PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: October 23, 2021
ACCEPTED: November 24, 2021
PUBLISHED: December 3, 2021

String correlators in AdS; from FZZ duality

Gaston Giribet

Physics Department, University of Buenos Aires FCEyN-UBA and IFIBA-CONICET,
Ciudad Universitaria, pabellon 1, 1428, Buenos Aires, Argentina

E-mail: gaston@df.uba.ar

ABSTRACT: Motivated by recent works in which the FZZ duality plays an important role,
we revisit the computation of correlation functions in the sine-Liouville field theory. We
present a direct computation of the three-point function, the simplest to the best of our
knowledge, and give expressions for the N-point functions in terms of integrated Liou-
ville theory correlators. This leads us to discuss the relation to the H; WZW-Liouville
correspondence, especially in the case in which spectral flow is taken into account. We
explain how these results can be used to study scattering amplitudes of winding string
states in AdSs.

KEYWORDS: String Duality, Bosonic Strings, Conformal Field Models in String Theory

ARX1v EPRINT: 2110.04197

OPEN AccESS, © The Authors.

Article funded by SCOAP?, https://doi.org/10.1007/JHEP12(2021)012


mailto:gaston@df.uba.ar
https://arxiv.org/abs/2110.04197
https://doi.org/10.1007/JHEP12(2021)012

Contents

1 Introduction 1
2 Sine-Liouville and FZZ 3
3 The 3-point function 8
4 The 4-point function 15

1 Introduction

Originally formulated by Fateev, Zamolodchikov and Zamolodchikov as a conjecture in
an unpublished work, the FZZ correspondence provided us with one of the most useful
tools to investigate black holes in the stringy regime. This correspondence establishes the
duality between the sine-Liouville field theory and the string worldsheet sigma model on
the 2D black hole [1, 2], the latter being described by the SL(2,R);/U(1) WZW model [3];
see also [4, 5]. This is a special kind of strong/weak duality that can actually be thought
of as a sort of T-duality [6], as it derives from the mirror symmetry between the N' = 2
super-Liouville theory and the Kazama-Suzuki SCFT for SL(2,R);/U(1) [7].

As said, FZZ duality has shown to be a remarkably useful picture to study black holes
in string theory. For example, it was what made possible to construct the KKK matrix
model for the 2D black hole [8]. It also provided a method to investigate the horizon
structure in the stringy regime [9]. FZZ duality was also used to study other backgrounds
in string theory, besides black holes; among them, AdSs x M spacetimes [10], cosmological
models [11] and other time-dependent scenarios [12].

First taken as a widely accepted conjecture, the FZZ duality was finally proven by
Hikida and Schomerus in [13] by resorting to the so-called Hy WZW-Liouville correspon-
dence [14, 15], which had been first extended to higher genus [16] and combined with the free
field representation [17]. Previous arguments to prove the duality were given by Maldacena
in [18], who proved that FZZ followed from the mirror symmetry [7] of the supersymmetric
theories after a projection (GKO quotient of the R-symmetry) and decoupling of fermions
(see figure 1).

One of the most interesting aspects of the FZZ duality is that it relates models with
different topologies. While the target space interpretation of the sine-Liouville CFT has
topology R x S!, the Euclidean 2D black hole corresponds to the so-called cigar geometry,
with topology R? (see figure2 below). This permits to investigate the common features
shared by stringy backgrounds with quite diverse geometrical interpretations, and to re-
lated physical mechanisms that, a priori, are seemingly disconnected. One example is the
mechanisms by means of which the winding number is violated in scattering processes in the
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Figure 1. Scheme of different (duality) relations among CFTs. The FZZ correspondence relates
sine-Liouville theory with the SL(2,R)/U(1) coset o-model that describe string theory on the Eu-
clidean 2D black hole. The latter model can be used to describe string theory on AdSj, since the
spectral flow sectors of the SL(2,R) WZW theory are conveniently realized in terms of the product
SL(2,R)/U(1) x U(1). The latter theory also relates to the standard Liouville theory by the Hj
WZW-Liouville correspondence. Finally, the sine-Liouville correlators can be written as integrated
Liouville correlators due to remarkaby identities among conformal integrals.

black hole geometry and in the sine-Liouville theory. While in the former this is explained
in terms of the topology of the cigar geometry, in the latter the violation is explained by

the sine-Liouville potential and so it is dynamical.

In [19], the FZZ duality was generalized, and it was shown there that the connection
between states with non-trivial winding number and momentum in both theories is much
more general than what it was originally considered. This can be seen not only at the
level of the spectrum, but also at the level of interactions [20]. More recently, the FZZ
duality has been considered in new contexts: in [21], for example, Jafferis and Schneider
used it in their study of the ER=EPR correspondence. FZZ also appears mentioned in the
analysis of black holes near the Hagedorn temperature that Maldacena and Chen perform
in [22]. Here, motivated by this revival of the FZZ duality, we revisit the computation of
three-point correlation functions in the sine-Liouville theory. These observables have been
discussed long time ago by Fukuda and Hosomichi [23], who did a very interesting analysis
of the residues of such three-point functions by proposing a specific contour prescription.
We will explain the connection between our result and that of [23]. Besides, we will study
the four-point correlation function and give an expression of it in terms of Liouville field
theory correlators. This will lead us to discuss the relation to the generalized Hy WZW-
Liouville correspondence [15, 16, 24|, which connects SL(2,R); WZW correlation functions
with integrated higher-point functions in standard Liouville theory. Then, we will explain
how these results can be used to study scattering amplitudes in AdS3 that involve string

winding states.



