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1 Introduction

Since neutrinos are massless within the Standard Model (SM), any explanation of the
non-vanishing neutrino masses determined from neutrino oscillation data must involve new
particles. The most studied scenario in this context is the extension of the SM by right-
handed neutrinos, which reproduces a situation similar to that in the quark and charged
lepton sector, where each left-handed field has a right-handed counterpart. This allows
for Yukawa interactions, which, after electroweak symmetry breaking, give rise to Dirac
mass terms for neutrinos. This minimal extension of the SM, referred to as the νSM [1],
appeals due to its simplicity, however, it is often considered unnatural since extremely
small Yukawa couplings would be necessary to reproduce the observed neutrino masses,
which are at most at the eV scale. Furthermore, the small νSM Yukawa couplings do not
lead to any observable new physics effects in precision observables. Indeed, within the
νSM e.g. charged lepton flavour violating processes suffer from a GIM-like suppression by
the active neutrino masses, leading to branching ratios, which are unobservable [2–8] (e.g.
Br(µ→ eγ) . 10−54 [2]).

A more natural explanation of the smallness of the neutrino masses can be provided
in the presence of heavy neutral leptons [9], in particular by seesaw mechanisms, such at
the type I seesaw [10–14], which assigns large Majorana masses, MR,to the right-handed
neutrinos. In this case, the light neutrinos masses turn out to be proportional toMDM

−1
R MT

D,
where MD denotes the Dirac mass term. Depending on the scale of MR, the type-I seesaw
model can be probed at colliders [15–25], it can be used as a framework for leptogenesis [26–
30] or the right-handed neutrinos can be viewed as dark matter candidates [28, 31–34]. The
discovery potential of the generic type-I seesaw is, however, limited, since the smallness
of the active neutrino masses, as inferred from neutrino oscillation data, excludes sizeable
Yukawa couplings to TeV-scale right-handed neutrinos.

Sizeable Yukawa couplings are admissible if an (approximate) lepton number sym-
metry [16, 35–45] is imposed, which suppresses the Wilson coefficient of the Weinberg
operator [46], and therefore the observed neutrino masses. This strategy is adopted in the
inverse seesaw model [36, 37, 39, 47, 48], therefore we refer to the limit with vanishing active
neutrino masses as the inverse-seesaw limit. In this symmetry-protected type-I seesaw,
admissibly sizeable Yukawa couplings can significantly modify the neutrino couplings to
SM gauge bosons. At tree-level, this leads to effects in processes such as π → `ν, τ → µνν

Z → νν and beta decays [6, 14, 19, 49–76], and at the loop level to effects in ` → `′γ,
`→ 3`′, and Z → `+`− [6, 14, 19, 49–84], which have also been studied in the SM Effective
Field Theory (SMEFT) [43, 46, 78, 81, 85–94].

In this article we perform a comprehensive analysis of charged lepton flavour violation
in the symmetry protected type-I seesaw: we calculate these effects both using exact
diagonalisation of the neutrino mass matrix and by expanding the amplitudes in v2/M2

R,
which corresponds to the seesaw limit. Furthermore, we match the type-I seesaw model
onto the SU(2)L gauge invariant SMEFT, which allows for the use of renormalisation group
improved perturbation theory that resums the large logarithms between the right-handed
neutrino scale and the scale of the physical processes. We state our conventions for the type-I
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seesaw model in section 2. In section 3, we give the 1-loop SMEFT matching conditions
that are relevant for flavour observables, in section 4 we list the fixed-order results for the
flavour observables of interest, before performing our phenomenological analysis in section 5
and concluding section 6. In the appendix we provide results using exact diagonalisation of
the neutrino mass matrix and/or in a general Rξ gauge.

2 Setup

In the most general type-I seesaw setup, the SM is supplemented by n generations of
right-handed neutrinos NR, i.e. by fermions that are singlets under the SM gauge group.
These new fields can have Majorana mass terms, as well as Yukawa-like interactions with
the lepton doublet L = (νL, `L) and the Higgs doublet Φ. In the interaction basis, the
Lagrangian is given by

LN = N̄Ri/∂NR −
(
L̄Y νΦ̃NR + 1

2N̄
c
RMRNR + h.c.

)
, (2.1)

where c stands for charge conjugation and we have suppressed flavour indices for better
readability, i.e. MR is an n× n matrix, that, without loss of generality, can be chosen to be
diagonal and real, Y ν is a 3× n matrix. After electroweak symmetry breaking, the Higgs
doublet acquires a vacuum expectation value of v/

√
2 ≈ 175GeV and takes the form

Φ ≡
(

ϕ+

v+h+iϕ0
√

2

)
, Φ̃ ≡ iσ2Φ∗ =

(
v+h−iϕ0
√

2
−ϕ−

)
, (2.2)

where σ2 is the second Pauli matrix. Electroweak symmetry breaking generates the 3× n
Dirac mass matrix

MD = v√
2
Y ν . (2.3)

We can now write the mass terms resulting from eq. (2.1) as

LN = −1
2
(
ν̄L N̄

c
R

)
Mν

(
νcL
NR

)
+ h.c. , (2.4)

with the mass matrix
Mν =

(
O3 MD

MT
D MR

)
. (2.5)

Next we move to the mass eigenbasis in which Mν is diagonal,

LN = −1
2 n̄

c
RM

diag
ν nR + h.c. , (2.6)

with

Mdiag
ν = V †MνV

∗ ≡
(
ml 0
0 mh

)
. (2.7)

Here V is a unitary (3 + n) × (3 + n) matrix, ml is a 3 × 3 matrix containing the light
neutrino masses, while mh is an n × n matrix with masses of O(MR). Since the light
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neutrinos are mostly composed of the ones within the lepton doublet Li, they are commonly
referred to as active neutrinos, whereas the heavy neutrinos, which are mostly aligned with
the gauge singlets NR, are known as sterile neutrinos. The neutrino mass eigenstates (3+n
vectors) are defined as

nR = V T

(
νcL
NR

)
≡
(
nl
R

nh
R

)
, n̄cR =

(
ν̄L
N̄ c
R

)T
V ≡

(
n̄l,c
R

n̄h,c
R

)T
. (2.8)

In the following, we will consider the seesaw limit v �MR and expand our results in v/MR.
The full results, obtained by exact diagonalisation of the neutrino mass matrix, are given in
appendix C.

In a first step, we block-diagonalise Mν , such that M̃ν = diag
(
m̃l, m̃h

)
, where m̃l is a

3× 3 matrix and m̃h is an n× n matrix in flavour space. At leading order in v/MR, we find

V =

13 − 1
2MDM

−2
R M †D MDM

−1
R

−M−1
R M †D 1n +O

(
v2

M2
R

)+O
(
v3

M3
R

)
, (2.9)

m̃l = −MDM
−1
R MT

D , (2.10)

m̃h = MR +O
(
v2

M2
R

)
. (2.11)

Note that the off-diagonal blocks induce active-sterile mixing, while the correction to
the upper-left block induces (apparent) PMNS unitarity violation. Since our focus will be
on charged lepton flavour violation, to which the active neutrino masses do not contribute
in any observable way, we assume

m̃l ≈ −MDM
−1
R MT

D ≡ 0 , (2.12)

which we will refer to as the inverse seesaw limit [16, 36–39, 42, 78] of the type-I seesaw. In
this scenario, which is also known as the symmetry protected seesaw, the Wilson coefficient
of the Weinberg operator is zero, implying that the neutrino mass matrix is automatically
diagonal after block diagonalisation, and given by

Mdiag
ν ≈ diag (0, 0, 0,MR,1,MR,2,MR,3) +O

(
v2

M2
R

)
, (2.13)

while O(1) Yukawa couplings remain possible.
In presence of a single sterile neutrino, eq. (2.12) only has a trivial solution (i.e. Y ν = 0),

while for two sterile neutrinos, the solutions to eq. (2.12) are given by [78]

Y ν =


λe ±iλe

√
MR,2
MR,1

λµ ±iλµ
√

MR,2
MR,1

λτ ±iλτ
√

MR,2
MR,1

 . (2.14)
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If three sterile neutrinos are added to the SM,

Y ν =


λe zλe

√
MR,2
MR,1

±i
√

1 + z2λe

√
MR,3
MR,1

λµ zλµ

√
MR,2
MR,1

±i
√

1 + z2λµ

√
MR,3
MR,1

λτ zλτ

√
MR,2
MR,1

±i
√

1 + z2λτ

√
MR,3
MR,1

 . (2.15)

Here z is an arbitrary complex number, and λe, λµ and λτ can be chosen to be real and
positive.

In the seesaw-expanded results, we will encounter the combination

Sij = (MDM
−2
R M †D)ij (2.16)

or equivalently,

Tij = (Y νM−2
R Y ν†)ij = 2

v2Sij . (2.17)

For two sterile neutrinos with degenerate masses MR,1 = MR,2 = MR, Tij is given by

Tij = 2λiλj
M2
R

. (2.18)

We will also encounter the matrix products(
Y νY ν†Y νY ν†

)
ij

(
Y νY ν†

)
ij

(
Y νY ν†

)
kl
. (2.19)

If we apply the parametrisation in eq. (2.14) and set MR,1 = MR,2 = MR, Tij , we find(
Y νY ν†Y νY ν†

)
ij

= 4λiλj
∑

k∈{e,µ,τ}
λ2
k (2.20)

(
Y νY ν†

)
ij

(
Y νY ν†

)
kl

= 4λiλjλkλl . (2.21)

If we take three sterile neutrinos with degenerate masses MR,1 = MR,2 = MR, and the
Yukawa matrix of eq. (2.15), these matrix products take the form

Tij =
(
1 + |z|2 + |1 + z2|

) λiλj
M2
R

. (2.22)(
Y νY ν†Y νY ν†

)
ij

=
(
1 + |z|2 + |1 + z2|

)2
λiλj

∑
k∈{e,µ,τ}

λ2
k (2.23)

(
Y νY ν†

)
ij

(
Y νY ν†

)
kl

=
(
1 + |z|2 + |1 + z2|

)2
λiλjλkλl . (2.24)

The presence of active-sterile mixing leads to tree-level modifications of the gauge boson
couplings to the SM neutrinos. Defining the covariant derivative as

Dµ = ∂µ + ig2W
I
µτ

I + ig1BµY , (2.25)

– 4 –



J
H
E
P
1
2
(
2
0
2
2
)
0
3
1

Interaction Expanded Feynman rule

`iW
−
µ n

l,c
R,j − e√

2sW

(
δij −

Sij
2

)
γµPL

`iW
−
µ n

h,c
R,a − e√

2sW

(
MDM

−1
R

)
ia
γµPL

nl,c
R,iZµn

l,c
R,j − e

2sWcW
(δij − Sij) γµPL

nl,c
R,iZµn

h,c
R,a − e

2sWcW

(
MDM

−1
R

)
ia
γµPL

nh,c
R,aZµn

h,c
R,b − e

2sWcW

(
M−1
R M †DMDM

−1
R

)
ab
γµPL

`iϕ
− nl

R,j 0

`iϕ
− nh

R,a

√
2
v
MD,iaPR

Table 1. Feynman rules at leading order in the seesaw expansion, neglecting charged lepton masses.
The active (light) states are denoted as nl, the sterile (heavy) states as nh. MD is the 3× n Dirac
mass matrix defined in eq. (2.3), MR is the n×n real and diagonal Majorana mass matrix introduced
in eq. (2.1) and Sij the mass insertion defined in eq. (2.16).

where τ I ≡ σI/2 and σI denote the Pauli matrices, and introducing the Lagrangian of the
neutral and charged current interactions after electroweak symmetry breaking,

L`,νW,Z =
(

¯̀
ig
`ν
ij γ

µPLνjWµ + h.c.
)

+
[
¯̀
iγ
µ
(
g`Lij PL + g`Rij PR

)
`j + ν̄ig

ν
ijγ

µPLνj
]
Zµ , (2.26)

where i and j are flavour indices, we identify the couplings

g`Lij = e

2sWcW

(
1− 2s2

W

)
δij , g`Rij = −esW

cW
δij ,

gνij = − e

2sWcW
(δij − Sij) , g`νij = − e√

2sW

(
δij −

1
2Sij

)
.

