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1 Introduction

Recently the tensor renormalization group method (TRG) has attracted a lot of attention
as a new method to investigate lattice field theories [1]. In particular, it is totally free
from the notorious sign problem due to its non-stochastic nature unlike conventional Monte
Carlo methods. Another remarkable feature of the method is its accessibility to the infinite
volume limit; the computational cost grows only logarithmically with the lattice size as
opposed to Monte Carlo methods whose cost grows at least linearly. This owes to the
efficient coarse-graining procedure reminiscent of the renormalization group based on the
singular-value decomposition of the fundamental tensor.

The method was originally applied to the 2D Ising model [1], and it was extended to other
spin models [2–5] and theories with continuous variables such as scalar field theories [6, 7].
As yet another notable feature of the TRG, it allows direct implementation of fermionic
degrees of freedom as Grassmann variables [8–18] unlike in Monte Carlo methods, which
inevitably require some sort of “bosonization” leading to huge increase in the computational
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cost. While extension to higher dimensional theories is not as straightforward as in Monte
Carlo methods, there are various proposals for efficient schemes to construct a coarse-grained
tensor network [19, 20], which have been successfully applied to simple four-dimensional
theories [21–23].

One of the remaining issues in the TRG is the application to gauge theories, which is
so far limited to U(1) and SU(2) gauge groups [24–27]. In view of this situation, here we
discuss its application to U(N) and SU(N) gauge theories using the character expansion
to rewrite the group integral as a sum over discrete indices. Unlike in U(1) and SU(2)
gauge theories, it is highly nontrivial to restrict the number of representations to be used
in constructing the fundamental tensor. We propose a practical strategy to accomplish
this, and apply it to the 2D case, which is exactly solvable [28–30]. It turns out that all
the procedures for the TRG can be worked out explicitly. Using the proposed strategy for
restricting the number of representations, we are able to obtain the singular-value spectrum
efficiently. We find, in particular, that the singular-value spectrum of the fundamental
tensor thus obtained has a definite profile in the large-N limit. Based on this fact, we
propose a novel interpretation of the volume independence in the large-N limit known as
the Eguchi-Kawai reduction [31] in terms of the tensor renormalization group.

We also discuss how the expectation values of the observables depend on the cutoff Dcut
in the singular-value spectrum. In particular, we show that the finite Dcut effects become
severe for small N , small volume and at weak coupling. The proposed strategy enables us to
obtain explicit results even in such cases. We show how the well-known Gross-Witten-Wadia
third-order phase transition [28, 29] appears as N is increased. We also obtain explicit
results for the U(N) gauge theory with the θ term, which are inaccessible to standard
Monte Carlo methods due to the severe sign problem. We show how the first-order phase
transition at θ = π associated with the spontaneous breaking of parity symmetry appears
as the volume is increased. Moreover, we find a new type of volume independence in the
large-N limit of the 2D U(N) gauge theory with the θ term in the strong coupling phase,
which goes beyond the Eguchi-Kawai reduction. We provide a theoretical understanding of
this property by investigating the large-N behavior of the singular-value spectrum in the
presence of the θ term.

The rest of this paper is organized as follows. In section 2, we define U(N) and
SU(N) lattice gauge theories in two dimensions, and construct the fundamental tensor for
the TRG. In section 3, we briefly review the TRG in 2D and explain, in particular, the
coarse-graining procedure. In section 4, we propose a practical strategy to restrict the
number of representations to be used in constructing the fundamental tensor. We obtain
the singular-value spectrum of the fundamental tensor, and discuss the large-N behavior
and its implications including the novel interpretation of the Eguchi-Kawai reduction. In
section 5, we present explicit results for observables at finite N and finite volume. We
discuss how the Gross-Witten-Wadia third-order phase transition appears as N is increased.
In section 6, we investigate 2D U(N) gauge theory with the θ term, and show how the
first-order phase transition appears as the volume is increased. We also discuss the new
type of volume independence in the large-N limit in the strong coupling phase, which goes
beyond the Eguchi-Kawai reduction. Section 7 is devoted to a summary and discussions. In
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appendix A, we prove a mathematical statement about the dimensionality of irreducible
representations, which plays a crucial role in our strategy for restricting the number of
representations.

Note added. When this paper was about to be completed, we encountered a preprint [32]
on the arXiv, in which the TRG is applied to the SU(2) and SU(3) gauge theories in 2D
without using the character expansion. The fundamental tensor is made finite-dimensional
by replacing the group integral by a sum over a finite number of randomly chosen SU(N)
matrices analogously to how the scalar field theories are dealt with in the TRG. In this
method, it is easier to introduce the matter fields although it is hard to go to larger N .

2 Tensor network representation of 2D gauge theory

In this section, we consider the 2D U(N) and SU(N) gauge theories and rewrite the partition
function in the tensor network representation. In the continuum, the action is given by

S = 1
4g2

∫
d2x tr(Fµν)2 , (2.1)

where Fµν is the field strength tensor

Fµν = ∂µAν − ∂µAµ − i[Aµ, Aν ] (2.2)

defined with the gauge field Aµ.
In order to put the theory on a lattice, we introduce discrete spacetime points xµ = anµ

labeled by the integer vector nµ with a lattice spacing a. We define the link variable Un,µ ∈
U(N) or SU(N), which corresponds to the gauge field as Un,µ ∼ exp(iaAµ(x)), and consider
the action

S = −N
λ

∑
n

tr(Pn + P †n) , (2.3)

where we have defined the plaquette

Pn = Un,1Un+1̂,2U
†
n+2̂,1U

†
n,2 (2.4)

and the dimensionless ’t Hooft coupling constant λ = 2Ng2a2, which is fixed when we take
the N →∞ limit for fixed a. In the continuum limit a→ 0 with fixed g2N , one retrieves
the action (2.1) in the continuum. The partition function of the lattice theory is given as

Z =
∫
DU e−S , (2.5)

where DU represents the Haar measure for the link variables. The 2D lattice gauge theory
is exactly solvable as demonstrated first in the infinite-volume limit [28, 29], and later also
for finite volume [30]. Below we review the evaluation of the partition function using the
character expansion method [33–35].
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The first step of the character expansion is to rewrite the Boltzmann weight e−S in (2.5)
as a product of functions of each plaquette Pn,

e−S =
∏
n

f(Pn) , (2.6)

f(P ) = exp
{
N

λ
tr(P + P †)

}
. (2.7)

The function f(P ) has a special property

f(P ) = f(g−1Pg) , ∀g ∈ U(N) or SU(N) , (2.8)

which allows the so-called character expansion

f(P ) =
∑
r

β̃r trr(P ) , (2.9)

where the sum is taken over all the irreducible representations1 of the gauge group and
the symbol trr implies that the trace is taken with respect to the representation r. The
coefficient β̃r of the expansion can be evaluated as

β̃r =
∫
dUf(U) trr(U †) . (2.10)

Substituting (2.7) into (2.10), one obtains [36]

β̃r =


detMr,0 for U(N) ,∑
q∈Z

detMr,q for SU(N) . (2.11)

The matrixMr,q is defined by(
Mr,q

)
ij

=
∫ +π

−π

dφ

2π cos{(lj + i− j + q)φ} exp
(2N
λ

cosφ
)

= Ilj+i−j+q

(2N
λ

)
(2.12)

for i, j = 1, 2, · · · , N , where In(x) is the modified Bessel function of the first kind. Here we
have labeled the representation r by a set of N integers {l1, · · · , lN} satisfying

l1 ≥ l2 ≥ · · · ≥ lN (2.13)

with an extra constraint lN = 0 in the SU(N) case, where the label {li} is commonly
represented by the Young tableau with li boxes in the ith row. The dimensionality of a
representation r = {li} for either gauge group is given by

dr =
∏

1≤i<j≤N

(
1 + li − lj

j − i

)
. (2.14)

Note that any representation r(U) = {l′i} of U(N) can be obtained uniquely from a
representation r(SU) = {li} of SU(N) by

l′i = li + q (2.15)
1In what follows, we refer to irreducible representations simply as representations.
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with some integer q. According to the definition of the label {li}, the representation matrix
Dr(U)(g) of g ∈ U(N) for the representation r(U) is given by

