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1 Introduction and summary

It has recently become apparent that string theory on AdS3×S3×T4 with minimal (k = 1)
NSNS flux is exactly dual to the symmetric orbifold of T4. The worldsheet description
of this string theory is exactly solvable in the hybrid formalism [1], using the free field
realisation of the psu(1, 1|2)1 WZW model at level k = 1 [2, 3]. This allows one to show
that the perturbative string spectrum matches exactly that of the symmetric orbifold theory
in the large N limit [2], see also [4, 5] for earlier indications. Furthermore, it was shown
in [3, 6–8] that the correlation functions of the symmetric orbifold theory can be reproduced
from this worldsheet perspective.

Given this perturbative correspondence, one may wonder what can be said about the
non-perturbative states of string theory, and whether they also match with some suitable
states in the symmetric orbifold. One relatively accessible class of non-perturbative con-
tributions are described by D-branes, and they can be efficiently analysed using boundary
CFT techniques on the worldsheet. In fact, since the relevant background is far from ‘ge-
ometrical’ — at level k = 1, the size of the AdS space is of the order of the string length
— this is essentially the only approach in this context.

In this paper we will undertake first steps towards characterising and analysing the
possible boundary conditions of the psu(1, 1|2)1 worldsheet theory. We will concentrate
on the ‘maximally symmetric’ D-branes, i.e. the D-branes that preserve the full psu(1, 1|2)
symmetry, up to an automorphism. If we restrict to the sl(2,R) algebra that describes the
AdS3 factor following [9], the branes we consider are closely related to those constructed
already some time ago in [10–17]. However, since at k = 1 the closed string spectrum is
much simpler — it only contains one continuous representation, as well as its spectrally
flowed images — our analysis differs a bit from what was done before.

As was already explained in [10–17] (and as we review in appendix A), there are two
families of branes in AdS3 that preserve the maximal SL(2,R) symmetry. They are the
AdS2 and the spherical branes, and their respective geometry is sketched in figure 1. In
this paper we shall mainly consider the spherical branes whose worldvolumes are located
at a fixed time, and hence describe ‘instantonic’ branes in AdS3. They extend all the way
to the boundary, and create a one-dimensional circular ‘defect’ at the 2d boundary, see
the left panel of figure 1. Our main result is that this 2d ‘defect’ is to be identified with
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spherical brane AdS2
brane

Figure 1. Geometry of the spherical and AdS2 branes.

a certain D-brane of the symmetric orbifold theory. This therefore furnishes a concrete
realisation of the scenario proposed in [18], see also [19].1

As evidence in favour of this identification we calculate the cylinder diagram (or more
precisely the superstring amplitude that describes the exchange of closed strings between
two such branes), where we separate the branes by a certain distance t̂ along the time
direction, see figure 2. From the worldsheet perspective the corresponding cylinder corre-
lator turns out to be of the form (for the sake of simplicity we are suppressing here various
chemical potentials, see section 5 below for more details)

Ẑu|v(t̂; τ̂) =
∑
w∈Z

∫ 1

0
dλ

∑
r∈Z+λ

e2πir(t̂−wτ̂)ẐT4

u|v(t̂; τ̂) . (1.1)

Here τ̂ is the worldsheet modulus, while t̂ is the sl(2,R) chemical potential, respectively.
The parameters u and v describe the different D-branes in the T4 sector, and ẐT4

u|v(t̂; τ̂)
is the corresponding cylinder amplitude. We should mention that its t̂ dependence comes
from the ghost contribution since initially the torus degrees of freedom are uncharged
with respect to the sl(2,R) subalgebra of psu(1, 1|2), see [21] and the discussion around
eq. (5.7) below.

From a worldsheet perspective this correlator needs to be integrated over τ̂ , but be-
cause of the integral over λ and the sum over r, the exponential factor in (1.1) becomes a
δ-function, ∫ 1

0
dλ

∑
r∈Z+λ

e2πir(t̂−wτ̂) = δ
(
t̂− wτ̂

)
. (1.2)

1This is to be contrasted with another proposal for AdS/BCFT [20] where AdS D-branes are related to
defects in the dual CFT.
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Figure 2. Cylinder string amplitude for two spherical branes in AdS3. At k = 1 all closed strings
are essentially ‘long strings’, i.e. are close to the asymptotic boundary of AdS3.

Thus the τ̂ integral is effectively trivial, and the integrated amplitude simplifies to
∞∑
w=1

1
w
ẐT4

u|v

(
t̂; t̂
w

)
. (1.3)

The key observation is that this is precisely the singe particle contribution to the cylinder
diagram in the symmetric orbifold theory, where we choose the boundary condition u (resp.
v) in all factors of the symmetric orbifold. (The relevant boundary states in the symmetric
orbifold theory are constructed in detail in section 4.)

We have also performed the corresponding open string analysis, both in the worldsheet
theory as well as in the symmetric orbifold, and they also match by a similar mechanism.
The details of the delta function condition are a little bit different, see eq. (5.15) below,
but in essence the calculation works the same, reflecting that both the boundary states on
the worldsheet and in the symmetric orbifold satisfy the Cardy condition; this is explained
in section 5.2.

Finally, we have confirmed that the correlation functions in the presence of this bound-
ary condition reproduce those of the symmetric orbifold theory, see section 6. This follows
from that fact that both the correlators on the worldsheet as well as those in the sym-
metric orbifold can be expressed in terms of covering maps on manifolds with boundaries,
mirroring naturally the arguments of [3, 6].

The reason why we concentrate on the spherical branes in this paper is that their world-
sheet boundary states involve all spectrally flowed sectors. As explained in appendix A, see
also e.g. [14], this is simple to understand geometrically: since spectral flow corresponds
to the winding number along the circular direction of the AdS3 boundary cylinder, only a
brane that satisfies a Neumann boundary condition in the angular φ coordinate can couple
to these ‘winding’ sectors, see again figure 1. This translates into the statement that the

– 3 –



J
H
E
P
1
2
(
2
0
2
1
)
1
4
9

corresponding symmetric orbifold boundary state involves all twisted sectors states, and
hence is ‘maximally fractional’. This makes its construction relatively straightforward.

On the other hand, the AdS2 branes that satisfy a Dirichlet boundary condition in
φ cannot couple to any spectrally flowed sector on the worldsheet. Their interpretation
from the symmetric orbifold perspective is therefore more delicate since all the symmetric
orbifold states come from sectors with non-trivial spectral flow on the worldsheet [2]. We
should mention that the two sets of branes are inequivalent from the point of view of global
AdS3, i.e. in the worldsheet theory based on the WZWmodel of SL(2,R), see the comments
around eq. (A.10) in appendix A. On the other hand, if we were to consider thermal AdS3
whose boundary is a torus, the two gluing conditions are related to one another by the
modular S matrix that exchanges the roles of the two torus directions. Then we can apply
similar arguments also for the AdS2 branes, as was already noticed in [16]. However, this
then involves a different worldsheet theory that has, in particular, also spectrally flowed
sectors with w 6= w̄, and it is not obvious how this theory is related to the symmetric
orbifold theory.

The paper is organised as follows. In section 2 we give a brief review of the PSU(1, 1|2)
WZW model at level k = 1, and in section 3 we construct the symmetric boundary states
of this model. Section 4 summarises the key features of the symmetric orbifold theory and
constructs the maximally fractional boundary states that are relevant for the comparison
with the spherical branes in AdS3. We also sketch there the construction of another natural
family of branes whose AdS3 interpretation, however, is not yet clear. The details of the
cylinder amplitude calculation are described in section 5. In section 6 we discuss correlation
functions in the presence of these D-branes, and argue that they reproduce the expected
symmetric orbifold results. We conclude in section 7, and there are a number of appendices
where some of the more technical material is described.

Note added: we understand that related work has also been done independently in [22].
We have thus coordinated the release of our papers.

2 The PSU(1, 1|2)1 WZW model

In this section we shall fix our conventions and remind the reader about the structure of
the WZW model based on the supergroup PSU(1, 1|2) at level k = 1.

2.1 Representations of psu(1, 1|2)1

Let us begin by reviewing the structure of the superalgebra psu(1, 1|2)1. Its maximal
bosonic subalgebra is sl(2,R)1 ⊕ su(2)1, and we denote the corresponding generators by
Jam and Ka

m, with a ∈ {±, 3}, respectively. In addition there are the fermionic generators
Sαβγm where α, β, γ ∈ {±} denote spinor indices with respect to suitable su(2) algebras. At
level k = 1, these modes satisfy the (anti-)commutation relations

[J3
m, J

3
n] = −1

2mδm+n,0 , (2.1a)

[J3
m, J

±
n ] = ±J±m+n , (2.1b)
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[J+
m, J

−
n ] = mδm+n,0 − 2J3

m+n , (2.1c)

[K3
m,K

3
n] = +1

2mδm+n,0 , (2.1d)

[K3
m,K

±
n ] = ±K±m+n , (2.1e)

[K+
m,K

−
n ] = mδm+n,0 + 2K3

m+n , (2.1f)

[Jam, Sαβγn ] = 1
2ca(σ

a)αµS
µβγ
m+n , (2.1g)

[Ka
m, S

αβγ
n ] = 1

2(σa)βνS
ανγ
m+n , (2.1h)

{Sαβγm , Sµνρn } = mεαµεβνεγρδm+n,0 − εβνεγρca(σa)αµJam+n + εαµεγρ(σa)βνKa
m+n . (2.1i)

Here σa are the Pauli matrices, while ca equals −1 for a = −, and +1 otherwise, and
the a indices are raised and lowered by the standard su(2) invariant form, see [2] for our
conventions. More specifically, we have

[J3
0 , S

±βγ
m ] = ±1

2S
±βγ
m , [J±0 , S∓βγm ] = ±S±βγm , (2.2a)

[K3
0 , S

α±γ
m ] = ±1

2S
α±γ
m , [K±0 , Sα∓γm ] = Sα±γm . (2.2b)

The highest-weight states of a highest weight representation form a Clifford representation
with respect to the fermionic zero modes, whose different summands sit in representa-
tions of the bosonic zero mode algebra sl(2,R) ⊕ su(2). At level k = 1, only the short
supermultiplets of the form

(C
1
2
λ ,2)

(C1
λ+ 1

2
,1) (C0

λ+ 1
2
,1)

(2.3)

are allowed [2], and we shall denote the corresponding affine representation by Fλ. Here
C
j
λ is the continuous representation of sl(2,R) where j ∈ R ∪ (1

2 + iR) parametrises the
quadratic Casimir as

Csl(2,R) = −j(j − 1) , (2.4)

and λ ∈ [0, 1) ∼= R/Z denotes the fractional part of the J3
0 eigenvalue m. Furthermore,

the representations of su(2) are the standard finite-dimensional representations labelled by
their dimension m. The states in (2.3) span then the highest weight space from which the
full representation Fλ is generated by the action of the negative modes of psu(1, 1|2)1.

2.2 Spectral flow

Additional representations can be generated by applying the spectral flow automorphism
of the current superalgebra

σw(J3
m) = J3

m + w

2 δm,0 , (2.5a)

σw(J±m) = J±m∓w , (2.5b)
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σw(K3
m) = K3

m + w

2 δm,0 , (2.5c)

σw(K±m) = K±m±w , (2.5d)

σw(Sαβγm ) = Sαβγ
m+ 1

2w(β−α) , (2.5e)

where w ∈ Z. On the Virasoro modes, spectral flow then acts as

σw(Ln) = Ln + w(K3
n − J3

n) . (2.6)

Spectral flow can be thought of as being implemented by an operator Sw on the vector
space of states, i.e.

σw(Fλ) ≡ Sw(Fλ) with σw(Wn) ≡ S−1
w WnSw (2.7)

for any mode Wn. If Φ ∈ Fλ is a state in any (unflowed) highest-weight representation of
psu(1, 1|2)1, we will denote its image under spectral flow by w units as

[Φ]w ≡ Sw Φ ∈ σw(Fλ) , (2.8)

so that

Wn [Φ]w = Sw S
−1
w Wn SwΦ = [σw(Wn)Φ]w , (2.9)

for any modeWn. Note that in contrast to the case of the su(2)1 subalgebra where each unit
of spectral flow simply exchanges the two highest weight representations, spectral flow for
sl(2;R)1 genuinely leads to new representations; in particular, the resulting representations
are typically not highest weight.

2.3 Characters and their modular properties

For the calculation of the cylinder diagram we will need the (unspecialised) supercharacters
corresponding to σw(Fλ),

c̃h[σw(Fλ)](t, z; τ) ≡ trσw(Fλ)
[
(−1)F qL0− c

24xJ
3
0 yK

3
0
]

(2.10a)

= (−1)wq
w2
2

∑
r∈Z+λ

xrq−rw
θ1( t+z2 ; τ)θ1( t−z2 ; τ)

η(τ)4 , (2.10b)

where q = e2πiτ is the usual modular parameter, and x = e2πit and y = e2πiz are the sl(2;R)
and su(2) fugacities, respectively. (The tilde indicates that we are considering the character
with the insertion of (−1)F .) Relative to the expression used in [23] we have introduced
the factor (−1)w which accounts for the (natural) fermion number of the ground states
upon spectral flow (see also [24] and [25]). Under the modular S-transformation, we have

e
πi
2τ (t2−z2)c̃h[σw(Fλ)]( t

τ
,
z

τ
;−1

τ
) =

∑
w′∈Z

∫ 1

0
dλ′ S(w,λ),(w′,λ′) c̃h[σw′(Fλ′)](t, z; τ) , (2.11)
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where we have introduced the modular S-matrix

S(w,λ),(w′,λ′) = |τ |
−iτ

e2πi[w′(λ− 1
2 )+w(λ′− 1

2 )] . (2.12)

Note that S(w,λ),(w′,λ′) depends on τ , as is typical for logarithmic CFTs. This dependence
will however drop out of all physical quantities such as the fusion coefficients that can be
determined via the Verlinde formula as in [2].

2.4 Bulk spectrum

We will also need the precise form of the closed string spectrum. Following Maldacena and
Ooguri [9], see also [2], it equals

H =
⊕
w∈Z

∫
λ∈[0,1)

dλσw(Fλ)⊗ σw(Fλ) , (2.13)

which gives rise to a modular-invariant partition function. We should mention that for
λ = 1

2 , the representation F1/2 is actually indecomposable and needs to be treated with
some care, see [2] for details. However, as in that paper, this subtlety will not play an
important role in the following.

2.5 The free field realisation

The psu(1, 1|2)1 WZW model has another important property which we will later employ
to calculate correlation functions in the presence of these D-branes, see section 6. Namely,
the worldsheet theory admits a realisation in terms of free fields [2], which is analogous to
the standard free field construction of the su(N)1 WZW models in terms of free fermions.
For a more detailed treatment of this construction, see [3].