(2.27)

In the following, we will use the notation

g`LSM = e

2sWcW

(
1− 2s2

W

)
, g`RSM = −esW

cW
,

gνSM = − e

2sWcW
, g`νSM = − e√

2sW
.

(2.28)

Note that the Z`` couplings, g`Lij and g`Rij , are not modified at tree-level, while the
interactions of the EW gauge bosons with neutrinos receive contributions proportional to Sij
and can therefore be flavour off-diagonal. The interactions of the charged Goldstone bosons
with neutrinos are modified in a similar way. All relevant Feynman rules are given in table 1.

These (expanded) Feynman rules can be visualised in the Mass Insertion Approximation
(MIA): instead of working in the mass eigenbasis, one can remain in the interaction eigenbasis
of eq. (2.4), and treat off-diagonal mass terms as perturbative interactions. This approach

– 5 –



J
H
E
P
1
2
(
2
0
2
2
)
0
3
1

N

Sij

νj νi

v v

(a)

N

Tij

Lj Li

Φ Φ

(b)

Figure 1. (a) Diagrammatic representation of the mass insertion Sij in the broken theory (see
eq. (2.16)). νi and νj are SM-like left-handed neutrino gauge eigenstates, which can also interact
with the SM gauge bosons, whereas N is the right-handed neutrino, which is a singlet under the SM
gauge group. The dashed lines indicate the insertions of the Higgs vev v. (b) The related object,
Tij , defined in eq. (2.17), which is relevant in the unbroken theory and enters the SMEFT matching
relations. Here Li and Lj are SM lepton doublets. N is the right-handed neutrino.

Interaction Feynman rule in the EFT

`iW
−
µ n

l,c
R,j − e√

2sW

(
δij + v2C

(3)
ϕ`,ij

)
γµPL

nl,c
R,iZµn

l,c
R,j − e

2sWcW

(
δij + v2X−ij

)
γµPL

ϕ+`in
l,c
R,j

√
2v p+

µ C
(3)
ϕ`,ij γ

µPL

ϕ−(p−)ϕ+(p+)n̄l,c
R,in

l,c
R,j

(
p+
µ − p−µ

)
X+
ijγ

µPL

ϕ−(p−)ϕ+(p+)`i`j −
(
p+
µ − p−µ

)
X−ijγ

µPL

ϕ−(p−)W+n̄l,c
R,in

l,c
R,j − e

sW
vC

(1)
ϕ`,ijγ

µPL

ϕ−(p−)W+`i`j − e

sW
vC

(1)
ϕ`,ijPLγ

µ

Table 2. Feynman rules for the relevant operators of the SMEFT for vanishing charged lepton
masses. The tree-level results for C(3)

ϕ`,ij and X
−
ij are given in eqs. (3.9) and (3.11).

leads to the same amplitudes as those derived in the mass eigenbasis and afterwards
expanded in the seesaw limit. Figures 1(a) and 1(b) show how eqs. (2.16) and (2.17) are
represented or obtained diagrammatically.

3 Matching onto the SMEFT

In this section we calculate the matching onto the SMEFT. These results could be used
as initial conditions of a renormalisation group improved computation of charged lepton
flavour violating observables.1 The Feynman rules for the SMEFT operators that are

1Our results agree with ref. [92] (v3). We thank the authors for useful discussions.
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relevant for our phenomenological analysis are given in table 2. For the derivation of our
results, we made extensive use of the Mathematica packages FeynRules [95], FeynArts [96]
and Package-X [97, 98] in combination with CollierLink, a Package-X interface to the
Collier library [99].

3.1 Conventions

The SMEFT extends the SM Lagrangian L(4)
SM by higher dimensional operators, which are

invariant under the full SM gauge group. Up to the dimension 6 level we write

LSMEFT = L(4)
SM + C(5)O(5) +

∑
k

C
(6)
k O

(6)
k , (3.1)

where O(5) is the dimension Weinberg operator

L(5) ≡ C(5)
ij O

(5)
ij + h.c. ≡ C(5)

ij

(
L̄ci Φ̃∗

) (
Φ̃†Lj

)
+ h.c. . (3.2)

We will only consider the subset of dimension-six operators that can, at O
(
v2/M2

R

)
, lead

to direct contributions to lepton flavour violating observables. Since sterile neutrinos can
only enter flavour and EW precision observables via mixing with light SM neutrinos, only
SMEFT operators involving SM lepton doublets are relevant for our phenomenological
analysis. We neglect the operators Oeϕ, O`edq, O(1)

`edq and O
(3)
`edq, whose Wilson coefficients

would be proportional to at least one power of a SM lepton mass. The same holds for the
operators OeW and OeB, for which reason their contributions to the anomalous magnetic
moments are negligible, however, we keep these because they induce radiative lepton decays
(decays of the form `→ `′γ). In summary, we consider the operators∑

k

C
(6)
k Q

(6)
k = C

(1)
ϕ` O

(1)
ϕ` + C

(3)
ϕ` O

(3)
ϕ` + (CeWOeW + CeBOeB + h.c.)

+ C``O`` + C`eO`e + C
(1)
`q O

(1)
`q + C

(3)
`q O

(3)
`q + C`uO`u + C`dO`d , (3.3)

with [100]

O(1)
ϕ`,ij =

(
Φ†i
↔
DµΦ

)(
L̄iγ

µLj
)
,

O(3)
ϕ`,ij =

(
Φ†i
↔
D
I

µΦ
)(

L̄iσ
IγµLj

)
,

OeW,ij =
(
L̄iσµνej

)
σIΦW Iµν ,

OeB,ij =
(
L̄iσµνej

)
ΦBµν .

(O``)ij,kl =
(
L̄iγµLj

) (
L̄kγµLl

)
,

(O`e)ij,kl =
(
L̄iγµLj

)
(ēkγµel) ,(

O(1)
`q

)
ij,kl
≡
(
L̄iγµLj

) (
Q̄kγ

µQl
)
,(

O(3)
`q

)
ij,kl
≡
(
L̄iγµσ

ILj
) (
Q̄kγ

µσIQl
)
,

(O`u)ij,kl ≡
(
L̄iγµLj

)
(ūkγµul) ,

(O`d)ij,kl ≡
(
L̄iγ

µLj
) (
d̄kγµdl

)
.

(3.4)
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L e Q u d Φ
hypercharge Y −1

2 −1 1
6

2
3 −1

3
1
2

Table 3. Hypercharges for the SM fermions and Higgs field.

Note that in all operators involving SU(2)L doublets, the SU(2)L indices are contracted
within the fermion bilinears. We follow the hypercharge conventions of ref. [100], given in
table 3. The covariant derivative is defined in eq. (2.25). Using the short-hand notation
Φ†
←
DµΦ ≡ (DµΦ)†Φ, we define the Hermitian derivative terms

Φ†i
↔
DµΦ ≡ iΦ†

(
Dµ −

←
Dµ

)
Φ , Φ†i

↔
D I
µΦ ≡ iΦ†

(
σIDµ −

←
Dµσ

I
)

Φ , (3.5)

which enter the operators O(1)
ϕ` and O(3)

ϕ` . The field strength tensors W I
µν ≡ ∂µW I

ν −∂νW I
µ −

g2ε
IJKW J

µW
K
µ and Bµν ≡ ∂µBν − ∂νBµ, are associated to the SU(2)L and U(1)Y gauge

fields W I and B, respectively. We follow the convention of summation over all flavour
indices in the Lagrangian. For the operators involving four leptons, this means that we
write the corresponding terms as follows

CO =
∑
i,j,k,l

Cij,klOij,kl, i, j, k, l ∈ {e, µ, τ} . (3.6)

For operators whose fields are distinguishable, i.e. O`e, O(1)
`q , O(3)

`q , O`u, O`d, and that thus
cannot be fierzed into themselves, this summation convention has no impact. However,
for O``, which is invariant under the exchange of the two fermion bilinears, this leads to a
factor 2 at the amplitude level (the contraction of SU(2)L indices is taken into account):

C``ij,kl

(
L̄ai γµL

a
j

) (
L̄bkγ

µLbl

)
+ C``kl,ij

(
L̄akγµL

a
l

) (
L̄biγ

µLbj

)
+ C``kj,il

(
L̄akγµL

a
j

) (
L̄biγ

µLbl

)
+ C``il,kj

(
L̄ai γµL

a
l

) (
L̄bkγ

µLbj

)
→ 2

(
C``ij,kl

(
L̄ai γµL

a
j

) (
L̄bkγ

µLbl

)
+ C``ij,kl

(
L̄ai γµL

b
j

) (
L̄bkγ

µLal

))
. (3.7)

Note that L on the left-handed side corresponds to a field, while on the right-handed side it
denotes a spinor. a and b denote SU(2)L indices.

In the subsections 3.2 and 3.3 we will perform the on-shell matching, i.e. we equate the
S-matrix elements in the full theory (the type-I seesaw model in the inverse seesaw limit)
and in the EFT (the SM extended by the dimension-5 and dimension-6 SMEFT operators
defined in eq. (3.1)).

3.2 Tree level matching

The Feynman diagram in figure 2 leads to the following Wilson coefficient of the Weinberg
operator

C(5) = 1
2Y

ν∗M−1
R Y ν† . (3.8)
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ij

Lj Li

Φ Φ

Figure 2. Feynman diagram in the type-I seesaw contributing to the Wilson coefficient of the
Weinberg operator. In the inverse seesaw limit, the neutrino Yukawa matrices are chosen in such a
way that this diagram vanishes and lepton number is conserved.

After electroweak symmetry breaking, this can be expressed as C(5) = 1
v2M

∗
DM

−1
R M †D,

which features, by definition, the same combination of Dirac- and Majorana matrices as
the active neutrino block of the neutrino mass matrix. In the inverse seesaw limit, this
combination of matrices is set to zero.

At the dimension-6 level, the Wilson coefficients of the operators O(1)
ϕ` and O(3)

ϕ` receive
tree-level contributions induced by the diagrams in figure 3(a):

C
(3)
ϕ`,ij = −C(1)

ϕ`,ij = −1
4Tij , (3.9)

Tij is defined in eq. (2.17). The relation C(3)
ϕ` = −C(1)

ϕ` , which follows from the fact that
only neutrino couplings, no charged lepton couplings, are modified, motivates a change of
basis from {O(1)

ϕ` ,O
(3)
ϕ` } to {O+,O−},

O+
ij = 1

2
(
O(3)
ϕ`,ij +O(1)

ϕ`,ij

)
, O−ij = 1

2
(
O(3)
ϕ`,ij −O

(1)
ϕ`,ij

)
X+
ij = C

(3)
ϕ`,ij + C

(1)
ϕ`,ij , X−ij = C

(3)
ϕ`,ij − C

(1)
ϕ`,ij , (3.10)

with

X+
ij = 0 , X−ij = −1

2Tij . (3.11)

The corresponding diagrams in the full and effective theory are shown in figure 3(a) and
figure 3(b), respectively.