2 Sine-Liouville and FZZ

The conformal field theory. The sine-Liouville field theory is defined by the action

Ssine-L[A] = 217r/d22 <8¢5¢ +0X0X + %R bop + 4w\ ev5? cos (MX) ) (21
This can be interpreted as the sine-Gordon model coupled to Liouville field theory, and
hence the name. Field ¢(z,z) is a Liouville-like scalar field that takes values on R and
has a background charge b = —1/v/k — 2. The field X(z, Z) lives on a circle of radius v/k.
This means that the target interpretation of the model is that of an Euclidean space with
cylindrical topology. The field X(z,2) = X1 (z) — Xr(Z) that appears in the interaction
term is the T-dual of X (z,2) = X (2) + Xr(2).
Action (2.1) defines a 2-dimensional non-compact CFT with central charge

6

c=2+ Tt (2.2)
It admits the interpretation of a string theory o-model on a 2-dimensional linear dilaton
background in the presence of a non-homogeneous tachyon condensate, the tachyon poten-
tial being given by the interaction term. The latter resembles a Liouville wall that prevents
the strings from exploring the strong coupling region, with the effective string coupling be-
ing gs(¢) = exp(—v/2b¢). In fact, due to the presence of the linear dilaton term, the zero
mode of ¢ comes along with the Euler characteristic of the worldsheet surface, so producing
the correct exponent in the genus expansion. The positive constant A is associated to the
value of the effective string coupling at certain position ¢, as its value can be set to A =1
by simply rescaling the zero mode of ¢.

FZZ duality. FZZ duality states that the model defined by action (2.1) is dual to string
theory on the Euclidean 2D black hole background. The latter is also called the cigar
geometry, and it is described by the SL(2,R);/U(1) gauged WZW model [3]. This duality
is surprising for many reasons: firstly, as we said, it relates two models with different
topology. While sine-Liouville is defined on a space with topology R x S!, the Euclidean
black hole resembles a semi-infinite cigar and so it has topology R?. Secondly, the two
models also differ in the mechanism by means of which the strings are prevented from
exploring the strong coupling region. Both models are asymptotically R x S*, and, for
both, the string coupling constant vanishes there. However, while in sine-Liouville theory
what prevents the strings from entering into the strong coupling region is a potential wall,
in the case of the cigar geometry such region is inaccessible simply because it lies behind
the horizon, a region that is not part of the Euclidean manifold. In the case of the cigar,
the asymptotically R x S! region is far from the horizon ~which corresponds to the tip
of the cigar—, and the S' direction corresponds to the Euclidean time. A third difference
between the sine-Liouville theory and the Euclidean black hole theory is the mechanism
producing the violation of the winding number in the string interaction processes. While
for the former this is explained by the presence of an explicit dependence of the dual X
field in the Lagrangian, in the latter this is merely due to topology.
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Figure 2. The geometry of the Euclidean 2D black hole resembles a semi-infinite cigar of radius
Vk in string units (o’ = 1 here). The black hole horizon corresponds to the tip of the cigar. The
string non-linear o-model on this space is given by the SL(2,R);/U(1) WZW model. The theory
on AdSs can be described by tensoring SL(2,R);/U(1) X time.

FZZ has been reviewed in various works; see for instance [8, 19, 25] and references
therein and thereof.

Spectrum. The primary states of sine-Liouville CF'T are created by exponential vertex
operators of the form

Vjp’w(z) _, /%j(f)(z,z)ei\/%pX(z,2)+i\/ﬂwX(z,2) : (2.3)

where j,p, and w are quantum numbers labeling the momenta along the direction ¢, the
momentum along the compact direction X, and the winding number around the latter,
respectively. While p is conserved, the winding number w is not; the latter can be associated
to a dual momentum in X; cf. [23, 26-29].

In order to make the connection with the Euclidean black hole spectrum clear, it is
convenient to define the variables

mz%(p—f—kw), m=—(p—kw) . (2.4)
In the SL(2,R);/U(1) WZW model, which describes the 2D black hole o-model, the vari-
ables j, m and m label the unitary representations of SL(2,R) starting from which the
whole perturbative string spectrum is constructed. k is the Kac-Moody level of the WZW
model. In this coset model, the winding number, which counts how many time a string state
winds around the asymptotic cylinder, is given by w = —(m + m)/k, while the momentum
around the compact direction is p = m — m; recall that the relation to sine-Liouville is a
T-dual duality. Winding number will in general not be conserved. As said, this is due to
the topology of the geometry.
The conformal dimensions of the primary states created by (2.3) are given by
jG+y  m? jG+1  m

e e R Sy e



Notice that these expressions are invariant under the changes j — —1 — 57, m — —m and
m — —m. In terms of the variables (2.4), the vertex operators (2.3) take the form

(Z) —cV %j(ls(z’g)ei\/%m)((z)-&-i\/%ﬁz)_((i) (26)

where, for short, we denote X (z) = X (z) and X (%) = Xg(%).
The interaction term in (2.1) can be written as the sum of two particular vertices (2.6),

Vim.,m

with the values of the momenta corresponding to marginal operators (h = h = 1); namely
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2)\/sz cos (\/k>/2)?(z)) :)\/sz Vi_ kk E(z)+/\/d2z Vl_g_gg(z) (2.7)

Correlation functions can be computed by inserting these interaction operators as screening
charges in the Coulomb gas approach.