Given four spin- 1
2 chiral bosons ξ±, η± (which, by convention, are called ‘symplectic’

bosons) and four spin- 1
2 chiral fermions ψ±, χ± satisfying the OPEs

ξα(z) ηβ(w) ∼ εαβ

z − w
, ψα(z)χβ(w) ∼ εαβ

z − w
, (2.14)

we can construct spin-1 currents as the bilinears

J3 = −1
2
(
ξ+η− + ξ−η+

)
, K3 = 1

2(ψ+χ− + ψ−χ+) ,

J± = ξ±η± , K± = ∓ψ±χ± ,

Sαβ+ = ξαχβ , Sαβ− = −ηαψβ ,

U = 1
2
(
ξ+η− − ξ−η+

)
, V = 1

2
(
ψ−χ+ − ψ+χ−

)
,

(2.15)

where the products are taken to be normal-ordered. As their names suggest, the currents Ja
and Ka generate the bosonic subalgebras sl(2,R)1 and su(2)1 respectively of psu(1, 1|2)1,
and satisfy the commutation relations (2.1). The supercurrents, on the other hand, satisfy
the anti-commutation relations

{Sαβγm , Sµνρn } =mεαµεβνεγρδm+n,0 − εβνεγρca(σa)αµJam+n

+ εαµεγρ(σa)βνKa
m+n + εαµεβνδγ,−δZm+n ,

(2.16)
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where we have defined
Y = U − V , Z = U + V , (2.17)

which satisfy the commutation relations

[Zm, Zn] = [Ym, Yn] = 0 , [Zm, Yn] = −mδm+n,0 . (2.18)

Finally, note that the current Z is central, other than its nontrivial commutator with Y ,
and so if we take Zn = 0, we would recover the usual psu(1, 1|2)1 algebra. As pointed out
in [3], getting rid of the Z and Y modes amounts to taking the coset with respect to the
u(1) generated by Z (that is, we consider only the subspace of states with Zn |ψ〉 = 0 for
all n ≥ 0), and then quotienting by descendant states Z−n |ψ〉 for n > 0, which are all null
in the coset. By abuse of notation, we will refer to this process as ‘gauging’ the Z current.
The end result of this process is a worldsheet theory which is equivalent to the psu(1, 1|2)1
theory.

States in the free field theory are constructed from highest-weight representations of
the algebra (2.14) in the Ramond sector. The highest weight states |m, j〉 in this sector are
labelled by their J3

0 eigenvalue m and their U0 eigenvalue j − 1
2 , and the symplectic boson

zero modes act on them as

ξ+
0 |m, j〉 = |m+ 1

2 , j −
1
2〉 , η+

0 |m, j〉 = (m+ j) |m+ 1
2 , j + 1

2〉 ,

ξ−0 |m, j〉 = − |m− 1
2 , j −

1
2〉 , η−0 |m, j〉 = −(m− j) |m− 1

2 , j + 1
2〉 .

(2.19)

On these states, Zn = Un, and so the coset condition Zn = 0 with n = 0 imposes U0 = 0 or
j = 1

2 . The resulting representation is labelled by the fractional part λ of the J3
0 eigenvalue.

With respect to the fermions, we take the states in (2.19) to be highest-weight with
respect to ψ+ and χ+. Allowing the remaining two fermions to act on these states furnishes
a Clifford representation. In particular, the states

|m, j〉 , ψ−0 χ
−
0 |m, j〉 (2.20)

together furnish the 2 of su(2), while the states

ψ−0 |m, j〉 , χ−0 |m, j〉 (2.21)

individually furnish the 1 of su(2). Imposing the ‘gauging’ of the u(1) current Z forces the
states transforming in the 2 of su(2) to have j = 1

2 , while the states transforming in the
two 1s of su(2) have j = 0 and j = 1, respectively. This is how the supermultiplets (2.3)
of psu(1, 1|2)1 arise in the free field construction.

Finally, spectral flow is realised on the free fields via the automorphism

σw(ξ±r ) = ξ±r∓w2
, σw(η±r ) = η±r∓w2

,

σw(ψ±r ) = ψ±r±w2
, σw(χ±r ) = χ±r±w2

,
(2.22)

which exactly reproduces the spectral flow of the psu(1, 1|2)1 currents, while acting trivially
on the currents Y and Z.
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3 The boundary states of PSU(1, 1|2)1

In this section we shall construct (some) boundary states of the PSU(1, 1|2)1 WZW model.
We shall first discuss the relevant gluing conditions and then construct the corresponding
Ishibashi states. We assume that the reader has some basic knowledge about the boundary
states of a CFT [26]; suitable introductory texts are for example [27, 28].

In the following we shall concentrate on the boundary conditions that preserve the
full psu(1, 1|2) symmetry, up to an automorphism. Following [10] there are two inter-
esting cases, corresponding to whether the automorphism is trivial or a specific order two
transformation. In this paper we shall mainly focus on the case with a “trivial” gluing auto-
morphism.2 The corresponding D-branes describe the so-called spherical branes of [10, 17],
and as we shall see they are compatible with spectral flow. On the other hand, the AdS2
branes of [10] correspond to a gluing condition with a non-trivial (order 2) automorphism
of sl(2;R)1, and, as we shall explain, they are not compatible with spectral flow. As a
consequence their interpretation in the dual CFT is more delicate.

3.1 Spherical branes

As explained above, we take the “trivial” gluing conditions to be

J 3(z) = −J̄ 3(z̄) , J ±(z) = J̄ ∓(z̄) (3.1)

at z = z̄, where the right-movers are denoted by a bar. On the other hand, since su(2) does
not admit any outer automorphisms, we may always, without loss of generality, assume
that the su(2) gluing conditions are trivial

Ka(z) = K̄a(z̄) . (3.2)

Finally, we need to impose suitable gluing conditions on the fermionic currents so as to
preserve the full psu(1, 1|2)1 algebra. It is easy to see that these are

Sαβγ(z) = ε(iσ2)αµ S̄µβγ(z̄) , (3.3)

where ε = ± plays the role of the worldsheet spin structure. At k = 1 where the radii of both
the AdS3 and S3 are comparable to the string length, we expect the worldvolumes of these
branes to be fuzzy, but generally localised around a particular value in time (since formally
they satisfy a Dirichlet boundary condition along the AdS3 time direction). Adopting the
terminology of [17], we will call them spherical branes.

Translating the above gluing conditions into the closed string language we are thus
looking for Ishibashi states [29] that are characterised by

(J3
n − J̄3

−n)|w, λ, ε〉〉S = 0 , (3.4a)
(J±n + J̄∓−n)|w, λ, ε〉〉S = 0 , (3.4b)

2Here we have put the label “trivial” in quotation marks, because in the conventions of [9], which we
are adopting, they seem to involve a non-trivial automorphism. This is due to the fact that [9] implicitly
apply an additional automorphism J̄3 → −J̄3, J̄± → J̄∓ in the anti-holomorphic sector.
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(Ka
n + K̄a

−n)|w, λ, ε〉〉S = 0 , (3.4c)
(Sαβγn + ε(iσ2)αµS̄

µβγ
−n )|w, λ, ε〉〉S = 0 . (3.4d)

The label “S” here stands for “spherical” and is there to distinguish these states from
the Ishibashi states for the AdS2 branes, which we introduce below and label by “AdS”.
The corresponding boundary conditions in the free field construction of psu(1, 1|2)1 take
the form

(ξαr + eiϕ(σ2)αβ ξ̄
β
−r)|w, λ, ε〉〉S = 0 ,

(ηαr + e−iϕ(σ2)αβ η̄
β
−r)|w, λ, ε〉〉S = 0 ,

(ψαr − iε eiϕ ψ̄α−r)|w, λ, ε〉〉S = 0 ,
(χαr − iε e−iϕ χ̄α−r)|w, λ, ε〉〉S = 0 ,

(3.5)

where eiϕ is some arbitrary phase, which can be gauged away by a global U(1) transforma-
tion. It is easy to see that this then leads to the gluing conditions (3.4) using the free field
relations of eq. (2.15). Furthermore, on the auxiliary u(1) fields Y and Z, the resulting
boundary conditions are trivial and hence compatible with the gauging procedure.

Let us first consider the unflowed representations. The condition (3.4a) with n = 0
implies that the left- and right-moving J3

0 eigenvalues must be equal.3 In order for this to
be possible we need λ = λ̄, and this is indeed the case for all representations appearing
in the bulk spectrum (2.13). Thus in the unflowed sector all Fλ sectors have an Ishibashi
state which we shall denote by |0, λ, ε〉〉S.

Next we observe that the Ishibashi state in the w-spectrally flowed sector can be simply
obtained from the unflowed Ishibashi state via

|w, λ, ε〉〉S =
[
|0, λ, ε〉〉S

]w
. (3.6)

Thus there exists a (non-trivial) Ishibashi state in each sector, and we shall label it by

|w, λ, ε〉〉S for all w ∈ Z and λ ∈ [0, 1). (3.7)

For the following we shall mainly need the elementary overlaps

S〈〈w′, λ′,∓|q̂
1
2 (L0+L̄0− c

12 )x̂
1
2 (J3

0 +J̄3
0 )|w, λ,±〉〉S = δw,w′ δλ,λ′ c̃h[σw(Fλ)](t̂; τ̂) , (3.8)

where the character appearing on the right-hand-side involves (−1)F , see eq. (2.10b), since

(−1)F |w, λ, ε〉〉S = |w, λ,−ε〉〉S . (3.9)

Here q̂ and x̂ are defined by
q̂ = e2πiτ̂ , x̂ = e2πit̂ , (3.10)

where τ̂ and t̂ are real. Identifying q̂
1
2 (L0+L̄0− c

12 ) with the worldsheet propagator, the
overlap (3.8) computes the zero-point worldsheet conformal block on a cylinder with length

3The following analysis will be done on the level of psu(1, 1|2); we could also arrive at the same results
using the free field gluing conditions (3.5).
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τ̂ . The sl(2;R) chemical potential t̂, on the other hand, will be interpreted as the length of
the corresponding spacetime cylinder, which is cut out on the boundary of AdS3 by the two
spherical branes. Similarly, we could have introduced a chemical potential ζ̂ for the su(2)
currents Ka

n by inserting ŷ 1
2 (K3

0+K̄3
0 ) into the overlap with ŷ = e2πiζ̂ — we will suppress this

in order not to clutter the formulae.
The inclusion of the spacetime propagator x̂ 1

2 (J3
0 +J̄3

0 ) can be thought of either as a
way of ‘unspecialising’ the cylinder conformal blocks, or, as computing a twisted overlap
between Ishibashi states of the form

|w, λ, ε; t̂ 〉〉S = x̂
1
2 (J3

0 +J̄3
0 )|w, λ, ε〉〉S = x̂J

3
0 |w, λ, ε〉〉S , (3.11)

shifted by a distance t̂ along the spacetime cylinder. (Here we have used the gluing con-
dition (3.4a) in the final equation.) These shifted Ishibashi states then satisfy the gluing
conditions

(J3
n − J̄3

−n)|w, λ, ε; t̂〉〉S = 0 , (3.12a)

(e±πit̂J±n + e∓πit̂J̄∓−n)|w, λ, ε; t̂〉〉S = 0 , (3.12b)

(Ka
n + K̄a

−n)|w, λ, ε; t̂〉〉S = 0 , (3.12c)

(e±
1
2απit̂Sαβγn + εe

1
2βπit̂(iσ2)αµS̄

βγ
−n)|w, λ, ε; t̂〉〉S = 0 . (3.12d)

We note that for t̂ = m ∈ Z, the shifted Ishibashi states (3.11) again obey the Ishibashi
conditions (3.4), with ε 7→ (−1)mε, i.e.

|w, λ, ε;m〉〉S = (−1)mwe2πimλ|w, λ, (−1)mε〉〉S . (3.13)

This reflects the periodicity t̂→ t̂+ 2 of the SL(2;R) group manifold, which was promoted
to global AdS3 by considering its universal covering.

3.1.1 Consistent boundary states

Next we want to assemble these Ishibashi states into consistent boundary states. Since we
have an Ishibashi state from each closed string sector, we would expect that there exists a
D-brane whose open string spectrum will just consist of the ‘vacuum’ representation F1/2.
In fact, this property seems to hold for any boundary state of the form

‖W,Λ, ε〉〉S =
∑
w∈Z

∫ 1

0
dλ e2πi[w(Λ− 1

2 )+(λ− 1
2 )W ]|w, λ, ε〉〉S , (3.14)

whereW and Λ are some parameters whose physical interpretation will be discussed shortly.
Indeed, the unspecialised psu(1, 1|2)1 overlap equals

ẐS
(W1,Λ1)|(W2,Λ2)(t̂; τ̂) ≡ S〈〈Λ2,W2,∓‖q̂

1
2 (L0+L̄0− c

12 )x̂
1
2 (J3

0 +J̄3
0 )‖Λ1,W1,±〉〉S (3.15a)

=
∑
w∈Z

∫ 1

0
dλ e2πiw(Λ1−Λ2) e2πi(λ− 1

2 )(W1−W2)c̃h[σw(Fλ)](t̂; τ̂) , (3.15b)
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where, as before, taking the opposite values of the parameter ε for the two boundary states
effectively inserts (−1)F into the overlap, and thus yields the psu(1, 1|2)1 supercharacter
c̃h, as appropriate when discussing boundary states of supergroups. Performing the mod-
ular S-transformation to the open-string channel, we obtain the corresponding boundary
superpartition function

ZS
(W1,Λ1)|(W2,Λ2)(t; τ) = e−

πiτ
2t2 c̃h[σW2−W1(F 1

2−Λ1+Λ2
)]
(
− τ

t
; τ
)
, (3.16)

where we define the open-string variables t and τ via

t̂ = −1
t
, τ̂ = −1

τ
. (3.17)

The prefactor e−
πiτ
2t2 is familiar from the modular transformation of Jacobi forms; it reflects

the fact that the ‘open string’ spectrum is twisted by the insertion of the chemical potential
in the closed string overlap, see eq. (3.11). For W1 = W2 and Λ1 = Λ2 the open string
spectral flow is trivial, and we just get F1/2 as anticipated.