3.3 One-loop matching

3.3.1 Modified gauge-boson couplings (O(1)
ϕ` and O(3)

ϕ` )

Note that since X−ij 6= 0 at tree-level, we will not calculate loop corrections to the corre-
sponding operator, but rather focus on X+

ij , where finite corrections generate novel effects
such as modified Z`+`− couplings (after EW symmetry breaking). Indeed, at the one-loop
level, the relation C(3)αβ

ϕ`,ij = −C(1)
ϕ`,ij or, equivalently, X+ = 0, is broken by the contributions
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Φ

(a)
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Lj
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ij
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Figure 3. (a) Diagram giving rise to modifications of the lepton couplings to the U(1)Y and SU(2)L
gauge bosons in the type-I seesaw. (b) Corresponding diagram in the effective theory.

of the diagrams shown in figure 4. Performing an on-shell matching, we find

X+
ij = 1

2304π2

n∑
a=1

Y ν
iaM

−2
R,aY

ν∗
ja

(
g2

1 + 17g2
2

)(
11 + 6

(
1
ε

+ log
(

µ2

M2
R,a

)))

− 1
32π2

n∑
a,b=1

Y ν
ia

( 3∑
c=1

Y ν∗
ca Y

ν
cb

)
Y ν∗
jb

1
M2
R,a −M2

R,b

log
(
M2
R,a

M2
R,b

)

− 1
128π2

N∑
a,b=1

Y ν
iaM

−1
R,a

( 3∑
c=1

Y ν
caY

ν∗
cb

)
M−1
R,bY

ν∗
jb

M2
R,a +M2

R,b

M2
R,a −M2

R,b

log
(
M2
R,a

M2
R,b

)
, (3.12)

where the 1/ε pole is cancelled by the renormalisation of the EFT operator, leading to the
corresponding renormalisation group evolution (RGE) [101].

The third line of (3.12) originates from diagram given in figure 4(f), i.e. from penguins
involving a combination of two ∆L = 2 interactions. This term is only relevant in presence
of large mass splitting between the sterile neutrinos, since it involves the same Yukawa
structure as the Wilson coefficient of the Weinberg operator and vanishes in the limit
of degenerate heavy neutrino masses. See appendices A and C.2 for a discussion of the
identities we used for the derivation of this result.

3.3.2 Four-lepton operators (O`` and O`e)
The four-lepton operators O`` and O`e receive contributions from off-shell B andW penguins
and Higgs-neutrino boxes (see figure 5). The latter contribute only to O``. We find the
following (ξ-independent) Wilson coefficients:

(C``)ij,kl = g2
1 + g2

2
4608π2

n∑
a=1

(
Y ν
iaM

−2
R,aY

ν∗
ja δkl + Y ν

kaM
−2
R,aY

ν∗
la δij

)(
11 + 6

(
1
ε

+ log
(

µ2

M2
R,a

)))

+ 1
128π2

n∑
a,b=1

Y ν
iaY

ν∗
ja Y

ν
kbY

ν∗
lb

1
M2
R,a −M2

R,b

log
(
M2
R,a

M2
R,b

)

+ 1
128π2

N∑
a=1

(
Y ν
iaM

−1
R,aY

ν
ka

) (
Y ν∗
jb M

−1
R,bY

ν∗
lb

)M2
R,a +M2

R,b

M2
R,a −M2

R,b

log
(
M2
R,a

M2
R,b

)
(3.13)

(C`e)ij,kl = g2
1

1152π2

n∑
a=1

Y ν
iaM

−2
R,aY

ν∗
ja δkl

(
11 + 6

(
1
ε

+ log
(

µ2

M2
R,a

)))
. (3.14)
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Φ
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Φ

Φ
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Φ
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Φ
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Φ
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N

Φ

Li
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(d)

Φ

Φ

W I/B

N

L

L

N

Φ

Li

Lj

(e)

Φ

Φ

W I/B

N

L

L

N

Φ

Li

Lj

(f)
Φ

Φ

W I/B

N

L N

Li

Lj

Φ

Li

(g)

Φ

Φ

W I/B

N

Li

Lj

W I, B

Li

(h)

Figure 4. Diagrams contributing to the 1-loop matching onto O(1)
ϕ` and O(3)

ϕ` (see figure 3(b)) or,
equivalently, onto O+ and O−.
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Y ∗
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Li

Lk/ek

Lj

Ll/el

(
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)
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Figure 5. The double-Higgs boxes and the double-Higgs penguin are the only contributions to the
loop-level matching onto O`` and O`e.

The third line of eq. (3.13) corresponds to the contribution of the diagram in figure 5(b),
which can only arise if Majorana particles are in the loop, since it features two lepton
number violating interactions. Given that we are imposing the inverse seesaw condition of
eq. (2.12), these diagrams only contribute in presence of sterile neutrino mass splitting.

3.3.3 Two-lepton-two-quark operators (O(1)
`q , O

(3)
`q , O`u and O`d)

Next we consider contributions to the two-lepton-two-quark operators O(1)
`q , O

(3)
`q , O`u and

O`d, defined in eq. (3.4), which receive contributions from W I and B penguins similar to
the ones shown in figure 5(c). Here we find the Wilson coefficients

C
(1)
`q,ij = − g2

1
6912π2

n∑
a=1

Y ν
iaM

−2
R,aY

ν∗
ja

(
11 + 6

(
1
ε

+ log
(

µ2

M2
R,a

)))
(3.15)

C
(3)
`q,ij = g2

2
2304π2

n∑
a=1

Y ν
iaM

−2
R,aY

ν∗
ja

(
11 + 6

(
1
ε

+ log
(

µ2

M2
R,a

)))
(3.16)

CVLR
`u,ij = − g2

1
1728π2

n∑
a=1

Y ν
iaM

−2
R,aY

ν∗
ja

(
11 + 6

(
1
ε

+ log
(

µ2

M2
R,a

)))
(3.17)

CVLR
`d,ij = g2

1
3456π2

n∑
a=1

Y ν
iaM

−2
R,aY

ν∗
ja

(
11 + 6

(
1
ε

+ log
(

µ2

M2
R,a

)))
. (3.18)

Note that the box contributions vanish in the limit of zero quark Yukawa couplings. Only
the box involving the top quark could be sizeable, which, however, is not relevant for
charged lepton flavour violating processes, such as µ→ e conversion in nuclei.
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Figure 6. (a-c) Diagrams contributing to the matching onto the magnetic operators OeW and OeB .
(d) Diagram in the effective theory resulting from the magnetic operators.

3.3.4 Magnetic operators (OeW and OeB)

The diagrams contributing to the matching onto the magnetic operators are shown in
figure 6. These result in

CeW,ij = − 5g2
384π2TijY

`
j , (3.19)

CeB,ij = − g1
384π2TijY

`
j , (3.20)

where Y `
j is the Yukawa coupling of the charged lepton `j . These matching conditions agree

with the results in ref. [81]. Note the absence of logarithms, which can be explained by
the fact that, in the lepton number conserving limit, the type-I seesaw introduces purely
left-handed, i.e. chirality conserving, new physics, resulting in the absence of operator
mixing in the EFT at the one-loop level.

4 Observables

In the last section we calculated the matching of the type-I seesaw onto the SMEFT at
the scale MR. However, these results are not sufficient for a phenomenological analysis of
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charged lepton flavour violating observables. For this, the running from MR to the EW
scale, the matching at this scale onto the Low-Energy Effective Field Theory (LEFT) [102],
as well as the RGE from the weak scale to the charged lepton scale [103, 104] and the
evaluation of the matrix elements at the tau or muon scale would be required. As these
results are not fully available, in particular, because even the calculation of 2-loop effects
would be necessary for a consistent treatment, we naively calculate in this section the
relevant diagrams without scale separation (i.e. without resumming the logarithms). Note
that these formulae nonetheless include the (potential) leading logarithm as well as the
finite scheme independent terms, which correspond to the sum of any hard and soft
contributions to the amplitudes. We will then use these results in our phenomenological
analysis in section 5.

4.1 Lepton flavour universality tests

The W`ν couplings, which are modified at tree-level by the neutrino mixing, lead to effects
in processes such as `→ `′νν (see figure 7), τ → πν, π → `ν̄, τ → Kν or K → `ν̄. For these
decays, LFU ratios can be formed, which we compare to the HFLAV fit results [105, 106]
for the coupling fractions (gi/gj)τ , which are obtained using pure leptonic processes, and
(gi/gj)P , P ∈ {π,K}, which are defined as [105, 106]

∣∣∣∣∣gτgµ
∣∣∣∣∣
2

P

= Br(τ → Pντ )
Br(P → µν̄µ)

τP
ττ

2mPm
2
µ

m3
τ

(
1−m2

µ/m
2
P

1−m2
P /m

2
τ

)2 1
1 + δRτ/P

, (4.1)

where δRτ/P accounts for the radiative corrections to Γ(τ → Pντ )/Γ(P → µν̄µ), P ∈ {π,K},
which have been estimated as [107–111]

δRτ/π = (0.16± 0.14)%, δRτ/K = (0.90± 0.22)% . (4.2)

We identify the new physics amplitude fractions directly with the current HFLAV fit
results [105, 106] for the coupling fractions gi/gj , i, j ∈ {e, µ, τ}.

M(τ → eν̄ν)
M(µ→ eν̄ν) ' 1− 1

2 (Sττ − Sµµ) ≡
∣∣∣∣∣gτgµ

∣∣∣∣∣
τ

= 1.0009(14)

M(τ → µν̄ν)
M(µ→ eν̄ν) ' 1− 1

2 (Sττ − See) ≡
∣∣∣∣gτge

∣∣∣∣
τ

= 1.0027(14)

M(τ → µν̄ν)
M(τ → eν̄ν) ' 1− 1

2 (Sµµ − See) ≡
∣∣∣∣gµge

∣∣∣∣
τ

= 1.0019(14)

M(τ → Kντ )
M(K → µν̄µ) ' 1− 1

2 (Sττ − Sµµ) ≡
∣∣∣∣∣gτgµ

∣∣∣∣∣
K

= 0.9855(75)

M(τ → πντ )
M(π → µν̄µ) = 1− 1

2 (Sττ − Sµµ) ≡
∣∣∣∣∣gτgµ

∣∣∣∣∣
π

= 0.9959(38)

(4.3)
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Figure 7. Tree-level diagrams generating ` → `′νν, in the type-I seesaw. gν`SM is the SM W`ν

coupling defined in eq. (2.28) and Sii the new physics modification of eq. (2.16).

The HFLAV fit results come with the correlation matrix [105, 106]

∣∣∣∣∣gτgµ
∣∣∣∣∣
τ

∣∣∣∣gτge
∣∣∣∣
τ

∣∣∣∣gµge
∣∣∣∣
τ

∣∣∣∣∣gτgµ
∣∣∣∣∣
π

∣∣∣∣∣gτgµ
∣∣∣∣∣
K

1 0.51 −0.492 0.16 0.12

0.51 1 0.49 0.18 0.11

−0.49 0.49 1 0.01 −0.01

0.16 0.18 0.01 1 0.07

0.12 0.11 −0.01 0.07 1



|gτ/gµ|τ

|gτ/ge|τ

|gµ/ge|τ

|gτ/gµ|π

|gτ/gµ|K

Belle II, which will produce approximately ten times more tauons than Belle or BaBar, is
expected to improve the measurements of τ → µνν̄ and τ → eνν̄ [112].

Further LFU ratios that are relevant in this context are [111]

∣∣∣∣gµge
∣∣∣∣2
P→e/µ

= Br(P− → µν̄µ(γ))
Br(P− → eν̄e(γ))

m2
e

m2
µ

(
1−m2

e/m
2
P

1−m2
µ/m

2
P

)2

(1 + δRP→e/µ) , (4.4)

where δRP→e/µ denotes the radiative corrections, including a summation of the leading
QED logarithms αn log(mµ/me) [110, 113], and a two-loop calculation of O(e2p4) effects
within chiral perturbation theory [114]. Comparing the SM predictions [114] with the
experimental results [115, 116] for K → e/ν, for π → e/ν), one obtains [111]

M(K → µν)
M(K → eν) ' 1− 1

2 (Sµµ − See) ≡
∣∣∣∣gµge

∣∣∣∣
K→e/µ

= 0.9978(20) . (4.5)

2The HFLAV collaboration reports -0.50 due to numerical limitations, however, we use −0.49 in order to
have a positive semi-definite correlation matrix.
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This measurement will also be performed by J-PARC E36 [117]. Comparing the SM
predictions [114] with the experimental results for π → e/ν [118], one finds [111]

M(π → µν)
M(π → eν) ' 1− 1

2 (Sµµ − See) ≡
∣∣∣∣gµge

∣∣∣∣
π→e/µ

= 1.0010(09) . (4.6)

The PEN experiment expects to improve the sensitivity to π → µν/π → eν by more than a
factor three [119].

