — 0 parton
scattering, the third- and fourth-order terms vanish and the SLLs start at the level of five
loops. For 2 — 1 processes, the third-order term vanishes. In our all-order result, this
involves a cancellation among terms with similar all-order behavior, and hence we find that
the SLLs are numerically suppressed also in higher orders. No such cancellations are present
if the Born-level hard process involves two or more partons in the final state, which then
generically leads to much larger effects. Another interesting feature that was not discussed
in the literature so far is quantum interference. In general, the SLL effects mix different
color structures in the amplitude, and as a consequence the kinematic dependence of the
effect can be different from the Born-level process, as we have illustrated using qq¢ — qq
scattering as an example.

For 2 — 2 partonic scattering processes, the resummed contribution of the SLLs can
amount to a correction at the level of a few to several tens of percent on the cross sections,
depending on the choice of the variables @) and Q)¢ as well as the scale i used in the
running coupling. The next step should be a full analysis of the dijet gap-between-jets
cross section, including all partonic channels and the interference between different color
configurations. The basic ingredients for this analysis are the 2 — 2 hard functions, given
in terms of color matrices in a basis of the color space of the particular channel. The color
matrices for the 2 — 2 hard functions can be found in the literature, and after evaluating
the basic color structures in the basis of a given partonic channel, the result for the cross
section can be assembled. Such an analysis is interesting and will allow us to realistically
assess the importance of the leading SLLs for the first time, albeit with large perturbative
uncertainties.

While the systematics of the “exponentiation” of SLLs is still an open issue, we expect
that (as in standard Sudakov problems) theoretical predictions obtained in the double-
logarithmic approximation suffer from an O(1) uncertainty. Indeed, already the uncertainty
from choosing the scale in the coupling — which is a single-logarithmic effect — is of this size.
We have included the running of the coupling to 15-th order in the perturbative expansion
of the cross section and find that the effect is similar to evaluating the coupling at the
intermediate scale i = \/Q@Qg. However, to achieve single-logarithmic accuracy all pieces of
the one-loop anomalous dimension in the path-ordered exponential (2.14) should be iterated
to all orders. This includes higher powers of the Glauber terms, additional emissions into
the gap, and iterating the purely collinear part of the anomalous dimension. The additional
emissions into the gap produce a complicated pattern of single-logarithmic non-global
logarithms (NGLs), which interleaves with the double-logarithmic effects of the SLLs. It
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is well known that the numerical impact of the global and non-global single logarithms is
sizeable [35, 67-69]. However, it is an interesting open question how the two effects combine.
Since the NGLs involve successively more complicated angular integrals, it will probably
not be possible to analyze them analytically, but as a first step one could analyze the
two-emission case. To achieve single-logarithmic accuracy, also a better understanding of
the low-energy theory becomes mandatory. The consistency of the RG evolution equations
implies that the low-energy theory must involve large rapidity logarithms due to a collinear
anomaly, which should be resummed as well.

There are many applications and extensions of the effective-theory formalism developed
here. An interesting phenomenological application would be a study of SLLs for Higgs-boson
production in vector-boson fusion, where a central jet veto is used to suppress the QCD
background. Another extension of the formalism be a study of small-radius jets, for which
the non-global structure associated with the jets factors off [30, 31]. However, the SLLs are
associated with radiation along the beams and would still be present. A third interesting
extension are jets at high rapidity, for which the resummation of logarithms associated with
forward scattering would become relevant. The resummation of these logarithms is obtained
from BFKL evolution [70-73] and has been implemented into a dedicated numerical code
in [74-78]. It would clearly be very useful to combine BFKL, NGL, and SLL resummations
in one coherent framework. We look forward to addressing these interesting open questions
in the future and to further develop the theory and phenomenology of non-global observables
at hadron colliders.
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A Operator matrix elements for gqg — qq

Even though it seems natural to choose an orthonormal basis of color structures for
the decomposition of the amplitude in (7.20), as for example in (7.23), it is sometimes
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more convenient to work with just an orthogonal basis {|Cr)} so as to avoid square roots
of normalization factors. One then needs to carefully keep track of those non-trivial
normalization factors, which we write out explicitly in the following. In such a basis, the
“unintegrated” hard function for generic 2 — 2 scattering is given by the matrix

Cr1HalCy) = MO M (crlenese,), (A.1)

and the partonic cross section in (7.22) evaluates to

<d7’>2a2 1675 N1N2 2 Z CI!CI (sl (€s1Cr), (A.2)

spins I,J

with multiplicity factors A; given in (2.2). The normalization factors in the denominator
cancel the ones on the right-hand side of (A.1).

For gq — qq scattering an orthogonal basis could be [60]

G = <{Q}|C1> = 56!302 60{4&1 ) C = <{Q}|CQ> - tggag t34o¢1 ) (A'3)

where (C1|C1) = N2? and (C2|Co) = CpN./2. In this basis the low-energy matrix element
takes the form

N2 0
<CJ|1ICI>=<O CFNC> ; (A.4)
2 JI

and the tree-level, spin-averaged hard function is given by [60]

+ CI ’%qq—mq ‘CJ >
4 (CrCr){CIC)

spins

A5
) 20 C’F(r — 9% 2) 3r2+(Nc+4)r 2 ( )
= (4ma) N2p2 | rP =32 (Netd)r—2 (N2+1)7‘4—47"3+(N2+2Nc+7) —2(Ne+3)r+2
c 1—r Cr (1-r)? IJ
To evaluate the coefficients C,, in (6.48), we also need the matrix representations
09, =loPcyy,  (S),, = (€ilSics) (A.6)
in the color basis (A.3). For the operators Ol(j ) defined in (6.36) we find
) CrN.Jyz [ —2N. 1 SN 00
201‘]]': 2 1 Cp)’ Z:O? i=\oo)
7= 7= (A7)
4 4 )
; Crpdys (2N, —1 G) 2N, —1
oy)J; = 0{)J; = C3N.J



where Jy3 = Jy — J3. The operators (6.45) multiplying the integral J;2 are given by

N3 (Nc2_42
N Sy =Cp ’ 2Nc)2
N.—Y _L(n2y2))’ (Ni;‘*) _ (N2c2];24) ’
N _ 5N, | 4 172
0 fe 50 4 4 2N, L(NZ-4)
S3=Crp | no Oy 2, N, S4:CF< c L2 )
Yot ¥ -0 ok
0 e A
SSZCF<NC _21>7 SGZCF<%F Nc>' (A.8)
2 2 5

We note that the combinations of matrix elements in (A.7) and (A.8) are invariant under
the crossing 3 <+ 4 of the final-state legs. In (A.7) both the integral Jy3 — J34 = —Jy3 and
the color matrix multiplying it pick up sign factors, which compensate in the product.
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