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ABSTRACT: We discuss the construction of the chiral Lagrangian for a light spin-1 boson,
here denoted as X, featuring both vector and axial-vector couplings to light wu, d, s quarks.
Focusing on AS = 1 transitions, we show that there are model-independent tree-level
contributions to K+ — 7+ X sourced by Standard Model charged currents, which receive
an m3 /m% enhancement from the emission of a longitudinally polarized X. This flavour
observable sets the strongest to date model-independent bound on the diagonal axial-vector
couplings of X to u,d, s quarks for mx < mg — my, superseding the bounds arising from
beam-dump and collider searches.
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1 Introduction

The lack of new particles at the LHC may be suggestive of the fact that they are either too
heavy to be directly produced or too weakly coupled to Standard Model (SM) particles.
New Physics (NP) models containing new feebly interacting massive particles with sub-
GeV masses are currently among the most studied NP scenarios both theoretically and
experimentally. Many of these studies were dedicated to the dark photon [1, 2|, a new
massive spin-1 particle which is kinetically mixed with the ordinary photon and that could
act as a portal to a dark sector. Dark photon searches have been conducted by a number of
experiments, including beam-dump [3], fixed-target [4, 5], collider [6-12], as well as meson
decay [13-19] experiments.

Moreover, comprehensive analyses aiming at probing a light spin-1 boson X with
general couplings to quarks and leptons have been also carried out (see e.g. [20-23]). If X is
coupled to SM particles through a non-conserved current, such as the axial-vector current,
processes which are enhanced by the ratio (energy/mx)? of X are generally induced.! The
same happens if X is coupled to a tree-level conserved current which is broken by the chiral
anomaly [28, 29]. These energy-enhanced contributions generally provide the dominant
effects both to the production mechanisms of X in high-energy experiments, as well as to
flavor-changing neutral current processes such as K+ — 7+ X.

The aim of this paper is to revisit the sensitivity to the above NP scenarios of the rare
decay K* — 7 X induced by an underlying s — d quark transition. In order to accomplish

!This effect was first noticed in ref. [24], and several experimental directions were proposed in order
to exploit such an enhancement, including parity-violating effects [25], meson resonances decays [26] and
flavour-violating processes [27].



this task, we will extend previous studies by constructing the most general AS = 1 chiral
Lagrangian up to the order O(p*), which will enable us to account for all of the dominant
effects stemming from weak interactions. Indeed, the lowest-order O(p?) terms of chiral
perturbation theory (xPT) will capture the weak effects to the s — dX transition discussed
in [28, 29] and arising from the one-loop exchange of the W-boson and up-quarks. Instead,
as we will see, weak effects stemming from the AS = 1 four-quark Lagrangian [30], can be
included only by keeping O(p*) terms in YPT. Although subleading in the chiral expansion,
the latter contributions to K* — 7% X arise already at tree level (they can be thought as
arising from initial or final state radiation of X from the external quark legs of the AS =1
effective Lagrangian) and therefore their inclusion appears to be mandatory.

Moreover, the tree-level weak contributions discussed in this work are model-independent
and therefore they represent a general and robust prediction of any ultraviolet (UV) complete
NP model entailing a light spin-1 boson. Instead, the loop-induced effects discussed in [28, 29]
are sensitive to the specific UV completion responsible for the mass generation of X (see
e.g. [31]).

The paper is organised as follows. In Section 2, we will present the general derivation
of the AS =1 chiral Lagrangian, as well as the related Feynman rules for spin-1 bosons
up to the O(p*) order. In Section 3, we will compute the K* — 7% X decay rate in YPT
exploiting the Feynman rules derived in Section 2, comparing our tree-level effects with the
results obtained at one-loop level in [28, 29]. In Section 4, we will discuss our flavour bounds
vs. beam-dump and collider searches as reported in [21, 22]. Section 5 is dedicated to our
conclusions, while more technical details about the construction of the chiral Lagrangian
are deferred to appendix A.

2 AS =1 chiral Lagrangian for spin-1 bosons

The most general Lagrangian describing the lowest-order interactions of a new spin-1
particle X with SM fermions includes both vectorial and axial couplings and, focusing on
the interactions with the lightest quark flavours ¢ = (u,d,s)”, it can be written as

LY = g, X, g7 (xv + T475)q, (2.1)

where g, measures the strength of the universal coupling of X to quarks. The vectorial
and axial charges, xy, 4, are defined in flavour space and include off-diagonal entries in the
2-3 sector.

