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ABSTRACT: Following arXiv:1907.04737, we continue our investigation of the relation
between the renormalizability (with finitely many couplings) and integrability in 2d o-
models. We focus on the “A-model,” an integrable model associated to a group or symmetric
space and containing as special limits a (gauged) WZW model and an “interpolating model”
for non-abelian duality. The parameters are the WZ level k£ and the coupling A, and the
fields are g, valued in a group G, and a 2d vector AL in the corresponding algebra. We
formulate the A-model as a o-model on an extended G x G x G configuration space (g, h, h),
defining h and h by A, = hd;h~!, A_ = ho_h~!. Our central observation is that the
model on this extended configuration space is renormalizable without any deformation,
with only A running. This is in contrast to the standard o-model found by integrating
out A4, whose 2-loop renormalizability is only obtained after the addition of specific finite
local counterterms, resulting in a quantum deformation of the target space geometry. We
compute the 2-loop S-function of the A-model for general group and symmetric spaces, and
illustrate our results on the examples of SU(2)/U(1) and SU(2). Similar conclusions apply
in the non-abelian dual limit implying that non-abelian duality commutes with the RG
flow. We also find the 2-loop S-function of a “squashed” principal chiral model.
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1 Introduction

Certain 2d o-models have the special property of renormalizablility, meaning they have only
finitely many couplings running under RG flow. This property is expected to be closely
connected with integrability [1-3]: the conservation of infinitely many hidden symmetry
charges should reduce the RG flow in the infinite-dimensional space of o-model couplings to
a finite-dimensional one. Having previously been observed [1-6] only at the 1-loop (Ricci
flow) level, it is important to study this reduction at higher loop orders to confirm its
relation with integrability.

This question of higher loop orders was addressed recently in [7], where we showed that,
starting from 2 loops, renormalizability requires a specific deformation of the classical target
space geometry, which may be interpreted as the result of adding finite local counterterms.

In [7] we focused on the simplest examples of bosonic integrable o-models with 2-
dimensional target spaces. Here we shall consider more general examples with higher-
dimensional target spaces and including B-field couplings. We shall concentrate on a par-
ticular class of integrable models: the A-deformation based on a group G or a symmetric



space G/H (related to the coset o-model) [8, 9] with Lagrangian®

L=k (ﬁpCM(g)+£WZ(9)

FT[J A A K +g ' AigA —A A —(A7 —1)A+PA_]>, (1.1)

1 1
Lpom = —§Tr[J+J_] , dBwz= 6Tlr[JA JNJ), J=g 'dg, K=dgg', (1.2)
1, G
P group space (1.3)
Pg/p, symmetric space G/H,

where g € G, Ay € Lie(G) and Pg,p is the projector onto the orthogonal complement of
Lie(H) in Lie(G). Instead of X it is often convenient to use the parameters v or x defined as

1-—A
=211 =, 14
g ; K=1000 (1.4)
This “A-model” is special due to its close connection to the (gauged) WZW model
L =L + L ,
c(9) = Lrem(g) + Lwz(g) (1.5)

Leu(g,A) = Lrom(9) + Lwz(g) + Tr[JL A — A K +g7'AygA —ALA ]

For example, the A-model for a group G is a deformation of the G/G gauged WZW model
Lg/a(g,A) by the term yAL A_. This model is a particular H = G case of the one
considered in [10-12]

L= k[LG/H(g,A) - 7Tr(A+A,)} , geG, Apelie(H). (16

This “y-model” (1.6) interpolates between two conformal theories: G/H gauged WZW
model (v =0) and G/H chiral gauged WZW model (y = —1) [13].
Let us note also that there is a Zy transformation [14, 15] (see also [12, 16])?

k— —k, A— At ie. k— —k, (1.7)
g—g ', Ay - A —(1-X"HprA,, A= gA g ' —K_, (1.8)

that maps the Lagrangian (1.2) to itself. The preservation of this symmetry at the quantum
level may require a particular choice of regularization scheme (see below). Since the A —
0 (or v — o0) limit of the A-model yields a (gauged) WZW model, we expect this to
correspond to a fixed point of the RG flow. The transformation (1.7), (1.8) then implies
that the same should apply to the limit A — oo (or v — —1). Indeed, in the group space
case the A\ — oo limit of (1.2) is conformal: it is the G/G chiral gauged WZW model,
which, on integrating out A4, gives the G WZW model at level —k. Similarly, in the coset
case we find in this limit the G/H gauged WZW model at level —k.