Correlation functions. Correlation functions in sine-Liouville model are defined as fol-
lows

bmeL = <H Vimami (%) > = /ngDXe Ssine-L[A] HV“ml,m,(zl) (2.8)

sine-L i=1

which, by means of standard techniques [5, 30, 31], can be written as

AsmeL — AT / Hd2wl/D¢DX€ sine-L[A=0] [H%l?ml7ml(zz)
Cs

=1 i=1

I (Vi g 4y

Y (wl)) 1 (2.9)
with the following condition

2
s=0. (2.10)

N
> i+
i=1

Formula (2.9) shows that the computation of sine-Liouville N-point correlation func-
tions reduces to that of (N + s)-point correlation functions of a free theory (A = 0) with
a background charge. The latter can in principle be computed resorting to the Coulomb
gas formalism. However, before doing so, let us explain the prefactors appearing in the
formula above: the factor \* comes from the expansion of the exponential of the interaction
term, along with the insertion of the m + n operators that come to screen the background
charge. Notice that (2.10) implies that, in the case of the spherical partition function
(N = 0), for the value of the Kac-Moody level k& = 9/4, which is the value that renders
the theory critical (¢ = 26), one obtains Z ~ A8, in perfect agreement with the Knizhnik-
Zamolodchikov-Polyakov (KPZ) scaling discussed in [8]; see eq. (5.10) therein. The factor
I'(—s) in (2.9) comes from the integration over the zero mode of ¢. The interpretation
of this factor and the divergences it produces when s € Z>( is similar to the one given
in [30] for resonant correlators in Liouville theory; see eq. (2.10)—(2.12) therein, cf. eq. (3.3)
of [31].



Expression (2.9) includes the possibility of having correlators that do not conserve the
total winding number Aw = Zf»il w;. This is realized by splitting the interaction operator

in s = m + n, with m operators V, & x _& and n operators V, _x _x x. Then, we have
272 2 2 272
a k
m; +—=(m—n)=20, m; (n—m)=0; 2.11
Somict g (m =) z ; m) (211)
that is to say,
N N
> pi=0, Y wi=n—m. (2.12)
i=1 i=1

In this case, the integration over the zero mode of ¢ also selects the number of screening
charges m, n that will contribute to non-vanishing correlators. We see from (2.12) that
the violation of the total winding number Aw is controlled by the difference n — m. There-
fore, we can compute correlators that represent processes with a specific total winding
number; namely

L(—m—n)I'(m+n+1 a - 5. -
N,Aw 2 S, A=0
V,Aw _ ym+n / d /'D DX sine-L [A=0]
Asme—L F(n + I)T(m + 1 H . T];Il (%S d) e

N m n

< T Vismeam (20) [TV 1,§7§,,§ H -k gg (vr), (2.13)
=1 =1 r=1
I'(m+n+1)

where the new superscript Aw indicates the total winding number. The factor T DT (m+T)
comes from the combinatorics (™" ), counting all combinations of m, n screening operators
Vliky Lk ok that contribute to a process with a definite Aw in the Cauchy product when
going from (2.9) to (2.13).

The next step is to compute the OPE among the N + m + n operators in the free
theory (A = 0) to work out the Wick contractions in (2.13). Considering the OPE

2 s 23 07
‘/}i:mivmi(zi)‘/}jymjvmj (ZJ) = (ZZ - ZJ) k= 2jl]]+ e (z - ZJ) R lula (2'14)

we easily find

N
N.Aw L'(—m—n)I'(m+n+1) 22 i\ Zgmem o 2
o :)\m+n s NEMiM T 30idi (5. 5 \ g5 3Jilj
Aslne—L F(n—i— 1)F(m—i— 1) | I( ? Z]) (ZZ Z])

z'<j
/ Hd2ul/ Hd%?” HH|ul v > QkH]ul—uﬂQ H vy — vy |?
I=1r=1 < r<r!
X H 1—[(2Z — ul)ji+mi<,§i — ﬂl)ji_mi H ]‘_[(ZZ — Ur)ji_mi(zi — T_JT)ji+mi. (2.15)
i=11=1 i=lr=1

This is the integral representation of the genus-zero sine-Liouville correlation functions.
Below, we will review how the tree-level scattering amplitudes in AdSs can be obtained
from these observables.



Strings theory on AdSs. There exists a close relation between the worldsheet string
theory on the 2D black hole and that of the theory on AdSs space(time). The non-linear
o-model that defines string theory on Euclidean AdS3; with pure NS-NS fluxes is given
by the gauged WZW model on the homogeneous space Hy = SL(2,C)/SU(2), with the
WZW level being k = R?/o/, with R the radius of AdS3. The theory on the Lorenztian
AdS3 corresponds to the WZW model on SL(2,R), which is supposed to be obtained from
the Euclidean case via analytic continuation. This theory has been extensively studied in
the past; see [27, 32, 33] and references therein. Recently, this model received renewed
attention, and there have been many interesting developments; see for instance [34]-[46];
see also [47, 48] for an interesting recent study of the AdSs string correlators.

The spectrum of the Lorentzian theory is given in terms of a subset of unitary represen-
tations of SL(2,R) and their Kac-Moody affine extensions [32]. These representations are
built up starting from the discrete and continuous series of SL(2,R); ® SL(2,R), labeled
by indices j,m and j,m. An additional number w € Z comes to label the spectral flow
sectors and it physically represents the string winding number. The values j € —% + iR
correspond to the continuous series representations of SL(2,R) and describe the so-called
long string states, which have continuous energy spectrum. On the other hand, the values
—% <j< % correspond to a subset of the highest and lowest weight representations and
describe the short strings, with discrete spectrum; see [32] for details (notice that, when
comparing with the conventions in [32], it is necessary to make j — j + 1).

A convenient way of describing the theory on AdSs3 is to consider the product
SL(2,R)x/U(1) x U(1), where the first factor corresponds to the Euclidean black hole,
which contributes with (2.5), and the extra U(1l) is a timelike scalar with momentum
m + %w, cf. [32, 49]. This gives the central charge of the worldsheet theory on AdSs, i.e.
¢ =3k/(k —2), and it also gives the correct worldsheet conformal dimensions of the string
states in AdSs; namely

(a1 1 ) (4 I

h——‘](lij) —mw—ZwZ, h——j%jz)—Mw—4w2. (2.16)
The imaginary part of the label j is associated to the radial momentum in AdSs — in
Vk units —, while m — m and m + m + kw are the angular momentum and the energy,

respectively. In the case of long strings, the spectral flow number w is the string winding
number around the boundary of AdSs; and, in contrast to the coset theory, in the theory on
AdS3 the quantum number w is independent of m and m. In general, the winding number
will not be conserved, as the target space is simply connected. Indeed, there are scattering
processes that produce the change of the total winding number, cf. [26-29].