Decays of the form K → π`ν̄` [120] are not helicity suppressed and are used for the
determination of the Cabibbo angle. Comparing the values for the CKM element Vus from
K → πµν̄µ with the Vus from K → πeν̄e allows for a further test of LFU: [111, 120, 121],

M(K → πµν̄)
M(K → πeν̄) ' 1− 1

2 (Sµµ − See) ≡
∣∣∣∣gµge

∣∣∣∣
K→π(µ/e)

= 1.0010(25) . (4.7)

LFU can also be tested directly in leptonic W boson decays, however, these channels
are statistically limited [111, 122–124] and the resulting bounds are not competitive with
the ones from tau, kaon and pion decays. However, future e+e− colliders such as the
International Linear Collider (ILC) [125], the Compact Linear Collider (CLIC) [126] or the
Future Circular Collider (FCC-ee) [127, 128] could improve these bounds.

4.2 Z → νν

Also Z → νiν̄j receives corrections at tree-level in presence of neutrino mixing. The
corresponding amplitude

M(Z → νj ν̄i) = − e

2sWcW
(δij − Sij) ν̄iγµPLνjZµ (4.8)

affects the effective number of light neutrino species [129, 130]

N eff.
ν = 2.9840± 0.0082 . (4.9)

Considering eq. (4.8), we can approximate Nν ∼ 3− 2∑i Sii in the type-I seesaw model if
we neglect effects that do not interfere with the SM contribution.

4.3 Z → ``′

Z decays into charged leptons Z → ¯̀
i`j only receive corrections at loop-level in the type-I

seesaw model. Expanding the diagrams shown in figure 8 in v2/M2
R, we find

M(Z → ¯̀
i`j) = − e3

16π2cWs3
W
ZVL
ij (q2

Z) ¯̀
i(pi)/ZPL`j(pj) , (4.10)

with

ZVL
ij (M2

Z) =
n∑
a=1

MD,iaM
−2
R,aM

∗
D,ja

(
f(c2

W) + g(c2
W) log

(
M2
W

M2
R,a

))

+ 1
4M2

W

n∑
a,b=1

MD,ia

( 3∑
c=1

M∗D,caMD,cb

)
MD,jb h

(
M2
R,a,M

2
R,b

)

+ 1
8M2

W

n∑
a,b=1

MD,iaM
−1
R,a

( 3∑
k=1

MD,kaM
∗
D,kb

)
M−1
R,bM

∗
D,jb k

(
M2
R,a,M

2
R,b

)
,

(4.11)
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Figure 8. Diagrams contributing to the Z``′ coupling at the one-loop level. Here na and nb
correspond to neutrino mass eigenstates. The formulae in the main text are obtained by expanding
the amplitudes corresponding to these diagrams in v2/M2

R, i.e. they are given in the seesaw limit.
The unexpanded results are given in appendix C.

where

f(x) = 13
6 + 5

144 x (1− 2x) + 11
12 x− x

2 − 1
3 π

2 (1 + x)2

+ 1
2 log (x)

(
3 + 2x+ (1 + x)2 log (x)

)
+ (1 + x)2 Li2 (1 + x) + iπ

(3
2 + x+ (1 + x)2 log (x)

)
− 4x2 (2 + x) arctan2

(
(4x− 1)−1/2

)
+
√

4x− 1
(
− 1

12x −
3
2 + 7

3 x+ 2x2
)

arctan
(
(4x− 1)−1/2

)
, (4.12)

g(x) = −2
3

(
1 + 1

16x

)
(4.13)

h
(
M2
R,a,M

2
R,b

)
= 1
M2
R,a −M2

R,b

log
(
M2
R,a

M2
R,b

)
, (4.14)

k
(
M2
R,a,M

2
R,b

)
= 1

2
M2
R,a +M2

R,b

M2
R,a −M2

R,b

log
(
M2
R,a

M2
R,b

)
. (4.15)

Note that while the first two terms of eq. (4.11) agree with ref. [77], the third term, which
is only present for Majorana neutrinos, was not included there.
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Br [Z → e±µ∓] < 7.5× 10−7 (95% CL) ATLAS: [131]
Br [Z → e±τ∓] < 5.0× 10−6 (95% CL) ATLAS: [132]
Br [Z → µ±τ∓] < 6.5× 10−6 (95% CL) ATLAS: [132]

Table 4. Bounds on Br(Z → ``′).

Br [Z → e±µ∓] 10−7 − 10−8 FCC-ee: [128, 133]
Br [Z → e±µ∓] 3.0× 10−9 CEPC: [134]
Br [Z → e±τ∓] 10−9 FCC-ee: [128, 133]
Br [Z → e±τ∓] 2.0× 10−8 CEPC: [134]
Br [Z → µ±τ∓] 10−9 FCC-ee: [128, 133]
Br [Z → µ±τ∓] 2.0× 10−8 CEPC: [134]

Table 5. Future sensitivities to Br(Z → ``′).

The branching ratio of Z → `i`j , for i 6= j is given by

Br(Z → `±i `
∓
j ) ≡ Br(Z → `+i `

−
j ) + Br(Z → `−i `

+
j )

= 1
24π

MZ

ΓZ

(
e3

16π2cWs3
W

)2 (∣∣∣Z ij(M2
Z)
∣∣∣2 +

∣∣∣Zji(M2
Z)
∣∣∣2) (4.16)

We compare this result with the ATLAS and LEP measurements given in table 4 and to
the future sensitivities in table 5.

4.4 `→ `′γ

Defining the effective Lagrangian in broken SU(2)L,

Leff = AM
ij

¯̀
iσµνPR`jF

µν + h.c. , (4.17)

where Fµν = ∂µAν − ∂νAµ is the electromagnetic field strength tensor, we find

AM
ij =

e3m`j

128π2s2
WM

2
W

n∑
a=4

UiaU
∗
ja ≈

e3m`j

128π2s2
WM

2
W

Sij , (4.18)

in the seesaw limit, v �MR, with Sij as defined in eq. (2.16). The absence of a logarithm
involving a sterile neutrino mass can be understood as a consequence of the purely left-
handed new physics effect in this model. This avoids chiral enhancement, and implies that
the anomalous magnetic moments do not yield relevant bounds, and that electric dipole
moments are absent [135].

4.5 `→ 3`′ and `→ `′`′′`′′

Processes of the type `→ 3`′ receive contributions from photon and Z penguins, as well
as from box diagrams. In the seesaw limit, the sum of the off-shell photon penguins, the
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Br [µ→ eγ] < 4.2× 10−13 MEG: [136]
Br [τ → eγ] < 3.3× 10−8 BaBar: [137]
Br [τ → µγ] < 4.2× 10−8 Belle: [138]

Table 6. Current experimental upper bounds on Br(`→ `′γ).

Br [µ→ eγ] 6× 10−14 MEG II: [139]
Br [τ → µγ] 2.7× 10−8 Belle II: [112]

Table 7. Future sensitivities to Br(`→ `′γ).

off-shell Z penguins and boxes, leads to

Br
[
τ∓ → e∓µ±µ∓

]
= − e2m3

τ

48π3 Γτ

(∣∣∣AM
eτ

∣∣∣2 +
∣∣∣AM

τe

∣∣∣2)(3 + log
(
m2
µ

m2
τ

))

+ m5
τ

1536π3 Γτ

( ∣∣∣FVLL
eτ,µµ + FVLL

µτ,eµ

∣∣∣2 +
∣∣∣FVLR

eτ,µµ

∣∣∣2 +
∣∣∣FVLR

µτ,eµ

∣∣∣2 )

+ emτ
4

192π3 Γτ

(
Re
[
AM∗
eτ

(
FVLL
eτ,µµ + FVLL

µτ,eµ + FVLR
eτ,µµ + FVLR

µτ,eµ

)])
,

Br [τ → 3µ] = − e2m3
τ

192π3 Γτ

(
|AM

µτ |2 + |AM
τµ|2

)(
11 + 4 log

(
m2
µ

m2
τ

))

+ m5
τ

1536π3 Γτ

(
2
∣∣∣FVLL

µτ,µµ

∣∣∣2 +
∣∣∣FVLR

µτ,µµ

∣∣∣2)

+ em4
τ

192π3 Γτ

(
Re
[
AM∗
µτ

(
2FVLL

µτ,µµ + FVLR
µτ,µµ

)] )
,

Br
[
τ∓ → µ∓e±µ∓

]
= m5

τ

1536π3Γτ

(
2
∣∣∣FVLL

µτ,µe

∣∣∣2 +
∣∣∣FVLR

µτ,µe

∣∣∣2) , (4.19)

with

FVLL
ij,kl = e4

384π2s4
WM

2
W

{
n∑
a=1

MD,iaM
−2
R,aM

∗
D,jaδkl

(
9− 37s2

W +
(
−9 + 16s2

W

)
log

(
M2
R,a

M2
W

))

+ 3
M2
W

n∑
a,b=1

((
−1 + 2s2

W

)(
MD,ia

( 3∑
c=1

M∗D,caMD,cb

)
M∗D,jb

)
δkl

+ 1
2
(
MD,iaM

∗
D,ja

) (
MD,kbM

∗
D,lb

))
h
(
M2
R,a,M

2
R,b

)

+ 3
2M2

W

n∑
a,b=1

((
−1 + 2s2

W

)(
MD,ia

( 3∑
c=1

M∗D,caMD,cb

)
M∗D,jb

)
δkl

+ 2
(
MD,iaM

∗
D,ja

) (
MD,kbM

∗
D,lb

))
k
(
M2
R,a,M

2
R,b

)}
, (4.20)
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Br
[
µ− → e−e+e−

]
, 90% C.L. ≤ 1.0× 10−12 SINDRUM: [140]

Br
[
τ− → e−e+e−

]
, 90% C.L. ≤ 2.7× 10−8 Belle: [141]

Br
[
τ− → e−µ+µ−

]
, 90% C.L. ≤ 2.7× 10−8 Belle: [141]

Br
[
τ− → µ−e+µ−

]
, 90% C.L. ≤ 1.7× 10−8 Belle: [141]

Br
[
τ− → µ−e+e−

]
, 90% C.L. ≤ 1.8× 10−8 Belle: [141]

Br
[
τ− → e−µ+e−

]
, 90% C.L. ≤ 1.5× 10−8 Belle: [141]

Br
[
τ− → µ−µ+µ−

]
, 90% C.L. ≤ 2.1× 10−8 Belle: [141]

Table 8. Current upper bounds on lepton flavour violating decays of the type `→ 3`′.

Br [µ→ 3e] 10−15 Mu3e, phase I: [142, 143]
Br [µ→ 3e] 10−16 Mu3e, phase II: [142, 143]
Br [τ → 3e] 10−9 Belle-II: [112]
Br [τ → 3µ] O

(
10−9) CMS, ATLAS, LHCb at HL-LHC [144]

Br [τ → 3µ] 3.3× 10−10 Belle-II: [112]

Table 9. Future sensitivities to Br(`→ 3`′).

FVLR
ij,kl = e4

384π2s2
WM

2
W

{
n∑
a=1

MD,iaM
−2
R,aM

∗
D,jaδkl

(
−37 + 16 log

(
M2
R,a

M2
W

))

+ 6
M2
W

n∑
a,b=1

(
MD,ia

( 3∑
c=1

M∗D,caMD,cb

)
M∗D,jb

)
δkl h

(
M2
R,a,M

2
R,b

)}
, (4.21)

with the functions h and k given in eq. (4.15) and eq.eq. (4.14), respectively. The cor-
responding formula for Br [τ → 3e] and Br [µ→ 3e] can be obtained by the appropriate
replacement of flavour indices.