2.1 Lowest-order chiral Lagrangian

At energies above few GeV, the Lagrangian of eq. (2.1) can be directly employed to analyse
the interactions of X, with quarks. Here, instead we focus on the low-energy range below
the GeV scale, where we can resort to xPT — see e.g. [32, 33]. In order to construct our
XPT in the presence of X, we proceed as follows. Let us consider the massless QCD
Lagrangian with chiral symmetry group G = SU(3)1 x SU(3)g

1 _ A _ A
Lcp = — G Ga” +igy” (% + zgs;A,‘i) qr + iqpY" <8u + zgs;AZ> ar, (2.2)
)T

where ¢ = (u,d, s)" and A\, are the Gell-Mann matrices.



Chiral symmetry-breaking terms (like mass terms or interactions with external gauge
fields other than gluons) can be implemented by introducing appropriate spurions (a,, vy, s, p)

as external source fields [32]. Therefore, the resulting Lagrangian Ea((tJD reads

LD = LYcp + TV (v + awys)g + (s — ipys)q

| (2.3)
= ﬁ%CD + " (2r,Pr + 20, Pr)q +q(s — ipys)q -
where 2r, = v, + a, and 2{,, = v, — a,. Its chiral counterpart is then found to be
2
L3y = 7T (D UTDHU + Uty + XU + 0(p") (2.4)

where U(z) = exp [iAg7a(2)/ fr] (With fr ~ 92MeV) is the mesonic matrix transforming
as U(z) — LU(x)R! under SU(3); x SU(3)r and 7,(z) are the Goldstone boson fields of
SU(3)r x SU(3)r — SU(3)y spontaneous breaking. Moreover, we have defined

DU = 0,U —ir,U + iU/, and X =2By(s+ip). (2.5)

In our model, described by the Lagrangian of eq. (2.1), the covariant derivative D,U reads

DyU = 0,U —ige Xu(QRrU — UQY) (2.6)
where Q% L= Qy £ Q%, while
z, 00 4 0 0
Qv =10 zf 2% and Q4h=10 29 2% (2.7)
0 z3? i 0 x3% a8

Expanding the Lagrangian in (2.4) and keeping only the lowest order terms in the NP
coupling, we find

E;%T D —ig. Xu(xy —ay) (EJWK*KJF—E)“KJFK*) —i X, g0 (2% —af) (8“7r77r+—8“7r+7r7)
+ {—inguac?"/Q (8”K+7T_—8"7r_K+)—|—h.c.] , (2.8)

with the corresponding Feynman rules given in figure 1 (all momenta flow from left to right).

Note that all couplings in eq. (2.8) are of vector type. This is due to the fact that the
matrix element of the axial-vector quark operators in eq. (2.1) vanishes between external
pseudo-scalar meson states. Moreover, in the limit of universal vector couplings, i.e.
xy, = :c%l/ =z, the K"K~ X and 777~ X interaction terms vanish as well, as a result of
the underlying SU(3)y chiral symmetry, while the K7~ X vector coupling still survives as
the flavour-changing current is not conserved.

Moreover, tree-level contributions to AS = 1 processes, such as K* — 7tX, are
generated only if the couplings xy are flavor off-diagonal. Yet, even for flavour-diagonal
couplings, irreducible flavour-violating effects to xy are loop-induced by the exchange of the
W boson and up-quarks (see e.g. [29]). In the following, we will show that weak interactions
provide additional sources of flavour-violation to the AS =1 chiral Lagrangian, already at
tree level, when we include higher-order terms in the momentum expansion corresponding

to four-quark operators.
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Figure 1. Feynman rules for the lowest-order chiral Lagrangian.