The N-point amplitudes of winding string states in AdS3 can be obtained from those
of the coset theory by multiplying the correlators associated to the latter by a factor

N
4 k k
lim ‘ZN|4 2 — Zl/|5(ml+§wl)(ml'+§wl/) (2.17)
ZN—>00 1<]1l’ ’

and then integrating over N — 3 worldsheet insertions, having previously fixed z; = 0,
zo = 1 and zy — oo to cancel the volume of the conformal Killing group, PSL(2,C).



Factor (2.17) is the contribution of the extra timelike U(1). Therefore, via FZZ duality, we
can write string scattering amplitudes of winding strings on Lorentzian AdSs in terms of
correlation functions in sine-Liouville field theory by simply including (2.17). The string
coupling constant gs in AdSs is given in terms of A, cf. [10].

3 The 3-point function

Coulomb gas representation. Let us consider first the 3-point function (N = 3) in
sine-Liouville theory with a given winding number Aw. According to what we discussed
above, this can be written as

A= _ gm0 = m)I 1+n+m / Hd?“a/ Hd%z

sine-Li F(n 4 1)

—:

PP () (0 g P (1 g

—_

=)

=

{(,UZ.)]&—TM (1—)Z.)j1+7”711 (1 _ Ui)jz—mz(l _ 1—}1.)]'2-5-7712}

.

3)—‘

n

m n
X H [Ug — Ugr|? H lv; — vy |2 H H lug — v 22, (3.1)

1<a<a’ 1<i<d! a=11i=1

where we are using projective invariance to set z; = 0, 29 = 1, and z3 = co. Recall that
non-vanishing correlators must satisfy

3
k-2
D jitl="5"(m+n) (3.2)
together with
3 3 3 13
> pi=> (mi+m;) =0, AWEZWiZEZ(mi—mi):(n_m)- (3.3)
i=1 i=1 =1 =1

Here, we are concerned with correlators that involve states with non-vanishing winding
numbers. A particularly interesting case is Aw = 1, which corresponds to n = m+ 1. This
would give the result for the 3-point scattering amplitude of a process in AdS3 that violates
the winding number. This observable has been computed in the literature by different
methods. In [26], a free field conjugate representation for the theory on SL(2,R);/U(1) x
U(1) was proposed and used to compute correlators in the Coulomb gas formalism; in [27],
an auxiliary operator with winding number 1 — the so-called spectral flow operator — was
introduced in order to produce the violation of the total winding number; in [28], discrete
symmetries of the set of solutions of the Knihznik-Zamolodchikov equations were used to
obtain the same result. Here, we will follow a rather different approach: we will compute
the 3-point function with Aw = 1 directly in the sine-Liouville theory and infer from
FZ7Z the result for AdSs. This will permit us to make contact with other aspects of WZW
correlators; for example, we will see that our computation in the sine-Liouville theory turns



out to be in agreement with the generalization of the H; WZW-Liouville correspondence
worked out in [24], where spectral flow was included in the scheme. This might seem to be
expected since, after all, the FZZ correspondence has been proven in [13] precisely using
the H; WZW-Liouville correspondence. However, there is a caveat here: one has to be
reminded of the fact that here, in contrast to [13], we are considering correlators with
non-vanishing winding numbers.

The residues of the 3-point function of winding states in sine-Liouville theory had
already been computed in [23]. Here, we will complement that computation by carefully
keeping track of the factors that come from the integration over the zero mode of the
Liouville type field. This makes a difference w.r.t. [23] as it changes the pole structure of
the final result. Our result turns out to be in agreement with the results of [24, 26, 27].
Another difference w.r.t. the computation in [23] is that we will avoid dealing with the
contour prescription used therein to solve the multiple integral (3.1). Instead, we will show
how the integrals involved can be converted into a standard Dotsenko-Fateev integral as
those studied in the Minimal Models. This makes our computation independent of specific
contour prescriptions.

Dotsenko-Fateev integral and DOZZ formula. Before showing that the inte-
gral (3.1) can be transformed into a Dotsenko-Fateev integral, let us recall the definition
of the latter together with some of its most salient properties. Dotsenko-Fateev integral is
a multiple conformal integral of the Selberg type. More specifically, it can be regarded as
a generalization of the Shapiro-Virasoro amplitude. It is defined as

m m m
I(ov, B;m) = /Cm IT Pua TT [lual1 = o] ] e — warl. (3.4)
a=1 a=1 1<a<a’

Remarkably, this integral can be exactly computed [50] and shown to admit a relatively
simple form: it can be expressed in terms of quotients and products of I'-functions. Besides,
as we will review below, it can also be expressed in terms of the special function Y, which
is usually employed in Liouville field theory (see (3.9) below). In fact, integral (3.4) appears
in the Coulomb gas realization of Liouville field theory [31], which, after a proper analytic
continuation in m, yields a result in agreement with the DOZZ formula for the Liouville
structure constants [51, 52]. More precisely, if we denote the Liouville structure constant
C(aq, a9, as), then we have

3 3
< [T Vai(z) > = II l=- 2L SHAHAD) Oy, 0y, a3) (3.5)
i=1 L 1<i<i
with
C(aq,az,a3) = bT'(—=m) g™ I(—ay1/b, —az/b;m) , (3.6)

where m = b + 1 — b>25_ o, and where we are using the standard notation to describe
the ¢ > 25 Liouville field theory (cf. [51]); namely, we consider the exponential primary
operators V. (z;) = exp(v2aip(2;)) of conformal dimension A; = «;(Q — «;), with the



Liouville central charge ¢ = 1+ 6Q%, @ = b+ 1/b. Again, we can consider z; = 0, z5 = 1,
z3 = 00. The constant i is the so-called dual Liouville cosmological constant, and it relates
to the usual cosmological constant, 11, by the equation fi = L~(1 — b=2) (rpy (62) VY with
v(x) =T(x)/T(1 — z).