Dr(U)(g) = eipθDr(SU)(g̃) , (2.16)

p ≡
N∑
i=1

l′i =
N−1∑
i=1

li +Nq , (2.17)

where Dr(SU)(g̃) is the representation matrix of g̃ ∈ SU(N) for the representation r(SU)

and g = eiθg̃. The right-hand side of (2.16) is invariant under g̃ 7→ e
2πik
N g̃ ∈ SU(N) and

θ 7→ θ − 2πk
N (k ∈ Z) since

Dr(SU)(e
2πik
N g̃) = e

2πik
N

∑
liDr(SU)(g̃) . (2.18)

In what follows, we use the notation

trv(U) = {0, 0, · · · , 0, 0} , trv(SU) = {0, 0, · · · , 0, 0} ,

fnd(U) = {1, 0, · · · , 0, 0} , fnd(SU) = {1, 0, · · · , 0, 0} ,

fnd(U) = {0, 0, · · · , 0,−1} , fnd(SU) = {1, 1, · · · , 1, 0} ,

adj(U) = {1, 0, · · · , 0,−1} , adj(SU) = {2, 1, · · · , 1, 0} , (2.19)

where “trv”, “fnd” and “adj” are abbreviation for the trivial, fundamental and adjoint
representations, respectively, and the bar like the one in “fnd” above implies the complex
conjugate representation.

Using the character expansion, the partition function becomes

Z =
∫
DU

∏
n

f(Pn) =
∑
{r(n)}

∫
DU

∏
n

β̃r(n)trr(n)(Pn) , (2.20)

where r(n) is the representation that appears in the character expansion of f(Pn). Next we
decompose trr(n)(Pn) in terms of link variables as

trr(n)(Pn) = D
r(n)
αβ (Un,1)Dr(n)

βγ (Un+1̂,2)Dr(n)
γδ (U †

n+2̂,1)Dr(n)
δα (U †n,2) , (2.21)

where Dr(U) is the representation matrix of U for the representation r, and the indices
α, β, γ, δ are summed over implicitly. It can then be seen2 that any given link variable
Un,µ appears only twice in (2.20); one as U and the other as U †. Therefore, the partition
function factorizes into the integral for each link variable as

Z =
∏
n,µ

z(n,µ) , (2.22)

(z(n,µ))rsαβγδ = β̃
1
4
r β̃

1
4
s

∫
dUn,µD

r
αβ(Un,µ)Ds

γδ(U †n,µ) = β̃
1
2
r

dr
δrsδαδδβγ , (2.23)

where we have used the orthogonality relation∫
dUDr

αβ(U)Ds
γδ(U †) = 1

dr
δrsδαδδβγ (2.24)

with dr being the dimensionality of the representation r = {li} given by (2.14).
2Note that this is the case only in two dimensions.
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α

β γ

δ
r s × β̃

1
2
r

dr β2

r2
α2

α3r3β3

α4

r4
β4

β1r1α1

Figure 1. The tensor associated with each link (Left) and that associated with each plaquette
(Right) are depicted corresponding to (2.23) and (2.25), respectively.

The tensor (2.23) can be considered to be associated with each link on the lattice as
depicted in figure 1 (Left). Note also that on the right-hand side of (2.22), the indices of
(z(n,µ))rsαβγδ are assumed to be contracted appropriately according to (2.21). As a result,
we also have a tensor

δr1r2r3r4δα1β2δα2β3δα3β4δα4β1 (2.25)

associated with each plaquette as depicted in figure 1 (Right), where we have defined

δr1r2r3r4 =
{

1 for r1 = · · · = r4 ,

0 otherwise.
(2.26)

Note that the matrix indices form a loop around each site yielding a factor of dr for each
site. Thus we end up with a tensor network

Z =
∏

T , (2.27)

where the fundamental tensor (T )pqrs for each plaquette is defined as

(T )pqrs = β̃p
dp
δpqrs , (2.28)

after reassigning the factor β̃
1
2
r
dr

for each link to the two plaquettes sharing it and reassigning
the factor dr for the site n to the plaquette Pn. The indices of the fundamental tensor
(T )pqrs in (2.27) are assumed to be contracted appropriately as depicted in figure 2, where
we impose periodic boundary conditions.

In the present case, the structure of the fundamental tensor is so simple that we can
evaluate (2.27) for an L1 × L2 lattice as

Z =
∑
r

(
β̃r
dr

)L1L2

, (2.29)

which agrees with the known exact result in ref. [30].
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T T

T T

T

T

T T T

· · ·

··· · · ·

···

· · ·

· · ·

···

r1 r2 rL1

r1 r2 rL1

s1

s2

sL2

s1

s2

sL2

Figure 2. The tensor network representing the partition function (2.27).

3 Brief review of the TRG in 2D

In this section we briefly review the TRG [1], which is a useful method that can be applied to
various theories whose partition function is written as a network of tensors with translational
invariance. The crucial point is to make use of the coarse graining to access a large system
size efficiently. Here we explain the method in 2D.

The TRG consists of two steps. The first step is to decompose the tensor T using the
singular-value decomposition (SVD). Let us consider the following two types of SVD. The
first one amounts to regarding the double indices (q, r) and (s, p) of the tensor Tpqrs as
single indices a and b, respectively, and applying the SVD to the resulting matrix with the
two indices a and b as

Tpqrs =
∑
c

S(1)
ac G

(1)
c S

(2)
cb =

∑
c

S̃(1)
ac S̃

(2)
cb , (3.1)

where S(1) and S(2) are unitary matrices and G(1)
c are the singular values, which are positive-

semidefinite and labeled in the descending order. In the second equality, we have absorbed
the singular values into the S(1) and S(2) as

S̃(1)
ac = S(1)

ac

√
G

(1)
c , S̃

(2)
cb = S

(2)
cb

√
G

(1)
c . (3.2)

Similarly, we define the second type of SVD by regarding the double indices (p, q) and
(r, s) of the tensor Tpqrs as single indices a and b, respectively, and applying the SVD to
the resulting matrix with the two indices a and b as

Tpqrs =
∑
c

S(3)
ac G

(2)
c S

(4)
cb =

∑
c

S̃(3)
ac S̃

(4)
cb , (3.3)

where S(3), S(4) are unitary matrices and G
(2)
c are the singular values, which are again

positive-semidefinite and labeled in the descending order. In the second equality, we have
absorbed the singular values into the S(1) and S(2) as

S̃(3)
ac = S(3)

ac

√
G

(2)
c , S̃

(4)
cb = S

(4)
cb

√
G

(2)
c . (3.4)
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r

s

T
≈ or

q

r

r

q

s s

p

pS̃1

S̃2

S̃3

S̃4

c c

Figure 3. The two types of SVD used for even sites and odd sites, respectively.

⇒ S̃2

S̃2

S̃1

S̃1

S̃3

S̃3

S̃4

S̃4

T T

TT

⇒
T

′

Figure 4. The two steps in the coarse-graining procedure for the tensor network.

The two types of SVD (3.1) and (3.3) can be represented diagrammatically as in figure 3.
We apply them on the even and odd sites of the lattice, respectively,3 which is shown in
figure 4 as the first step from the left to the middle.