In order to understand the interpretation of W and Λ we observe that

(−1)W (F+1)eπiW (J3
0 +J̄3

0 )‖0,Λ− W

2 , ε〉〉S = ‖W,Λ, ε〉〉S . (3.18)

Thus up to twisting by (−1)F and suitably adjusting Λ, the parameter W can be identified
with the shift of the boundary state in the time direction of AdS3, see eq. (3.12). On the
other hand, Λ describes the Wilson line in the angular direction of AdS3 along which our
boundary state satisfies a Neumann boundary condition; indeed, the relative Wilson lines
Λ1 and Λ2 introduce the factors e2πiw(Λ1−Λ2) into the w-flowed sectors of the boundary state
overlap, see eq. (3.15b). For the following these parameters will not play an important role,
and in order to simplify our expressions we shall set them to W = 0 and Λ = 1

2 from now
on; then the boundary state simplifies to

‖ε〉〉S ≡ ‖W = 0,Λ = 1
2 , ε〉〉S =

∑
w∈Z

∫ 1

0
dλ |w, λ, ε〉〉S . (3.19)

3.2 AdS2 branes

For completeness let us also discuss the boundary states describing the AdS2 branes. Their
gluing conditions are ‘twined’ relative to the gluing conditions for the above spherical
branes, and hence look trivial in our conventions, i.e. we have at z = z̄

Ja(z) = J̄a(z̄) , (3.20a)
Ka(z) = K̄a(z̄) , (3.20b)

Sαβγ(z) = ε S̄αβγ(z̄) , (3.20c)

where ε is again a sign. This time, the corresponding Ishibashi states are characterised by

(Jan + J̄a−n)|0, λ, ε〉〉AdS = 0 , (3.21a)
(Ka

n + K̄a
−n)|0, λ, ε〉〉AdS = 0 , (3.21b)

(Sαβγn + ε S̄αβγ−n )|0, λ, ε〉〉AdS = 0 , (3.21c)
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or, in terms of the free fields, (
ξαr − i eiϕξ̄α−r

)
|0, λ, ε〉〉AdS = 0 ,(

ηαr − i e−iϕη̄α−r
)
|0, λ, ε〉〉AdS = 0 ,(

ψαr − iε eiϕψ̄α−r
)
|0, λ, ε〉〉AdS = 0 ,(

χαr − iε e−iϕχ̄α−r
)
|0, λ, ε〉〉AdS = 0 ,

(3.22)

where, again eiϕ is some arbitrary phase which plays no physical role. Just as in the case
of the spherical branes, the free field boundary conditions also impose the trivial boundary
conditions on Yn and Zn.

Now, the first line of (3.21) implies m = −m̄, and hence only has a solution in the
unflowed sector if λ = −λ̄ (mod 1). Given the structure of the bulk spectrum (2.13), this
is only possible for λ ∈ {0, 1

2}, and thus we only have the two Ishibashi states

|0, λ, ε〉〉AdS with λ ∈
{

0, 1
2

}
. (3.23)

It is also not difficult to convince oneself that no Ishibashi states exist for non-trivial
spectral flow; a geometric argument for this is given in appendix A.3, but one can also
arrive at this conclusion algebraically.

The elementary overlap relevant for the case of the AdS2 branes now reads

AdS〈〈0, λ′,∓|q̂
1
2 (L0+L̄0− c

12 )ξ̂
1
2 (J3

0−J̄
3
0 )|0, λ,±〉〉AdS = δλ,λ′ c̃h[Fλ](θ̂; τ̂) , (3.24)

where ξ̂ = e2πiθ̂ implements the translation by θ̂ in the angular direction of the AdS3
boundary cylinder. (This is again the direction in which the branes satisfy a Dirichlet
boundary condition on the AdS3 boundary, see the discussion in appendix A.3.) Alterna-
tively, we may describe this translation in terms of shifted Ishibashi states (cf. the analysis
of eq. (3.12))

|0, λ, ε; θ̂〉〉AdS = ξ̂
1
2 (J3

0−J̄
3
0 )|0, λ, ε〉〉AdS = ξ̂J

3
0 |0, λ, ε〉〉AdS , (3.25)

which satisfy the twisted Ishibashi conditions

(J3
n + J̄3

−n)|0, λ, ε; θ̂〉〉AdS = 0 , (3.26a)

(e±πiθ̂J±n + e∓πiθ̂J̄±−n)|0, λ, ε; θ̂〉〉AdS = 0 , (3.26b)

(Ka
n + K̄a

−n)|0, λ, ε; θ̂〉〉AdS = 0 , (3.26c)

(e+ 1
2απiθ̂Sαβγn + εe−

1
2απiθ̂S̄αβγ−n ) |0, λ, ε; θ̂〉〉AdS = 0 . (3.26d)

For θ̂ = m ∈ Z, these again reduce to the Ishibashi conditions (3.21) with the sign in the
supercurrent condition being (−1)mε; explicitly, we have

|0, λ, ε;m〉〉AdS = e2πimλ|0, λ, (−1)mε〉〉AdS . (3.27)
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For θ̂ → θ̂ + 2, we recover the periodicity of the AdS3 bulk in its angular coordinate,
where the Ishibashi states pick up a phase of e4πiλ = +1 (since λ ∈ {0, 1

2}) upon fully
encircling the center of AdS3. On the other hand, when translating the Ishibashi states to
an antipodal position by shifting θ̂ → θ̂ + 1, they acquire a factor of (−1)F , apart from
picking up a phase of e2πiλ = ±1.

3.2.1 Consistent boundary states

For the AdS2 branes the situation is in a sense opposite to what we had for the spherical
branes: now we only have two Ishibashi states, and thus we expect to find a relatively ‘big’
open string spectrum. In any case, given that there are only two Ishibashi states, there is
essentially only one ansatz we can make for the boundary states, namely

‖Θ, ε〉〉AdS = 1√
2

∑
λ∈{0, 12}

e2πi(λ− 1
2 )Θ|0, λ, ε〉〉AdS , (3.28)

where Θ is an integer, which can be restricted to Θ ∈ {0, 1}. As in the case of the spherical
branes, calculating the overlaps of these boundary states reveals the spectrum of boundary
operators, and we find in this case

HΘ1|Θ2 =
⊕

w∈2Z+Θ1−Θ2

∫ 1

0
dλσw(Fλ) . (3.29)

Specifically, the string beginning and ending on the same brane consists of all w-even
flowed representations, while the string stretching between branes differing in Θ consists of
all the w-odd flowed representations, see also [12, 13]. Since the two boundary states are
related via

(−1)Θ(F+1)eπiΘ(J3
0−J̄

3
0 )‖0, ε〉〉AdS = ‖Θ, ε〉〉AdS , (3.30)

the two AdS2 branes are mapped into one another upon a rotation by π in the angular
direction. That is to say, they stretch between two fixed antipodal points on the AdS3-
boundary, but have opposite orientation. (The branes that start and end at a different
pair of antipodal points can be obtained as in eq. (3.25); they then satisfy the modified
boundary conditions of eq. (3.26), see also [10].)

4 Boundary states in the symmetric orbifold

In the previous section we have constructed the symmetry preserving boundary states of
the PSU(1, 1|2) WZW model. They can be combined with suitable boundary states from
the torus factor to describe the D-branes of the full worldsheet theory, see the discussion
in section 5 below. As we will see, at least for the spherical branes, these D-branes can
be directly identified with suitable D-branes in the dual symmetric orbifold theory. In
order to make this identification more precise we now need to construct the corresponding
boundary states of the symmetric orbifold theory. This will be the subject of this section.

We shall first briefly review the bulk spectrum of a symmetric orbifold theory. We
shall then consider the boundary states which satisfy the same gluing condition in each
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individual tensor factor of the symmetric orbifold. The corresponding Ishibashi states exist
in each twisted sector, and they give rise to what one may call the maximally-fractional
boundary states. In the main part we shall explain the construction for a generic bosonic
symmetric orbifold; the modifictations that arise for the supersymmetric T4 theory are
described in appendix B.

4.1 Bulk spectrum

Let us start by reviewing briefly the (bulk) spectrum of a symmetric orbifold CFT; for sim-
plicity we shall here focus on the case where the seed theory X is a (diagonal) quasirational
bosonic CFT with spectrum

HX =
⊕
α

Hα ⊗ H̄α , (4.1)

where α runs over the different irreducible representations of the chiral algebra of X.4
We are interested in the torus amplitude (partition function) ZSN (t, t̄ ) of the symmet-

ric orbifold theory X⊗N/SN . Let us denote the holomorphic and anti-holomorphic torus
moduli by t and t̄, with x = e2πit and x̄ = e−2πit̄, and let Z(t, t̄ ) be the partition function
of the seed theory X. The simplest method to compute the symmetric orbifold partition
function is by going to the grand canonical ensemble [30] since the generating function (the
grand canonical partition function) can be expressed in terms of the partition function
Z(t, t̄ ) of the seed theory as

Z(p, t, t̄ ) =
∞∑
N=1

pNZSN (t, t̄ ) = exp
( ∞∑
k=1

pkTkZ(t, t̄ )
)
, (4.2)

where Tk is the Hecke operator

TkZ(t, t̄ ) = 1
k

∑
w|k

w−1∑
κ=0

Z

((k/w)t+ κ

w
,

(k/w)t̄+ κ

w

)
. (4.3)

Here w denotes the length of any individual cycle by which we are twisting, while the sum
over κ projects onto Zw-invariant states. (Recall that the twisted sectors of the symmetric
orbifold theory are labelled by the conjugacy classes of SN , which in turn are described by
the cycle shapes, i.e. the partitions of N .)

Denoting by d(h, h̄) the non-negative integer multiplicities of the states in the seed
CFT, it is possible to rewrite the grand canonical partition function in a manifestly mul-
tiparticle form [30]

Z(p, t, t̄ ) =
∞∏
w=1

∏
h,h̄

[
1− pwx

h
w

+ c
24 (w− 1

w
)− cw24 x̄

h̄
w

+ c
24 (w− 1

w
)− cw24

]−d(h,h̄)∣∣∣∣
h−h̄∈wZ

, (4.4)

where c denotes the central charge of the seed CFT. In particular, the ground-state con-
formal dimension ∆w in w-twisted sector can be read off to equal

∆w = c

24

(
w − 1

w

)
. (4.5)

4If X is rational, the sum over α is finite; in the quasirational case, there are countably many represen-
tations that appear. For example, the torus theory X = T4 is quasirational.
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We can also see from (4.4) that the single-particle states come only from conjugacy classes
containing just one cycle, while generic permutations yield multiparticle states as per their
cycle shape. Furthermore, the actual single-particle partition function equals

Zs.p.(t, t̄ ) =
∞∑
w=1

Z

(
t

w
,
t̄

w

)∣∣∣
h−h̄∈wZ

. (4.6)

Finally, the bulk grand canonical partition function Z(p, t, t̄ ) admits a geometric interpre-
tation in terms of (unramified) covering spaces of the base torus [31]. Indeed, if we think
of (4.2) as a diagrammatic expansion, then the ‘connected part’ would be

logZ(p, t, t̄ ) =
∞∑
k=1

pkTkZ(t, t̄ ) . (4.7)

Now, the Hecke operator can be thought of as summing the partition function Z(t, t̄ ) over
each distinct torus which holomorphically covers the base torus k times. The modulus
of each covering torus is the argument appearing in (4.3), and the factor of 1/k corrects
for the size of the automorphism group Zw × Zk/w of the corresponding covering, as is
typical in diagrammatic expansions. Since the only (unramified) covering space of a torus
is a disjoint union of tori, equation (4.2) then tells us that the partition function of the
symmetric orbifold X⊗N/SN is calculated as a sum over the X partition function on all
disjoint products of tori which cover the base torus N times. Holographically, this sum over
covering spaces arises from a localisation principle in which the integral over the worldsheet
torus modulus τ localises to only those values for which the worldsheet holomorphically
covers the boundary of thermal AdS3, as was shown in [2, 23], see also [32].

4.2 Boundary states of the seed theory

In order to describe the boundary states of the symmetric orbifold theory, we first need to
understand those of the seed theory itself. We shall always assume that these boundary
states have already been constructed (and e.g. for the torus theory we have primarily in
mind, this is the case). The main aim of our analysis here is to explain how these (known)
boundary conditions of the seed theory can be ‘lifted’ to the symmetric orbifold theory.

We shall only be interested in boundary states of the seed theory that preserve the
full chiral algebra of X. Let us denote the chiral fields of X collectively by W (z), then the
branes of interest will satisfy the boundary condition

W (z) = (ΩW̄ )(z̄) , at z = z̄, (4.8)

where Ω is an automorphism of the chiral algebra of X. In terms of boundary states we
then consider the Ishibashi states

|β〉〉 ∈ Hβ ⊗ H̄β , (4.9)

that are characterised by (
Wn + (−1)h(ΩW̄ )−n

)
|β〉〉 = 0 , (4.10)
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where h is the conformal dimension of W , and β runs over those representations for which
Ω(β) = β. (If Ω is inner, then this will be the case for all representations, but if Ω is outer,
the β’s will only run over some subset of representations.) The corresponding boundary
states will then be of the form

‖u〉〉 =
∑
β

Bβ(u) |β〉〉 , (4.11)

where Bβ(u) are some suitable coupling constants that depend on the structure of X (and
the choice of Ω — if Ω is trivial, then they can be expressed in terms of the usual S-matrix
elements).

In particular, we shall assume that they satisfy the Cardy condition [26], which means
that the overlap takes the form

〈〈u‖eπit̂(L0+L̄0− c
12 ) ‖v〉〉 =

∑
β

B̄β(u)Bβ(v)χβ(t̂ ) =
∑
α

nαu|v χα(t) , (4.12)

where in the last step we have performed the S-modular transformation to the open string,
writing t̂ = −1/t. In particular, the relative open string spectrum consists of the represen-
tations α appearing with multiplicity nαu|v ∈ N0.

4.3 Lifting to the symmetric orbifold

We can lift these seed theory branes directly to the tensor product theory X⊗N by imposing
the ‘factorised’ gluing conditions

W (i)(z) = (ΩW̄ )(i)(z̄) , i = 1, . . . , N (4.13)

at z = z̄. Here the W (i)(z) are the chiral fields in the i’th copy of X⊗N , and Ω is the
same for all factors, i.e. does not depend on i. The corresponding boundary states are then
essentially just the tensor products of the above seed theory branes,

‖u〉〉 =
∑
β

Bβ(u) |β〉〉 , Bβ(u) =
N∏
i=1

Bβi(ui) , (4.14)

where u = (u1, . . . , uN ) and β = (β1, . . . , βN ) are the obvious multi-indices, and the Bβi(ui)
are the coefficients appearing in eq. (4.11).