2.2 Chiral Lagrangian for weak interactions

In the SM, at energies above the scale of chiral symmetry breaking, AS =1 transitions are
induced by the effective four-fermion Lagrangian [30]

L5771 GZC with GE—?/;V Vi, (2.9)

where

Q1 = 4G vudr) (@), Q2 = 4(3L ’YMUL)(uL’YudL)

Q3 = 4(5LudL) (@ Vuqr), Q4 = 4(57ud )(quqL)

@5 = 4(5L7udL) 3¢ (TrYuaR), Qs = 4(577ud ) @), (2.10)

Q7 =6(SLudL) g €q(TrVudR); Qs = 6(337,d}) > 6q(q%wq3)

Q9 = 6(sLvudrL) > eq(@rVvuar), Q10 =6(3 %’YudL) Z eq(qL’VMQL)
qg=u,d,s, e, =2/3 and eg = e, = —1/3; o and f are colour indices which, if unspecified,

are assumed to be contracted between the two quarks in the same current.
The construction of the chiral counterpart to eq. (2.10) proceeds in two steps:

e In the first step, one constructs the chiral structures describing the product of two
fermionic currents. These structures must possess the same chiral transformation
properties of the corresponding quark currents and are obtained by exploiting the
quark-hadron duality between the Lagrangians of eqs. (2.3) and (2.4). At low energies,
one has

/ DyDGDG,, exp <z / Ay zg%D) _ / DU exp (z / &y ﬁ;’ST) , (2.11)



and taking the functional derivatives of the QCD and the xPT actions with respect
to the external sources one can readily find the chiral counterparts to the various
Dirac structures. For instance, up to order O(p?) one finds

u i 05qcp _ 0Sypr

—i _ b 1 1,
— = — 2 f2(pr === F2IM)

< ;08 0S ) 1
=i op g _ Y2QCD XPT % 2 .. — = £2(ppy ..
dr7Y dr 5(7_ )z - 5(7" )z 2f7T(D uu )]Z 2f7r(R )J“
wJy nJty (212)
i g 0Sqcp 0Sypr Bo o
qr9r = — . = - : =—— [7Uji,
(s —ip)ij (s —ip)ij 2
oo 65, S B
- QCD xPT _ 0 £2/77ty .
QRQL 5(5+ip)ij — 5(8 +ip)ij 2 TI'(U )]“

where in the previous expressions we have defined the chiral currents L, and R,

L,=iU'D,U=-iD,U'U, R,=iUD,U'=—iD,UU". (2.13)

e In the second step, one decomposes the product of quark currents into irreducible
representations of the flavour algebra by defining appropriate projectors. These are
to be applied as well to the chiral realisation of the quark currents in order to obtain
the desired operators in the chiral Lagrangian, classified according to the irreducible
representation of the flavour algebra they belong to (see e.g. [34-36]). Further details
are discussed in appendix A.

After carrying out the program outlined above, we finally reproduce the AS = 1 chiral
Lagrangian of ref. [34], which takes the following simple form

_ 2 1
EeAffS_l =Gf: {927 (Li,QL}f’l + gLi,2L1f73 - gLi,QTf [Lu])> + Qéq Li,le" [LH]

(2.14)
+ gs (Tr AL, L") + €2 gew f2Tr {/\UTQU])} ’

where \ = %()\6 —1i)\7) is responsible for the s — d flavour transition and we have specialised
Q = %diag(2, —1,—1) to be the charge matrix for quarks. Out of the pieces making up
eq. (2.14), the first one transforms in the (271, 1g) representation of the flavour group,
while the second and the third ones transform in the (81,1r) and (81, 8g) representation,
respectively. Clearly, no singlet term can have any effect on AS = 1 transitions. The
coefficients go7, gs, ggg and gew are functions of non-perturbative effective parameters, as
well as of the Wilson coefficients of the weak operators, see eq. (2.9). Their values are found

to be

gs =3.07+0.14 34], (2.15)
g5 =—117+0.37  [37], (2.16)
gar = 0.29 + 0.02 34], (2.17)
Jow = —1.040.3 38]. (2.18)
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Figure 2. Feynman rules for the chiral Lagrangian of weak interactions.