Before proving that (3.6) reproduces the DOZZ formula [51, 52], we have to specify how
to integrate in (3.4). That is a set of integrals over the whole complex plane C. The measure
is d?u, = %duadﬂa, which we can separate in real and imaginary parts, u, = 4 + 1Y,
Uy = Tq — 1Yg- In order to integrate, first it is convenient to Wick rotate z, — iz, and
then introduce a deformation parameter € by defining |ug|? = —22 + ya + tg; this permits
to avoid the poles at x, = +y,. Finally, we can define coordinates J: = +x, + y, and
integrate over x, while keeping the z} fixed. Iterating this procedure and taking care of
the combinatorics, one arrives to the formula

m m m
[ T T1 (a1 = o) TT o —
cm a=1 a=1 1<a<a’

=T'(m+1)a" (y(1—-0))™

ﬁ[ V(1 +a+ (r=1)0)(1+ B+ (r—1)o)y(~1—a— B~ (m=2+7)0)] ,

see eq. (B.9) of [50].
As said, the formula above can be regarded as a multiple generalization of the Shapiro-
Virasoro type integral formula: for m = 1 this reduces to the well-known result

/ d2u ’u‘2a|1_u|2ﬁ — F(1+a)r(1+/8)r(1_a_18)
C L(—a)l(=p)T(a + F)

Now, we are ready to review how to obtain the DOZZ formula from the integral above.

(3.7)

More precisely, what we want to prove is that the following identity holds

-, Hf% (lual =211 = wal=2%) ] Ja =™ (38)

a=1 1<a<a’
3
= (m(b‘Q)be2_2>b2+1_b2§1ai 0 o 11 uza)
Tb(Zz‘:l Q; — i=1 Tb ] 105 — 2041')

where m/b+ a1 + az + ag = @ with @ = b+ 1/b, and where the function Yp(x) is defined

as [51]
T 2 sinh?(¢ — 2)7
logTb(:U):/R dl(g—x> e T — — h(2. )2)] (3.9)

o T sinh(%) sinh( g

n (3.8), T,(0) = %Tb(ff)u:o- Function Y, satisfies the reflection properties
Ty(z) =Tp(Q—2z) ,  Ty(z) =Typ(2) (3.10)

and the shift properties
Ty(z 4 b) = (@b) b 22 Ty(z) ,  Tolz+b1) =~(xb )b 27 v (). (3.11)

Function Yy (z) has its zeroes at = mb + n/b with m,n € Z~ or m,n € Z<y.

~10 -



As eq. (3.6) states it, Liouville theory structure constants, C'(a1, a1, a3), are equal to
eq. (3.8) above. Of course, the identity (3.8) only makes sense for m € Z~q, as in the Lh.s.
of it m is the number of integrals to be performed. However, as it is usual in this kind
of CFT computation, we can first assume m € Z~g and then, after solving the Dotsenko-
Fateev integral, analytically continue for values «; € % + iR with b € R. This trick has
shown to reproduce the correct result in many working examples, including timelike models
with b € C [53], for which the analytic extension is much more subtle [54, 55]. Using this
method, formula (3.8) can be easily obtained by iterating the shift equations (3.11) to
first obtain

n T (nb + b) 2
2 b n((n+1)b°—1) f 7 12
Tl;[l v(rbv*) = T, 0) b , form € Zwg, (3.12)
and
—n—1
T
H (14 rb?) = Yo(nb+b) pU( DV =1) g1 € Zog (3.13)
r=0 Tb(b)

Using these and the other properties of T, together with properties such as y(z) = 1/~v(1—
z) and y(z)y(—z) = —1/22, one finally arrives to (3.8).

Coulomb integral duality. Another remarkable property of Dotsenko-Fateev integral
that will be useful for us is the following recursion formula [56-58]

n n ntg+l
/Can%l IT lwi=vePIT IT Ioi = a*
i=1 1<i<d! =1 =1

T(n+1) D(—n— 0" L) " pa 4 )

n=q T (3.14)
Clg+D)TA+n+ Y77 L) JHl I(-Lj)
n+q+1 q n+q+1
< I o ‘2+2LJ+2L,/2Hd2Ul o —wPT] TT Jon — 7225
1<j<j’ c 1<i<l =1 j=1

This formula, which realizes the “Coulomb integral duality” mentioned in figure 1, is exactly
what will allow us to write the multiple integrals that appear in the sine-Liouville theory
computation as standard conformal integrals of the type studied in the previous subsection.

It was noticed by Fateev [59] that, by means of the integral duality formula (3.14), one
can write the sine-Liouville correlators (2.15) as integrated correlators in standard Liouville
theory. The precise relation follows from considering in (3.14) the case ¢ = N — 2 — Aw

and setting zy = oo. For instance, if in (2.15) we consider m; = —my for simplicity, then
we find
Aw, 24+2Aw—N N . N-1
.AN’A“) = AT - H F(lJr]l ,ml) H |Zl —Zl/|k( 1= )(mz/*ﬁ)

sine-l. ™ AD(N — 1 — Aw) i Tl —g1) <<t

q q q N—
< L bt [ T 11t LT - o
<<t €121 1<i<i’ i=1 1—1
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Figure 3. Scheme of the relation between the N-point functions in sine-Liouville theory and the
(2N —2—[Aw|)-point function in Liouville field theory, where N —2—|Aw| degenerate operators V_ 1
are integrated, together with an appropriate factor. Expression (3.16) gives the precise relation.