4.6 µ→ e conversion in nuclei

Next we consider µ→ e conversion in nuclei and define

Leff =
∑
q=u,d

(
FLLeµ,qq OLLeµ,qq + FLReµ,qq OLReµ,qq

)
+ (L↔ R) + h.c. , (4.22)

with

OVLL
ij,qq =

(
¯̀
iγµPL`j

)
(q̄γµPLq) ,

OVLR
ij,qq =

(
¯̀
iγµPL`j

)
(q̄γµPRq) .

(4.23)
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This process receives contributions from photon and Z penguins, as well as from box
diagrams, resulting in

FVLL
ij,uu = e4

384π2s4
WM

2
W

{
n∑
a=1

MD,iaM
−2
R,aM

∗
D,ja

1
3

(
27+74s2

W +
(
27−32s2

W

)
log
(
M2
R,a

M2
W

))

+ 3−4s2
W

M2
W

n∑
a,b=1

MD,ia

( 3∑
c=1

M∗D,caMD,cb

)
M∗D,jbh(M2

R,a,M
2
R,b)

}

FVLR
ij,uu = e4

384π2s2
WM

2
W

{
n∑
a=1

MD,iaM
−2
R,aM

∗
D,ja

2
3

(
37−16 log

(
M2
R,a

M2
W

))

− 4
M2
W

n∑
a,b=1

MD,ia

( 3∑
c=1

M∗D,caMD,cb

)
M∗D,jbh(M2

R,a,M
2
R,b)

}

FVLL
ij,dd = e4

384π2s4
WM

2
W

{
n∑
a=1

MD,iaM
−2
R,aM

∗
D,ja

1
3

(
27−37s2

W +
(
−27+16s2

W

)
log
(
M2
R,a

M2
W

))

− 3−2s2
W

M2
W

n∑
a,b=1

MD,ia

( 3∑
c=1

M∗D,caMD,cb

)
M∗D,jbh(M2

R,a,M
2
R,b)

}

FVLR
ij,dd = e4

384π2s4
WM

2
W

{
n∑
a=1

MD,iaM
−2
R,aM

∗
D,ja

s2
W
3

(
−37+16 log

(
M2
R,a

M2
W

))

+ 2s2
W

M2
W

n∑
a,b=1

MD,ia

( 3∑
c=1

M∗D,caMD,cb

)
M∗D,jbh(M2

R,a,M
2
R,b)

}

FVRL
ij,qq = 0, FVRR

ij,qq = 0, (4.24)

with q = u, d and h as given in eq. (4.14). Here we neglected the quark masses and
CKM-suppressed effects in the box diagrams by using

(
V CKMV CKM†

)
kl

= δkl.
Together with AM

ij from the magnetic photon penguin (see eq. (4.18)), the transition
rate ΓNµ→e ≡ Γ(µN → eN) follows as

Γµ→eN =
m5
µ

4

{∣∣∣∣∣AM
eµ

mµ
DN + 4

∑
q=u,d

(
FLLeµ,qq + FLReµ,qq

) (
f

(q)
V pV

p
N + f

(q)
V nV

n
N

) ∣∣∣∣∣
2

+
∣∣∣∣∣AM

µe

mµ
DN

∣∣∣∣∣
2}

.

(4.25)

For the overlap integrals between the muon and electron wave functions and the nucleon
densities DAu, V p

Au and VAu, we use the numerical values [145]

DAu = 0.189, V p
Au = 0.0974 , V n

Au = 0.146 , (4.26)
DAl = 0.0362, V p

Al = 0.0161 , V n
Al = 0.0173 . (4.27)

The nucleon form factors are given by

f
(u)
V p = 2, f

(u)
V n = 1, f

(d)
V p = 1, f

(d)
V n = 2 . (4.28)
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Cr [µ→ e, Au] < 7.0× 10−13 SINDRUM II:[147]

Table 10. Current experimental upper bound on µ→ e conversion in Gold.

Cr [µ→ e, Al] 2.6× 10−17 COMET: [149]
Cr [µ→ e, Al] 2.87× 10−17 Mu2e: [150]

Table 11. Future sensitivities to µ→ e conversion in Aluminium.

The µ→ e conversion rate is defined as the µ→ e transition rate divided by the µ capture
rate, which depends on the nature of the target N

Cr [µ→ e, N ] = Γµ→eN

Γcapt
N

. (4.29)

For the capture rates for gold and aluminium, we use the values [146]

Γcapt
Au = 8.7× 10−18 GeV , Γcapt

Al = 4.6× 10−19 GeV . (4.30)

The current best experimental limit on µ→ e conversion comes from SINDRUM II [147]
(see table 10). The COMET and Mu2e collaborations will be probing Cr [µ→ e,Al] and
expect to improve the upper limit on µ→ e conversion by three orders of magnitude in the
coming years [148] (see table 11).

5 Phenomenology

In this section we study the phenomenology of charged lepton flavour violating processes in
the symmetry protected type-I seesaw, taking into account the constraints from Z → νν

and tests of lepton flavour universality from pion, kaon and tau decays.3 For this we use
the expressions for the processes obtained in section 4, and the structure of the neutrino
Yukawa couplings given in eq. (2.15). In addition, we assume the case of three right-handed
neutrinos with degenerate masses.4

Let us start by showing the dependence of the µ → e processes µ → 3e, µ → eγ,
µ→ e conversion in nuclei, and Z → eµ on the right-handed neutrino mass. For this we
fix the ratio λi = MR/(106 GeV), which involves the (approximately) degenerate sterile
neutrino mass MR, such that Tij (see eq. (2.17)) becomes independent of MR. Here and
in the following, the complex number z in eq. (2.15) is fixed to 1, however, as can be

3Even though also beta decays can be used as a probe of lepton flavour universality [151], we do not
include them here, since the Cabibbo angle anomaly points towards an enhanced W −µ−ν coupling [76, 152],
which cannot be achieved in our model and increases the tensions in the EW fit [151]. Furthermore, such a
modification would further increase the tension within the EW fit via its effect in the determination of the
Fermi constant [153].

4Note that the phenomenological analysis would be the same if we were to supplement the SM with
two mass-degenerate sterile neutrinos, given that eqs. (2.22), (2.23) and (2.21) are obtained by a simple
rescaling of eqs. (2.22), (2.23) and (2.21).
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Br(µ→ 3e)

Br(µ→ eγ)

Cr(µ→ e,Al)

Cr(µ→ e,Au)

Br(Z → e±µ∓)

Figure 9. Branching ratios and conversion rates of processes involving µ → e transitions for
degenerate sterile neutrinos of mass MR, and with the Yukawa coupling structure given in eq. (2.15),
corresponding to the symmetry protected type-I seesaw. For this plot we set λi = MR/(106 GeV),
i ∈ {e, µ, τ}, such that Tij is constant. Therefore, also Br(µ→ eγ), which is proportional to Tij , is
independent ofMR, whereas the amplitudes entering Br(µ→ 3e), Cr(µ→ e) and Br(Z → eµ) involve
terms with four Yukawa couplings in addition. Furthermore, Cr(µ → e,Au) and Cr(µ → e,Al)
feature target dependent blind spots.

seen from eqs. (2.22), (2.23) and (2.24), varying |z| and Arg(z) would not add anything to
our discussion.

As we can see from figure 9, the µ→ e conversion rates show sharp dips for specific
values of the sterile neutrino masses, whose positions depend on the target nucleus. This
behaviour was already observed in ref. [63] and is due to a cancellation between u-quark
and d-quark contributions which enter the µ→ e conversion rate with opposite sign. For
masses around these blind spots, µ→ e conversion leads to less stringent bounds on the
neutrino Yukawa couplings, such that e.g. the bounds from µ → 3e can be competitive.
Note that Br(Z → e±µ∓) not only displays a blind spot, but that this branching ratio is
generally inaccessible to current experiments, and even at future Z factories (taking into
account the current limits from the other µ→ e processes).

Next we study the constraints that Z → νν, tests of lepton flavour universality of the
charged current and upper bounds on charged lepton flavour violating observables set on
the couplings λi, i ∈ {e, µ, τ}, as a function of the mass MR (see eq. (2.15)). Figure 10
shows allowed couplings λi, i ∈ {e, µ, τ} (see eqs. (2.15)), obtained by logarithmic sampling,
for the cases of three degenerate sterile neutrinos with MR = 103 GeV, MR = 104 GeV or
MR = 105 GeV. All points that are disfavoured by the combined χ2 function of Z → νν

and tests of lepton flavour universality of the charged current (at the 95% CL), or that are
excluded by any charged lepton flavour violating observables, were eliminated.
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Figure 10. Allowed regions in the different λi − λj planes for i, j ∈ {e, µ, τ} and MR = 103 GeV,
MR = 104 GeV, MR = 105 GeV (see text for details).

In figure 11 the MR-dependence of the products λiλj , i, j ∈ {e, µ, τ} is illustrated.
Whereas the bounds on λ2

` , are similar for all three flavours, the bounds on the product
λeλµ are more stringent than the bounds on λeλτ and λµλτ .

Next we consider correlations between the different charged lepton flavour violating
processes. For this we again assume three mass-degenerate right-handed neutrinos with
masses of either MR = 103 GeV, MR = 104 GeV or MR = 105 GeV, whereas the couplings
λi, i ∈ {e, µ, τ} are logarithmically sampled within the range

[
10−6, 1

]
. As for figures 10

and 11, the resulting rates are compared to the current experimental bounds and future
sensitivities given in tables 4, 6, 8 10 and in tables 5, 7, 9, 11 and all points in parameter
space were disregarded that are disfavoured by the combined χ2 function of Z → νν and
tests of lepton flavour universality of the charged current (at the 95% CL), or that are
excluded by any of the current upper bounds on charged lepton flavour violating observables
that are not plotted on the axes.
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Figure 11. Allowed points for the possible products λiλj , i, j ∈ {e, µτ} (see eq. (2.15)) as a
function of MR.

In figure 12 we show the three possible combinations of the µ → e observables
Br (µ→ 3e), Br (µ→ eγ) and Cr(µ → e, Al). Here we do not consider Br(Z → µe),
since it does not give relevant bounds, even once future prospects are taken into account (see
figure 9). We see that, apart from in the regions of parameter space around the blind spots
shown in figure 9, µ→ e conversion in nuclei is currently more constraining than µ→ 3e,
which is phase space suppressed. Furthermore, as figure 9 shows, the branching ratio of
µ → eγ is larger than that of µ → 3e in the range of sterile neutrino masses considered
here. Consequently, µ → 3e can only lead to more stringent bounds than µ → eγ if the
corresponding experimental limit is more precise. This is currently not the case, however,
the future Mu3e limits on the branching ratio will be lower than that of MEG II.
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Figure 12. Correlations between the processes µ→ 3e, µ→ eγ and µ→ e conversion in aluminium
nuclei. The current experimental upper limits are indicated by the black lines while the future
sensitivities are shown in red and orange.
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The spread of the points in figure 12(a) can be explained by the terms proportional to
four powers of the neutrino Yukawa couplings. Indeed, if one disregarded these Y 4 terms,
the predicted points in parameter space would converge to the upper left boundary of
the current region, and we would obtain direct correlations between the two observables
Br(µ → 3e) and Br(µ → eγ). In particular, the smaller the sterile neutrino mass, the
stronger the bounds on the couplings and the smaller the Y 4 terms w.r.t. the quadratic ones.
Consequently, larger values of Br(µ→ 3e) and Br(µ→ eγ) can be attained by O(103)GeV
and O(104)GeV sterile neutrinos than by O(105)GeV sterile neutrinos. For O(103)GeV
and O(104)GeV sterile neutrinos, even the current bound on Br(µ→ eγ) is constraining.