1Our notation and conventions are summarized in Appendix A. In particular, we use hermitian generators
T of the Lie algebra so that if g = e” € G then v = i T,v" € Lie(G) is anti-hermitian. The action is defined
as § = ﬁ J d’0L so that £ has extra factor of 2 compared to the “conventional” normalization.

2Such a symmetry was discussed in a similar o-model context in [12] (see footnotes 3 and 6 there).



Integrating out the 2d gauge field Ay in (1.2), i.e. reducing the model to the standard
(or “physical”) configuration space, one finds a o-model with parameters k and A. The limit
A — 0 yields the G/H gauged WZW model (or G WZW model in the group space case)
with level k. As in the examples in [7], we shall find that to preserve renormalizability of
this model at the 2-loop level with only the coupling A running, one must make a non-trivial
modification of the classical target space geometry.

At the same time, our central observation will be that, before integrating out AL, the
A-model is renormalizable without any deformation. Changing the variables from Ay to
h,h € G as Ay = hoyh™, A_ = hd,h~! gives a o-model on the extended or “tripled”
(G x G x G) configuration space (g, h, h). It may be interpreted as the sum of a decoupled
G WZW model and a deformation of the G x G WZW model by a particular left-right
current interaction term. In the group space case, the form of the resulting action is then
protected under the RG flow by the underlying chiral gauge symmetries together with the
global symmetries.

For the coset G/H, the A-model is formally defined for any choice of H (with depen-
dence on the choice of H only through the projector P in (1.2)). However, it is known to be
integrable if G/ H is a symmetric space [8, 9].> We shall find evidence that the model is also
renormalizable if G/H is a symmetric space, which is a further indication of a connection
between integrability and renormalizability.*

The A-model (1.2) admits a special limit A — 1, k — oo with h = 2k(1 — \) fixed

1
A=1- ihk*1 +0(k™?), k — oo, (1.9)

1 1
g = exp <—2hk_1v> =1- §hk_1v + 0k, v € Lie(G),
resulting in the following first-order Lagrangian [§]
1
£=ZhTr [U(mA_ 0 A +[A,A)) - A+PA_} . (1.10)

This is an interpolating model for non-abelian duality: integrating out v in (1.10) gives
the principal chiral model (PCM) on group G, or the G/H symmetric space o-model,
with coupling ~ h™!, while integrating out A4 gives the corresponding non-abelian dual
(NAD) model. The renormalizability of the A-model in the extended configuration space
also applies in this limit: although the NAD of a group or symmetric space o-model re-
quires a non-trivial deformation at the 2-loop level [7], the interpolating model remains
renormalizable without deformation. We conclude that, staying at the level of the inter-
polating model, non-abelian duality commutes with the RG flow beyond the 1-loop level
(thus resolving problems discussed in [17-20]).

3In this case it is also related to the standard symmetric space o-model (which is both integrable and
renormalizable) in the NAD limit (1.9).

4For example, for more general cosets the symmetries may not be sufficient to rule out other possible
current-current counterterms not present in the classical action.



To study the 2-loop renormalizability of the above models we will be using the explicit
expression for the S-function of the general bosonic o-model

1 1 TS TS v
S= 4 [RoL=—i [ @0 (I Gula) + *Bula))orat0us

1
= d*0 (Guw(2) + B (2)) 02t o_a” .

(1.11)

In terms of the curvature R“Vpa of the generalized connection f“yp = F“,,p(G) — %H“Vp the
2-loop RG equation can be written as [21-26]

d(Guv + Buw)

(1.12)

. 1~ . 1. . .
=Ry + 3 R Ry — §R””,,RWUT + =Ry (H2)P7 | + ...