The second step is to define

T ′abcd =
∑
pqrs

S̃
(1)
(q,r),aS̃

(3)
(r,s),dS̃

(2)
c,(s,p)S̃

(4)
b,(p,q) , (3.5)

which represents the coarse-grained version of the original tensor Tpqrs. This is shown
in figure 4 as the second step from the middle to the right. Note that the new lattice is
tilted by 45◦ degrees, but the boundary condition is such that it respects the translational
invariance in the directions of the original lattice. Repeating this procedure twice, one
obtains a L/2 × L/2 lattice with periodic boundary conditions. Thus, starting from a
2n × 2n lattice, we can perform the coarse graining 2n times to arrive at a one-site model
with the fundamental tensor T ′′pqrs, whose partition function can be evaluated as

Z =
∑
p,q

T ′′pqpq . (3.6)

In general, the fundamental tensor has a form more complicated than (2.28), and
the SVD such as (3.1), (3.3) has to be done numerically. Note also that an index of the
coarse-grained version of the fundamental tensor corresponds to the double indices of the

3Here we need to assume that the number of sites in each direction is even in order to assign the parity
to each site consistently to the boundary condition.
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original one as we discussed above. Therefore, one needs to truncate the range of the
indices in order to avoid the growth of the numerical cost as the coarse graining proceeds.
The crucial point of the TRG is to perform this truncation by keeping only the large
singular values in the expressions like (3.1) and (3.3). Thus the fundamental tensor has
indices with the same dimension, which is called the bond dimension Dcut, throughout the
coarse-graining procedure. One has to increase Dcut until the results do not change any
more. The required value of Dcut is basically determined by the fall-off of the singular-value
spectrum, which becomes slow as the correlation length of the theory increases. The
numerical cost of the TRG grows proportionally to Dn

cut with some power n, which is 6 in
the 2D case and becomes larger for theories in higher dimensions. Recently, some new TRG
schemes [4, 19, 20] for higher dimensional models have been proposed to reduce the power
n considerably.

4 Application to U(N) and SU(N) gauge theories

When one applies the TRG to a gauge theory with a continuous group using the character
expansion, the dimension of the original fundamental tensor is infinite because there are
infinitely many representations. In the case of U(1) and SU(2) gauge groups, which have
been studied so far in the literature [24–27], there is a natural choice for restricting the
number of representations because the representation is labeled by the charge and the spin,
respectively. Obviously, this issue becomes more nontrivial in the case of SU(N) and U(N)
gauge groups with N ≥ 3.

In the 2D lattice gauge theory that we are considering, the fundamental tensor takes a
particularly simple form (2.28), and one can obtain the product (2.27) exactly to arrive
at the well-known result (2.29). However, one still has to truncate the summation over
representations in (2.29) in order to obtain explicit results in general.

Here we discuss how we can restrict the number of representations to be included in the
fundamental tensor efficiently so that the singular-value spectrum is correctly reproduced up
to a given bond dimension Dcut. Then, we discuss various properties of the singular-value
spectrum, in particular, at large N , and consider their implications.

4.1 Singular-value spectrum in the 2D gauge theories

In the case of 2D lattice gauge theory, the fundamental tensor is given by (2.28), which
allows us to make the SVD trivially. Namely, for the two types of SVD, the singular values
G

(i)
(r,s) (i = 1, 2) are given by

G
(i)
(r,s) = σrδrs , σr ≡

|β̃r|
dr

. (4.1)

One can easily find that the coarse-grained tensor (3.5) becomes

T ′pqrs = (σp)2 δpqrs , (4.2)

– 9 –



J
H
E
P
1
2
(
2
0
2
1
)
0
1
1

which has the same form as (2.28). Repeating this procedure 2n times starting with a system
on the L×L lattice, where L = 2n, one obtains a one-site model with the fundamental tensor

T ′′pqrs = (σp)V δpqrs , (4.3)

where V = L2 is the volume of the lattice. Plugging this into (3.6), the partition function
is given in terms of the singular values σr as

Z =
∑
r

(σr)V , (4.4)

which agrees with the exact result (2.29). Thus, the TRG can be worked out explicitly in
this model, and the only remaining task is to determine the largest Dcut singular values
of the fundamental tensor.

Due to the simple V -dependence of the partition function, one finds in the infinite-
volume limit V → ∞ that the summation in (4.4) is dominated by the largest singular
value, which is known to correspond to the trivial representation,

σtrv =
∫
dU exp

{
N

λ
tr(U + U †)

}
, (4.5)

where we have used (2.10) and (2.7). The right-hand side of (4.5) is nothing but the
partition function of the one-plaquette model obtained in the V →∞ limit of 2D lattice
gauge theory [28, 29], and in the large-N limit, one obtains

C(0) ≡ lim
N→∞

1
N2 log σtrv =


2
λ

+ 1
2 log λ2 −

3
4 for λ < 2 ,

1
λ2 for λ ≥ 2

(4.6)

for both SU(N) and U(N) gauge theories. Let us emphasize, however, that this simplification
in the V →∞ limit is peculiar to the present 2D gauge theories. The change of the behavior
at λ = 2 in (4.6) indicates the Gross-Witten-Wadia phase transition, which plays an
important role in what follows.

4.2 Restricting the number of representations

Here we discuss how to restrict the number of representations in the case of SU(N) and
U(N) gauge groups, which is nontrivial since the representations are labeled by more than
one parameters {li}. As a natural requirement, the cutoff scheme should not discriminate
representations which are complex conjugate to each other. We will consider three cutoff
schemes which satisfy this requirement and discuss which is the most efficient.

Let us first consider the SU(N) case. As is mentioned in section 2, the representations
of SU(N) are parametrized by (N − 1) non-negative integers l1, l2, · · · , lN−1 satisfying

l1 ≥ l2 ≥ · · · ≥ lN−1 ≥ lN = 0 . (4.7)

Considering that the complex conjugate representation of {li} is given by {l̄i}, where
l̄i = l1 − lN+1−i, we have l̄1 = l1. In view of this, a simple choice would be to introduce a

– 10 –
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Figure 5. (Left) The dimensionality of the representations of the SU(6) group is plotted against
l1. The shaded region corresponds to dr ≤ ∆Λ and l1 ≤ Λ with Λ = 8. (Right) The singular
value σr normalized by σtrv is plotted against the dimensionality for the SU(6) gauge theory with
λ = 3. Different symbols correspond to different l1 as shown in the left panel. The shaded region
corresponds to dr ≤ ∆Λ with Λ = 8.

cutoff l1 ≤ Λ, where Λ is some integer. The number of representations within this cutoff
can be shown4 to be Λ+N−1CΛ, which grows as ΛN−1 with Λ for fixed N .

Another possibility is to put an upper bound on the dimensionality (2.14) of the
representation, which is obviously the same for the complex conjugate pairs. In figure 5 (Left),
we plot the dimensionality dr of each representation r of the SU(6) group against l1. Let us
note here that the representation of the SU(N) group that has the smallest dimensionality
among those with the same l1 = Λ is given by the totally symmetric representation and
its conjugate, which correspond to r = {Λ, 0, · · · , 0} and r̄ = {Λ, · · · ,Λ, 0}, respectively.
(See appendix A for a proof.) From (2.14), one finds that the dimensionality of these
representations is

∆Λ =
N∏
j=2

(
1 + Λ

j −N

)
= Λ+N−1CΛ , (4.8)

which grows monotonically with Λ. Therefore, as a convenient way to put a cutoff on the
dimensionality, we use dr ≤ ∆Λ, which automatically implies l1 ≤ Λ as is shown by the
shaded region in figure 5 (Left) for Λ = 8 in the SU(6) case. This makes it easy to list all
the representations below the cutoff.

In figure 5 (Right), we plot the singular value σr = |β̃r/dr| of the fundamental tensor
for λ = 3 corresponding to each representation r against the dimensionality dr. Different

4Let us introduce integers n1, · · · , nN ≥ 0 through l1 = Λ− n1 and li+1 = li − ni+1 (i = 1, · · · , N − 1),
which implies lN = Λ−

∑N

j=1 nj . Imposing lN = 0, we get the relation
∑N

j=1 nj = Λ. Thus, the issue of
counting the representations with l1 ≤ Λ reduces to that of assigning Λ identical objects into N partitions.
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symbols correspond to different l1 as shown in the left panel. We observe a clear tendency
that the singular value becomes small as either l1 or the dimensionality becomes large.

In order to compare the efficiency of the two cutoff schemes, we increase the cutoff in
either cutoff scheme until the largest Dcut singular values of the fundamental tensor do not
change any more. The number of representations below the cutoff to achieve a given value
of Dcut is plotted in figure 6. It is clear that the number of representations is significantly
smaller for the cutoff scheme with the dimensionality. It is also worth noting that in the
case of SU(2), the two cutoff schemes reduce to the truncation by spins S since l1 = 2S and
dr = 2S + 1. What we find here is that for N > 2, it is far more efficient to truncate the
representations by the dimensionality dr than by l1.