In the next step we now need to impose the SN orbifold projection. For general u,
the boundary states are not orbifold invariant, and we need to sum over the images σ(u),
where σ acts on the multi-index u by permuting the entries. The simplest branes, however,
arise provided we choose an SN invariant u, i.e. we take u = (u, . . . , u). Then the above
boundary state is by itself orbifold invariant, and it will give rise to a ‘maximally-fractional’
D-brane once we have added in the corresponding twisted sector Ishibashi states, as we are
about to describe.5

5Obviously there are also in-between possibilities, e.g. the boundary state is invariant under some sub-
group of SN , and these branes can be constructed similarly. In this paper we shall concentrate on the
‘maximally-fractional’ case that is directly relevant for what we have in mind.
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In order to explain the structure of the twisted sector Ishibashi states we need to
introduce some notation. Let us consider the conjugacy class labelled by [σ], where σ has
the cycle shape corresponding to the partition

N =
r∑
j=1

lj , (4.15)

i.e. it consists of r cycles of length lj , j = 1, . . . , r. (Here we include also cycles of length
one.) In the [σ] twisted sector, the modes are then of the form

W [j]
p , p ∈ 1

lj
Z , (j = 1, . . . , r) . (4.16)

(This is to say, for each cycle we have one set of modes, but their mode numbers are now
not in general integer, but rather run over 1

lj
Z.) The Ishibashi states that corresponds to

the gluing condition (4.13) are then characterised by(
W [j]
p − (−1)h(ΩW̄ [j])−p

)
|β〉〉[σ] = 0 , p ∈ 1

lj
Z , (j = 1, . . . , r) , (4.17)

and they are now labelled by β = (β1, . . . , βr), i.e. there is one β parameter for each cycle.
The relevant overlap between two such Ishibashi states is

[σ]〈〈β| eπit̂(L0+L̄0−Nc12 ) |β〉〉[σ] =
r∏
j=1

χβj

(
t̂

lj

)
(4.18)

provided that the multi-indices (and the twisted sectors) agree, and zero otherwise.
With these preparations in place we can now write down the maximally fractional

symmetric orbifold D-branes: they are labelled by a pair (u, ρ), where u labels the D-
branes of the seed theory as in (4.11), while ρ is a representation of SN , and they are
explicitly given by6

‖u, ρ〉〉 =
∑

(β,[σ])
B(β,[σ])(u, ρ) |β〉〉[σ] , B(β,[σ])(u, ρ) =

( |[σ]|
N !

) 1
2
χρ([σ])

r∏
j=1

Bβj (u) ,

(4.19)
where |[σ]| denotes the number of elements in the conjugacy class [σ], while χρ([σ]) is the
character of the conjugacy class [σ] in the representation ρ. Indeed, the overlap between
two such boundary states equals then

〈〈u, ρ1‖ eπit̂(L0+L̄0− |ω|c12 ) ‖v, ρ2〉〉 = 1
N !

∑
σ∈SN

χ̄ρ1(σ)χρ2(σ)
r∏
j=1

∑
βj

B̄βj (u)Bβj (v)χβj
(
t̂

lj

)

= 1
N !

∑
σ∈SN

χ̄ρ1(σ)χρ2(σ)
r∏
j=1

∑
α

nαu|v χα(ljt) (4.20)

=
∑
α

nαu|v

[ 1
N !

∑
σ∈SN

χ̄ρ1(σ)χρ2(σ) Trα⊗N
(
σe2πit(L0−Nc24 ))] ,

6The parameter Λ that appeared in the worldsheet description corresponds to multiplying the contribu-
tion from the lj-cycle by e2πiΛlj . Since N =

∑
j
lj the total effect of this is to multiply the whole boundary

state by the phase e2πiΛN . Consistency then requires Λ ∈ 1
N

Z, which is invisible from the worldsheet
perspective.
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where in going to the middle line we have used (4.12) for each j. Finally, we note that the
square bracket in the last line simply projects onto those states in α⊗N that transform in
the representation ρ1 ⊗ ρ∗2 of SN ; in particular, our D-branes therefore satisfy the Cardy
condition [26].

4.3.1 The grand canonical ensemble

In our application to holography we will be interested in the D-branes for which ρ1 = ρ2 =
id is the trivial representation. In this case the group projection in (4.20) is to the SN
invariant states. It is then convenient not to work with a fixed SN orbifold, but rather to
introduce a fugacity p, and work in the grand canonical ensemble, for which the boundary
partition function is defined to be

Zu|v(p, t) =
∞∑
N=1

pNZSN(u,id)|(v,id)(t) . (4.21)

In order to massage this into a simpler form, we consider eq. (4.20) with ρ1 = ρ2 = id,
which reads

ZSN(u,id)|(v,id)(t) = 1
N !

∑
σ∈SN

r∏
j=1

Zu|v(ljt) . (4.22)

The sum over elements σ ∈ SN depends only on the conjugacy class of the permutation,
characterised by the partition ∑j lj = N . It is more convenient to write such a partition
as a sum ∑

j kjnj , where kj are distinct integers, and nj are their multiplicities. In terms
of these partitions, the size of the corresponding conjugacy class is given by

|Ckj ,nj | =
N !∏

j k
nj
j nj !

, (4.23)

and so the symmetric orbifold partition function takes the form

ZSN(u,id)|(v,id)(t) =
∑

partitions of N

∏
j

1
k
nj
j nj !

Zu|v(kjt)nj . (4.24)

From this, the grand canonical partition function is immediately calculated, and we find

Zu|v(p, t) =
∞∑
N=1

pN
∑

partitions of N

∏
j

1
k
nj
j nj !

Zu|v(kjt)nj

=
∞∏
k=1

( ∞∑
n=1

pnk

knn!Zu|v(kt)
n

)
= exp

( ∞∑
k=1

pk

k
Zu|v(kt)

)
.

(4.25)

Moreover, if we expand the seed CFT partition function in terms of multiplicities, i.e.

Zu|v(t) =
∑
h

du|v(h)xh−
c
24 , (4.26)
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then we can write Zu|v(p, t) in a manifestly multiparticle form analogous to (4.4). Indeed,

Zu|v(t) = exp
(∑

h

du|v(h)
∞∑
k=1

pk

k
xk(h− c

24 )
)

= exp
(
−
∑
h

du|v(h) log
(
1− pxh−

c
24
))

=
∏
h

(
1− p xh−

c
24
)−du|v(h)

.

(4.27)

Just as in the bulk case, the grand canonical partition function computed between max-
imally fractional branes also admits a nice geometric interpretation in terms of covering
spaces of the cylinder. Since a cylinder has vanishing Euler characteristic, its only (unram-
ified) covering spaces are disjoint unions of cylinders whose moduli are integer multiplies
of the modulus t. Considering only the connected component of (4.25), namely

logZu|v(p, t) =
∞∑
k=1

pk

k
Zu|v(kt) , (4.28)

we see that the coefficient of pk in this expansion is then the seed-CFT partition function
evaluated on an cylinder with modulus kt, which is indeed the only connected covering
space of the base cylinder. Furthermore, the factor of 1/k again accounts for the size of
the automorphism group Zk of the covering. In analogy with the bulk calculation, one
would expect that the mechanism through which (4.25) is reproduced in AdS3 is via the
worldsheet modulus integral localising to only those worldsheets which holomorphically
cover the cylinder on the boundary of AdS3. This is indeed the case, as we will see in
section 5.

4.4 Symmetrised permutation branes

There is another natural class of branes for the symmetric orbifold theory we can construct,
and they may also play a role in this AdS/CFT duality. They do not directly arise from
the branes of the seed theory, but are instead associated to permutation branes of the X⊗N
theory [33]. Here we will only briefly describe the main points behind their construction
and leave the details for future work.

The permutation branes of the covering tensor product theory are characterised by the
gluing conditions (

W (i)
n − (−1)h(ΩW̄ )(σ(i))

−n
)
‖σ; a〉〉 = 0 , (4.29)

where σ is a (fixed) element of σ ∈ SN , and a labels the different such branes. These
boundary states are, however, not individually invariant under the full permutation group
since the action of π ∈ SN maps

π
(
‖σ; a〉〉

)
= ‖πσπ−1; a〉〉 . (4.30)

In order to obtain a consistent symmetric orbifold brane we therefore have to sum over all
representatives of the conjugacy class associated to σ. On the other hand, each of these
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constituent branes is invariant under the action of the corresponding centraliser, and thus
the resulting symmetric orbifold brane will also couple to the twisted sectors associated
to the elements in the centraliser. While this general structure is familiar from the usual
boundary state construction for orbifold theories, the details are likely to be somewhat
different since in our case the gluing conditions (4.29) are not invariant under the action
of the orbifold group SN , as is apparent from (4.30).

The situation is simplest if σ is a cyclic permutation of order N , since the centraliser
then just consists of the cyclic group generated by σ. (More general choices of σ can be dealt
with using analogous techniques but the formulae become rather cumbersome.) Moreover,
if we fix N to be prime (as we shall do from now on), all elements of the centraliser, except
for the identity, are again N -cycles, i.e. they lie in the same conjugacy class as σ itself. In
the symmetric orbifold theory, the corresponding D-brane will therefore only couple to the
N -cycle twisted sector, which effectively ‘decouples’ in the large N limit.7

Let us describe this construction in a bit more detail. Before going to the symmetric
orbifold, i.e. in the tensor product theory X⊗N , the σ = (1 · · ·N) permutation boundary
states are labelled by a single parameter u, see eq. (4.11), and are explicitly of the form [33]

‖u〉〉σ =
∑
β

Bβ(u)
(Sβ0)(N−1)/2 |β

⊗N 〉〉σ , (4.31)

where the Ishibashi states on the right live in the sector labelled by β⊗N , and Sβ0 is the
usual S-matrix element.8 The corresponding open string partition function then equals

Zu|v(t) =
∑
α

nαu|v
∑
αi

Nα1···αN
α χα1(t) · · ·χαN (t) , (4.32)

where Nα1···αN
α is the multiplicity with which α appears in the fusion of α1 ⊗f · · · ⊗f αN .

In going to the symmetric orbifold, we need to make the boundary state SN invariant,
i.e. we need to sum over the different N -cycle permutation branes. We also need to add
in a contribution from the N -cycle twisted sector. Thus the symmetric orbifold boundary
states will be of the form

‖u, `〉〉(SN ) = 1√
N !

∑
π∈SN

′ ‖u〉〉πσπ−1 + ‖u, `〉〉(SN )
tw , (4.33)

where the sum over π only runs over those (N − 1)! permutations for which the πσπ−1 are
pairwise different, and ` = 0, . . . , N−1 labels the ZN twisted charge. The contribution from
the N -cycle twisted sector ‖u, `〉〉(SN )

tw consists of a linear combination of states |β〉〉(r)[(1···N)]
for r = 0, . . . , N − 1, which are characterised by the gluing condition

(
Wp − e2πirp(−1)h(ΩW̄ )−p

)
|β〉〉(r)[(1···N)] = 0 , (4.34)

7For non-prime N , lower-order cycles appear, but they will always be of multi-cycle form. Thus the only
single-cycle twisted sector that contributes is again the N -cycle twisted sector.

8This is the correct ansatz for Ω = id, and we are assuming here that Ω is such that it does not allow
for any additional permutation Ishibashi states.
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where p ∈ 1
NZ. One finds that the open string spectrum between the permutation boundary

states of eq. (4.33) and the maximally fractional branes of eq. (4.19) consists of N -cycle
twisted states that are suitably projected by ZN . On the other hand, the open string
spectrum between two permutation boundary states of the form of eq. (4.33) consists of
even-permutation twisted states that are again suitably ZN projected.9 The details will be
described elsewhere.

5 The cylinder amplitude

In this section we return to the worldsheet perspective. We begin by constructing the full
D-branes of the worldsheet theory. This is to say we combine a brane from psu(1, 1|2)1 with
a boundary state for the T4 sector, as well as one for the ghosts. We then determine their
cylinder amplitudes. On the worldsheet we need to integrate over the modular parameter
τ , and as we shall see, this integral can actually be done explicitly. For the case of the
spherical branes on AdS3, the resulting cylinder amplitude agrees then precisely with a
cylinder amplitude in the dual symmetric orbifold CFT. This suggests that there is a
direct correspondence between the spherical D-branes of AdS3×S3×T4 and the maximally
fractional D-branes in the symmetric orbifold of T4.

We also do a similar computation in the open string channel (both on the worldsheet
and in the dual CFT), and not surprisingly, but somewhat nontrivially, the result also
agrees. This seems to suggest that the open-closed duality (Cardy condition) on the world-
sheet is essentially equivalent to that in the dual CFT, at least for these spherical branes.

5.1 Closed-string channel calculation

Let us consider the worldsheet boundary states of the form

‖u, ε〉〉S = ‖ε〉〉S ‖u,R, ε〉〉T4 ‖ghost, ε〉〉 , (5.1)

where ‖ε〉〉S is the psu(1, 1|2)1 boundary state (3.19), while ‖u,R, ε〉〉T4 and ‖ghost, ε〉〉 are
boundary states for the T4 and the ρσ ghost system, respectively. Since the T4 is topolog-
ically twisted, the torus boundary states just consist of the RR part of a usual supersym-
metric T4 boundary state. Note that, as usual, we have aligned the spin structure ε across
the three factors.

We are interested in the worldsheet cylinder amplitude,

Ẑw
u|v(t̂, ζ̂; τ̂) = S〈〈v,∓‖q̂

1
2 (L0+L̄0− c

12 )x̂
1
2 (J3

0 +J̄3
0 )ŷ

1
2 (K3

0−K̄
3
0 )‖u,±〉〉S , (5.2)

where we have inserted a (−1)F factor (i.e. considered opposite spin structures for the
two boundary states), as is convenient for supergroup CFTs. Here q̂ = e2πiτ̂ describes the
propagation along the worldsheet time, while x̂ = e2πit̂ with t̂ real measures the separation
between the two branes along the boundary of AdS3, i.e. it separates the two spherical
branes by the distance t̂ along the boundary of AdS3, see eq. (3.11).