1
2
Here t is log of the RG mass scale, Lx is the Lie derivative with respect to the vector X,
corresponding to RG-dependent diffeomorphisms, and dY is an exact two-form, which is a
total derivative when pulled back to the worldsheet. This 2-loop S-function is given in a
particular “minimal” subtraction scheme [23, 24].5

Let us now comment on the motivation behind the present work. In addition to
understanding non-abelian duality beyond the 1-loop level, investigating the A-model and
its quantum corrections is of more general interest in the context of integrable deformations
of superstring actions in special AdS-type backgrounds. Integrability has been a powerful
tool in the proposed solution of the spectral problem for string theory in on AdSs x S° dual
to the large-N maximally supersymmetric YM theory [27, 28]. This motivates the study
of further similar models, potentially leading to new exact solutions of strings in curved
spaces and dual gauge theories. By now there are many examples, including those based
on lower-dimensional AdS spaces [29, 30|, as well as deformed backgrounds, such as the
well-studied S-deformation [31-33].

The A-deformation of the AdSs x S° superstring [34] belongs to a more general class
of integrable deformations not obtained by T-duality. It is a deformation of the non-
abelian dual model of the undeformed superstring model and is closely related to the
n-deformation [35], which is a deformation of the superstring action itself. The latter
generalises the bosonic n-model of [36, 37]. More precisely, the A-model and 7-model are
related by the Poisson-Lie duality [38, 39] (which is a generalisation of non-abelian duality)
and a particular analytic continuation [15, 40-43]. While both models describe a string
propagating in a type II supergravity background [44, 45], much remains to be understood
about their structure. Probing the quantum properties of the bosonic 7-model and A-model
(even though they are not themselves scale-invariant theories suitable for defining string
models) can provide valuable insights into their superstring counterparts. For example,

® Alternative “minimal” schemes are related to this one by (G +B),, — (G+B)uw + a1 Ruw +a2(H?) 4 +
agf%w. Since ,Bfﬁ) = RW it follows that shifts by I:ZW will leave B;ﬁ) invariant. On the other hand, shifts
by Ry, and (H?),, do modify Bﬁ), and hence, in the case of non-trivial B-field, the 2-loop RG equation is
no longer scheme-independent [23, 24]. One other scheme that will be useful in our discussion of T-duality
in section 3 is related to the minimal one in (1.12) by (G 4 B)y — (G + B)u + (H?) 0.



the relation via the Poisson-Lie duality was first understood in the bosonic case. It is thus
natural to first explore the question of quantum corrections by studying the bosonic models.

It is also worth emphasizing that the bosonic models are of interest in their own right
in the context of investigation of general integrable 2d theories. The n-model has played
an important role in generalizing the duality between the deformed O(3) and O(4) sigma
models and massive integrable QFTs [1-3] to higher-rank groups [4-6]. While the dual
theories are quantum-exact, the o-model side of the duality is only understood so far
to leading order in the loop expansion. Therefore, after finding quantum corrections to
integrable o-models consistent with renormalizability, studying their compatibility with
this duality may be a useful way to further explore the conjectured relationship between
integrability and renormalizability.

The rest of the paper is organized as follows. In section 2 we consider the A-model on
the extended configuration space (g, A+, A_). We argue that it should be renormalizable
with only the parameter A running and compute the 2-loop S-function of the A-model based
on general groups and symmetric spaces. As a consequence, the same renormalizability
conclusion holds for the model (1.10) interpolating between the PCM and its NAD, with
the same 2-loop S-function for h as in the PCM (and the same in the symmetric space case).

In section 3 we study the renormalization of the A-model defined by the standard o-
model action, after integrating out AL. In this case its invariance under the 2-loop RG
flow requires a specific deformation of the classical geometry. While in the SU(2)/U(1)
case the required counterterm is simple [7], in the SU(2) case, the corresponding quantum-
corrected o-model action has a rather intricate structure. We also consider a particular
limit of the SU(2) A-model where it becomes T-dual to a o-model for a squashed 3-sphere,
explaining the consistency of the quantum deformation of the original A-model with the
known quantum correction to the T-duality transformation rule. We also discuss the 2-loop
B-function for the NAD of the SU(2) PCM.