Next we consider the U(N) case using the relationship (2.15) to the representations
of SU(N), which can be truncated in the way described above. The remaining task is to
introduce a cutoff on q in (2.15). Note that the complex conjugate representation of {l′i}
is given by {l̄′i}, where l̄′i = −l′N+1−i. Therefore, as a simple cutoff on q that does not
discriminate the complex conjugates, we impose

max
i
|l′i| =

∣∣∣∣q + l1
2

∣∣∣∣+ l1
2 ≤ Λq , (4.9)

where Λq is an integer representing the cutoff on q. Note that this is a natural generalization
of the U(1) case, where we truncate the representations by the charge.

As yet another way of truncation, we can think of
∑N
i=1 |l′i| ≤ Λ for the U(N) case, which

is clearly invariant under complex conjugation. The SU(N) analogue of this truncation is
given by ν ≡ minq∈Z

∑N
i=1 |li + q| ≤ Λ. The efficiency of this truncation scheme turns out

to be comparable to the one with the dimensionality as we can see from figure 6.
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Figure 7. The singular values σi/σ1 (i = 1, 2, · · · , 32) of the fundamental tensor normalized by the
largest one σ1 are plotted in the descending order for the SU(3) gauge theory with various values of
the coupling constant.

4.3 Properties of the singular-value spectrum

Using the strategy for restricting the number of representations proposed in the previous
section, we can obtain the singular-value spectrum correctly up to any given Dcut. Below
we discuss various properties of the singular-value spectrum thus obtained. First we discuss
how the singular-value spectrum depends on the coupling constant. In figure 7, we plot
the singular values σi (i = 1, 2, · · · ) sorted in the descending order for the SU(3) case with
various values of the coupling constant. The singular values are normalized by the largest
one σ1, which corresponds to the trivial representation as we mentioned at the end of
section 4.1. We find that the singular-value spectrum falls off more slowly at weak coupling,
where the correlation length becomes large.

Next we discuss the behavior of the singular values at large N . In particular, we will see
that the ratio of the singular values σi/σ1 becomes finite in the large-N limit. We also find,
in the U(N) case, that the large-N behavior of the singular values changes qualitatively at
the critical coupling of the Gross-Witten-Wadia phase transition.

In order to discuss the large-N behavior of the singular values, we define a sequence
of representations for increasing N . For example, the trivial, (anti-)fundamental and
adjoint representations, which are defined for N = 2, 3, · · · can be regarded as sequences of
representations. Generalizing these examples, we define a sequence of representations, in
the U(N) case, by specifying n ≥ 0 positive entries and m ≥ 0 negative entries of {l′i} as

r(U) = {l′1, · · · , l′n, 0, · · · , 0, l′N−m+1, · · · , l′N} . (4.10)

As N increases, the number of zero entries in the middle increases while keeping the
structure at both ends of {l′i} fixed. By adding charge q ∈ Z to the representations (4.10),
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Figure 8. The singular values 1
N2 log σr are plotted against 1/N2 for the SU(N) gauge theory

with λ = 3. Different symbols correspond to different sequences of representations as shown on the
right of the plot. Each point is actually doubly degenerate except for real representations since
representations that are complex conjugate to each other give identical singular values. We restrict
ourselves to the sequence of representations that correspond to the 16 largest singular values in the
large-N limit. The dashed lines represent fits to a quartic polynomial in 1/N2 for each sequence
using N ≥ 2, which turn out to merge at C(0) = 1

9 in the large-N limit.

we can obtain other sequences

(r(U), q) ≡ {l′1 + q, · · · , l′n + q, q, · · · , q, l′N−m+1 + q, · · · , l′N + q} . (4.11)

In the SU(N) case, we can define a sequence of representations r(SU) ≡ {li}, where li = l′i−l′N
(i = 1, · · · , N), corresponding to (4.10). In what follows, we discuss the large-N behavior
of the singular values for the sequences of representations thus defined.

Let us start with the SU(N) gauge theories. We observe that the singular-value
spectrum has a large-N behavior consistent with

log σr =
∞∑
k=0

C(k)
r N2(1−k) = C(0)

r N2 + C(1)
r + C(2)

r N−2 + · · · , (4.12)

where r corresponds to a sequence of representations for increasing N and C(k)
r depend

on the coupling constant λ. In figure 8 we plot 1
N2 log σr against 1

N2 for the SU(N) gauge
theory5 with λ = 3. All the sequences listed here, which correspond to 16 largest singular
values in the large-N limit, can be fitted by (4.12) including terms up to k = 4. It is
remarkable that the fit works nicely including the data points for N = 2. In fact, we
find that the large-N limit C(0)

r = limN→∞
1
N2 log σr for any sequence of representations

is universal, and it is given by C(0) defined in (4.6). Thus we conclude that the ratio of
the singular values σr/σtrv is finite in the large-N limit. In other words, the singular-value
spectrum has a definite profile given by C(1)

r in the large-N limit up to an overall factor.
5We have obtained qualitatively the same behavior at λ = 1.5, which is below the Gross-Witten-Wadia

phase transition point λ = 2, in contrast to the situation in the U(N) case discussed below.
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Figure 9. (Top) The quantity (log σr−C(0)N2) is plotted against 1/N2 for the SU(N) gauge theory
with λ = 3. Different symbols correspond to different sequences of representations as shown on the
right. Each point is actually doubly degenerate except for real representations since representations
that are complex conjugate to each other give identical singular values. The dashed lines represent
fits to a quadratic polynomial in 1/N2 for each sequence using N ≥ 5. (Bottom) The large-N limit
of (log σr − C(0)N2) obtained from the top panel is shown for each sequence of representations in
the descending order.

We can obtain the large-N limit of the singular-value spectrum explicitly as follows. In
figure 9 (Top) we plot (log σr − C(0)N2) against 1/N2 for the SU(N) gauge theory with
λ = 3. Fitting the data for N ≥ 5 to a quadratic polynomial for each sequence, we can
make an extrapolation to N = ∞. In figure 9 (Bottom) we plot the large-N limit of
(log σr−C(0)N2) thus obtained for each sequence of representations in the descending order.

Next let us consider the U(N) case. The large-N behavior of the singular-value spectrum
changes qualitatively as one crosses the critical point λ = 2 of the Gross-Witten-Wadia
phase transition (4.6). In figure 10, we plot the singular values 1

N2 log σr for the trivial
(black circles), fundamental (black triangles) and adjoint representations (black squares) of
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Figure 10. (Top) The singular values 1
N2 log σr for the trivial (black circles), fundamental (black

triangles) and adjoint (black squares) representations of U(N) are plotted against 1/N2 for the
U(N) gauge theory with λ = 1.5. We also add some charge to these representations and plot
the corresponding singular values in the same figure with different colors. The lines represent
fits of the results for each representation with N ≥ 7 to C + c/N2 for λ = 1.5. (Bottom) A
similar plot for λ = 3. The lines represent fits of the results for each representation with N ≥ 3
to C + a/N + bχN/N

2 + c/N2. The fits for the sequence of representations without charge yield
a = b = 0 within fitting errors.

U(N) against 1/N2 in the U(N) gauge theory with λ = 1.5 (Top) and λ = 3 (Bottom). We
also add some charge to these representations and plot the corresponding singular values
in the same figure with different colors.6 In both cases, the large-N limit of 1

N2 log σr is

6Since the fundamental representation is not real unlike the trivial and adjoint representations, the
representations one gets by adding charge ±q to it are not complex conjugate to each other and hence the
corresponding singular values acquires 1/N terms with opposite signs as we see in section 6.2. Here we
take an average of the results for the representations with charge ±q to cancel the 1/N terms for the sake
of simplicity.
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common to all representations and agree with (4.6), but the way the limit is approached
turns out to be qualitatively different for λ = 1.5 and λ = 3.