9This is somewhat reminiscent of the structure of the AdS2 brane overlaps, see the discussion around
eq. (3.29).
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Given that the boundary state in (5.1) factorises, the same will be true for the cylinder
diagram (5.2). The explicit form of the psu(1, 1|2)1 overlap was already derived in section 2,
except that we now also want to introduce the su(2) chemical potential parametrised by ζ̂.
Using eq. (2.10b), this modifies (3.15b) to

ẐS(t̂, ζ̂; τ̂) =
∑
w∈Z

∫ 1

0
dλ(−1)wq̂

w2
2

∑
r∈Z+λ

x̂r q̂−rw
θ1( t̂+ζ̂2 ; τ̂)θ1( t̂−ζ̂2 ; τ̂)

η(τ̂)4 , (5.3)

where relative to eq. (3.15b) we have set W1 = W2 = 0 and Λ1 = Λ2 = 1
2 . Next we use∫ 1

0
dλ

∑
r∈Z+λ

e2πir(t̂−wτ̂) = δ(t̂− wτ̂) = 1
w
δ

(
t̂

w
− τ̂

)
, (5.4)

as well as the theta function identity

θ1

(
wτ̂ ± ζ̂

2 ; τ̂
)

=


q̂−

w2
8 e

πiw
2 θ1

(
± ζ̂

2; τ̂
)

if w ∈ 2Z

q̂−
w2
8 e

πiw
2 θ4

(
± ζ̂

2; τ̂
)

if w ∈ 2Z + 1,
(5.5)

to rewrite (5.3) as

ẐS(t̂, ζ̂; τ̂) =
∞∑
w=1
w even

1
w
x̂
w
4 δ

(
t̂

w
− τ̂

)
θ1(+ ζ̂

2 ; τ̂)θ1(− ζ̂
2 ; τ̂)

η(τ̂)4 +

+
∞∑
w=1
w odd

1
w
x̂
w
4 δ

(
t̂

w
− τ̂

)
θ4(+ ζ̂

2 ; τ̂)θ4(− ζ̂
2 ; τ̂)

η(τ̂)4 . (5.6)

Here we have used that, because of the delta function δ(t̂−wτ̂) in the psu(1, 1|2)1 overlap,
only positive values of w contribute. Geometrically, the delta function means that the
spacetime cylinder modulus t̂ localises to those values wτ̂ , for which a holomorphic covering
map from the worldsheet cylinder exists, see the discussion in section 4.3.1; this is obviously
the analogue of what was found in [2, 3, 6].

As regards the ghost part overlap, we postulate that it leads to

Ẑghost(τ̂) = η(τ̂)4

θ1(0; τ̂)θ1(0; τ̂) , (5.7)

since the ghosts do not carry any chemical potential.10 This is somewhat different than
what was proposed in [2], but it ties in naturally with [21]; in particular, the su(2) quantum
numbers are already correctly accounted for in terms of the su(2) subalgebra of psu(1, 1|2)
(and there is no need to involve any chemical potential from the T4 or the ghost sector).
Finally, the T4 part gives

ẐT4

u|v,R̃(τ̂) = θ1(0; τ̂)θ1(0; τ̂)
η(τ̂)6 Θ̂T4

u|v(τ̂) , (5.8)

10Strictly speaking the denominator of eq. (5.7) is divergent because of the zero modes in the θ1 factor.
This will cancel against a similar contribution from the numerator in eq. (5.8) below.
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where the Θ̂ function describes the winding and momentum modes. Now the numerator
of eq. (5.8) cancels precisely with the denominator of eq. (5.7), while the numerator of
eq. (5.7) cancels, say the bosonic oscillators in eq. (5.6). Finally, putting all of these pieces
together and performing the τ̂ integral we find∫ ∞

0
dτ̂ Ẑw

u|v(t̂, ζ̂; τ̂) =
∞∑
w=1
w even

1
w
x̂
w
4 ẐT4

u|v,R̃

(
ζ̂,
t̂

w

)
+

∞∑
w=1
w odd

1
w
x̂
w
4 ẐT4

u|v,ÑS

(
ζ̂,
t̂

w

)
, (5.9)

where

ẐT4

u|v,R̃

(
ζ̂,
t̂

w

)
=
θ1(+ ζ̂

2 ; t̂w )θ1(− ζ̂
2 ; t̂w )

η( t̂w )6
Θ̂T4

u|v

(
t̂

w

)
, (5.10)

ẐT4

u|v,ÑS

(
ζ̂,
t̂

w

)
=
θ4(+ ζ̂

2 ; t̂w )θ4(− ζ̂
2 ; t̂w )

η( t̂w )6
Θ̂T4

u|v

(
t̂

w

)
. (5.11)

In order to compare this to the dual CFT answer we now need to recall that the
worldsheet theory only sees the single particle sector of the symmetric orbifold theory.
Thus in order to match with the dual CFT we need to include string field theoretic multi-
worldsheet states. This is most conveniently done as in [23], i.e. by introducing a chemical
potential σ (with the associated fugacity p = e2πiσ) for the number of F-strings wound
around the bulk of the AdS3, and working in a grand canonical ensemble,11

Ẑu|v(ζ̂; p, t̂ ) = exp

 ∞∑
w=1
w even

pw

w
ẐT4

u|v,R̃

(
ζ̂,
t̂

w

)
+

∞∑
w=1
w odd

pw

w
ẐT4

u|v,ÑS

(
ζ̂,
t̂

w

) . (5.12)

This then matches precisely with the symmetric orbifold answer, see eq. (B.13).
Two comments are in order at this point. First, note that the difference Λ1 − Λ2 of

the worldsheet psu(1, 1|2)1 Wilson lines would introduce the phase factor e2πiw(Λ1−Λ2) into
the sum over w in (5.12). This is therefore equivalent to multiplying the w-twisted part of
the Sym(T4) overlap by the same phase, which in turn can be reproduced by multiplying
the SymN (T4) boundary states at fixed N by the global phase e2πiΛi . This is therefore
invisible at fixed N — multiplying all the boundary states by a fixed phase is invisible in
all cylinder diagrams.

Second, we note that the whole analysis would also go through (with minor modifi-
cations) had we not twisted the worldsheet overlaps with (−1)F . In that case, we would
instead end up with an NS cylinder correlator in Sym(T4).

5.2 Open-string channel

We can also redo the calculation of the cylinder string amplitude in the open-string channel,
where, by virtue of the open-closed duality, we expect to obtain the same result as in the

11In analogy with the sphere contribution to the closed string partition function of [2], it is natural to
assume that the contribution to the path integral due to two disconnected discs accounts for the ground-state
shift x̂−w

4 in the individual w-twisted sectors.
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closed-string channel. The key ingredient here is the (−1)F -twisted worldsheet boundary
partition function

Zw
u|v(t, ζ; τ) = TrHu|v

(
(−1)F qL0− c

24 e−2πi τ
t
J3

0 e2πi τ
t
ζK3

0
)
, (5.13)

which can be obtained by modular S-transforming the boundary states overlap (5.2) with
the relations

τ̂ = −1
τ
, t̂ = −1

t
, ζ̂ = −t̂ ζ (5.14)

between the open- and closed-string channel parameters. The trace (5.13) again factorises
into the psu(1, 1|2)1 WZW part, the ghost part and the T4 part. First, starting from (3.16)
with Λ1 = Λ2 = 1

2 , W1 = W2 = 0 and substituting the explicit form (2.10b) for the F1/2
character, we obtain the psu(1, 1|2)1 part of the boundary partition function

ZS(t, ζ; τ) = τ
∞∑
k=1
k even

1
k
x̂
k
4 e

πikζ2
2t δ(τ − kt)

θ1(+kζ
2 ; τ)θ1(−kζ

2 ; τ)
η(τ)4

− τ
∞∑
k=1
k odd

1
k
x̂
k
4 e

πikζ2
2t δ(τ − kt)

θ2(+kζ
2 ; τ)θ2(−kζ

2 ; τ)
η(τ)4 , (5.15)

where the sum over k corresponds to the sum over w in (5.6). In the process, we have also
used the θ-function identity

θ1

(
− k

2 ; τ
)

=

 (−1) k2 θ1(0; τ) if k ∈ 2Z

(−1) k−1
2 θ2(0; τ) if k ∈ 2Z + 1 .

(5.16)

Note that as for the closed-string overlap (5.6), the boundary partition function (5.15)
is δ-function localised at τ = kt for k ∈ Z; this corresponds precisely to those values
of the spacetime cylinder modulus t where a holomorphic covering map from the world-
sheet cylinder exists. Furthermore, since t, τ > 0, we can restrict again to k > 1. The
modular transformation of the ghost and T4 factors, see eq. (5.7) and (5.8) respectively,
are standard,

Zghost(τ) = − η(τ)4

θ1(0; τ)θ1(0; τ) , ZT4

u|v,R̃(τ) = −θ1(0; τ)θ1(+0; τ)
η(τ)6 ΘT4

u|v(τ) , (5.17)

where the overall minus signs are included to compensate for the properties of the θ1
functions under the modular S-transformation.

Altogether, multiplying (5.15) and (5.17) and integrating over the period modulus of
the worldsheet cylinder, we obtain the amplitude12

∫ ∞
0

dτ

τ
Zw
u|v(t, ζ; τ) =

∞∑
k=1
k even

1
k
x̂
k
4 e

πikζ2
2t ZT4

u|v,R̃(kζ; kt) +
∞∑
k=1
k odd

1
k
x̂
k
4 e

πikζ2
2t ZT4

u|v,R(kζ; kt) ,

(5.18)
where the T4 boundary partition function ZT4

i|j,R can be obtained from (5.17) by replacing
θ1 → iθ2.

12Here we have also included the usual factor of τ in the worldsheet measure that comes from the modular
transformation of the ghosts.
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As before, the worldsheet analysis only captures the single string spectrum, and in
order to relate this to the full dual CFT we need to go to the grand canonical ensemble
by introducing a chemical potential p for the number of times k the worldsheet cylinder
covers the boundary spacetime cylinder. Eliminating the x̂k/4 factor as before by taking
into account the contribution to the string amplitude due to two disconnected discs, we
obtain the 1-loop open-string partition function

Zu|v(ζ; p, t) = exp

 ∞∑
k=1
k even

pk

k
e
πikζ2

2t ZT4

u|v,R̃(kζ; kt) +
∞∑
k=1
k odd

pk

k
e
πikζ2

2t ZT4

u|v,R(kζ; kt)

 . (5.19)

This is exactly equal to the partition function (B.14) for the Ramond boundary spectrum
of the Sym(T4) maximally-fractional boundary states.

6 Disk correlation functions

Up to now we have analysed the partition functions or cylinder amplitudes of our sym-
metric orbifold boundary conditions from the worldsheet perspective. It is also instructive
to consider the correlation functions of (bulk) fields in the presence of these boundary
conditions, and it is the aim of this section to study the corresponding correlators.

In the absence of a boundary, i.e. for the case where the symmetric orbifold correlators
are evaluated on the full boundary of AdS3 (which we can take to be the Riemann sphere
CP1),13 the relevant correlation functions are determined by viewing the worldsheet Σ as
a covering space of the boundary of AdS3. The correlation functions are then expressible
in terms of the data of the holomorphic map Γ : Σ → CP1 which implements this cover-
ing [6]. These covering maps are in turn directly related to the computation of correlation
functions in the symmetric orbifold CFT [34] (see also [35]), and this perspective makes
the equivalence of the AdS3 string theory correlators and those of the symmetric product
orbifold essentially manifest [6].

In the presence of a boundary, i.e. for symmetric orbifold correlators on the disk D,
it is then natural to expect that the stringy correlation functions are controlled by a map
Γ : Σ → D which covers the unit disk D holomorphically by the worldsheet Σ.14 In the
following we shall show that this is expectation is indeed borne out. We shall concentrate
on the genus zero case where the worldsheet has no handles, and thus the appropriate
covering maps will be of the form Γ : D → D; we review the properties of these maps in
appendix C. However, as for the analysis of higher genus closed worldsheets [7, 8], we expect
this to remain true also at higher genus. As was shown in [3], the relationship between
stringy closed string correlators and these covering maps is most readily seen using the free
field realisation of the psu(1, 1|2)1 model, which we introduced in section 2.5. This will
also remain true in the situation with boundaries.

13Strictly speaking, the Riemann sphere is the compactification of the boundary of AdS3.
14Incidentally, this then requires that the worldsheet also has a boundary, which ties in naturally with

what we have argued above, namely that boundary conditions on the worldsheet correspond to boundary
conditions in the symmetric orbifold.
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6.1 Review of the bulk argument

Before we analyse the correlators in the presence of boundaries, let us briefly review,
following [3, 8], the argument for the closed string case without boundaries. We work
in the free field realisation of psu(1, 1|2)1 which we introduced in section 2.5. In terms of
these fields, the highest-weight states |m, j〉 lie in the representation defined by (2.19). The
spectrally flowed states |m, j〉w are then defined by the relations

A |m, j〉w = (σw(A) |m, j〉)w . (6.1)

Promoting |m, j〉w to a vertex operator V w
m,j(z) then yields the OPEs

ξ+(z)V w
m,j(0) ∼ z−

w+1
2 V w

m+ 1
2 ,j−

1
2
(0) + · · · ,

ξ−(z)V w
m,j(0) ∼ −z

w−1
2 V w

m− 1
2 ,j−

1
2
(0) + · · · ,

(6.2)

and similarly for η±. That is, ξ+ has a highly singular OPE with V w
m,j , while ξ− has a

highly regular one.
In addition to the quantum numbers m, j, and w, one can also introduce a depen-

dence with respect the coordinate x on the AdS3 boundary by using J+
0 as the dual CFT

translation operator. Explicitly, we define the vertex operator V w
m,j(x, z) via

V w
m,j(x, z) = exJ

+
0 V w

m,j(z)e−xJ
+
0 . (6.3)

The correlation functions of these vertex operators then have a natural interpretation in
terms of the dual spacetime CFT. Because of the translation via J+

0 , the vertex operators
V w
m,j(x, z) have slightly modified OPEs with respect to the free fields. In particular, if
x 6= 0, both ξ± (respectively η±) have singular OPEs with V w

m,j(x, z)

ξ+(z)V w
m,j(x, 0) ∼ z−

w+1
2 V w

m+ 1
2 ,j−

1
2
(x, 0) + · · · ,

ξ−(z)V w
m,j(x, 0) ∼ −x z−

w+1
2 V w

m+ 1
2 ,j−

1
2
(x, 0) + · · · ,

(6.4)

while the linear combination ξ− + x ξ+ (respectively η− + x η+) has the regular OPE(
ξ−(z) + x ξ+(z)

)
V w
m,j(x, 0) ∼ −z

w−1
2 V w

m− 1
2 ,j−

1
2
(x, 0) + · · · . (6.5)

Now, naively one would like to calculate correlation functions of the vertex operators
V w
m,j(x, z), i.e. correlators of the form

〈
n∏
i=1

V wi
mi,ji

(xi, zi)
〉
. (6.6)

However, due to subtleties in defining correlation functions in the hybrid formalism, this is
not quite the correct amplitude to consider. In particular, one needs to account for mod-
ifications to the correlation function which are analogous to picture-changing in the RNS
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string (see section 3 of [3]). While this process is somewhat subtle, for correlation functions
of spectrally-flowed primaries, it essentially amounts to considering the correlation function〈n−χ(Σ)∏

a=1
W (ua)

n∏
i=1

V wi
mi,ji

(xi, zi)
〉
, (6.7)

where the new fields W (u) obey the OPEs

ξ±(z)W (0) ∼ O(z) , η±(z)W (0) ∼ O(1/z) . (6.8)

Furthermore, the number n−χ(Σ) = n+2g−2 of these fields corresponds to the number of
picture changing operators which are typically inserted in a genus g superstring amplitude
in the RNS formalism. Here we will only consider the planar case g = 0 for simplicity.