Some concluding remarks are made in section 4. In appendix A we summarize our no-
tation and group-theory conventions. In appendix B we compute the 2-loop B-function
for a two-coupling “squashed” principal chiral model that interpolates between the G
group space PCM and the G/H coset o-model, determining also the 2-loop S-function
for the latter.

2 Renormalizability of A-model: extended configuration space

In this section we shall study renormalization of the A-model on the extended configuration
space. It is first useful to draw an analogy with the y-model [10, 11] defined in (1.6) (where
G and H C G are simple Lie groups) that interpolates between the gauged WZW (gWZW)
and chiral gauged WZW (cWZW) theories. Changing variables (A4, A_) — (h,h) as

Ay =ho h™t, A_=ho_ht, h, he H, (2.1)



and using the Polyakov-Wiegmann identity [46], we can rewrite the Lagrangian in (1.6) as
a combination of WZW models (cf. (1.5))

£=k(Lapmlg A) ~¥Tr[AA]) 2
_ k(LG(h—lgﬁ) — La(hh) = A [La(hR) — Lu(h™Y) — LH(H)]) . '

The change of variables in (2.1) results in a Jacobian contributing to the action as [46, 47]

AL = —2¢, (cleﬁ) + qTr[A+A_]>

= -2, (LH(h—l) + Ly (R) + (q— D)Tx[0 hh~ 0k B—l]) , (2.3)
where ¢, = ca(H) is the dual Coxeter number of H and an arbitrary coefficient g
parametrizes the ambiguity of adding a local counterterm Tr[A;A_]. Combining (2.3)

and the classical Lagrangian (2.2) gives
L =kLe(h™ gh)—(k+2c, )L (k™ h)—(ky+2ac,) [Ca(h ™ h)— Ly (b ) =L (h)] . (2.4)

In the special cases v = 0 (gWZW model) and v = —1 (cWZW model), we can choose q
such that (2.4) is a sum of WZW models [10, 11]

gWZW: ~=0, q=0, L=kLg(h  gh)—(k+2c,)Lu(h™'h), (2.5)
cWZW: y=-1, q=-1, L=kLg(h 'gh)—(k+2c,)[Lu(h" ) +Lu(R)]. (2.6)

Since the arguments {§ = h~'gh, h = h='h} in (2.5) or {§ = h='gh, h~', h} in (2.6) may
be treated as independent fields, it follows that these two models are conformally invariant.

For general values of 7, choosing ¢ = —1 as in the cWZW case (2.6), we may
rewrite (2.4) as

L=kLg(§)+ L (h, D), g=hlgheq, h=h"‘eH, (27)

L= —(k+2c,)[La(h) + Ly (h)] + k(1 +~)Txe[h o hd_hh ™). (2.8)

This model is defined on the extended configuration space (Q,iz, h) € G x H x H. The
first G WZW term (which is conformal on its own) decouples and then we are left with
the “truncated” model £’ on H x H which is simply a sum of two group H WZW models
perturbed by the product of the left and right currents. Like the chiral gauged WZW
model (2.6) the Lagrangian £’ in (2.8) is invariant under the chiral gauge symmetry h —
u(a‘)ﬁ, h — hw(oct), u,w € H as well as the global H symmetry h — hvy, h —
Vg 'h, vg € H. As we shall argue for the A-model, these two symmetries imply that the
~v-model is also renormalizable with only one coupling + running.

Let us note that the -model (1.6), (2.2) admits also a generalization similar to the
coset case of the A-model in (1.2): with yA;A_ term replaced by yAy PA_, where P is the
projector onto the H/F coset part of the algebra of H (with F € H C G). When H/F is a
symmetric space this model should again be renormalizable on the extended configuration
space (g, ﬁ, h) € G x H x H due to chiral gauge symmetry.