Expanding the Lagrangian of eq. (2.14) and keeping only the contributions relevant for
our analysis, we find
_ 2
L5 §f2927G (28“K+8#7r_ + 9. X, {i@“K+7T_(4xZ — x% — 325 + 22 — 22%)
—ioMn T Kt (42 — 329 — 25 + 22% — 22%) + h.c.D

+ 2298 Gy (2% + 2% + 25) X, {z (8“K+7r_ — 8“7r_K+) + h.c.}
+2f2gsG (8“K+8,m_ + 9. X [i@“Kﬂr‘(:ﬂ% + 25 + 2% — zi)

—iohn T KT (24 4 29 + 2% — 25) + h.c.D +2f1Gegsgew K T,
(2.19)

which includes both a K7 mixing term as well as a flavour-violating K* — 7+ X interaction,
as depicted in the Feynman rules of figure 2.

Note that, if eq. (2.1) contains an explicit source of flavour violation, the latter Feynman
rule has to be supplemented by the last contribution displayed in figure 1.

Differently from the leading-order chiral Lagrangian of eq. (2.8), we are now sensitive
both to x{/ and :pi couplings. Indeed, the hadronic matrix element (K|O;|r), where O;
are the weak operators defined in eq. (2.10), receives contributions from both vector and
axial-vector currents, as there are not symmetry arguments to forbid them. Again, for
universal vector couplings, the KT7~ X interaction vanishes because of the underlying
SU(3)y chiral symmetry.

3 K* - n*X in xPT

In this section we will compute the decay rate of the process K* — 7 X in YPT. Exploiting
the Feynman rules derived in the previous section, we will first analyse the tree-level contri-
butions and then we will compare them with the results obtained at one-loop level in [28].

3.1 Tree-level contribution

At the tree level, the process K* — 7% X is generated by the diagrams in figure 3. The X
boson can be emitted either at the same vertex where the flavour transition takes place
(first diagram) or at a different one. In the latter case (second and third diagrams) weak
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Figure 3. Diagrams generating the tree-level transition K* — 7+X in yPT.

interactions prompt a flavour transition while the leg emission of an X boson occurs at a
different interaction point.

The total amplitude M = Mg + M§ + Mo7 + My receives four independent contri-
butions proportional to gg, ggg , go7 and gew which are given by

Mg = 2f72rg8ng5u(q) [p’f (xfﬁl +ITHt (zd, — xi"}))
my — mz
14 u d m%{ d s
M = 21298 Ggoel(q) (p1 + p2)*(xh + 24 + %) , (3:2)

2f2927G m?
Mar = 0 o ) (4 — 30— oy 2" (ol — )

K — Mg
I d mic d
u S S
2,2 IE d
Mew = =2 7€ g8gew Gz (P1 +p2)”5Z(Q)m27jm2($€/ —zy). (3.4)
K T
On the other hand, the decay rate can be written as
2 1/2
M 2 2 2 2\2
F:L‘ ‘ 1_2<mX—;mTr>+<mX 2m7r> , (35)
2mpg 87w my mi
where the total unpolarised amplitude squared is given by
2
MP = ——22— [(mi—me)? = mi][(m+me)?=m%] |2 (m —m?)
m% (mg —m3)
~20u [ G038~ £2G (93 0 —m2) 'y 40 +2%) 50

2
+§927m%((x€/_55(\i/+2$fl4+2$f4—4$Z)+gsmi(:c€/—a:fl/+xfl4+ggf4+2xff‘)
2
_ §927m72r (x5, —af — 229 — 225 +42Y) — gsm3, (x5, —a — 2% — 25 — 2;&2))

2

Assuming generation universality of the couplings, i.e. a7y, 4 = ar{l/7 A = 7, 4, and taking the
limit mg > mx, m,, one can find the simple expression

2 2
mg (Mg “ 3
I'~ o (mx) G fr|Vus? g2 (2%)? (98 + 49ég> . (3.7)

A few important comments are in order:



Figure 4. Feynman diagrams contributing to the process K* — 7% X at the one-loop level.
e In the limit of universal vector couplings, the decay rate of K* — 7+ X becomes
independent of these couplings as a result of the underlying SU(3)y chiral symmetry.