In the weak coupling phase λ < 2, we find that the singular values behave as7

log σr = C(0)N2 + C(1)
r + O

( 1
N

)
. (4.13)

The coefficient C(0) of the leading term is common to all representations and is given
by (4.6), while the coefficient C(1)

r for the sub-leading term depends on the sequence of
representations. This is confirmed in figure 10 (Top). Thus, the singular-value spectrum
has a definite profile given by C(1)

r , which is different from that in the SU(N) case.
In the strong coupling phase λ > 2, the large-N behavior of the singular-value spectrum

turns out to be more complicated. We find that the singular values behave as (4.13) for the
sequence (4.10) of representations without charge. For sequences of representations (4.11)
with nonzero charge, the singular values behave as

log σr = C(0)N2 + C(1)
r + aN + bχN + O

( 1
N

)
(4.14)

at largeN , where the definition of χN is given in (6.12), which has an O(logN) term for λ > 2
that we are considering. Note that (4.14) involves an O(N) term, whose coefficient a turns
out to be negative. This implies that the corresponding singular values are exponentially
suppressed as σr/σtrv ∼ e−|a|N at large N , and hence disappear from the singular-value
spectrum in the large-N limit. These behaviors are confirmed in figure 10 (Bottom).

The coefficient of the O(N) term is actually the same for the same charge, as can be
seen from figure 11, where we plot (log σr − C(0)N2)/N against 1/N . We find that the
curves merge at the same point at N =∞ for the same charge. A theoretical understanding
of the O(N) term as well as the term involving χN in (4.14) is provided in section 6.2.

Note also that (2.11) implies

σr(SU) =
∞∑

q=−∞
σ(r(U),q) . (4.15)

This has an interesting implication for λ > 2 since in that case the sum on the right-hand
side is dominated at large N by a single term with q = 0. Namely, the ratio of the singular
value of (r(U), 0) to that of the corresponding r(SU) becomes unity in the large-N limit. This
means that the coefficient C(1)

r in (4.12) and (4.13) representing the sub-leading term is
common to the U(N) and SU(N) gauge theories for the corresponding representations. Thus,
for λ > 2, the singular-value spectrum for the U(N) gauge theory not only has a definite
profile in the large-N limit but also agrees with the profile for the SU(N) gauge theory.

4.4 A novel interpretation of the Eguchi-Kawai reduction

In this section, we discuss the implications of the properties of the singular-value spectrum
found in the previous section. In particular, we provide a new interpretation of the
Eguchi-Kawai reduction [31], which states the volume independence in the large-N limit.

7The 1/N terms appear for the complex representations with nonzero charge.
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Figure 11. The quantity (log σr − C(0)N2)/N is plotted against 1/N for the trivial, fundamental
and adjoint representations in the U(N) gauge theory with λ = 3. We also plot the same quantity
for representations with nonzero charge with different colors. The lines represent fits of the results
for each representation with N ≥ 2 to a + bχN/N + c/N . For the sequences of representations
without charge, the fits yield a = b = 0 within fitting errors.

As we have seen in the previous section, the leading large-N behavior of the singular
values σr is given by eC

(0)N2 independently of the sequence of representations for both
SU(N) and U(N) gauge theories, where C(0) is given by (4.6). Factoring out this common
factor, one obtains a finite large-N limit

lim
N→∞

e−C
(0)N2

σr = eC
(1)
r , (4.16)

which depends on the sequence of representations r. In the U(N) gauge theory at λ > 2,
the limit in (4.16) becomes nonzero only for sequences of representations without charge,
which agrees with the limit for the corresponding sequences of representations in the SU(N)
gauge theory. Using (4.16) in (4.4), we find that the free energy density is given by

F ≡ 1
N2V

logZ = C(0) + 1
V N2 log

(∑
r

eV C
(1)
r

)
+ · · · , (4.17)

which implies that the free energy density becomes volume independent in the large-N
limit, and it is given by (4.6). This is nothing but the Eguchi-Kawai reduction [31].

In figure 12 (Left), we plot the free energy density F against 1/N2 for the U(N) and
SU(N) gauge theories at λ = 3 with V = 1, 2 and ∞ using the bond dimension Dcut = 64,
which is large enough as we see in section 5.1. The results for V = ∞ converge to (4.6)
in the large-N limit as it should,8 but we also observe that the results for V = 1 and 2
converge to the same value, which confirms the Eguchi-Kawai reduction.

8In the case of U(N) gauge theory at V =∞, we find that the free energy density is actually independent
of N , which is due to the fact that the singular value for the trivial representation is given by σtrv = C(0)N2

for arbitrary N in the strong coupling phase λ > 2 as one can see from figure 10 (Bottom).
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Figure 12. (Left) The free energy density F is plotted against 1/N2 for the U(N) and SU(N)
gauge theories at λ = 3 with V = 1, 2 and ∞ using the bond dimension Dcut = 64. In the case of
V = 1, there is no distinction between U(N) and SU(N) gauge theories, so we plot only the results
for the latter. The solid and dashed lines are fits to the function a+ b/N2 + c/N4 for the U(N) and
SU(N) gauge theories, respectively. (Right) The quantity N2(F − C(0)) is plotted against 1/N2

for the U(N) and SU(N) gauge theories at λ = 3 with V = 1, 2 and ∞ using the bond dimension
Dcut = 64. The solid and dashed lines are fits to the function a+ b/N2 for the U(N) and SU(N)
gauge theories, respectively. The extrapolated values at N =∞ give the coefficients of the O(1/N2)
terms in the free energy density F .

In fact, we find that the results for V = 1 are the same for the U(N) and SU(N)
gauge theories even at finite N as one can see by setting V = 1 in (4.4) and using (4.15).
This can be understood from the fact that the two theories are equivalent at V = 1 since
the U(1) part of the gauge field cancels in the plaquette (2.4). We also notice from our
argument above that at λ > 2, the O(1/N2) term in (4.17) should agree for the U(N) and
SU(N) gauge theories. This is confirmed in figure 12 (Right) for V = 2 by extrapolating
N2(F − C(0)) to N = ∞, which gives identical values for the U(N) and SU(N) gauge
theories. Note that this statement does not hold at λ < 2.

Thus, the Eguchi-Kawai reduction in the present model results from the simple V -
dependence of the partition function (4.4) and the large-N behavior (4.16) of the singular
values with the common C(0). The simple V -dependence (4.4) may also be viewed as a
consequence of the fact that the singular-value spectrum of the fundamental tensor has
certain self-similarity under the coarse-graining procedure as seen in (4.2) and (4.3).

In d ≥ 3 dimensional cases, the volume independence in the N →∞ limit is expected
only for V > Vcr since the SSB of U(1)d symmetry [37] occurs for V ≤ Vcr [38, 39], which
invalidates the proof of the Eguchi-Kawai reduction [31]. Note also that the partition
function does not take a simple form like (4.4) any more. However, we speculate that the
volume independence for V > Vcr may be understood by some sort of self-similarity that
manifests itself after some steps of coarse graining at large N .

– 19 –



J
H
E
P
1
2
(
2
0
2
1
)
0
1
1

10 20 30 40 50 60
0

0.1

0.2

0.3

0.4

Dcut

F̃
(D

c
u
t
)
−
F̃
(1
)

•λ = 1/8

•λ = 1/4

•λ = 1/2
•λ = 1
•λ = 2

10 20 30 40 50 60
0

0.5

1

1.5

2

2.5

3

3.5

4

Dcut

N
2
{F̃

(D
c
u
t
)
−
F̃
(1
)}

SU(2) SU(3) SU(4)

SU(6) SU(8) SU(10)

U(1) U(2) U(3)

Figure 13. (Left) The free energy density
{
F̃ (Dcut) − F̃ (1)

}
for V = 1 is plotted against Dcut

for the SU(3) gauge theory with various values of the coupling constant, which are used also in
figure 7. (Right) The free energy density N2

{
F̃ (Dcut)− F̃ (1)

}
for V = 1 is plotted with different

normalization against Dcut for the U(N) and SU(N) gauge theories with various N at λ = 0.5.