2.1 Group space

Let us now apply similar arguments to the A-model for the group G, which is given by (1.2)
with P = 1. Taking H = G in (2.1), so that now h, h € G, we obtain (2.4) with H = G and
¢y — ¢ = c2(G). It will represent the A-model as a o-model on a “tripled” configuration
space (§ = h~'gh, h~' h) € G x G x G. Since the q-dependent term in (2.3) is simply
equivalent to a finite quantum (order 1/k) redefinition v — v+ %TGq of the parameter -, we
are free to fix q to a specific value, ¢ = —1, as in the cWZW case (2.6) and in (2.7), (2.8).
This gives the following analog of (2.7)

£ = kLa(3) — k(L + )L™ R) + (ky — 260) [La(h™) + La(B)]
=kLc(g) — (k+2¢.)[La(h™) + La(h)] — k(1 + ) Tr[04hh™t O_hh™1]. (2.9)
We thus obtain the same tripled theory as (2.7), (2.8), now with H — G: the first term

is the G WZW model for g, which decouples from the (ﬁ, h) theory described by the
“truncated” Lagrangian

ﬁ’(i},i}):—;2;(zG(h)+LG(ﬁ)—XTr[iflmiza_Bﬁ—l]), h=h"', heG, (2.10)
7 1ok ki -1
k=k+2c,,, A= e ) = AT AT 00T, (2.11)

L' may be interpreted as the Lagrangian for the two WZW models for the two groups G
with the same level —(k+2c,) perturbed by a product of the left current of one group and
the right current of the other.%

Our central observation is that the model (2.10) is renormalizable with only the cou-
pling A\ (or 5\) running with the RG scale (k should not run as it appears as the coefficient
of the WZ term). Indeed, the structure of (2.10) is protected by the same chiral gauge
symmetry present in the cWZW model (2.6) and in the -model (2.8),

h—u(o™)h, h— hw(o™), u,w € G. (2.12)
This symmetry, together with the global G symmetry
il—);lg(), 71—)90_15, g0 € G, (2.13)

prohibits the appearance of other current-current interaction terms under the RG flow.”

It is then straightforward to compute the S-function for A in the large k& perturbation
theory, which we will do in section 2.3. The two fixed points of the RG flow for (2.10) will
be A = 00, 0, corresponding to A = 0, oo respectively.?

5Similar models were discussed in the past, e.g., in [48-50]. A generalization of this model was also
considered in [51-54], where it was interpreted as a special case of a “doubly A-deformed” o-model. Our
path-integral relation between the A-model (1.2) and the truncated model (2.10) should be equivalent (at
least at the classical and 1-loop level) to the canonical equivalence between the doubly A-deformed model
and two copies of the A-model found in [53] (upon setting one of the two A-parameters to zero). The leading
order in 1/k (1-loop) renormalization of similar models was studied earlier in [55, 56].

"The presence of this symmetry is also a manifestation of the integrability of the original A-model.

8Note that for general values of q in (2.3), (2.4) one gets kA = kX' + 2(1 + q)c, in (2.11). Finite
redefinitions of parameters like k — k and A — X in (2.11) are not important for the discussion of renor-
malization in 1/k perturbation theory, simply reflecting the freedom of scheme choice. They may, however,
correct the 1-loop fixed points A = 0, co of the RG flow.



2.2 Coset space

Next, let us consider the A-model for the coset G/H, i.e. setting P = Pg/y in (1.2).
Repeating the same steps, i.e. using (2.1) to introduce h, h € G, including the contribution
from the Jacobian (2.3), setting § = h~'gh and h=h1 we get

L=FkLq(§) — (k+2¢c.)Lg(hh) + kyTe[h~t0, hPO_hh~Y + 2qc, Tr[h 1, hd_hh™Y].
(2.14)
Classically (i.e. for large k) this model has the expected H gauge symmetry

h — hf, h— f~th, f=flcT,07)eH. (2.15)

To preserve this gauge symmetry in (2.14) let us choose (as in the gWZW case (2.5)) q = 0,
thus obtaining

L =kL:(3) — (k+2¢,)La(hh) + kyTe[h~*0, h PO_hh™Y], (2.16)
= kLG (G) — (k+2¢,) [La(h) + La(R)] + Te[h 4k (k + 2¢, + kyP)O_hh ™.
As in (2.9) the WZW term for the field § decouples, leaving us with
£ (h,h) = %(LG(?LB) ~ (- 1)Tr[ﬁ_18+fLP8,El_z_1]> (2.17)
- —ié(zg(h)+,cg(ﬁ)—Tr[ﬁ—la+ﬁ(1—P) a_ﬁﬁ—l]—XTr[irlaJLpa_ﬁﬁ—l]),
- ky k1 2c
k=k+2c,, )\_1+k+2%—%>\ =N Lok, (2.18)