Figure 13 (figure 14) shows the τ → e(µ) observables Br (τ → e(µ)γ), Br (τ → 3e(µ))
and Br(Z → e(µ)τ). Figure 13(a) implies that Belle II will probe a part of the parameter
space of sterile neutrinos with masses ∼ O(104)−O(105)GeV, via Br(τ → 3e), however,
Br(Z → eτ), seems to be more sensitive to sterile neutrinos with masses ∼ O(105)GeV
(see also figures 13(b) and 13(c)), since it can exclude a part of the parameter space lying
below the current experimental bound on Br(τ → 3e). Furthermore, FCC-ee promises a
substantial improvement in sensitivity to the Z → eτ channel. The spread of the points
can be understood in the same way as for µ→ e transitions.

Similar results are obtained for τ → µ processes, as can be seen in figure 14. Among
them, Z → µτ is the observable most sensitive to sterile neutrinos with masses in the
range of ∼ O(105)GeV, however, future searches for τ → 3µ will also be able to probe the
parameter space for ∼ O(104)−O(105)GeV sterile neutrinos. Note that the largest possible
values for the branching ratios Br(τ → eµe) and Br(τ → µeµ), which feature two flavour
changes, lie approximately eight orders of magnitude below their current bounds. For this
reason, we do not study these two observables in more detail. We expect a similar behaviour
for muonium-antimuonium oscillations, since also these feature two flavour transitions.

6 Conclusions

The type-I seesaw is a natural mechanism to generate the observed smallness of the active
neutrino masses. In general, this requires the corresponding neutrino Yukawa couplings
to be tiny for TeV scale right-handed neutrinos. However, the Wilson coefficient of the
Weinberg operator can be protected from a non-zero contribution by a symmetry, as in
the inverse seesaw model. We refer to this setup as the symmetry protected type-I seesaw,
and to the corresponding limit as the inverse seesaw limit. In the inverse seesaw limit,
the neutrino Yukawa couplings can be sizeable (for TeV scale sterile neutrions), such that
observable effects in tests of lepton flavour (universality) violation are possible.

Within this setup, we performed a complete and comprehensive analysis of charged
lepton flavour violation. In particular, we calculated the matching of the type-I seesaw on
the SMEFT at the dim-6 level, as well as the 1-loop contributions to the processes

• Z → ``′

• `→ `′γ

• `→ 3`′

• µ→ e conversion in nuclei
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Figure 13. Correlations between the processes τ → 3e, τ → eγ and Z → eτ . The current
experimental upper limits are indicated by the black lines while the future sensitivities are shown in
red and orange.
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Figure 14. Correlations between the lepton flavour violating processes τ → 3µ, τ → µγ and
Z → µτ . The current experimental upper limits are indicated by the black lines while the future
sensitivities are shown in red and in orange.
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in the seesaw limit, i.e. at leading order in v2/M2
R. In the appendix we also provide the

corresponding expressions in a general Rξ gauge using exact diagonalisation of the neutrino
mass matrix.

In our phenomenological analysis, we correlated µ → eγ to µ → 3e and µ → e

conversion, as well as τ → e(µ)γ to τ → 3e(µ) and Z → τe(µ). Taking into account the
bounds from lepton flavour universality violation in tau, kaon and pion decays, and the
limit on Br(Z → νν), we found that, while for sterile neutrino masses of the order of 1TeV,
the correlation between any two `→ `′ processes is direct, i.e. showing a linear correlation,
the allowed parameter space significantly broadens for heavier right-handed neutrinos. The
reason for this behaviour is that for heavier right-handed neutrino masses, the neutrino
Yukawa couplings Y ν can be larger, while still respecting experimental bounds, such that
the (Y ν)4 effects in `→ `′ and Z → ``′ can be (relatively) more important. In particular,
we observed that

• Mu3e and future µ→ e conversion experiments have the capability of covering a large
portion of the so-far unexplored (i.e. unconstrained) parameter space.

• The lepton flavour violating Z decays, Z → eτ and Z → µτ can have sizeable branching
ratios and could be observed at future e+e− colliders such as FCC-ee or CEPC.

While we performed the phenomenological analysis without resummation of potentially
large logarithms between the right-handed neutrino scale and the EW scale, the formulae
for the matching on the SMEFT can in the future be used for an automated computation.
However, for this both a (at least partial) two-loop renormalisation group evolution, as
well as the inclusion of the (finite) loop contributions to the relevant observables within
LEFT, i.e. the contributions of the operators at the low scale to the matrix elements of the
processes, would be necessary.
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A Neutrino mixing matrix

For the derivation of the results for the amplitudes with exact diagonalisation of the neutrino
mass matrix (see appendix C), it is useful (as was already noticed in ref. [14]) to define the
3× (3 + n) mixing matrix

U ≡ V `L,†
(
13 O3

)
V ,

Uis ≡
3∑
j=1

V `L∗
ij Vjs , (A.1)

where i and j are lepton flavour indices that run from 1 to 3, whereas s is a neutrino index
which runs from 1 to 3 + n. V is the (3 + n)× (3 + n) neutrino mixing matrix introduced
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Interaction Exact Feynman rule

`iW
−
µ n

c
R,s − e√

2sW
γµUisPL

ncR,sZµn
c
R,t − e

2sWcW

(
U †γµU

)
st
PL

`iϕ
− ncR,s −

√
2
v

(
mdiag
` U

)
is
PL

`iϕ
− nR,s

√
2
v

(
UMdiag

ν

)
is
PR

Table 12. Feynman rules for Majorana neutrinos in the mass eigenbasis, without applying the
seesaw approximation. The lepton flavour index i runs from 1 to 3, the neutrino indices s and t run
from 1 to 3 + n. mdiag

` is the diagonal mass matrix of the charged leptons.

in eqs. (2.6)–(2.7) and V `L is one of the two 3× 3 matrices V `L and V `R that diagonalise
the charged lepton Yukawa as in

Y `,diag = V `L,†Y `V `R . (A.2)

Note that U is a semi-unitary matrix, since UU † = 13, but U †U 6= 13+n. At leading order
in v/MR, U is given by

U ≈
(
13 − 1

2MDM
−2
R M †D MDM

−1
R

)
, (A.3)

which corresponds to the upper 3× (3 + n) block of the seesaw-expanded neutrino mixing
matrix V , given in eq. (2.9).

The Feynman rules for the type-I seesaw can be expressed in terms of the neutrino
mixing matrix U . These are listed in table 12. Expanding them in powers of v/MR, we
recover the Feynman rules given in table 1.

In the derivation of the results given in appendix C we use

UMdiag
ν UT = V `L,†

(
13 O3

)
VMdiag

ν

(
V `L,†

(
13 O3

)
V
)T

=
(
13 O3

)( O3 MD

MT
D MR

)(
13
O3

)
= O3 , (A.4)

relating the mixing matrix U, defined in eq. (A.1), with the active and sterile neutrino
masses. This identity is simply an extension of eq. (2.7).

B Contributions to charged lepton flavour violating processes within the
EFT

By definition, the Wilson coefficients, obtained from a matching at a high scale, contain
only the hard part of the corresponding amplitudes of the full theory (i.e. the SM with
right-handed neutrinos in our case). However, when calculating physical processes at fixed
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Figure 15. Diagrams with the insertions of the SMEFT operator which receives contributions at
tree-level, contributing to `→ `′γ.

order, as is done in section 4, the full amplitudes, i.e. the sum of the hard and the soft part of
the amplitudes, enters. Therefore, the SMEFT matching of section 3.3 would be insufficient
to calculate physical processes because the soft part of the amplitudes, corresponding to
the loop-contributions to the respective processes within the EFT, would be missing. In
this section we obtain these soft parts of the amplitudes by calculating the loop diagrams
with the insertions of the modified tree-level couplings of neutrinos with Z and W bosons
resulting from eq. (3.9).

B.1 `→ `′γ

Defining
Leff = aM

ij
¯̀
Liσµν`RjF

µν + h.c. , (B.1)

where Fµν = ∂µAν − ∂νAµ is the electromagnetic field strength tensor, we find the contri-
butions to `→ `′γ, shown in figure 15, to be given by

aM
ij = −

5e3m`j

384π2s2
WM

2
W

Sij . (B.2)

Together with the contribution to the Wilson coefficients from the one-loop matching of
the full theory onto SMEFT, reported in eqs. (3.20) and (3.19), this combines to the full
`→ `′γ amplitude given in eq. (4.18).

B.2 Four lepton amplitudes

The amplitudes of `j`l → `i`k processes, can be decomposed as

M =
(
aVLL
ij,kl + z̃VLL

ij,kl + dVLL
ij,kl

) (
`iγµPL`j

) (
`kγµPL`l

)
+
(
aVLR
ij,kl + z̃VLR

ij,kl

) (
`iγµPL`j

) (
`kγµPR`l

)
, (B.3)

where aVAB
ij,kl denotes the off-shell photon penguin contributions, z̃VAB

ij,kl the Z penguin, and
dVAB
ij,kl the box contributions.
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Figure 16. Off-shell photon penguins contributing to four-lepton processes.

There are three classes of diagrams with an off-shell photon exchange, as shown in
figure 16):

• Diagrams with two Goldstone bosons in the loop

• Diagrams with a Goldstone and W boson in the loop

• Diagrams with two W bosons and a light neutrino in the loop

Due to the vectorial nature of the photon coupling, aVLL
ij,kl = aVLR

ij,kl and we find

aVLL
ij,kl = aVLR

ij,kl = −eQeaV
ijδkl = e , aV

ijδkl (B.4)

with aV
ij given in Rξ-gauge by

aV
ij =− e3

576π2s2
WM

2
W

n∑
a=1

MD,iaM
−2
R,aM

∗
D,ja

1
2

(
95−9ξ+54ξ log ξ

1−ξ +6log
(
µ2

M2
W

))
. (B.5)

Together with the result of the one-loop matching, the Z-penguin and box contributions,
this leads to the results in eqs. (4.20) and (4.21).

Below the electroweak scale, the diagrams with an off-shell Z boson exchange are the
ones shown in figure 18, with a fermion line attached to the Z boson. They give

z̃VLL
ij,kl = g`LSMδklz̃

L
ij

z̃VLR
ij,kl = g`RSMδklz̃

L
ij ,

(B.6)
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Figure 17. Box diagram contributing to four lepton processes with a tree-level operator insertion.

with

z̃Lij = − e3cW
128π2s3

WM
2
W

{
n∑
a=1

MD,iaM
−2
R,aM

∗
D,ja

(
8− ξ + 6ξ log ξ

1− ξ + 6 log
(
µ2

M2
W

))}

in Rξ gauge, and

z̃Lij = − e3cW
128π2s3

WM
2
W

{
n∑
a=1

MD,iaM
−2
R,aM

∗
D,ja

(
1 + 6 log

(
µ2

M2
W

))}
,

in Feynman gauge.
The box diagram with two W bosons in the loop (see figure 17) contributes as follows

in the Rξ-gauge:

dVLL
ij,kl = − e4

64π2s4
WM

2
W

n∑
a=1

MD,iaM
−2
R,aM

∗
D,jaδkl

1
4

(
−3 + ξ − 6ξ log ξ

1− ξ

)
. (B.7)

In Feynman-gauge we have

dVLL
ij,kl = − e4

64π2s4
WM

2
W

n∑
a=1

MD,iaM
−2
R,aM

∗
D,jaδkl . (B.8)

B.3 Two-lepton-two-quark interactions

Next we consider µ→ e conversion in nuclei, whose amplitude can be written as

Meff =
(
aVLL
ij,qq + zVLL

ij,qq + dVLL
ij,qq

) (
`iγµPL`j

)
(qγµPLq)

+
(
aVLR
ij,qq + zVLR

ij,qq

) (
`iγµPL`j

)
(qγµPRq) , (B.9)

with q = u, d.
The photon penguin contributions are of the same form of those given in (B.4).

aVLL
ij,uu = aVLR

ij,uu = −eQuaV
ij = −2

3e a
V
ij ,

aVLL
ij,dd = aVLR

ij,dd = −eQdaV
ij = 1

3e a
V
ij .