5 Explicit results with a bond dimension Dcut

Given the singular values of the fundamental tensor up to some bond dimension Dcut, we
can obtain explicit results for various observables. We discuss how the results depend on
Dcut, and show, in particular, that the finite Dcut effects become severe for small N , small
volume and at weak coupling. We can obtain explicit results even in such cases. As an
example, we show how the Gross-Witten-Wadia phase transition appears as N increases.

5.1 The Dcut-dependence

Let us first discuss the Dcut-dependence. Since the observables are typically obtained by
taking the derivatives of the free energy density F (4.17) in the TRG, let us consider the
Dcut-dependence of F . Note first that the Dcut-dependence disappears in the infinite-volume
limit since the trivial representation dominates in that limit as we mentioned at the end of
section 4.1. Therefore, we focus on the free energy density F̃ (Dcut) obtained for finite Dcut
with V = 1, where finite Dcut effects become the severest.

In figure 13 (Left), we plot the free energy density
{
F̃ (Dcut)− F̃ (1)

}
against Dcut for

the SU(3) gauge theory with various values of the coupling constant, which are used also in
figure 7. We find that the free energy density converges faster at stronger coupling. This is
consistent with the singular-value distribution in figure 7, which falls off faster at larger λ.

In fact, the finite Dcut effects vanish as O(1/N2) at large N since finite volume effects,
which cause the finite Dcut effects, are suppressed by 1/N2 due to the Eguchi-Kawai
reduction. In order to see this more explicitly, let us note that the free energy density
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F̃ (Dcut) at finite Dcut and V = 1 has the large-N behavior

F̃ (Dcut) = C(0) + 1
N2 f(Dcut) + · · · , (5.1)

f(Dcut) ≡ log
Dcut∑
i=1

exp(C(1)
ri ) , (5.2)

as one can see from (4.17). In figure 13 (Right) we plot N2{F̃ (Dcut)− F̃ (1)} against Dcut,
where the results are seen to approach a single curve in the large-N limit,9 which corresponds
to the function f(Dcut) that appears in (5.1). Note that the equivalence between the U(N)
and SU(N) gauge theories at V = 1 holds in the Dcut →∞ limit but not for finite Dcut. In
fact, the finite Dcut effects are smaller for SU(N) with the same N , as one can see from
figure 13 (Right), since the sum over the charge is taken already in (2.11).

5.2 Gross-Witten-Wadia phase transition

As a demonstration of how the TRG works, let us discuss the Gross-Witten-Wadia phase
transition (4.6), which occurs in the large-N limit. By taking the derivative of the free
energy density (4.17), we define the average plaquette and the specific heat as

W = −λ
2

2
∂F

∂λ
, C = −2∂W

∂λ
, (5.3)

whose large-N limits are given by [28, 29]

lim
N→∞

W =


1− λ

4 (λ < 2) ,

1
λ

(λ ≥ 2) ,
lim
N→∞

C =


1
2 (λ < 2) ,

2
λ2 (λ ≥ 2) .

(5.4)

In order to calculate observables, we take the derivatives of the partition function
numerically using the 9-point central finite difference schemes [40]

εf ′(x) = 4
5f(x+ ε)− 1

5f(x+ 2ε) + 4
105f(x+ 3ε)− 1

280f(x+ 4ε)
− 4

5f(x− ε) + 1
5f(x− 2ε)− 4

105f(x− 3ε) + 1
280f(x− 4ε) , (5.5)

ε2f ′′(x) = −205
72 f(x) + 8

5f(x+ ε)− 1
5f(x+ 2ε) + 8

315f(x+ 3ε)− 1
560f(x+ 4ε)

+ 8
5f(x− ε)− 1

5f(x− 2ε) + 8
315f(x− 3ε)− 1

560f(x− 4ε) (5.6)

with ε = 0.01.
In figure 14, we plot the specific heat obtained by differentiating the free energy density

numerically for the SU(3) (Left) and SU(10) (Right) gauge theories with various L. The
bond dimension is chosen to be Dcut = 64. We see that the finite volume effects are reduced
considerably by increasing N from 3 to 10 due to the Eguchi-Kawai reduction. We also see
how the Gross-Witten-Wadia phase transition appears as N increases.

9This curve is not common to the U(N) and SU(N) gauge theories for λ = 0.5 used here. However, it is
common for λ > 2 due to the agreement of the coefficients C(1)

r in the two theories.
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Figure 14. The specific heat C defined in (5.3) is plotted against the ’t Hooft coupling constant λ
for the SU(3) (Left) and SU(10) (Right) gauge theories with various L using Dcut = 64. The solid
line represents the large-N limit obtained analytically as (5.4).

6 2D U(N) gauge theory with the θ term

In this section, we show how the TRG works when we add a θ term to the 2D gauge theory.
Exact solutions are obtained and discussed in refs. [41, 42]. This model is of particular
interest since ordinary Monte Carlo simulation becomes extremely difficult due to the sign
problem. Recently the complex Langevin method [43] and the density-of-state method [44]
were applied to this model successfully. (See also ref. [45].) In these studies, however, one
has to dismiss periodic boundary conditions in order to avoid the topology freezing problem,
which refers to the problem that one cannot sample configurations in different topological
sectors with the correct weight. The TRG is not only free from the sign problem but also
free from the topology freezing problem. It therefore allows us to obtain results even with
periodic boundary conditions unlike in refs. [43, 44]. In the U(1) case, the TRG was applied
to this model using the Gauss quadrature instead of the character expansion in order to
discretize the indices of the fundamental tensor [24].

6.1 The first-order phase transition at θ = ±π

In two dimensions, the θ term in the continuum action reads

Sθ = −i θ Q , (6.1)

Q = 1
4π

∫
d2x εµν trFµν , (6.2)

where the topological charge Q takes integer values on a compact manifold. Since the
topological charge Q vanishes identically for the SU(N) case in 2D, we restrict ourselves
to the U(N) case in this section. Putting the theory on a periodic lattice, the action is
given by the plaquette action (2.3) with an additional term (6.1), where the definition of
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the topological charge Q is given on the lattice by

Q = 1
2πi

∑
n

log detPn . (6.3)

The complex log in (6.3) is defined by using the principal value. The topological charge Q
thus defined takes integer values even before taking the continuum limit, which guarantees
that the partition function is invariant under θ 7→ θ + 2π.

The exact solution for the theory with the θ term can be obtained as in the θ = 0 case
discussed in section 2. Corresponding to (2.29), one obtains [41]

Z(θ) =
∑
r

(
γ̃r(θ)
dr

)L1L2

, (6.4)

γ̃r(θ) = detMr(θ) , (6.5)

[Mr(θ)]ij =
∫ +π

−π

dφ

2π cos{(lj + i− j + θ
2π )φ} exp

(
2N
λ cosφ

)
, (6.6)

and corresponding to (4.1), the singular values become

σr(θ) = |γ̃r(θ)|
dr

. (6.7)

Note that (6.6) implies that the singular values have the properties

σ(r(U), q)(θ + 2π) = σ(r(U), q+1)(θ) , (6.8)

σr(U)(−θ) = σr̄(U)(θ) . (6.9)

Namely the singular values are not invariant under θ 7→ θ + 2π or θ 7→ −θ, while the
partition function is, because of the summation over representations r involved in (6.4).

The most interesting feature of this theory is the existence of the first-order phase
transition at θ = π, which is associated with the spontaneous breaking of the parity
symmetry. In order to see this, let us first note that the expectation value of the topological
charge Q is pure imaginary for arbitrary θ due to the fact that Q is real and parity odd.
We therefore define the topological charge density as

1
V
Im〈Q〉 = − 1

V

∂

∂θ
logZ(θ) , (6.10)

which develops a gap at θ = ±(π − ε) for ε→ +0 as the volume V increases. In figure 15
we plot the topological charge density10 against θ for the U(3) gauge theory with various L
using Dcut = 32 and λ = 3, which exhibits a clear gap at θ = ±π with increasing L.