 The enhancement factor (my/mx)? in eq. (3.7) for small my is conceptually similar
to the enhancement obtained in [28, 29]. This enhancement here is produced by the

longitudinal component of the polarization vector: 3 ¢},(q)en(q) = = + £3°.
X

In order to see where we stand, we write the branching ratio of K* — 77X as

Kt — 7t X)

Kt X))~
BET = 7 X) Kt — ptv)

x B(KT — ptv), (3.8)

where D(K — pv) & mgm? |Vl f7-GE/4m and B(K — puv) ~ 64%. Moreover, we assume
the equality fx = fr which holds in the SU(3) chiral limit. Finally, exploiting the E949
measurement B(K+ — ntvw) = (1.737102) x 10719 [39], we obtain the 20 level constraint
BR(Kt — 77 X) <4 x 10719, As a result, we find the following bound

o S 3% 1070 mX) .
gz S3x10 (O.lGeV , (3.9)

where the charges % and x% are typically expected to be of order one. The above result
will be fully confirmed by the numerical analysis of Section 4.

3.2 One-loop contribution

In this section, we will calculate the one-loop contributions to the flavour-violating process
K* — 7t X. At the quark level, the Feynman diagrams generating the underlying s — d
transition are displayed in figure 4. Notice that these diagrams are sensitive to different
couplings of the X boson to quarks. Summing up all contributions, the full amplitude reads

M = g, a5 €559 (1 —35)d, (3.10)
where
2
off g . w 2 ,u 1 (1 —z; +logz;) w (—14+x; —4)
=" VVia |25 |- +log— — = — A M A
Tsd = Jogq2 VidVis T | TR (6 o8 m? 2 (z; —1)2 T (w; — 1)
N (z +x3) (3 —3z] +2(4x; — 1) logw; 2 b w ]
2 2(z; —1)2 € & 21
(3.11)



T = mf / m%,[, with m; being the mass of the up-type quark running in the loop and we have
defined the chiral charges as x{ /R a:{/ F a:f;. The divergences, originating from the non-
renormalizability of our model, can be interpreted within a hard cutoff regularization scheme
as 2/e + log(u?/m?) = log(A%/m?) where A is the UV cutoff. In specific renormalizable
models, A will be identified with the mass scale of particles belonging to the NP sector
which will provide a UV completion of our model.

In the limit of universal couplings, i.e. :n}‘; A= x”& A = Ty 4, and keeping only the
dominant loop effects stemming from the exchange of the top quark, we obtain

2
g .
w5~ o ViaViswa f (o) (3.12)
where

1 (1 — a4+ logxy)
2 (.’L’t - 1)2

fa) 2 1 og 12 (3.13)
xt) =x¢ |— +log — — .

t t c g m%

The inclusion of the above loop effects in the decay rate of K* — 7+X can be implemented
by the following replacement in eq. (3.6):

32— a3 — o (3.14)

As a result, we can estimate the relative size of loop effects and tree-level ones as

eff
Ted o flm), (3.15)

4g8f7%GIL‘%

where f(z;) is a model-dependent loop function which depends on the specific UV completion
of our effective theory. Therefore, we have learned that loop-effects have a similar size of
tree-level contributions. However, while the former suffer from sizeable uncertainties, the
latter provide a robust model-independent result. Moreover, we also remark that loop and
tree-level contributions generally depend on different couplings and therefore the comparison
in eq. (3.15) is valid only in the universal scenario zy/ 4 = x& A=Y

Although a systematic comparison of tree-level and one-loop results in specific UV
realizations of our simplified model would be very interesting, this study deserves a dedicated
analysis which is beyond the scope of the present work and it will be presented elsewhere.

4 Flavour bounds vs. beam-dump and collider searches

We are ready now to exploit the results derived in the previous section, in order to explore
the capability of the process K* — 7tX to unveil new light vector bosons. We are
going to use the DarkCast package [21, 22], which enables us to derive bounds on vector
and axial couplings of models entailing new spin-1 states by imposing current and future
experimental constraints on several processes. In figure 5, we show the bounds in the
(mx,g.) plane arising from a variety of beam-dump and collider searches [22] as well as
from the flavour changing process K* — 7+ X discussed in this paper. The three plots
refer to the benchmark models dubbed as axial, chiral and 2HDM [22] which differ for the
values of the xy, 4 charges, see table 1.



G N A I W o W I Wl o
Axial 0 /4] 0 0 -1 | —1/4 1 ~1
Chiral -1 0 1 1 -1 0 1 -1

2HDM || 0.044 | 0.05 | 1.021 | 0.015 || —=0.1 | 0.05 | —0.95 | —0.1

Table 1. Charges of the SM fermions under X boson interactions for the models considered in
ref. [22] where, for simplicity, flavor universal couplings have been assumed.