The correlation function (6.7) enjoys a remarkable property: it localises on the world-
sheet moduli space to those configurations zi for which a holomorphic map Γ : CP1 → CP1

exists. Here Γ is characterised by the property that it has exactly n critical points z = zi,
near which it has the local behaviour

Γ(z) ∼ xi +O
(
(z − zi)wi

)
. (6.9)

The proof of this property is readily shown utilising the free fields. Indeed, we can define
two meromorphic functions on the worldsheet by

ω±(z) =
〈
ξ±(z)

n−2∏
a=1

W (ua)
n∏
i=1

V wi
mi,ji

(xi, zi)
〉
. (6.10)

Because of the OPEs eqs. (6.4) and (6.8), we see that the ω± have poles of order wi+1
2 at

z = zi, and simple zeroes at z = ua. Thus, we can define new functions

P±(z) =
∏n
i=1(z − zi)

wi+1
2∏n−2

a=1(z − ua)
ω±(z) , (6.11)

which then have no poles (away from z =∞), and no longer have zeroes at z = ua. Thus,
they must be polynomials, and their degree is readily calculated to be

N = 1 +
n∑
i=1

wi − 1
2 . (6.12)

We then notice that the ratio Γ(z) = −P−(z)/P+(z) (when it is defined) satisfies eq. (6.9).
Furthermore, the degree N of the polynomials P± is exactly the degree of the covering
map calculated from the Riemann-Hurwitz formula. One is therefore led to conclude that
this ratio is precisely the covering map of equation (6.9).

An equivalent way of stating the relationship between the covering map and the cor-
relators is implicitly through the so-called ‘incidence relation’

ω−(z) + Γ(z)ω+(z) = 0 . (6.13)
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Note that (6.13) can only be satisfied when such a covering map exists. However, this only
happens at discrete points in the worldsheet moduli space. If such a map does not exist,
then some part of the above argument must fail. Indeed, if such a Γ does not exist, we
must conclude that ω+(z) = 0. However, by eq. (6.4), we see that the near z = zi, the
leading behaviour of ω+ is given by

ω+(z) ∼ (z − zi)
wi+1

2

〈
n−2∏
a=1

W (ua)V wi
mi+ 1

2 ,ji−
1
2
(xi, zi)

∏
k 6=i

V wk
mk,jk

(xk, zk)
〉
. (6.14)

Thus, if ω+ identically vanishes, the correlation functions themselves must vanish as well.
Therefore, the correlation functions (6.7) are only nonzero if a covering map exists.

From the symmetric orbifold point of view, the covering maps Γ are also used in the
calculation of correlation functions. Indeed, a general formula for the correlation function
of twisted sector ground states can be found, and it takes the schematic form [35]

〈Ow1(x1, x̄1) · · · Own(xn, x̄n)〉 ∼
∑
Γ

n∏
i=1
|aΓ
i |−hi , (6.15)

where aΓ
i is the coefficient of (z−zi)wi in eq. (6.9). In fact, using the incidence relation (6.13)

and the OPEs of eqs. (6.4) and (6.5), one can show that the string theory correlators take
precisely this form, up to some unknown normalisation constants (see section 4.4 of [3]).
Thus, the above argument shows that the worldsheet correlators reproduce the structure
of the symmetric orbifold correlators. As we will see below, these arguments continue to
hold when we consider correlators in the presence of a boundary.

6.2 The worldsheet doubling trick

We now turn our attention to the correlation function〈
n−1∏
a=1

W (ua)
n∏
i=1

V wi
mi,ji

(xi, zi)
〉
B

≡
〈 n−1∏
a=1

W (ua)
n∏
i=1

V wi
mi,ji

(xi, zi)
∣∣∣∣∣∣B〉〉 , (6.16)

where the index B on the left-hand-side indicates that this correlator is evaluated in the
presence of the boundary state ||B〉〉. Since we take the boundary state ‖B〉〉 to be located on
the real line, the above correlator is taken on the upper half-plane H, which is conformally
equivalent to the unit disk D. Note that, in contrast to the case of correlation functions
on the sphere, we have n− 1 W -field insertions since the Euler characteristic of the disk is
χ(D) = 1. To start with we shall consider the case where the boundary state B corresponds
to a spherical D-brane; the situation for the AdS2 branes is discussed in section 6.3.

In order to compute the correlation function (6.16), we now use the same trick as for
the correlators on the sphere. That is, we define the correlator-valued complex functions

ω±(z) =
〈
ξ±(z)

n−1∏
a=1

W (ua)
n∏
i=1

V wi
mi,ji

(xi, zi)
〉

(u,ε)S

, (6.17)

where (u, ε)S indicates that the boundary condition is a spherical brane, see eq. (5.1). We
now want to explore their complex-analytic properties, and for this we can use a doubling
trick to consider a function on the full Riemann sphere instead of on the disk.
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z1

z2

z3

z4 H

z̄1

z̄2z̄3

z̄4 H

z̄

CP1

z1

z2

z3

z4

z̄1

z̄2z̄3

z̄4

Figure 3. The doubling trick. We compute correlators on the upper-half-plane H by considering
a correlator on the ‘doubled’ worldsheet, given by the Riemann sphere.

To do this, we note that the boundary conditions (3.5) obeyed by the boundary state
‖u, ε〉〉S can be expressed in terms of complex variables as(

ξ±(z)± eiϕξ̄±(z̄)
)
‖u, ε〉〉S = 0 ,(

η±(z)± e−iϕη̄∓(z̄)
)
‖u, ε〉〉S = 0 ,

(6.18)

when z is on the real line. These boundary conditions are automatically taken into account
if we define an analytically-continued field

Ξ±(z) =

 ξ±(z) , =(z) ≥ 0

∓eiϕ ξ∓(z̄) , =(z) < 0
(6.19)

(and similarly for η±), which is defined on the entire Riemann sphere and not just the
upper half-plane, see figure 3.

In terms of this field defined on the full Riemann sphere, we can then define new
functions Ω±(z) as

Ω±(z) =
〈

Ξ±(z)
n−1∏
a=1

W (ua)
n∏
i=1

V wi
mi,ji

(xi, zi)
〉

(u,ε)S

, (6.20)

which satisfy the functional equation

Ω±(z) = ∓eiϕ Ω∓(z̄) . (6.21)

Now, we can use complex analysis on the sphere to determine the form of Ω±. Based on
the OPEs (6.4) and (6.5) between ξ± and V w

m,j , as well as the OPEs (6.8) between ξ± and
W , we find that Ω± has the following properties:
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1. Ω± have poles of order wi+1
2 at z = zi and z = z̄i.

2. Ω± have simple zeroes at z = ua and z = ūa.

3. The linear combination Ω−(z) + xi Ω+(z) has a zero of order wi−1
2 at z = zi.

4. The linear combination Ω−(z) + Ω+(z)/x̄i has a zero of order wi−1
2 at z = z̄i.

Given these properties of the functions Ω±(z), we can immediately implement the trick
of [3]. We define a function Γ(z) implicitly by the relation

Ω−(z) + Γ(z) Ω+(z) = 0 . (6.22)

The map Γ then satisfies the functional equation Γ(z) = 1/Γ(z̄), or specifically

|Γ(z)|2 = 1 , z ∈ R . (6.23)

Moreover, by properties 3. and 4., one can show that Γ has critical points at z = zi and
z = z̄i, i.e.

Γ(z) ∼ xi +O
(
(z − zi)wi

)
, z → zi ,

Γ(z) ∼ 1
x̄i

+O
(
(z − z̄i)wi

)
, z → z̄i .

(6.24)

Finally, by properties 1. and 2., one can readily show that Γ has degree

N = 1 +
n∑
i=1

(wi − 1) , (6.25)

which is precisely the degree of a disk covering map with critical points of order wi. To-
gether, (6.24) and (6.25) therefore demonstrate that the function Γ has the form of a
covering map from the upper half-plane to the disk (see appendix C). Thus, by the same
arguments that apply in the bulk case, we see that the correlation functions (6.16) localise
to those points in the moduli space where a covering map Γ : H→ D exists. Furthermore,
as shown there, see eq. (C.12), the corresponding locus has the correct codimension to turn
the worldsheet moduli space integral into a finite sum.

6.3 The case for AdS2 branes

As an aside we can also preform a similar analysis for the boundary states ‖AdS2〉〉 corre-
sponding to the AdS2 branes. In this case, the boundary conditions (3.22) become(

ξ±(z)− eiϕξ̄±(z̄)
)
‖AdS2〉〉 = 0 ,(

η±(z)− e−iϕη̄±(z̄)
)
‖AdS2〉〉 = 0 .

(6.26)

Thus, we can define the analytically continued fields

Ξ±(z) =

ξ±(z) , =(z) ≥ 0
eiϕξ̄±(z̄) , =(z) < 0 ,

(6.27)
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so that the complex functions

Ω±(z) =
〈

Ξ±(z)
n−1∏
a=1

W (ua)
n∏
i=1

V wi
mi,ji

(xi, zi)
〉

AdS2

(6.28)

satisfy the functional equation
Ω±(z) = eiϕΩ±(z̄) . (6.29)

The corresponding covering map constructed on the worldsheet via eq. (6.22) then satisfies
the functional equation

Γ(z) = Γ(z̄) , (6.30)

and has appropriate critical points at z = zi and z = z̄i with Γ(zi) = xi and Γ(z̄i) = x̄i.
Therefore, by an argument identical to the one for spherical branes, the function Γ satisfies
precisely the properties of a covering map Γ : H→ H (see appendix C). This implies that
the correlation functions of n bulk strings in the presence of an AdS2 brane localise to the
points in the moduli space where these covering maps exist. This gives strong support
to the idea that also the AdS2 brane must correspond to a D-brane in the symmetric
orbifold theory. However, so far, we have not managed to identify the corresponding D-
brane explicitly.

6.4 Comparison to the symmetric orbifold

As we have mentioned before, the symmetric orbifold correlation functions on the sphere
can be calculated by employing ramified covering maps Γ : Σ → CP1 to lift the twisted
sector states to a surface on which they are single-valued [34]. Such correlation functions can
be expressed as a sum over such covering maps in a Feynman diagrammatic expansion [36]

〈Ow1
1 (x1) · · · Ownn (xn)〉 =

∑
Γ
CΓ 〈O1(z1) · · · On(zn)〉seed , (6.31)

where CΓ is the conformal factor that is obtained by pulling back from the base space by
Γ, and the correlators on the right-hand-side are seed theory correlators evaluated on the
covering space Σ.

One would expect that for the symmetric product correlators on a disk a similar
construction should work, where now the appropriate covering maps are of the form Γ :
Σ→ D. In particular, for the maximally fractional branes (u, id) constructed in section 4,
one would expect the natural generalisation of equation (6.31) to be

〈Ow1
1 (x1) · · · Ownn (xn)〉(u,id) =

∑
Γ:Σ→D

CΓ 〈O1(z1) · · · On(zn)〉u,seed , (6.32)

where the right-hand-side is a sum over seed theory correlators evaluated on the covering
space Σ and with boundary condition u along ∂Σ. For the genus zero contribution, i.e.
for the case that Σ is a disk, the correlation functions on the right-hand-side can then
be calculated as 2n-point functions on the sphere using the appropriate doubling trick, in
complete parallel to the worldsheet computation from above. In this way, the correlation
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functions calculated on AdS3 × S3 ×T4 naturally reproduce the structure that is expected
from the symmetric orbifold perspective.

In particular, this allows us to compare the bulk-boundary coefficients of the two
sets of branes. In the symmetric orbifold CFT, these are given by the second equation
of (4.19), where we consider ρ = id, and focus on the contribution of a single w-cycle σ;
the combinatorial prefactor

√
|[σ]|/N ! equals then

1√
w

1√
(N − w)!

. (6.33)

The second factor, 1/
√

(N − w)!, is just the symmetry factor associated with the N − w
identical 1-cycle states, and thus the ‘single-particle’ one-point function from the w-cycle
twisted sector equals

1√
w
Bβ(u) . (6.34)

This now agrees precisely with the worldsheet bulk-boundary coefficient associated to the
brane of the form (5.1). In particular, the factor Bβ(u) just comes from the T4 boundary
state ‖u,R, ε〉〉T4 in (5.1),15 while the prefactor 1/

√
w reflects the relative normalisation

of the worldsheet and spacetime disk correlators, since the worldsheet disk covers the
spacetime disk w times.

7 Discussion

In this paper we have constructed the spherical D-branes of string theory on AdS3×S3×T4

for the specific background that is exactly dual to the symmetric orbifold of T4 [2, 3, 6].
Since this background is very stringy, we have used the worldsheet description in terms
of an psu(1, 1|2)1 WZW model and constructed the symmetry-preserving boundary states.
The geometric picture, see figure 1, suggests that the spherical D-branes are dual to a brane
in the symmetric orbifold CFT, and this seems indeed to be true. More specifically, the D-
brane that is ‘spherical’ on AdS3×S3 and describes a Dp-brane on T4, see eq. (5.1), is to be
identified with the maximally fractional boundary condition of SymN (T4), see eq. (4.19),
where we pick the same Dp-brane boundary for all individual T4s. We have confirmed
this suggestive picture by comparing the relevant cylinder and disk amplitudes. It would
be interesting to complete this picture by working out general open-closed amplitudes at
arbitrary genus (and involving an arbitrary number of boundaries) on the worldsheet, and
comparing them with the 1/N expansion of the corresponding symmetric orbifold CFT
correlators. It would also be very interesting to understand systematically how the ‘non-
perturbative’ nature of the D-branes manifests itself in the dual symmetric orbifold theory.
Since the string coupling constant behaves as gs ∼ 1/

√
N , the inclusion of D-branes should

lead to effects that go as e−
√
N , and it would be very instructive to see this more explicitly

in the symmetric orbifold.
15The boundary state in (5.1) is always evaluated in the RR sector (since the T4 is topologically twisted),

while for the symmetric orbifold Bβ(u) labels the coefficient in the RR sector if w is even, and in the NSNS
sector if w is odd. However, because of spectral flow these coefficients are always the same.
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Since these boundary states are instantonic, it would also be interesting to study them
using string field theoretic methods as in [37]. In particular, this should allow one to
reproduce the correct ground state shift, see the discussion around eq. (5.12).