From now on, we discuss the large-N behavior of the theory with the θ term. Let us
first mention that the topological susceptibility defined by

χ = − lim
V→∞

1
V

∂2

∂θ2 logZ(θ)
∣∣∣∣∣
θ=0

= lim
V→∞

1
V

(
〈Q2〉 − 〈Q〉2

)∣∣∣∣
θ=0

(6.11)

10We find that the topological charge vanishes identically for L = 1. This is expected from the fact that
the one-site model cannot distinguish U(N) and SU(N) as we explained in section 4.4.
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Figure 15. The imaginary part of the topological charge density is plotted against θ for the U(3)
gauge theory with various L, Dcut = 32 using λ = 1.5 (Left) and λ = 3 (Right). A clear gap is seen
to develop at θ = ±π with increasing L.

is obtained at large N as [41]

χ ∼ χN ≡


− 1

4π2 log
(

1− λ

2

)
for λ < 2 ,

1
2π2

{
logN + log

(
1− 2

λ

)
+ γE + 1

}
for λ > 2 ,

(6.12)

where γE ≈ 0.5772 is the Euler constant. Notice the appearance of logN for λ > 2. Since
Im〈Q〉/V ∼ χNθ at small θ, we consider the quantity Im〈Q〉/(V χN ), which is normalized
by χN , in order to make the quantity finite in the N →∞ limit.

In figure 16, we plot Im〈Q〉/(V χN ) against θ in the U(N) gauge theory for various N
with L = 2, Dcut = 32 using λ = 1.5 (Left) and λ = 3 (Right). We find that the results
for λ = 3 approach the results for L =∞ as N increases, whereas the results for λ = 1.5
do not.11 This suggests that the volume independence holds in the large-N limit in the
strong coupling phase. In fact, we see in figure 15 that finite volume effects are considerably
reduced for λ = 3 compared with λ = 1.5, which shows some tendencies towards the volume
independence for λ > 2 already at N = 3. We will provide a theoretical understanding
of this novel volume independence based on the large-N behavior of the singular-value
spectrum in the presence of the θ term.

6.2 The large-N behavior of the singular-value spectrum

Let us recall here that the summation over representations in (6.4) is dominated by the
trivial representation in the V →∞ limit for any θ in |θ| < π. Therefore, (6.12) implies

log σtrv(U)(θ) ∼ log σtrv(U)(0)− 1
2χNθ

2 (6.13)

11We also find in figure 16 that the results for λ = 1.5 become completely linear in θ in the L→∞ and
N →∞ limits, whereas the results for λ = 3 do not. This can be understood from the large-N behavior of
the singular values given by (6.14) and (6.17) for λ < 2 and λ > 2, respectively.
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Figure 16. The imaginary part of the topological charge density is plotted against θ for U(N)
gauge theories with various N and L = 2, Dcut = 32 using λ = 1.5 (Left) and λ = 3 (Right). The
results for N = ∞ and L = ∞ are shown by the solid lines, which, for λ = 3, deviates from the
linear behavior represented by the dashed line in the right panel.

at θ ∼ 0. Note that σr(θ) is an even function of θ for real representations r in general due
to the property (6.9). In what follows, we investigate the large-N properties of the singular
values for general representations.

Let us first discuss the weak coupling phase λ < 2. For the sequence (4.10) of
representations without charge, we find that12

log σr(U)(θ) = log σr(U)(0)− 1
2χNθ

2 + O
( 1
N

)
(6.14)

at large N , where χN is an O(1) quantity given by (6.12). Note that the singular values σr(θ)
are not periodic in θ as we mentioned below (6.8), and (6.14) holds for arbitrary θ. This is
shown in figure 17 (Top-Left) for the trivial, fundamental13 and adjoint representations.
The small deviation at large θ is due to finite N effects as we can see from figure 17
(Bottom-Left).

When we add some charge q to the representation r(U), we obtain

σ(r(U), q)(θ) = σr(U)(θ + 2πq) = σr(U)(0)e−
1
2χN (θ+2πq)2+O(1/N) (6.15)

using (6.8) and (6.14). Setting θ = 0 in (6.15), we get

σ(r(U), q)(0) = σr(U)(0)e−2π2q2χN+O(1/N) , (6.16)

which provides a clear understanding of the results in figure 10 (Top), where log σr for
representations with some charge q has a slope commonly decreased by 2π2q2χN . When we

12A linear term in θ appears at O(1/N) for complex representations but not for the real ones.
13Since the fundamental representation is not real unlike the trivial and adjoint representations, the 1/N

terms in (6.14) involves a linear term in θ. Here we take an average of the results for the fundamental and
anti-fundamental representations to cancel this term for the sake of simplicity. This remark also applies to
figure 19, where we add charge −1 to the fundamental representation.
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Figure 17. (Top) The quantity 1
χN

log{σr(θ)/σr(0)} is plotted against θ for the trivial, fundamental
and adjoint representations in the U(N) gauge theory with N = 15 at λ = 1.5 (Left) and λ = 3
(Right). We also show the behavior − 1

2θ
2 by the solid lines for comparison. (Bottom) The same

plots with various N at λ = 1.5 (Left) and λ = 3 (Right) are shown for the trivial representation. A
clear large-N scaling behavior is seen. Similar behaviors are observed for the other representations.

switch on θ, (6.15) implies that the singular-value spectrum still has a definite profile in the
large-N limit, and the θ-dependence of the profile comes only from the factor e−

1
2χN (θ+2πq)2 ,

which depends on the charge q.
Let us next discuss the strong coupling phase λ > 2, where χN involves a logN term

as in (6.12). For the sequence (4.10) of representations without charge, we observe from
figure 17 (Top-Right) that

log σr(U)(θ) = log σr(U)(0)− χNϕ(θ) + O
( 1
N

)
(6.17)

at large N except for θ ∼ 2nπ (|n| = 1, 2, · · · ). The function ϕ(θ) in (6.17) is given by some
even function of θ, which is independent of r(U) and satisfy ϕ(θ) ∼ 1

2θ
2 at small θ.

At θ ∼ 2nπ (|n| = 1, 2, · · · ), the function ϕ(θ) has singularities, which appear because
γ̃r(U)(θ) in (6.7) oscillates around zero as a function of θ. In the vicinity of these zeroes,
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Figure 18. (Top) The ratio γ̃trv(θ)/γ̃trv(0) for the trivial representation is plotted against θ in the
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and 3 against χN . The dashed lines are fits to the behavior Kn(2πn) = bnχN + cn + dn/N

2.

which we denote by θn(N), we find that

σr(U)(θ) ∼ σr(U)(0) ebnχN+vn |θ − θn(N)| , (6.18)
|θn(N)− 2πn| ∼ eanN+un (an < 0) (6.19)

at large N . In figure 18, we confirm this behavior at λ = 3 for the trivial representation, but
the same scaling behavior is confirmed also for the fundamental and adjoint representations.
In the top panel, we plot γ̃trv(θ)/γ̃trv(0) against θ, which shows that the ratio crosses zero
at θ = θn(N) ∼ 2πn for n = 1. In the bottom-left panel, we plot |θn(N)− 2πn| against N
in the log scale, which confirms (6.19) for n = 1, 2 and 3. In the bottom-right panel, we
define the function Kn(θ) by

σr(U)(θ) = σr(U)(0) eKn(θ)|θ − θn(N)| (6.20)

around θ ∼ θn(N) and plot Kn(2πn) against χN for n = 1, 2 and 3, which confirms (6.18)
at large N .

Adding some charge q 6= 0 to the representation r(U) and setting θ = 0, we obtain

σ(r(U), q)(0) = σr(U)(2πq) = σr(U)(0) eaqN+bqχN+cq , (6.21)
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Figure 19. The quantity (log(σr) − C(0)N2) is plotted against θ for trivial, fundamental and
adjoint representations in the U(N) gauge theory with N = 20 at λ = 3. We also plot the results
for representations with charge q = −1 with blue symbols.

using (6.8), (6.18) and (6.19), where we have defined cn = un + vn. This implies

log σ(r(U), q)(0) = log σr(U)(0) + aqN + bqχN + cq , (6.22)

which provides a clear understanding of our results in figure 11. As we discussed in
section 4.3, the representations with some charge have a negative O(N) term with the same
coefficient for the same charge and they all disappear from the spectrum at large N .