(B.10)
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Similarly, the Z boson penguins lead to

z̃VLL
ij,qq = z̃Lij g

qL
SM ,

z̃VLR
ij,qq = z̃Lij g

qR
SM ,

(B.11)

where gqLSM, and gqRSM, q = u, d, are the SM Z boson couplings to left- and right-handed up-
and down-type quarks,

guLSM = − e

2sWcW

(
1− 4

3s
2
W

)
,

guRSM = 2esW
3cW

,

gdLSM = e

2sWcW

(
1− 2

3s
2
W

)
,

gdRSM = −esW
3cW

,

(B.12)

and z̃Lij is as defined in eq. (B.6).
In Rξ-gauge we obtain the following box contributions:

dVLL
ij,ukul

= − e4

256π2s4
WM

2
W

{
n∑
a=1

3∑
g=1

MD,iaM
−2
R,aM

∗
D,jaV

CKM
kg V CKM∗

lg(
−
(
−9 + 8ξ + ξ2 + 6ξ log ξ

)
M2
W + ξ (−1 + ξ + 6 log ξ)m2

dg

(−1 + ξ)
(
M2
W −m2

dg

)
+
m2
dg

M2
W

log
(
M2
R,a

M2
W

)
+
m2
dg

(
4M2

W −m2
dg

)2

M2
W

(
M2
W −m2

dg

)2 log
(
M2
W

m2
dg

))}

dVLL
ij,dkdl

= − e4

256π2s4
WM

2
W

{
n∑
a=1

3∑
g=1

MD,iaM
−2
R,aM

∗
D,jaV

CKM∗
gk V CKM

gl((
3− 4ξ + ξ2 + 6ξ log ξ

)
M2
W − ξ (−1 + ξ + 6 log ξ)m2

ug

(−1 + ξ)
(
M2
W −m2

ug

)
−
m2
ug

M2
W

log
(
M2
R,a

M2
W

)
−
m2
ug

(
4M2

W − 8m2
ugM

2
W +m4

ug

)
M2
W

(
M2
W −m2

ug

)2 log
(
M2
W

m2
ug

)
.

)}

(B.13)

The terms with two Dirac mass matrices are generated by double W boson boxes, whereas
the terms with four Dirac mass matrices are generated by double-Goldstone boxes. In the
following, we neglect the possibility of having a flavour transition in the quark line, since this
effect is CKM-suppressed (when summing the contributions we set

(
V CKMV CKM†

)
kl

= δkl).

C Exact diagonalisation and/or Rξ dependence

In the following, we give the full results, i.e. the sum of the soft and hard parts of the
amplitudes, for the processes of interest in our work, with exact diagonalization of the
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neutrino mixing matrix (as described in appendix A) and in the Rξ gauge. We sum over
the flavour indices a, b and c, which denote, respectively, internal neutrinos and charged
leptons, while the indices i, j, k, l denote external leptons, which are fixed. For the sake of
simplicity, we express the result in terms of master integrals, reported in appendix D.

C.1 Anomalous magnetic moments and radiative leptonic decays

Defining
Leff = AM

ij
¯̀
iσµνPR`jF

µν + h.c. , (C.1)

where Fµν = ∂µAν − ∂νAµ is the electromagnetic field strength tensor, we find

AM
ij =

e3m`j

256π2s2
W

n∑
a=1

UiaU
∗
jaf

M (Mν,a,MW ) , (C.2)

where

fM (Mν,a,MW ) =
M2
ν,a

M2
W

(
M2
ν,a −M2

W

)4

(
6M2

ν,aM
2
W

(
A0(Mν,a)−M2

W

)
− 3M4

ν,a

(
2A0(MW )−M2

W

)
+ 2M6

ν,a +M6
W

)
. (C.3)

C.2 Z → ``′

The Z → `i`j amplitude can be cast into the form

M(Z → `i ¯̀j) = − e3

16π2cWs3
W
ZVL
ij

¯̀
j /ZPL`i ,

with

ZVL
ij =UiaU

∗
jaf

V
A

(
M2
ν,a

)
+Uia

( 3∑
k=1

U∗kaUkb

)
U∗jbf

V
B

(
M2
ν,a,M

2
ν,b

)
+UiaUkaU∗kbU∗jbfV

C

(
M2
ν,a,M

2
ν,b

)
, (C.4)

fV
A

(
M2
ν,a

)
=
{
−2
(
2M2

W−M2
Z

)
M4
Z

(
M2
ν,a−M2

W

)2

(
4M4

W

(
M2
W +2M2

Z

)
−3M2

W

(
2M2

W +3M2
Z

)
M2
ν,a

+4M2
ZM

4
ν,a+2M6

ν,a

)
A0(MW )

+ 2
(
2M2

W−M2
Z

)
M4
Z

(
M2
ν,a−M2

W

)2

(
4M4

W

(
M2
W +2M2

Z

)
−6M2

W

(
M2
W +M2

Z

)
M2
ν,a

+M2
ZM

4
ν,a+2M6

ν,a

)
A0(Mν,a)

− 2
M4
Z

((
4M2

WM
2
Z+4M4

W−M4
Z

)
M2
ν,a

+2
(
2M2

W−M2
Z

)
M4
ν,a

)
B0
(
M2
Z ;MW ,MW

)
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ϕ`,ij in loop diagrams contributing to the process Z → ``′.
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− 4
M4
Z

(
4M6

W

(
M2
W +2M2

Z

)
+M2

W

(
4M4

Z−5M2
WM

2
Z−6M4

W

)
M2
ν,a

+M2
Z

(
4M2

W−M2
Z

)
M4
ν,a+

(
2M2

W−M2
Z

)
M6
ν,a

)
×C0

(
0,0,M2

Z ;MW ,Mν,a,MW

)
+ 2M2

W−M2
Z

M2
Z

(
M2
ν,a−M2

W

) (2M4
W +5M2

ν,aM
2
W−M4

ν,a

)} 1
16M2

W

, (C.5)

fV
B

(
M2
ν,a,M

2
ν,b

)
=
{
M2
W

(
−2M2

W−3M2
Z+M2

ν,a+M2
ν,b

)
B0
(
M2
Z ;Mν,b,Mν,a

)
+
(
−2M2

W

(
M2
W +M2

Z

)2
+2M2

W

(
M2
W +M2

Z

)(
M2
ν,a+M2

ν,b

)
−
(
2M2

W +M2
Z

)
M2
ν,aM

2
ν,b

)
×C0

(
0,0,M2

Z ;Mν,a,MW ,Mν,b

)} 1
4M2

WM
2
Z

, (C.6)

and

fV
C

(
M2
ν,a,M

2
ν,b

)
=
{(
− 2M2

W +M2
Z +M2

ν,a +M2
ν,b

)
B0
(
M2
Z ;Mν,a,Mν,b

)
− 2

(
M2
ν,aM

2
ν,b −M2

W

(
M2
ν,a +M2

ν,b

)
+M2

W

(
M2
W + 2M2

Z

) )
× C0

(
0, 0,M2

Z ;Mν,a,MW ,Mν,b

)}−Mν,aMν,b

8M2
WM

2
Z

. (C.7)

Note that all three structures are both ξ-independent and UV-finite after taking into account
the unitarity of the neutrino mixing matrix and eq. (A.4).

Performing the seesaw expansion (see eqs. (2.9)–(2.11)), eq. (C.4) simplifies to eq. (C.9).
The structure UiaUcaU∗cbU∗jb vanishes by virtue of the inverse seesaw condition, eq. (2.12).
Terms with this structure survive only in presence of sterile neutrino mass splitting and can
be simplified as follows. Using the notation Y 4|/L = ∑N

a,b=1 Y
ν
iaM

−1
R,a

(∑3
c=1 Y

ν
caY

ν∗
cb

)
M−1
R,bY

ν∗
jb ,

we find

Y 4|/L ×
{
−

M2
R,a

M2
R,a −M2

R,b

log
(

µ2

M2
R,a

)
+

M2
R,b

M2
R,a −M2

R,b

log
(

µ2

M2
R,b

)}
=

Y 4|/L ×
{

+
M2
R,a

M2
R,a −M2

R,b

log
(
M2
R,a

)
−

M2
R,b

M2
R,a −M2

R,b

log
(
M2
R,b

)}
=

Y 4|/L ×
{

1
2
M2
R,a −M2

R,b

M2
R,a −M2
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log
(
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)
+
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log
(
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)
−1

2
M2
R,a −M2
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log
(
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−
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log
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=

Y 4|/L ×
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1
2
M2
R,a +M2
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R,b

log
(
M2
R,a
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)}
= Y 4|/L × k(M2

R,a,M
2
R,b) , (C.8)
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with the function k, as defined in eq. (4.15).

ZVL
ij (q2

Z) =
n∑
a=1

MD,iaM
−2
R,aM

∗
D,jaf2

(
M2
R,a

)

+
n∑

a,b=1
MD,ia

( 3∑
k=1

M∗D,kaMD,kb

)
MD,jb f4A

(
M2
R,a,M

2
R,b

)

+
n∑

a,b=1
MD,iaM

−1
R,a

( 3∑
k=1

MD,kaM
∗
D,kb

)
M−1
R,bM

∗
D,jb f4B

(
M2
R,a,M

2
R,b

)
. (C.9)

The loop functions f2 and f4A and f4B, reduced to master integrals, are given by

f2
(
M2
R

)
=−

(
1−2c2

W

) 2M6
R+M4

Rq
2
Z−6M2

RM
2
W

(
M2
W +q2

Z

)
+4M4

W

(
M2
W +2q2

Z

)
8M2

W q
2
Z(M2

R−M2
W )2 A0(MR)

+
(
1−2c2

W

)M2
R

(
2M4

R−4M2
R

(
M2
W +q2

Z

)
+7M2

W q
2
Z+2M4

W

)
8M2

W q
2
Z(M2

R−M2
W )2 A0(MW )

+ 1
2q2
Z

(
M2
R−2M2

W−3q2
Z

)
B0(q2

Z ;0,MR)

+ M2
R

8M2
W q

2
Z

(
2
(
1−2c2

W

)
M2
R−2

(
1+2c2

W

)
M2
W +

(
1−2c2

W

)
q2
Z

)
B0(q2

Z ;MW ,MW )

+ 1
q2
Z

(
M2
W +q2

Z

)(
M2
R−M2

W−q2
Z

)
C0(0,0, q2

Z ,MR,MW ,0)

+ 1
4M2

W q
2
Z

((
1−2c2

W

)
M6
R−M4

R

(
2M2

W−
(
1−2c2

W

)
q2
Z

)
+M2

RM
2
W

((
1+6c2

W

)
M2
W−4

(
1−c2

W

)
q2
Z

)
−4c2

WM
4
W

(
M2
W +2q2

Z

))
C0(0,0, q2

Z ,MW ,MR,MW )

+
(
1−2c2

W
)
M2
R

(
M2
R−7M2

W

)
16M2

W (M2
R−M2

W ) , (C.10)

and

f4A(MR,a,MR,b) = − 1
4M2

W

C0(0, 0, q2
Z ,MR,a,MW ,MR,b) (C.11)

f4B
(
M2
R,a,M

2
R,b

)
= − 1

8M2
W q

2
ZMR,aMR,b

×
{(
M2
R,a +M2

R,b − 2M2
W + q2

Z

)
B0
(
q2
Z ;MR,a,MR,b

)
− 2

(
M2
R,aM

2
R,b −M2

W

(
M2
R,a +M2

R,b

)
+M2

W

(
M2
W + 2q2

Z

) )
× C0

(
0, 0, q2

Z ;MR,a,MW ,MR,b

)}
(C.12)

q2
Z corresponds to the momentum squared of the Z boson. For on-shell Z, q2

Z is to be
substituted with M2

Z .
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C.3 `→ `′`′`′′′

The amplitudes of `→ 3`′ processes can be cast into the form

M
(
`j → `i`k ¯̀

l

)
=
(
AVLR
ij,kl + ZVLR

ij,kl

) (
¯̀
iγµPL`j

) (
¯̀
kγµPR`l

)
+
[(
AVLL
ij,kl + ZVLL

ij,kl +DVLL
ij,kl

) (
¯̀
iγµPL`j

) (
¯̀
kγµPL`l

)
+ ((ij, kl)→ (kl, ij))
+ ((ij, kl)→ (kj, il))
+ ((ij, kl)→ (il, kj))]

+DSLR
jl,ik

(
¯̀
iPL`k

) (
¯̀
jPR`l

)
, (C.13)

with AVL(L/R)
ij,kl , ZVL(L/R)

ij,kl , DVLL
ij,kl and DSLR

ij,kl as defined in the following subsections.