m

><(7rb4)\2/fy(b’2 / H Pug T = e
1<a<a’
N—-1 m m
< IT I e — 272" H IT lua — v (3.15)
I=1 a=1 i=la=1

with oy = b(k/2—1—3j;) forl =1,2,...N,b?> = 1/(k—2), with m = —b>",_; a;+b*+ (N —
Aw)/2,and ¢ = N —1+m = N —2 — Aw. The third and the fourth line of (3.15) actually
correspond to the Coulomb gas realization of a Liouville correlation function [31] involving
N exponential primary operators V,, = exp(v/2a;¢(2)) and N — 2 + Aw degenerate non-
normalizable operators V_ e (vi). The cosmological constant is given in terms of \ by

the relation wb?\ = (mry(bQ))l/ (20%) " Coulomb gas computation (3.15) involves the dual
screening charge V% (u) = exp(v/2b~ 1o (u)), which implicitly invoke the Liouville self-duality
under b < 1/b, cf [51]. This means that we can write [59]

Aw, 242Aw—N N . N-1
AT v (1 + i . ) H 2 — zl/|%(mz—§)(mu—§)
P(my = i) 1<i<r

N,Aw
Asinet, = bI(N — 1 — Aw)

=1
N—-2—Aw N—2—Aw qg N-1
X / H dQUi H ‘Ui — Ui/|k H H ‘Zl — Ui’2ml_k
C1 i 1<i<i! i=1 =1
N—-2—Aw
><< Voq (21) . VaN71 (2]\[_1) VaN (OO) H V_Qib(vi) > (3.16)
i=1 1

where the subscript L on the r.h.s. stands for “Liouville”. This formula, once FZZ correspon-
dence is considered, turns out to be in agreement with the generalized ng WZW-Liouville
correspondence; see eq. (3.29) of [24]; see also figure 3.

Here, we have considered Aw > 0. However, it is worth noticing that an analogous
formula holds for the case Aw < 0 by simply replacing m < n and u, < v; in the
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procedure described above. In that case, the I' function in the denominator of the first
factor in (3.16) becomes I'(N — 1 — |Aw]). This implies that something special happens
with the correlators that satisfy |[Aw| > N — 2. In that case, the mentioned I" function in
the denominator diverges and the correlator vanishes. This is related to the bound on the
violation of the total winding number in an N-point function; see, for instance, appendix D
of [27].

Sine-DOZZ redux. We will apply the formulae above to study sine-Liouville 3- and
4-point functions. Let us start with the case Aw = 32, w; = 1; that is, n = m + 1. For
simplicity, let us assume p; = m; + m; = 0 for ¢ = 1, 2, 3; namely, we have

N=3,Aw=1 _ . .
ARG = ( Vinanacm (0) Visancmn () Vi & oy 5y e (00) ) (317)

In this case, we get

= — F(—Qm — 1)F(2m + 2 ks
N=3,Aw=1 _ \2m+1 2 2 22k
'Asine—L =A F(m+2)F(m+1 /deua/ Hdvz HH‘ua_UZ’

a= a=1i=1

1
a2 — 205579 [ [0 — ]
=1

=

Q

s -

n

g — Uar|? H lv; — vy |2, (3.18)

a<a’ 1<i<id!

X
1

IN

where m is given by the equation j; + jo +j3+ 1= (k —2)(m + %)
Considering formula (3.14) to integrate over the variables v;, which corresponds to the

case ¢ = 0; 21 =0, 22 =1, 23 = Uy, ... Tpg1 = Un—1 ; L1 = j1 — m1, Ly = jo — my,
Ls=Ly=...=Lpy1 =1— k; we obtain
3,Aw=1 omi1 L(=2m —1)IC2m +2) 4 D2 —Fk)ym
Asme L =A Q (7>
F(m + H)I'(—m) I'k-1)
m
—-m / H d2ua [|ua\4(71+1_k/2)|1 — ua|4(j2+1_k/2)}
" a=1 a=1

r _ 4(2—k)
X H |ua ua/| .

1<a<a’

The second line of the r.h.s. of this equation corresponds to a 3-point function of Liouville
field theory. As before, the Liouville central charge is ¢ = 1 + 6Q? > 25 with Q = b+ 1/b
and b=2 = k — 2, and the Liouville momenta are a; = b(k/2 — 1 — j;) for i = 1,2,3. The
number of integrals is m = —b > 7_; a; + b + 1; these integrals represent the insertion of
m screening operators V% (uq) = exp(v/2b"1p(ug)). This yields

3 .
3Aw=1 _ TA —|—]-—m')
‘AsmeL T H ‘Z - - <Val(O)Va2(1)VC¥3(OO)> (319)
b i=1 m; — jz) L
which directly relates the winding violating sine-Liouville 3-point function with the

Liouville DOZZ structure constant. The KPZ scaling is, therefore, AbmegLszl
)\%(Z?:I Jitl) )\M(Q_Zle i) /b,
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Using the formulae above and recovering all the factors, the final result reads

250 4i+1)) ﬁ T(1+ j, —my)
2(223:1 ]Z + 1 t=1 F mt - jt)

b N0y a0t 1)
(G b 1yl+1))l:H1 TolL — b0y i — 270) (3.20)

where we have used I'(—=2m — 1)I'(2m + 2) = (=1)"T'(m 4 1)I'(—m) and properties of ~.
In comparison with the result of [23], here we find an additional factor

INE TS . o : .
FEz+b2E§§_1;i+1;;’ which exhibits poles at 37, j; + 1 = (k — 2)(m + 3) with m € Zx.
These poles correspond to resonant correlators, in which the number of screening opera-

sine-L

2 1

N=3,Aw=1 -2\ 23 i) T(S —
Al = (Awb2+ ) =1 2
2

tors in a non-negative integer, cf. [30]. This is well explained if we look at the integration
over the zero mode of the Liouville type field, which produces an infinite factor due to

the non-compactness of the target space. To see this explicitly, we can consider the limit
I(1+m+e)l'(—m—e) _ (71)m
I'(—¢) N
residue of the correlation functions into the factor I'(—m) of the actual correlation functions

lim._,g , which transforms the overall factor % appearing in the

when one takes into account the infinite factor that comes from the integration over the
zero mode; see eqs. (2.10)—(2.12) of [30], eq. (3.3) of [31], and eq. (2.23) of [8] for details.