The most relevant bounds from beam-dump and collider searches displayed in figure 5
include data from LEP, BaBar, NA64 and NA48/2. The regions bounded by LEP and BaBar
are those in pink, with the former covering the region from 10 GeV < mx < 100 GeV [40, 41],
while the latter sets the best bounds for mx < 10GeV [42]. The experiment NA64 at
CERN [43] sets constraints in the MeV-GeV range via searches for invisibly decaying
vector bosons. These are radiated by hard bremsstrahlung processes from the reaction
eZ — eZ X and correspond to the “e-brem” region in the plots. The regions corresponding
to the “ u-brem” area represent instead the future sensitivity reach from the experiment
NAG64,, [44, 45]. This will be analogous to NA64, but will look for vector boson emissions
from the process uZ — pZX. Bounds from the pion decay myp — X~y are set by NA48/2 [18].
A more detailed review of the experimental bounds discussed above can be found in [21, 22].

Note that beam-dump and collider constraints are mainly driven by the couplings to
electrons. Hence, the less constrained model turns out to be the 2HDM, since it features
the weakest couplings to electrons (cf. table 1). As discussed in [22], these benchmarks
models highlight different features of vector boson interactions. For instance, the chiral
model corresponds to charging only the right-handed fermions, and thus no interactions
with neutrinos appear at tree level. On the other hand, the axial model does not have
vectorial couplings to quarks and hence the pion decay into a photon and X is forbidden.
Other differences stem from the original charge assignment and are due to the relative size
of the couplings.

The bounds from the process K* — 7= X are obtained by employing the tree-level
prediction of Section 3.1 (barring accidental cancellations with the loop-induced contributions
of eq. (3.11)) and exploiting the measurement of BR(K*+ — ntwvw) = (1.7371:42) x 10710
by the E949 experiment at BNL [39]. In particular, we impose the 20 bound BR(Kt —
7t X) <4 x 1071° Remarkably, in all scenarios of figure 5, the process K+ = 7t X sets
the strongest to date model-independent bound in the (mx, g,) plane for mx < myg — ms.

5 Conclusions

Extensions of the SM entailing new feebly interacting massive particles with sub-GeV
masses are currently among the most studied scenarios of NP. In particular, comprehensive
analyses aiming to probe a light spin-1 boson X featuring general couplings to quarks and
leptons have been carried out in the literature exploiting beam-dump and collider searches.
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Figure 5. The dark shaded area represents the tree-level K* — 7% X bound obtained in this work.
Limits from beam-dump and collider searches are obtained with DarkCast [22] and are shown for
the purpose of comparison for the three benchmark models given in table 1.

— 11 —

OT0(€20C) CTdHHL



In this work, we revisited the flavour constraints to this scenario by means of the rare
decay K* — 7+ X. In particular, we extended previous studies by constructing the most
general AS = 1 chiral Lagrangian as induced by weak interactions up to the order O(p*).

The lowest-order O(p?) terms of our YPT capture the effects to K+ — 7+ X discussed
n [29], which are loop-induced and suppressed by the fifth power of the Cabibbo angle.
Instead, the inclusion of subleading O(p*) terms in the chiral expansion generates K+ —
7+ X already at the tree-level and the related amplitude is only singly Cabibbo suppressed.
As a result, rather surprisingly, the two contributions turn out to be of comparable size,
see eq. (3.15).

However, while the tree-level weak effects discussed in this work are model-independent,
the loop-induced contributions of ref. [29] are instead sensitive to the specific UV completion
accounting for the mass of the spin-1 boson.