L' represents the G'x G WZW model deformed by the product of the left and right currents
projected to the subgroup Py = 1— P and the coset Pg g = P. While it is again invariant
under the chiral transformations (2.12), here it is not immediately clear that this theory
is renormalizable with only one coupling running: in principle, different gauge-invariant
projections of the product of currents may appear as independent counterterms. When
G/H is an irreducible symmetric space (which also implies the integrability of the A-
model), the coset part of the algebra of G transforms in an irreducible representation of
Lie(H). Thus the model is renormalizable with only A running since new current-current
interaction terms are prohibited by symmetries.” We shall see this explicitly at the 2-loop
level in section 2.4 below.

In this case the two expected fixed points of the RG flow for (2.17), Al =0 and
A~! = 00, now correspond to A = 0 and A\ = — ;£ due to the shift in (2.18). That is, one
of the 1-loop fixed points, A = oo, is corrected

9Tf the coset directions G/ H transform in an irreducible representation of Lie(H) that is reducible over
C, i.e. decomposes into two complex conjugate representations, then there can be additional real gauge-
invariant terms that respect the chiral symmetry. An example would be iTr[h =18 h(Py — P_)0_hh™!]
where P = P, + P_ and P41 are projectors onto the conjugate representations. Such a term should not
be generated under the RG flow as it is not invariant under ho Bt plus parity, which is a symmetry
of (2.17). More generally, we expect any new terms to be excluded by symmetries.



2.3 2-loop B-function of A-model for group G

Let us now compute the 2-loop S-function for the model (2.10) in the case that G is a com-
pact simple group, explicitly demonstrating its renormalizability with only one parameter
A running (the 1-loop B-function for this G x G model was computed in [52, 54]).!° We
shall use large k perturbation theory with A arbitrary.

Let us introduce the basis {7} for Lie(G) (see appendix A for conventions). In a
slight abuse of notation, we shall use the indices a and @ for the two G-valued fields h and
h in (2.10) respectively (with the tangent space index for G' x G denoted as A = {a,a}).
As in [54] we introduce the vielbein

B = (&%) = ( 1—X2J% K%+ XJ“) ) (2.19)
JO=Tr [Taifldf}} : K® = Tr [T°dhh ] | (2.20)

where J* and K% are the currents that appear in the deformation term in (2.10). Up to per-
mutations, the non-zero components of the metric and H-tensor of the G x G model (2.10)
are (cf. (1.11))"

k
Gas = Gap = 5000 (2.21)
H __%m(l-i-?x)f H_; ——Ef H- __Eif (2.22)
abe — 9 (1+5\)2 abc » abec — 2 abc » abec — 21+5\ abe - .

Our aim is to compute the corresponding S-function in (1.12). Let us formally define the
torsion as T4 = %HA BcEP A EC where the tangent space index is raised with the inverse
of the metric (2.21). Then from the Cartan structure equation dE4 +&04p A EB = T4, we

A

obtain the torsionful spin connection &4 5 = @4 g EC with non-zero components

V1- 22

The non-zero components of the curvature, R4 g = do p+04c N5 = %RABCDEC/\ED,

- _ b\ _
A+ 1% = 0% = Y. <_ec + ec> : (2.23)

are then found to be
N— Da 3 pa pa x a c
()\ 2 1)R bde = —V\/ A2 — 1R bde = R bde — 7(1 n 5\)Qf bcf de - (2.24)

Plugging (2.24) into (1.12) one obtains

dim G 3 2 3 Y
2c. A2 4l M1 -2)) .
Wt @da = Y | et e S 2 peg Rt (225
(B + By Tl [T S ER NI VLT Y )

0n the standard configuration space the 1-loop S-function of the A-model for group space G or sym-
metric space G/H can be extracted from [12] and was also explicitly computed in [57, 58].

Note that in our conventions (with hermitian generators 7%, see Appendix A) the vielbein defined in
(2.19) and the components Hapc ~ fapc in (2.22) are imaginary but the 3-form H = %HABCEA/\EB/\EC
is real.