H;‘ WZW-Liouville from FZZ. Now, let us consider the case Aw = 3 w; = 0.
Repeating the procedure above, we can also find a closed expression for this observable in
terms of Liouville correlators: considering the 3-point funciton of the sine-Liouville field
theory for m = n, and using the formula (3.14) to integrate over the variables v;, now with
q = 1, one finds that the result is

AN=380=0 _ (szx)\z > 1—[7 14 ji — my)T(=n)

n

/d2v|v|2 m—ji=1)|] _ p|2(ma iz 1)/ H &2, I e g |
" 1<a<a’
n 5 n
< TT fua = 0" TT [fual =*/*11 = | 7>2/"|
a=1 a=1

where, now, we have n/b+ Y>3 a; — 1/(2b) = Q. This can be seen to correspond to and
integrated 4-point function of Liouville theory with the insertion of a degenerate operator
V. L (v). More precisely, it reads

2

3
AN=3,00=0 _ 1 H I + L1+ ji —mg)
mh — Ji)

x /C d*v |v|2m1—’f|1 — 0P (Vi (0) Vao (D) V_ g (0)Vaay (00) )

where, as before, a;; = b(k/2—1—j;),i = 1,2,3, and b* = 1/(k—2). It is worth noticing that
the KPZ scaling is the correct one: the Liouville cosmological constant scales as p ~ )\%2,
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so we find AN=38w=0 M(Q*Zil @)/% with the fourth momentum being ay = —1/20b; cf.
eq. (3.2)—(3.4) in [51]. The same scaling is found in all winding preserving correlators, i.e.
those N-point correlators with Aw = 0, for which "%, 5 = =S¥, /b + N/(2b?). In
the cases in which the winding number is violated in Aw units, there is an extra factor
MA“/(2b2) ~ A2 on the r.h.s.. The precise factor is given by (3.16), and, in particular, it
explains the factor ¢ appearing in the expressions of [24] and some k-dependent factors
omitted in [27] (to compare with the result of [27] one has to take into account the definition
of the special function G(z) = T;l(—xb)b_$2b2_$(b2+1), which can also de defined in terms
of double gamma functions, I's, or Barnes G-functions).

The expression above agrees with the ng WZW-Liouville correspondence [13, 15, 24].
To compare with [24] it is necessary to consider the Weyl-reflected convention j — —1 — j;
to compare with [15] it is necessary, in addition, to change m — —m and m — —m; as we
already noticed, all these are symmetries of the formulae of the conformal dimensions h, h,
so it is matter of convention.

4 The 4-point function

Maximally winding violating correlators. As said, we can use similar techniques to
consider the case with arbitrary number of insertions. For example, consider the maximally
winding violating 4-point function

N=4,Aw=2
‘Asme- Y= < le,mhﬁh (0) V}zﬂnz,mz(l)

X Vj37m37ﬁ13 (Z) V}bkfml*m27m37*k+m1+m2+m3(OO) >sine—L

Proceeding as before, but now for the case N = 4 with Aw = 324 | w; = 2, we find

AGETE = 2 (b N (1-07) " T (- ﬁw—ﬁ))lzﬁml—’;)(mz—’;)—ml%
X|L — | (m2=3)m 4a2a3/m H d*u, ﬁ e — 11|~
1<a<a’
<11 [lual =417 [1 = | 74022 — g~/ (4.1)
a=1
where, now, m/b = —3>{_; a; + b+ 1/b. That is,
A = W?Qyz\k (m=5)ms=5)|1 _ 5|t ma—$)(ms—5)
x lj W( Var(0) Vs (1) Vay (2) Vis(00) ) (4.2)

This means that, as it happens with the 3-point function, the maximally violating
N=4,Aw=2
sine-L

point function. Once again, this is in agreement with the expectation coming from the

sine-Liouville 4-point function A turns out to be proportional to a Liouville 4-
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generalization of the ng WZW-Liouville correspondence to the case in which the spectral
flow symmetry of SL(2,R); is taken into account; see eq. (3.29) of [24].

In particular, formula (4.2) allows us to study the crossing symmetry and factorization
properties of the maximally winding violating 4-point function in sine-Liouville theory by
means of using the properties of Liouville theory conformal blocks. For instance, it permits
to observe that the dependence on the cross-ratio z around z ~ 0 is

m
A2
AN e [ Hdzwa IT fwo— wel ™

1<a<a’

m
x T [leal ™3/ = | 13021 — 2y 402r]
a=1

with 6 = 2(m; — 5)(m3 — 5) 4 (Ag+ Ay — Ay — Ag), where A; = 0;(Q — ) = — Lt | &
are the conformal dimension of the Liouville primaries V,,(z;). More interestingly, we can
write the following formula for the sine-Liouville conformal blocks in the case Aw = 2,

400=2 _ T : 1+Jz m;) 2(As—A3—A1) 2(A1—Ax—A3)
‘AsmeL H || ’1 Z|
=1 m; — ji)
k k k
X dj C(—l—',—l—',+'> 4.3
/je_;% lj 5 it g Jorg (4.3)
k k 2k k k
= —1—Ji,z—1—14, s—1—g,-—1—-j3, - —1—
><f(2 Jis g JZ> C<2 Jr 3 J3: 5 .74)

where F(aj, a, z) and C(aq,ag,a3) are the conformal blocks and the structure constants
of Liouville field theory, respectively; see egs. (2.23) and (3.14) of [51]. Notice that, in this
expression, the integral on normalizable intermediate states j € —% + 4R emerges naturally
from the integral over the intermediate normalizable Liouville momenta o« = b(k/2—1—j) €
% + 4R in the Liouville 4-point function. This actually proves the crossing symmetry of
the maximally violating amplitude.