In conclusion, we have shown that the process K* — 7=X sets the strongest to
date model-independent bound on the diagonal axial-vector couplings to u,d, s quarks of
a light X with myx < myg — mg, superseding the bounds arising from beam-dump and
collider searches.
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A Detalils of the chiral Lagrangian construction

In this appendix we will provide an extensive derivation of the chiral Lagrangian describing
AS =1 transitions. The operators of eq. (2.10) have the form

EW, LL i .
Log ™" = L) (@ " awy) (@ vuar) , (A.1)
and
EW,LR 85 15l (=i & N .
Leog = [t9R 1 @ an;) @hvuarm) + K2R @ T ;) @ T ar) - (A.2)

Let us first discuss how to identify those combinations of four-quark operators belonging
to irreducible representations of the chiral group [34-36]. From the invariance under the
flavour group U(3)r = U(3)r x U(3)r, we know that the LL currents transform as the
81-dimensional representation of (3®3) ® (3®3) of U(3),, which can be further decomposed
into irreducible symmetric or antisymmetric representations having dimension 1, 8,10, 27.

In particular, one has symmetric-symmetric combinations SS transforming in the
16 8 @ 27 representations and antisymmetric-antisymmetric combinations AA transforming
as 1@ 8 representations. We can disregard the symmetric-antisymmetric and antisymmetric-
symmetric combinations transforming in the 8 & 10 representations because they cannot be
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generated by the operators in (A.1) which are symmetric under the simultaneous exchange
of upper indices with the lower ones, (i, k) <> (7,1). In any case, the particular combinations
of quark currents transforming in each one of these representations can be obtained by
projecting the fundamental structure in (A.1) on the orthonormal basis of irreducible
representations of (3 ® 3) ® (3 ® 3):

{593, ()3, (), (e50)3, (B3, (efo)ds (D) ()4, (e)A) - (A.3)
This task is accomplished by making use of the tensorial product defined as
Ti-To = (T)(T2)5 TN =T N =T eV (A.4)

where we exploited the decomposition 7 = 7,4 e .

Now, the fully symmetric singlet and octet basis elements are

[(e)3]l = o160 + 053], [(eR)3]f] = s i F05 + (AT + ()56 + (X)),

1
2V6 v 2\/

(A.5)
whereas the fully antisymmetric singlet and octet basis elements are

[(en) Al = = (6705 — 81051, [(ed)aliy [(A)F05 = (A)id5 — (A5} + (A")507] -

1
23
(A.6)

The symmetric-symmetric 27-plet basis element is harder to construct and a better strategy

_2\[

is to extract the corresponding component by subtracting from a fully symmetric tensor its
octet and singlet parts, namely

(Tn)s =78 — ()3 — (M5 =T — 75 - (e)s] (e1)§ — (T8 - (D)) (e))3. (A7)

The decomposition of the operators appearing in (A.1) can be easily performed by projecting
the quark currents onto the orthonormal basis elements. Their chiral counterparts are then
simply obtained by projecting the chiral equivalent of quark currents in equation (2.12)
onto the very same basis elements.

LL currents: the fully symmetric and anti-symmetric octet Lagrangian reads

4 .
g™ :af(A)g—g[tL]g,i (Tr (\°Ly,) Tr L* &+ Tr (AL, L") -

(A58 = (X305 £ (A8, + ()50

(A.8)

In principle, one should consider also the structure Tr(A*(UTy + x'U)) along with Tr(A\*L*L,,).
However, these additional structures induce vacuum misalignment effects through Goldstone
tadpoles and can be rotated away by properly redefining the Goldstone fields [34].

The 27-plet Lagrangian term is finally given by

£ar=arr G { [l (IS + (LS = 5 (Tr (LuL)+Tr L, Te L) 550+ 753

5 T LI+ T O LT L) [0+ 0o+ )3+ )56 | (9)

In the expressions (A.8) and (A.9), the parameters ag, aé“ and agy parametrize our ignorance
about the hadronization dynamics and are to be determined experimentally.
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LR currents: since left-handed and right-handed currents transform under different U(3)
groups, these combinations correspond to the product of a 3@ 3 = 1 & 8 representation in
each chiral sector, resulting in four possible different structures transforming as (1r,1g),
(8z,1Rr), (11,8r) and (81,8g). We first identify the associated orthonormal basis

w010k w0t 51 (AL

a a ab (A )g()\b )l
(e 1n)iy =737 (Bpaa)y =76 (elL’SR)g:T’ (et yi = OLYi AR,

8r.8r/1j — 9 ’
(A.10)
which will be then used in order to project the appropriate structure onto the low-energy

operators possessing definite chiral transformation properties. Exploiting the complete-
ness relation