C.3.1 Photon penguin contributions

From the photon penguins, we obtain

AVL
ij,kl =

e3

384π2M2
W s

2
W
UiaM

2
ν,aU

∗
jaδk,l


3ξ
(
6M2

ν,a−(7−ξ)ξM2
W

)
(1−ξ)

(
M2
ν,a−ξM2

W

)2 log
(
M2
ν,a

ξM2
W

)

−
(28−3ξ)M6

ν,a−(43+19ξ)M2
WM

4
ν,a+(34ξ+9)M4

WM
2
ν,a−6ξM6

W(
M2
ν,a−M2

W

)3(
M2
ν,a−ξM2

W

)
+

2(8ξ+1)M6
ν,a−(41+13ξ)M2

WM
4
ν,a+6(11−2ξ)M4

WM
2
ν,a−3(7−ξ)M6

W

(1−ξ)
(
M2
ν,a−M2

W

)4 log
(
M2
ν,a

M2
W

) .
(C.14)

C.3.2 Z penguin contributions

The Z penguin contributions give

ZVLR
ij,kl = g`LSMZVL

ij δkl ,

ZVLL
ij,kl = g`RSMZVL

ij δkl , (C.15)

with the couplings g`LSM and g`RSM, as defined in eq. (2.28), and

ZVL
ij,kl

∣∣∣
Rξ

= ZVL
ij,kl

∣∣∣
FG

+ ZVL
ij,kl

∣∣∣
ξ
, (C.16)
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where ZVL
ij,kl

∣∣∣
Rξ

denotes the result in Rξ gauge, ZVL
ij,kl

∣∣∣
FG

is the result in Feynman gauge

and ZVL
ij,kl

∣∣∣
ξ
collects the ξ-dependent terms:

ZVL
ij

∣∣∣
FG

= e3cW
128π2s3

WM
2
W

UiaU
∗
ja(

M2
ν,a−M2

W

)2

{
M4
ν,a

(
9−10log

(
M2
ν,a

M2
W

))
−8M2

WM
2
ν,a−M4

W

}

− e3cW
64π2s3

WM
2
W

UiaU
∗
maUmbU

∗
jb

×
M4
ν,a

(
M2
ν,b−M2

W

)2 log
(
M2
ν,a

M2
W

)
−M4

ν,b

(
M2
ν,a−M2

W

)2 log
(
M2
ν,b

M2
W

)
M2
W

(
M2
ν,a−M2

ν,b

)(
M2
ν,a−M2

W

)(
M2
ν,b−M2

W

)
− e3cW

128π2s3
WM

2
W

UiaUmaU
∗
mbU

∗
jb

×


M3
ν,aMν,b

(
M2
ν,a−4M2

W

)
log
(
M2
ν,a

M2
W

)
M2
W

(
M2
ν,a−M2

ν,b

)(
M2
ν,a−M2

W

) −
Mν,aM

3
ν,b

(
M2
ν,b−4M2

W

)
log
(
M2
ν,b

M2
W

)
M2
W

(
M2
ν,a−M2

ν,b

)(
M2
ν,b−M2

W

)
 ,

(C.17)

and

ZVL
ij

∣∣∣
ξ

= e3cW
128π2s3

W
UiaU

∗
ja

×

 7
M2
ν,a−M2

W

− ξ2

M2
ν,a−ξM2

W

+

 ξ2M2
ν,a(

M2
ν,a−ξM2

W

)2−
2ξ2(1+2ξ)

(1−ξ)
(
M2
ν,a−ξM2

W

)
 log

(
M2
ν,a

ξM2
W

)

−

 3(5−9ξ)
2(1−ξ)

(
M2
ν,a−M2

W

)+
7
(
M2
ν,a+M2

W

)
2
(
M2
ν,a−M2

W

)2 + 4(1−ξ)
M2
W

 log
(
M2
ν,a

M2
W

)
+ e3cW

64π2s3
W
UiaU

∗
kaUkbU

∗
jb

×


M2
ν,a

M2
W


ξ log

(
M2
ν,a

ξM2
W

)
M2
ν,a−ξM2

W

−
log
(
M2
ν,a

M2
W

)
M2
ν,a−M2

W

+
M2
ν,b

M2
W


ξ log

(
M2
ν,b

ξM2
W

)
M2
ν,b−ξM2

W

−
log
(
M2
ν,b

M2
W

)
M2
ν,b−M2

W




(C.18)

C.3.3 Box contributions

For general neutrino mixing matrices, we find two different classes of box contributions:
vectorial, lepton number conserving boxes that we will denote DVLL

ij,kl , as well as scalar,
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lepton number violating boxes, which we denote DSLR
ij,kl and vanish in the inverse seesaw

limit in presence of degenerate sterile neutrinos. The full box contributions in the Rξ gauge
can be split into the result in Feynman gauge and the ξ-dependent terms:

DVLL
ij,kl

∣∣∣
Rξ

= DVLL
ij,kl

∣∣∣
FG

+ DVLL
ij,kl

∣∣∣
ξ
,

DSLR
ij,kl

∣∣∣
Rξ

= DSLR
ij,kl

∣∣∣
FG

+ DSLR
ij,kl

∣∣∣
ξ
. (C.19)

We find

DVLL
ij,kl

∣∣∣
FG

= e4

256π2s4
WM

4
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UiaU
∗
jaUkbU

∗
lb

1
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7 + 2 log
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− 8 log
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(
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(
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ν,b

(
3 + 16 log
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, (C.20)

DVLL
ij,kl

∣∣∣
ξ

= e4

1024π2s4
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×

−
4ξ2

(
1− ξ + 6 log

(
M2
ν,a

ξM2
W

))
(1− ξ)

(
M2
ν,a − ξM2

W

) −
4ξ2

(
1− ξ + 6 log

(
M2
ν,b

ξM2
W

))
(1− ξ)

(
M2
ν,b − ξM2

W

)
+

4ξ2M2
ν,a(

M2
ν,a − ξM2

W

)2 log
(
M2
ν,a

ξM2
W

)
+

4ξ2M2
ν,b(

M2
ν,b − ξM2

W

)2 log
(
M2
ν,b

ξM2
W

)

−
(7− 19ξ) log

(
M2
ν,a

M2
W

)
− 14(1− ξ)

(1− ξ)Mν,a(Mν,a −MW ) −
(7− 19ξ) log

(
M2
ν,b

M2
W

)
− 14(1− ξ)

(1− ξ)Mν,b(Mν,b −MW )
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−
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(C.21)

DSLR
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(C.22)

and
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+
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(C.23)

In the sums
(
AVLR
ij,kl + ZVLR

ij,kl

)
and

(
AVLL
ij,kl + ZVLL

ij,kl +DVLL
ij,kl

)
, which are the relevant contri-

butions to `→ 3`′ processes in the case of lepton number conservation, the ξ dependence
drops out by unitarity of the neutrino mixing matrix (UU † = 1). In DSLR, the ξ depen-
dence drops out by virtue of eq. (A.4), which is a consequence of the SU(2)L invariance of
the Lagrangian (see eq. (2.1)). Note that the structure UiaUmaU∗mbU∗jb in the Z penguin
contribution, eq. (C.17), and the structure U∗jaU∗laUibUkb in the scalar boxes, eq. (C.22),
arise from lepton number violating contributions. These structures vanish in the inverse
seesaw limit (see eqs. (2.14) and (2.15)) if the sterile neutrino mass splitting is small.

C.4 µ→ e conversion in nuclei

Next we consider µ→ e conversion in nuclei. We define

Meff =
∑
q=u,d

(
AVLR
ij,qq + ZVLR

ij,qq

) (
¯̀
iγµPL`j

)
(q̄γµPRq)

+
(
AVLL
ij,qq + ZVLL

ij,qq +DVLL
ij,qq

) (
¯̀
iγµPL`j

)
(q̄γµPLq) , (C.24)

with AVLL/LR
ij,qq , ZVLL/LR

ij,qq and DVLL
ij,qq as defined in the following subsections.

Taking the sum in eq. (C.24) and the quark flavour-diagonal limit of the box contri-
butions, DVAB

ij,qq ≡ DVAB
ij,qkql

δkl, where q = u, d, we obtain the leading contribution to µ→ e

conversion, which is given in eq. (4.24).

C.4.1 Photon penguin contributions

The photon penguin contributions to µ→ e conversion in nuclei are of the same form as
those contributing four lepton processes.

AVLL
ij,uu = AVLR

ij,uu = QuAVL
ij = 2

3A
VL
ij

AVLL
ij,dd = AVLR

ij,dd = QdAVL
ij = −1

3A
VL
ij

(C.25)

with the form factor AVL
ij given in eq. (C.14).
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C.4.2 Z penguin contributions

Similarly, the Z boson penguins lead to the contributions

ZVLL
ij,qq = ZLij g

qL
SM

ZVLR
ij,qq = ZLij g

qR
SM

(C.26)

where gqLSM, and gqRSM, q = u, d, are the SM Z boson couplings to left- and right-handed up-
and down-type quarks, which are given in eq. (B.12), and ZLij is the form factor given in
eq. (C.15).

C.4.3 Box contributions

Since to order v2/M2
R there are no box diagrams contributing to the matching onto O(1)

`q

and O(3)
`q , the only contributions are those given in eq. (B.13). Neglecting the possible

flavour effects on the quark line, we define

DVAB
ij,qq ≡ DVAB

ij,qkql
δkl = dVAB

ij,qkql
δkl , q = u, d . (C.27)

D Integrals

Assuming the hierarchy M2
W ,M

2
Z , q

2
Z ∼ v2 �M2

R, |MR,a −MR,b| � |MR,a +MR,b|, we can
use the following expansions of the master integrals:

B0(q2
Z ;0,MR) = 1+ q2

Z

2M2
R

+ 1
ε

+log
(
µ2

M2
R

)

B0(q2
Z ;MW ,MW ) = 2+ 1

ε
+log
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)
−arctan

(√
qZ2 (4M2

W −qZ2)
2M2
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)√
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2
W

q2
Z

−1
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(
q2
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ε
+ 1

2 log
(
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M2
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)
+ 1

2 log
(
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M2
R,b

)
− M2
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ν,b

2
(
M2
R,a−M2
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) log
(
M2
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M2
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)
C0(0,0, q2

Z ,MR,MW ,0) =− 1
2M4

R

(
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W−q2

Z+
(
2
(
M2
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W

)
+q2

Z

)
log
(
M2
R

M2
W

))

C0(0,0, q2
Z ,MW ,MR,MW ) =− 1

36M6
R

{
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)
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C0(0,0, q2
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log
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