The AdS3 string background also possesses another symmetry-preserving D-brane
which is described by an AdS2 geometry in AdS3, and we have also constructed the corre-
sponding boundary state in our worldsheet theory, see section 3.2. However, in this case,
the dual CFT interpretation is less clear. Conversely, there are also more general boundary
states in the symmetric orbifold theory, in particular, the D-branes that descend from the
permutation branes in the tensor product theory, see section 4.4, whose AdS3 interpreta-
tion is also not yet clear. It would be interesting to investigate these boundary conditions
further, and to see whether they may in fact be related to one another.
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A The geometry of SL(2,R)

In this appendix we briefly review the geometry of SL(2,R). Our analysis follows largely [9].
We begin with the Lie algebra of sl(2,R), for which we work with the basis [9]

t1 = 1
2

(
1 0
0 −1

)
, t2 = 1

2

(
0 1
1 0

)
, t3 = 1

2

(
0 1
−1 0

)
. (A.1)

These generators satisfy the Lie algebra relations

[t1, t2] = t3 , [t2, t3] = −t1 , [t3, t1] = −t2 . (A.2)

The most general Lie group element in SL(2,R) can then be written as

g =
(

cosh ρ cos t+ sinh ρ cosφ cosh ρ sin t− sinh ρ sinφ
− cosh ρ sin t− sinh ρ sinφ cosh ρ cos t− sinh ρ cosφ

)
= e(t+φ)t3e2ρt1e(t−φ)t3 . (A.3)

In terms of AdS3, ρ describes the radial coordinate, while (t, φ) are the coordinates on the
boundary cylinder, with φ being a 2π-periodic variable.16 In SL(2,R) also t is 2π-periodic,
but in order to describe AdS3, we should not identify t ∼= t + 2π. Thus we need to work
with the covering space of SL(2,R), whose coordinates are (ρ, t, φ), with only φ being
2π-periodic, but no periodicity conditions on ρ or t.

16Note that the conventions of [9] for the normalisation of the time coordinate t, which we use in this
appendix, differ by an overall factor of π relative to the normalisation of the closed-string sl(2;R) chemical
potential used in the main body of this paper.
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Next we define the Cartan-Weyl basis for the complexification of sl(2,R). This is to
say, we take t3 to be the Cartan generator and define t± via

t± = t1 ± i t2 , t+ = 1
2

(
1 i

i −1

)
, t− = 1

2

(
1 −i
−i −1

)
, (A.4)

so that
[t3, t±] = ± i t± , [t+, t−] = −2 i t3 . (A.5)

The most general Lie group element in SL(2,R) is

g =
(
a b

c d

)
, with inverse g−1 =

(
d −b
−c a

)
, (A.6)

where
a, b, c, d ∈ R , ad− bc = 1 . (A.7)

Under conjugation by g, the generators in (A.1) transform as ρg(ta) = gtag−1, and we find
in particular

ρg(t3) = 1
2

(
−(ac+ bd) a2 + b2

−c2 − d2 (ac+ bd)

)
. (A.8)

Thus, within SL(2,R), there is no inner automorphism that maps t3 7→ −t3. However,
within SL(2,C) we can find

g0 =
(
i 0
0 −i

)
(A.9)

so that ρg0(t3) = −t3. (Then we also have ρg0(t±) = t∓.) The fact that within SL(2,R)
there is no inner automorphism that maps t3 7→ −t3 hinges on the fact that t3 is the
timelike direction. More specifically, we have

tr(t3t3) = −1
2 , tr(t1t1) = tr(t2t2) = 1

2 , (A.10)

and thus t3 is timelike, while t1 and t2 are spacelike. Thus we conclude that the two gluing
conditions corresponding to the spherical and the AdS2 branes, see eqs. (3.1) and (3.20),
respectively, are not related by an inner automorphism in SL(2,R).

A.1 Currents

Following [9] we define the currents via

Ja = k tr
(
ta∂+g g

−1) , J̃a = k tr
(
(ta)∗ g−1 ∂−g

)
, (A.11)

where ta are our Lie algebra generators from above. Here

x± = τ ± σ , ∂± = ∂

∂x±
. (A.12)

Since Ja ≡ Ja(x+) and J̃a ≡ J̃a(x−), the most general solution is then

g(τ, σ) = g+(x+) g−(x−) , (A.13)

and we have
Ja = k tr

(
ta∂+g+ g

−1
+
)
, J̃a = k tr

(
(ta)∗ g−1

− ∂−g−
)
. (A.14)
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A.2 Spectral flow

Given a solution of the form (A.13), a new solution is obtained by multiplying

g(τ, σ)→ g̃(τ, σ) ≡ ewx+t3 g(τ, σ) ew̄x−t3 , (A.15)

i.e. replacing

g+(x+) 7→ ewx
+t3 g+(x+) , g−(x−) 7→ g−(x−) ew̄x−t3 . (A.16)

Since the original solution g(τ, σ) is periodic in σ (with period 2π), g̃ has this periodicity
property provided that

g̃(τ, σ + 2π) = e2πwt3 g̃(τ, σ) e−2πw̄t3 ≡ g̃(τ, σ) . (A.17)

In terms of the parametrisation (A.3) the exponentials in the expression in the middle
equation shift t and φ as

(t+ φ) 7→ (t+ φ) + 2πw , (t− φ) 7→ (t− φ)− 2πw̄ , (A.18)

i.e. correspond to
t 7→ t+ π(w − w̄) , φ 7→ φ+ π(w + w̄) . (A.19)

Since in AdS3 we do not have any periodicity in t, we need that w = w̄. Furthermore, since
φ is 2π-periodic, we need to require that w = w̄ ∈ Z. This reproduces the usual spectral
flow.

Let us next understand what this does to the left- and right-moving currents defined
by (A.14). It follows from an explicit computation that

Ja 7→ kw

2 δa,3 + k tr
(
e−wx

+t3 ta ewx
+t3 (∂+g+)g−1

+
)
. (A.20)

In terms of the (complex) Cartan-Weyl basis this then implies

J3
n 7→ J3

n + kw

2 δn,0 , J±n 7→ J±n∓w , (A.21)

where we have expanded the currents in Fourier modes as

Ja(x+) =
∑
n

Jane
inx+ (A.22)

and used that
e−wx

+t3 t± ewx
+t3 = e∓iwx

+
t± . (A.23)

For the right-moving currents the analysis is essentially identical, and using that (t±)∗ = t∓

we find
J̃3
n 7→ J̃3

n + kw̄

2 δn,0 , J̃±n 7→ J̃±n∓w̄ . (A.24)

Thus spectral flow acts the same way on left- and right-moving currents.
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A.3 Boundary conditions

In order to understand the geometrical meaning of the different boundary conditions it
is useful to write the currents Ja and J̃a in terms of the (ρ, t, φ) parametrisation, i.e. to
evaluate (A.14) using the parametrisation (A.3). This leads to

J3 = k
(
(sinh ρ)2 ∂+φ− (cosh ρ)2 ∂+t

)
(A.25)

J+ = k e−i(φ+t)
(
∂+ρ+ i

2 sinh(2ρ)
(
∂+t− ∂+φ

))
(A.26)

J− = k ei(φ+t)
(
∂+ρ−

i

2 sinh(2ρ)
(
∂+t− ∂+φ

))
, (A.27)

as well as

J̃3 = k
(
−(sinh ρ)2 ∂−φ− (cosh ρ)2 ∂−t

)
(A.28)

J̃+ = k ei(φ−t)
(
∂−ρ+ i

2 sinh(2ρ)
(
∂−t+ ∂−φ

))
(A.29)

J̃− = k e−i(φ−t)
(
∂−ρ−

i

2 sinh(2ρ)
(
∂−t+ ∂−φ

))
. (A.30)

This now let’s us understand the geometric meaning of the different boundary conditions.

A.3.1 The AdS2 boundary condition

The “trivial” boundary condition corresponds to imposing that

Ja(z) = J̃a(z̄) for z = z̄. (A.31)

This then leads to the equations

(sinh ρ)2(∂+φ+ ∂−φ
)

= (cosh ρ)2(∂+t− ∂−t
)

(A.32)
i

2 sinh(2ρ)
[
eiφ
(
∂−t+ ∂−φ

)
− e−iφ

(
∂+t− ∂+φ

)]
= −eiφ∂−ρ+ e−iφ∂+ρ . (A.33)

In order to get a sense of what this means geometrically, it is useful to consider the limit
ρ→∞, which describes the boundary cylinder. In that limit (A.32) simplifies to(

∂+t− ∂+φ
)

=
(
∂−t+ ∂−φ

)
(A.34)

while (A.33) becomes
eiφ
(
∂−t+ ∂−φ

)
= e−iφ

(
∂+t− ∂+φ

)
. (A.35)

Plugging (A.34) into (A.35) then leads to

eiφ = e−iφ i.e. φ = 0, π. (A.36)

Thus the resulting brane must obey a Dirichlet boundary condition in φ at the boundary;
since this implies that (∂+φ + ∂−φ) = 0, it follows from (A.34) that (∂+t − ∂−t) = 0, i.e.
that it satisfies a Neumann boundary condition in t, see the right panel of figure 1. The
resulting D-brane is the stretched static D-string of section 4 of [10].
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A.3.2 The spherical boundary condition

The other natural boundary condition is

J3(z) = −J̃3(z̄) for z = z̄ (A.37)
J±(z) = J̃∓(z̄) for z = z̄ . (A.38)

This then leads to the equations

(sinh ρ)2(∂+φ− ∂−φ
)

= (cosh ρ)2(∂+t+ ∂−t
)

(A.39)
i

2 sinh(2ρ)
[
eit
(
∂−t+ ∂−φ

)
+ e−it

(
∂+t− ∂+φ

)]
= eit∂−ρ− e−it∂+ρ . (A.40)

Again, in the ρ→∞ limit this simplifies to

∂+φ− ∂+t = ∂−φ+ ∂−t , (A.41)

and
eit
(
∂−t+ ∂−φ

)
= −e−it

(
∂+t− ∂+φ

)
. (A.42)

Combining these two equations now implies that

eit = e−it i.e. t ∈ Zπ. (A.43)

The resulting boundary condition thus satisfies a Dirichlet boundary condition in t, and
a Neumann boundary condition in φ, see the left panel of figure 1. It can therefore be
identified with the (instantonic) circular D-string of section 3 of [10].

A.4 Compatibility with spectral flow

As we have explained above, in the w-spectrally flowed sector, t(x+, x−) and φ(x+, x−)
take the form

t(x+, x−) = t0(x+, x−) + w

2 (x+ + x−) = t0(x+, x−) + wτ (A.44)

φ(x+, x−) = φ0(x+, x−) + w

2 (x+ − x−) = φ0(x+, x−) + wσ , (A.45)

where (t0, φ0) are the functions associated to the unflowed solution g(τ, σ) in (A.15); both
of them are strictly periodic under σ 7→ σ + 2π, i.e. x± 7→ x± ± 2π. From the closed
string perspective, the boundary occurs for a fixed τ = τ0, i.e. for x− = 2τ0 − x+, and we
therefore have

t(x+, x−)
∣∣∣
x−=2τ0−x+

= t0(x+, 2τ0 − x+) + wτ0 (A.46)

φ(x+, x−)
∣∣∣
x−=2τ0−x+

= φ0(x+, 2τ0 − x+) + w(x+ − τ0) . (A.47)

In particular, for w 6= 0 we cannot impose a Dirichlet boundary condition on φ since φ
winds round w times as x+ 7→ x+ + 2π. Thus only the spherical boundary condition of
section A.3.2 is compatible with spectral flow, in agreement with the analysis of section 3.
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B The D-branes of the symmetric orbifold of T4

In this appendix we explain how the construction of the maximally-fractional boundary
states for a bosonic symmetric orbifold theory, see section 4, can be generalised to the
situation with fermions. We shall mainly focus on the case where the seed CFT is the su-
perconformal theory of four free bosons and fermions on a 4-torus T4. We will furthermore
restrict ourselves to the NS sector in the closed-string channel. Our results can, however,
straightforwardly be extended to more general cases.

The main new ingredient we need to take care of comes from the fact that we may pick
up minus signs from permuting fermions (because of Fermi statistics). More specifically, if
σ ∈ SN has a cycle shape as described in (4.15), we find that, see e.g. [38, section 4.3] [4,
appendix A]

trH
[
σe2πit(L0−Nc24 )

]
=

r∏
j=1

Z(εj)(ljt) , εj = (−1)(lj−1) , (B.1)

where Z(ε) is the trace with the insertion of (−1)εF .

B.1 Boundary states in the seed T4

In the seed T4 SCFT, we have 4 free bosons and 4 free fermions. We group them into two
complex pairs as ∂Xj±, ψj±, where j = 1, 2. They then satisfy the nontrivial OPEs

∂Xj+(x)∂Xk−(y) ∼ δjk

(x− y)2 , ψj+(x)ψk−(y) ∼ δjk

x− y
. (B.2)

Let us assume that we impose standard Dp-brane boundary conditions directly on the
free bosons and fermions; for example, for a D0-brane, they would read

(αj±n − ᾱ
j±
−n)|β, ε, s〉〉 = 0 , (B.3a)

(ψj±r − iεψ̄
j±
−r)|β, ε, s〉〉 = 0 , (B.3b)

where s ∈ {NS,R} denotes the closed string sector, and we have n ∈ Z, while r ∈ Z + 1/2
for s = NS and r ∈ Z for s = R. (Here the αj±n are the modes for the bosons, and the ψj±r
those of the fermions.)

The construction of the corresponding boundary states is standard, see e.g. [39], and
we denote them by ‖u, ε, s〉〉, where s ∈ {NS,R}; note that in superstring theory one
usually combines the NS-NS and R-R contributions in order to guarantee that the open
string will be GSO-projected. However, in the current setup this is not appropriate since
the symmetric orbifold of T4 is not the worldsheet theory of a string theory. Instead it
describes the dual CFT which does not have a GSO-projection. In any case, we expand
these boundary states in terms of the Ishibashi states as

‖u, ε, s〉〉 =
∑
β

Bβ(u, s) |β, ε, s〉〉 , (B.4)

where here β runs over those momentum/winding sectors that are compatible with the
gluing conditions (B.3a) with n = 0; for example, for a D0 brane, only the pure momentum
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sectors contribute. Their relative overlaps are then given by — as in the main part we
choose opposite values of ε for the two boundary states, and hence denote them by ÑS
and R̃

ẐT4

u|v,ÑS(ζ̂; t̂ ) =
θ4( ζ̂2 ; t̂ )θ4(− ζ̂

2 ; t̂ )
η(t̂ )6 Θ̂T4

u|v(t̂ ) , ẐT4

u|v,R̃(ζ̂; t̂ ) =
θ1( ζ̂2 ; t̂ )θ1(− ζ̂

2 ; t̂ )
η(t̂ )6 Θ̂T4

u|v(t̂ ) ,

(B.5)
where Θ̂T4

u|v(t̂ ) depends on which momentum/winding sectors contribute, and ζ̂ is the su(2)
chemical potential.