1 1
5Ty = 5il5kj ~ NG i1k (A.11)
we can recast eq. (A.2) in the following form
; 1
EW,LR - _ _
Lo = [ @ a0y) @hvugm) — %[tﬁa]m(qL’Y qri) (TR Vuam) - (A12)
At this point the Fierz identity
@y any) (@hvuar) = —2(Tpar) (@hary) (A.13)

can be used in order to identify the various operators.
The leading order chiral structure that is compatible with an (8z,8g) structure reads
f6

Ls, 5 = 1 (@RUPR + a1 0D AR T ALUTALU) + 0% . (A14)

Instead, the structures transforming as (8, 1r) and (11,8g) are

4
Lyt = fﬁ ()R [tk 1, + ap k2RI {Tr (Ao L W LYADS0F + Tr (Ao Ry RIS (AR

(A.15)
Also in this case the constants adl, add, a% and a}} parametrize our ignorance on the

non-perturbative dynamics related to the hadronlzatlon process.

Combining all above results, one obtains the AS = 1 chiral Lagrangian of eq. (2.14)
where the coefficients go7, gs and geyw are functions of the non-perturbative effective param-
eters a, defined above, as well as of the Wilson coefficients entering egs. (A.1) and (A.2).

As shown in [35, 36], the matching procedure requires to decompose the operators
of eq. (2.9) into operators having well-defined chiral transformation properties under the
flavour group

_ (8,1),1/2 i (27,1),1/2 I @732 1, 81),1/2
Q1= Q + Q SQ + 2@

8.1),1/2 @rn2 L ernsze 1 81),1/2

Qs = 358V 4 QU 2RI - Qi

(8,1),1/2 8,1),1/2
Q3=§Qs ! +§Q; /

O = %Qg%,l),l/Z B %Qf,l),l/Q
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o ey 1 Sernae 1 ennse 1 e
Q9— 10Qs IOQS +2Q5 +2QA
1 1 1 1
010 = 1OQ(8 D2 7062(;7,1),1/2 n 5@5927’1)’3/2 L 5Q(Ag,1),1/2 7 (A.16)

where 1/2 and 3/2 in the superscripts denote the operator isospin properties, while Q4 and
Q10 are the Fierzed counterparts of Q4 and Qq¢:

Qi =4 (5:7"qr) (@ vudr) and  Quo =6 eq(S.9"q0)(qryudr) - (A.17)
q q
Defining
1
Q(27 1) - [Qg7,1),1/2 n 5@ (27,1) 3/2] ’ (A.18)

one can then isolate in each operator the desired chiral structures transforming in the
irreducible representations of the flavour group [46]. Then, such structures can be directly
translated into their yPT counterparts.

As far as the LR operators are concerned, we first need to recast the operators in
eq. (2.10) in a form compatible with eq. (A.2). This is achieved by making use of the
completeness relation

1
557(5&5 = QT&I,YT[% + N705a7555 , (A.lg)
which allows us to rewrite
y - y 1 o
(@7"65,@)) (@ v0asds) = 2T T, qu)(qmuTga%) o — (@ Sy @) (@50 85 G5)

= QQz]kl + Qz]kl

(A.20)
The chiral counterparts of the operators on the right-hand side are well known. Then, from
Co(s
Cs(1Qs(7) + Co(8) Qo) = (05(7) + N(C)>Q55 + 2C6(3)Q (A.21)
and )
Q=@ and  Qr= QUYL QG (A.22)

we can proceed with the matching procedure obtalnlng the following results:
3 3 3
gor = ga27(ﬂ) <Cl +C2+ 50+ 201o> (1)

1
9 = 150 ag (1) (Cy + Co 4 5C3 + 5C4 — Co — Cho) (1) +

1
- ias( p)(Cr — Co+ C5 — Cy + Cy — Cho) (1)

+a{afnle) (Cs+ 52 ) () + 200 Col)}

1
95 = —a$ (1) (C1 + Ca + 5C3 + 5Cy4 — Cy — Cio) () +

10
+ %ag (1) (C1 — Ca+ C5 — Cy + Cy — Cho) ()
g gow = 0 { a3 (0) (O + f\’;jj) (1) + 20 () Cs(1) |
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