Of course, one could argue that expression (4.3) was already implicitly encoded in
the H §L WZW-Liouville correspondence. However, let us be reminded of the fact that the
maximally winding violating amplitudes — i.e. those with Aw = N — 2, like in (4.3) —
remained in [24] as a conjecture due to the absence of degenerate fields V_ L in the corre-
sponding Liouville correlator, what made impossible to get information from the Belavin-
Polyakov-Zamolodchikov decoupling equation. Here, we are deriving (4.3) directly from
the sine-Liouville theory Coulomb gas computation. Strictly speaking, the fact that this
sine-Liouville computation yields a result in agreement with the conjecture of [24] for the
case Aw = N — 2 can be considered as a consistency check of the latter.

Winding preserving correlators. As a further consistency check of the whole proce-
dure, we can follow the same procedure to compute the winding preserving sine-Liouville
4-point function. This yields

4 .

N=4,Aw=0 _ 1 o0\ D1+ 5 —my) 4 (my— ) (mg—%)—dara

A7 = S (RN (1 - 572)) Hgfai:ﬂfFGMVM m1~§)(ms—§)~darag
i=1 7 7
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4 k
X\l—z’E( —5)(m3—§)—dazas /d2v1/d2v2 |Ul—v22
C C

2
> H [‘vi|2m1—k|1 _ Ui|2m2—k|z _ Ui|2m3—k}
=1
n n ) n 2 )
R T ) (RS 1) (R
a=1 1<a<a’ a=1i=1
n
X T [l 740721 = | 7202/0) 2 — ] ~203/0 ] (4.4)
a=1

where n = b*(XF 1 ji +1) = =X+, oy + b% + 2. This yields

N=4,Aw=0 1+jz mz) mi—E& _k mo—k _k
'AsmeL 2()7T2H F<mi_]z> | ’ ( ! ) " ll_z’k( ? 2)( ’ )

x/d2v1/ dvy [vp — voF H [|v |2ma=k|p — vi|2m2_k\z—vi|2m3_k}
C C b

X Vay (0) Vay (1) Vg (2) Vg (00) VL3 (v1) V.1 (02) ) (4.5)

N=4,Aw=0

which shows that the sine-Liouville 4-point function Ag 7}’

is proportional to an inte-
grated Liouville 6-point, with four operators of momenta a; = b(k/2—j;—1) (i =1,2,3,4)
and two degenerate operators of momentum s = —1/(2b), with v = 1/(k — 2). Again,
this is in complete agreement with the H; WZW-Liouville correspondence, cf. [24]. In
fact, the proof of the such correspondence given in [13] also resorts to the Liouville self
duality under b < b~! like the computation we discussed above, the difference being that
the computation in [13] is done in the path integral formalism, and so it achieves to make
it for arbitrary genus, while the one presented here is on the sphere topology but is also

valid for arbitrary winding number. In this sense, both computations are complementary.

Other processes. The last consistency check for the 4-point function would be to work
out the intermediate case between (4.1) and (4.6); that is, the case Aw = 1. With the
same procedure, we find

4
_ - I'(1
AN = A (N (- 7) T (r(+ ; ;)m D(=n) |3 (m=2)ms=5)~denes
i=1
xu_zﬁWr@Ww%>mWs/d21mmﬂku ok | — pfPmah]
& & —4/b? 2/b?
H H — Ug| H g — v
" a=1 1<a<a’ a=1
n
x H [‘ua|—4a1/b‘1 - ua|—2a2/b’2 - ua|—2a3/b:| 7 (46)
a=1

with n = —b3,_; a; + b? + 3/2; which can be written as

sine-L -
b i=1

4 .
AN 4,Aw=1 __ A H F(I}(_}' Ji _n)%) |Z|%(m1*§)(m3** |1 _Z|k(m2*%)(m3*%)
m; — Ji
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% / dQU [’,U|2m1—k‘1 o ,U‘ng—k ‘Z _ v‘2m3—kz}
C

%{ Ve (0) Vo (1) Ve (2) Vau (00) V_ 1 (v) ), - (4.7)

b

Again, this is in complete agreement with the H;” WZW-Liouville correspondence [24] once
FZ7 duality is considered. In the cases in which m; # —m;, a similar formula holds; we
just need to replace the I" functions in the denominator of (4.7) by I'(m; — j;) and split the
factors as follows

k

’Ui — Z1‘2mi_ — (Ui — Zi)mi_7 v

4 k k 2 k k 2= k\(= k
’Zl _ zl,‘g(ml—f)(mz/—f) — (Zl _ Zl,);(ml—f)(mz/—a)(gl _ gl,)z(ml—f)(mz/—ﬂ_

The final expressions for the AdS3 correlators follow from multiplying the sine-Liouville
expressions above by the prefactor

(z)%(m1+§W1)(m3+§W3) (1— z)%(mg—&-ng)(m3+§w3)

% (5)%(m1+§m)(m3+§w3)(1 _ 5)%(m2+§w2)(m3+§w3)

In conclusion, the sine-Liouville 4-point functions (4.4), (4.6) and (4.1) give the tree-
level 4-point correlators on AdSs for the cases Aw =0, Aw =1 and Aw = 2, respectively.
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