Let us discuss what happens for θ 6= 0. Using (6.8) and (6.17), we obtain

σ(r(U), q)(θ) = σr(U)(0) e−χNϕ(θ+2πq)+O(1/N) . (6.23)

This is confirmed in figure 19, where we plot (log σr − C(0)N2) against θ for various
representations in the U(N) gauge theory with N = 20 at λ = 3. We can see that the
curves have the same θ dependence for the same charge q neglecting the O(1/N) terms
in (6.23). Note also that the representations with charge q = −1 take over at θ > π, which
ensures the 2π periodicity of the partition function.

Eq. (6.23) implies that it is also true for nonzero |θ| < π that only the sequences (4.10)
of representations without charge dominate in the large-N limit at λ > 2 since the coefficient
of the negative O(logN) term in log σr is larger in magnitude for q 6= 0. Moreover, since
the θ-dependence comes only from the common overall factor e−χNϕ(θ) for the q = 0 sector
that dominates in the large-N limit, the singular-value spectrum has a definite profile in
the large-N limit, which is θ-independent. Let us recall that the profile at θ = 0 is the same
as that for SU(N) in the λ > 2 region as we discussed in section 4.3. This profile remains
unaltered at nonzero θ up to the θ-dependent overall factor.14

14In the θ = 0 case, the relationship (4.15) implies the agreement of not only the profile but also the
overall normalization of the singular-value spectrum for U(N) and SU(N) at large N . Note, however, that
the relationship (4.15) does not hold for nonzero θ, which allows the appearance of the θ-dependent overall
factor for U(N) but not for SU(N).
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As an interesting consequence of this fact, we obtain the free energy corresponding
to (4.17) as

1
V

logZ = C(0)N2 − χNϕ(θ) + 1
V

log
(∑

r

eV C
(1)
r

)
+ · · · , (6.24)

where the ellipsis represents the terms that vanish in the large-N limit. Thus we find

1
V

Im〈Q〉 = − 1
V

d

dθ
logZ(θ) = χN

dϕ(θ)
dθ

+ · · · , (6.25)

which is independent of V at large N . This explains our observation in figure 16. Note that
the volume independence we find here goes beyond the Eguchi-Kawai reduction in that
it refers to the O(1) terms in (6.24) instead of the O(N2) term. It should be noted here
that the leading O(N2) term in the free energy cannot depend on θ since the θ term is
sub-dominant to the kinetic term of the gauge field in the action at large N .

Let us also emphasize that (6.24) does not hold in the weak coupling phase λ < 2
since the representations with all the charge q survive in that case, and they have a factor
e−

1
2χN (θ+2πq)2 , which depends on q. Hence, this volume independence holds only for λ > 2.

7 Summary

In this paper, we discussed how the TRG can be applied to SU(N) and U(N) gauge theories
by considering the 2D case, which is exactly solvable. Using the character expansion,
the fundamental tensor turns out to be extremely simple as in (2.28), which results in a
simple evolution of the singular-value spectrum with coarse graining. However, in actual
calculation, we have to restrict the number of representations in the character expansion in
order to obtain the singular-value spectrum correctly up to a given Dcut. We have shown
that this can be done efficiently by truncating the representations by their dimensionality
using the fact that the totally symmetric representation gives the smallest dimensionality
among the representations with the same l1.

We have investigated the properties of the singular-value spectrum thus obtained in
detail. In particular, we found that the spectrum has a definite profile in the large-N
limit up to an overall factor. This led us to a new interpretation of the Eguchi-Kawai
reduction in the large-N limit based on the self-similarity of the tensor network under the
course-graining procedure. We also found an interesting change in the large-N behavior of
the spectrum in the U(N) case at the critical coupling of the Gross-Witten-Wadia phase
transition. As a result, the singular-value spectrum obtained in the strong coupling phase
becomes identical to that in the SU(N) case in the large-N limit.

The singular values obtained up to large Dcut enabled us to obtain explicit results
for finite N and finite V , and we discussed, in particular, how the Gross-Witten-Wadia
third-order phase transition appears as N increases. We also investigated the U(N) gauge
theory with the θ term, and showed how the first-order phase transition at θ = π associated
with the spontaneous breaking of parity symmetry appears as the volume increases. In the
large-N limit, we observed a new type of volume independence for the topological charge in
the strong coupling phase. We provided a theoretical understanding of this property by
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investigating the large-N behavior of the singular-value spectrum in the presence of the θ
term. This volume independence goes beyond the Eguchi-Kawai reduction in that it refers
to the O(1) term of the free energy. Whether this phenomenon occurs in large-N gauge
theories other than the ones considered in this paper is an interesting open question.

On the technical side, our work clearly shows that the TRG is indeed potentially useful
in investigating SU(N) and U(N) gauge theories in general. However, we should also be
aware of various technical complications that appear in applying the method to theories in
higher dimensions and/or with matter fields. Note, in particular, that the singular values
are determined not only by the representations but also by the internal degrees of freedom
introduced by the Clebsch-Gordan coefficients [27]. The practical strategy to restrict the
number of representations proposed in this paper is expected to be useful even in that case.
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A Proof for the representation with the minimal dimensionality

In this section, we prove that the representation of the SU(N) group with the minimal
dimensionality for a given l1 is the totally symmetric representation and its complex
conjugate. Given that this fact plays a crucial role in our proposal for restricting the number
of representations in section 4.2, we provide the proof in an elementary fashion so that it is
accessible to all the interested readers.

Let us recall that the representation of the SU(N) group is specified by (2.13) with
an extra constraint lN = 0, and the dimensionality dr is given by (2.14). The statement
is that dr becomes minimum for a given l1 = Λ when l2 = · · · = lN−1 = 0 or Λ, which we
prove by induction.

Let us first take the log of (2.14) as

log dr =
∑

1≤i<j≤N
log

(
1 + li − lj

j − i

)
. (A.1)

We can easily check that the statement is true for the N = 3 case, where we only have to
minimize (A.1) with respect to l2 for fixed l1 = Λ and l3 = 0. We obtain

log dr = log(Λ + 1− l2)(1 + l2) , (A.2)

which becomes minimum at l2 = 0 and Λ.
Next we assume that the statement is true for N and prove that it is true also for N + 1.

The crucial point to note here is that the dimensionality dr(N + 1) for the representation
r = {lj} (j = 1, · · · , N + 1) of the SU(N + 1) group is given in terms of the dimensionality
dr̃(N) for the representation r̃ = {lj+1} (j = 1, · · · , N) of the SU(N) group as

log dr(N + 1) = log dr̃(N) +
N∑
j=2

log
(

1 + Λ− lj
j − 1

)
+ log

(
1 + Λ

N

)
. (A.3)
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We minimize (A.3) in two steps. First we fix l2 = Λ̃ and minimize (A.3) within this
constraint; then we minimize (A.3) with respect to Λ̃.

In the first step, we consider the first term and the second term separately. The first
term is minimized when lj = 0 or Λ̃ for 2 ≤ j ≤ N by assumption. The second term is
minimized when lj = Λ̃ (2 ≤ j ≤ N). Thus we find that (A.3) is minimized when lj = Λ̃
(2 ≤ j ≤ N) for fixed l2 = Λ̃. Plugging this in (A.3), we obtain

log dr(N + 1) =
N∑
j=2

log
(

1 + Λ̃
j − 1

)(
1 + Λ− Λ̃

j − 1

)
. (A.4)

The second step is to minimize (A.4) with respect to Λ̃. Similarly to (A.2) for the
SU(3) case, we find that each term in the sum appearing in (A.4) is minimized when Λ̃ = 0
or Λ. Thus we find that the statement is true for N + 1. This concludes the proof of the
statement for arbitrary N by induction.

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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