Given that we have chosen opposite values of ε for the two boundary states, the
corresponding open string is then in the R or R̃ sector, and we find from the S-modular
transformation, writing t̂ = −1/t and ζ̂ = −t̂ζ, the two expressions

ZT4

u|v,R(ζ; t) =
θ2( ζ2 ; t)θ2(− ζ

2 ; t)
η(t)6 ΘT4

u|v(t) ZT4

u|v,R̃(t ) = −
θ1( ζ2 ; t)θ1(− ζ

2 ; t)
η(t)6 ΘT4

u|v(t) , (B.6)

where ΘT4

u|v(t) describes the momentum/winding modes from the open string perspective;
they are determined via the relation

ΘT4

u|v(t)
η(t)4 =

Θ̂T4

u|v(t̂ )
η(t̂ )4 . (B.7)

B.2 Sym(T4) boundary states

Next we want to generalise the symmetric orbifold construction of section 4 to incorporate
correctly the signs from eq. (B.1). We shall only concentrate on the boundary states that
come from the s = NS sector; recall that the s = R sector has central charge proportional
to N , and hence does not correspond to perturbative string degrees of freedom from the
AdS perspective. Following (4.19), we make the ansatz

‖u, ρ, ε,NS〉〉 =
∑

(β,[σ])
B(β,[σ])(u, ρ,NS) |β, ε,NS〉〉[σ] , (B.8)

where the boundary state coefficients B(β,[σ])(u, ρ,NS) can be written as

B(β,[σ])(u, ρ,NS) =
( |[σ]|
N !

) 1
2
χρ([σ])

r∏
j=1

Bβj (u, s(lj)) , (B.9)

with s(lj) = NS when lj ∈ 2Z + 1, while s(lj) = R when lj ∈ 2Z. Correspondingly, the
Ishibashi states |β, ε,NS〉〉[σ] satisfy the fermionic conditions (for j = 1, . . . , r)(

ψ[j]
p + iε(ψ̄[j])−p

)
|β, ε,NS〉〉[σ] = 0 , (B.10)

where p ∈ 1
lj
Z for lj ∈ 2Z, and p ∈ 1

lj
(Z + 1/2) for lj ∈ 2Z + 1. Thus the individual single-

cycle twisted sectors look as though they are in the Ramond sector for even cycle-length.
Choosing opposite spin structures as before, the corresponding overlaps are then

ẐSN(u,ρ1)|(v,ρ2),ÑS(ζ̂; t̂ ) = 1
|SN |

∑
σ∈SN

χ̄ρ1([σ])χρ2([σ])
r∏
j=1

ẐT4

u|v,s̃(lj)

(
ζ̂; t̂
lj

)
. (B.11)
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Upon the S-modular transformation, going to the open string description, ÑS→ R, while
R̃ → R̃, and hence the open string is always in the Ramond sector, but there is a sign
depending on whether lj is even or odd, reflecting precisely the signs in eq. (B.1). Thus
the open string is in the R⊗N sector — this is because we took the two ε values of the
boundary states opposite — and the group factors imply again that we project onto those
states that transform in the representation ρ1 ⊗ ρ∗2 with respect to SN .

For the simple case ρ1 = ρ2 = id, so that χ̄ρ1([σ]) = χρ2([σ]) = 1 for all σ ∈ SN , it is
again convenient to go to the grand canonical ensemble

Ẑu|v,ÑS(p, ζ̂; t̂ ) =
∞∑
N=1

pN ẐSN(u,id)|(v,id),ÑS(ζ̂; t̂ ) , (B.12)

which can be rewritten, as in (4.20), as

Ẑu|v,ÑS(p, ζ̂; t̂ ) = exp

 ∞∑
w=1
w odd

pw

w
ẐT4

u|v,ÑS

(
ζ̂; t̂
w

)
+

∞∑
w=1
w even

pw

w
ẐT4

u|v,R̃

(
ζ̂; t̂
w

) . (B.13)

Finally, modular transforming into the open string channel and keeping track of the elliptic
prefactors (which we did not include in (B.6)), we obtain the grand canonical Ramond
boundary partition function

Zu|v,R(p, ζ; t) = exp

 ∞∑
k=1
k odd

pk

k
e
πikζ2

2t ZT4

u|v,R(kζ; kt) +
∞∑
k=1
k even

pk

k
e
πikζ2

2t ZT4

u|v,R̃(kζ; kt)

 , (B.14)

where we have relabelled w 7→ k.
We should mention that also the spin structures in (B.13) arise naturally from the

interpretation of the grand canonical ensemble as a sum over covering spaces of the cylinder.
Indeed, given a covering map of degree w, a fermion which picks up a (−1) monodromy on
the base cylinder will pick up a (−1)w monodromy on the covering cylinder — intuitively,
the compact cycle on the covering cylinder maps to w copies of the compact cycle on the
base cylinder. That is, if we have a fermion in the NS sector on the base space, then it will
be in the NS sector on the covering space if w is odd, but in the R sector if w is even.

C Planar coverings of the disk

In section 6 we argued that correlation functions of spectrally flowed highest-weight states
with a spherical brane boundary condition are calculable in terms of holomorphic covering
maps Γ : D→ D, where we denote by D be the closed unit disk {z ∈ C : |z|2 ≤ 1}. Such a
map should have the following properties:

• On the interior D of the unit disk, Γ should be a holomorphic function taking values
on D. That is,

∂Γ(z) = 0 , |Γ(z)| < 1 , z ∈ D . (C.1)
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• Γ should map the boundary of the unit disk to itself. That is,

|Γ(z)|2 = 1 , |z|2 = 1 . (C.2)

• Finally, for Γ to be a branched covering, there should exist n marked points zi such
that, near z = zi, Γ has a critical point of order wi. That is,

Γ(z) ∼ xi +O
(
(z − zi)wi

)
, z → zi . (C.3)

Below, we detail the algebraic constraints arising from these properties, and demon-
strate that such a covering map only exists given that the insertion points zi are
chosen appropriately.

C.1 Algebraic constraints

Given any branched covering between two surfaces X and Y , the degree N of the covering
map Γ : X → Y (i.e. the number of preimages of Γ at a generic point) is determined by
the Riemann-Huwritz formula

χ(Y )N = χ(X) +
n∑
i=1

(wi − 1) . (C.4)

Since the disk has Euler characteristic χ(D) = 1, the degree of Γ thus turns out to be

N = 1 +
n∑
i=1

(wi − 1) , (C.5)

where wi is the degree of the critical point at zi ∈ D. Note that we do not allow critical
points at the boundary.

Now, it is well known that all holomorphic functions from the disk to itself are rational.
Thus, we can assume that Γ takes the form Γ(z) = QN (z)/PN (z), where QN and PN are
polynomials of orderN . The requirement that Γ maps the circle to itself can be rephrased as

|QN (eiφ)|2 = |PN (eiφ)|2 . (C.6)

If we write

QN (z) =
N∑
a=0

qaz
a , PN (z) =

N∑
a=0

paz
a , (C.7)

then we have

|QN (eiφ)|2 =
N∑

a,b=0
qaq
∗
be
i(a−b)φ =

N∑
a=0
|qa|2 + 2

∑
a<b

<
(
qaq
∗
be
i(a−b)φ

)
, (C.8)

and similarly for |PN |2. Requiring |QN |2 = |PN |2 along the unit circle means matching
coefficients of ei(a−b)φ for each value of a− b. This in the end gives 2N + 1 real constraints.
Since the covering map Γ had 2N+1 complex degrees of freedom originally (the coefficients
of QN and PN ), we see that requiring Γ to map the unit circle to itself reduces the number
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to 2N + 1 real degrees of freedom. This reflects the fact that an open string has only half
the chiral degrees of freedom of a closed string.

Next, we demand that Γ has an appropriate critical point at each zi. That is, we
demand

Γ(z)− xi ∼ O
(
(z − zi)wi

)
. (C.9)

In terms of the polynomials QN and PN , this constraint takes the form

QN (z)− xiPN (z) ∼ O
(
(z − zi)wi

)
. (C.10)

This introduces wi (complex) constraints at each critical point, and so overall there are
2∑iwi real constraints. Thus, the moduli space of such maps has dimension

dimR(Γ : D→ D, zi, xi fixed) = 2N + 1− 2
n∑
i=1

wi = −2n+ 3 . (C.11)

Note that 2n − 3 is exactly the dimension of the moduli space of a disk with n marked
points. Indeed, there are 2n (real) moduli for the n points zi, while we have three real
conformal Killing vectors which can be used to fix z1 = 0 and z2 ∈ (0, 1). Thus,

dimR(Γ : D→ D, xi fixed) = 0 , (C.12)

and we conclude that constructing such a map is a rigid problem.

Example: w1 = w2 = 1. The simplest example of such a covering map is to consider
the case where w1 = w2 = 1. The degree of such a map is N = 1, i.e. Γ is a rational linear
function. Requiring that Γ maps the unit circle onto itself restricts it to be of the form

Γ(z) = eiφ
z − a
1− āz , (C.13)

where a ∈ D and φ ∈ R.
In order to simplify our life, we can use the three real moduli of the disk, in order to

fix zi and xi to be of the form z1 = x1 = 0 and z2, x2 ∈ (0, 1). The resulting covering
map is simply the identity function Γ(z) = z, and we find that this only maps z2 to x2
if z2 = x2, which gives one real constraint on the insertion points zi. This constraint, in
turn, corresponds to the one real modulus of a disk with two marked points.

C.2 The doubling trick

We can also characterise Γ in a different way by analytically continuing it. That is, instead
of treating Γ as a map from the disk to itself, we can instead treat Γ as a holomorphic map
on the full Riemann sphere. Indeed, if we define

Γ(z) = 1
Γ(1/z̄)

, |z| > 1 , (C.14)

then the induced map Γ : CP1 → CP1 satisfies |Γ(z)|2 = 1 along the unit circle by con-
struction. Furthermore, Γ now has double the critical points as its restriction to the disk.
If we expand around z = 1/z̄i, we find that Γ has the critical behaviour

Γ
( 1
z̄i

+ ε

)
∼ 1
x̄i

+O(εwi) . (C.15)

Thus, 1/z̄i is also a critical point of order wi with Γ(1/z̄i) = 1/x̄i.
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The doubling trick allows us to treat our covering map as a map on the sphere, as
opposed to a covering map on the disk. The resulting map has critical points at zi and 1/z̄i.
We can thus calculate the resulting degree from Riemann-Hurwitz for sphere coverings, and
we find

N = 1 +
n∑
i=1

wi − 1
2 +

n∑
i=1

wi − 1
2 = 1 +

n∑
i=1

(wi − 1) , (C.16)

which agrees with the argument from the covering of the disk. The fact that χ(CP1) =
2χ(D) is compensated by the fact that Γ : CP1 → CP1 has twice as many critical points as
Γ : D → D. Furthermore, just as on the disk, since any holomorphic map Γ : CP1 → CP1

is rational, we can again write Γ(z) = QN (z)/PN (z) for some polynomials QN and PN of
degree N .

The moduli counting argument also works in the context of the doubling trick. Note
that each pole λa of Γ is accompanied by a corresponding zero at 1/λ̄a, by definition of the
analytic continuation of Γ. Thus, we can write Γ as

Γ(z) = C
N∏
a=1

(z − λa)−1
(
z − 1/λ̄a

)
. (C.17)

This parametrisation gives us N+1 complex degrees of freedom. Furthermore, the require-
ment that |Γ(z)|2 = 1 along the unit circle removes one real degree of freedom. Indeed,
we have

|Γ(eiφ)|2 = |C|2
N∏
a=1

|eiφ − 1/λ̄a|2
|eiφ − λa|2

= |C|2
N∏
a=1

1
|λa|2

, (C.18)

and so requiring Γ to map the unit circle to itself simply fixes the norm of C. All of the
remaining constraints come from simply demanding that Γ has critical points at z = zi.
The criticality of the points at z = 1/z̄i is then automatic.

C.3 Covering by the UHP

In the context of boundary conformal field theory, it is often more convenient to consider the
worldsheet as the upper half-plane (UHP) instead of the disk, so that the gluing conditions
are implemented along the real line. In this case, the relevant covering maps are of the
form Γ : H → D or Γ : H → H. The UHP (with a point at infinity) and the unit disk are
conformally equivalent under, for example, the map f : H→ D ∪ {∞} given by

f(z) = z − i
z + i

. (C.19)

Thus, by composing with f , one can easily turn a covering map Γ : D→ D into Γ◦f : H→ D
or f−1 ◦ Γ ◦ f : H → H. In this way, the theory of branched coverings between the disk
and UHP, and between the UHP and itself, is entirely equivalent to that of coverings from
the disk to the disk. That said, it is convenient to review the algebraic properties of these
types of maps.
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UHP to disk. A map Γ : H → D can be analytically extended to a branched covering
of the Riemann sphere by the functional equation

Γ(z) = 1
Γ(z̄)

. (C.20)

The resulting function is rational of order N and has the form

Γ(z) = C
N∏
a=1

(z − λa)−1(z − λ̄a) , (C.21)

where |C|2 = 1. Finally, Γ satisfies the algebraic conditions

Γ(z)− xi ∼ O((z − zi)wi) , Γ(z)− 1
x̄i
∼ O ((z − z̄i)wi) , (C.22)

near z = zi and z = z̄i, respectively, where xi are marked points on the image disk.

UHP to UHP. A branched covering of the form Γ : H → H can similarly be extended
to a branched covering of the Riemann sphere via the analytic continuation

Γ(z) = Γ(z̄) . (C.23)

The resulting function is rational of order N and so generically has the form

Γ(z) = C

∏N
a=1(z −Qa)∏N
a=1(z − Pa)

. (C.24)

The functional equation (C.23), along with the fact that the boundary of the UHP is
R∪ {∞}, tells us that the normalisation C, the zeroes Qa, and the poles Pa all have to be
real. Finally, Γ satisfies the algebraic conditions

Γ(zi)− xi ∼ O ((z − zi)wi) , Γ(z)− x̄i ∼ O ((z − z̄i)wi) , (C.25)

near z = zi and z = z̄i, where xi are marked points on the UHP.
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