Here ® indicates that the product is not symmetrized. We conclude that only the -
dependent term in (2.10) gets renormalized, i.e. the 2-loop RG equation (1.12) is solved
with X# =Y, =0 and

A2 2. N(1-2)\)

—k=0, —A==¢ | 4+ =< . — . 2.26
dt dt E[(1+X)2  k (1+X)5(1-=)) (2.26)

Here the 1-loop term agrees with [57, 58] (recall that A = A ' + ... and k = k + ...,
cf. (2.18)). Note also that, while the Lagrangian (2.10) is linear in A, the non-polynomiality
of (2.26) in X is a direct consequence of the exactness of the g-model S-function (1.12) in
the metric G.

The level k is thus RG-invariant as it should be and, as expected, A = oo, 0 are fixed
points of the RG flow. Expressing k& and A in (2.11) in terms of k and the coupling &
using (1.4), we find

d ce(1— k)2 (1 — 10k — 3K?)

d Ca 22
k= —k=-%(1- 1 2.2
ai" =0 i~ ) 8k (2.27)
At the fixed point £ = 1 (equivalent to A = 0 or A = o), the A-model reduces to the
G WZW model with level k. The other fixed point K = —1 (equivalent to A = oo or
A =0) is the G/G ¢WZW model, which reduces to the G WZW model with level —k after

integrating out the gauge field.'?13

Note that the 2-loop term in (2.27) is scheme-dependent: it can be changed by redefin-
ing k by a 1/k term (or shifting k by a finite term).!'* Even though k is not running, we
effectively have a 2-coupling theory (with 1/k playing the role of a loop-counting parameter)
so only the 1-loop term in the S-function (2.27) is scheme-independent.

In a general scheme, the symmetry k — —k, A — A~! (1.7) of the 1-loop RG equation
in (2.26), (2.27) is not manifest at the 2-loop level. To preserve it requires a particular
formulation of the quantum theory, i.e. a specific definition of the couplings, or choice of
scheme. For example, if we redefine the parameters as

1=

(R 2) = (k.3) Feke,, 5\:5\[1+ch‘ m] (2.28)

then the RG equation for A resulting from (2.26) is

-2 A2 2 A2 A+ Aat-1
dy_2e N [ 2 N AN ] (2.29)
dt k(14 k (I+X)?2 1-)2
which is invariant under the following quantum version of (1.7)
k — —k, A=At (2.30)

12To compare, for the PCM model plus WZ term £ = hLpcm + kLwz (which becomes the WZW model
for = 2 = 1) the 2-loop RG equation for s [23, 24, 59, 60] is % = “G (1 — 572) [1+ 2 (1— 357%)].

13Taking x = 0 or A = 1 with finite k (in contrast to the NAD limit (1.9)) gives the G/G gWZW model
in which one can fix a gauge so that the remaining degrees of freedom correspond to the Cartan torus.

MFor example, the 2-loop term in (2.26) will depend on the parameter ¢ in (2.3), (2.4), cf. footnote 8.
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Note that here k = k + ¢ is the same as the shifted level of the WZW theory. It is also
worth observing that (2.28) is not the only redefinition that restores the symmetry (1.7).
Indeed, even restricting to those that preserve the existence of the fixed points and the
NAD limit discussed below, there are many.

In the NAD limit (1.9) (i.e. kK = $hk™!, k — o0) the 2-loop RG equation (2.27)
becomes
ih =c, + 102 h™t. (2.31)
dt ¢ 2%©
Here the 2-loop term is scheme-independent since this is now a l-coupling theory. As
verified in appendix B, the S-function (2.31) matches the standard expression (see, e.g., [21,
61, 62] and footnote 12) for the 2-loop S-function of the PCM on a compact simple group
G (with the coupling h = 2g72). As in the SU(2)/U(1) example discussed in [7], this
demonstrates that the NAD of the PCM has the same 2-loop S-function as the PCM itself,
extending the previous conclusions [63, 64] on the 1-loop quantum equivalence of models
related by the non-abelian duality to the 2-loop level.

2.4 2-loop B-function of A-model for symmetric space G/H

We now turn to the case of the A-model based on the compact irreducible symmetric space
G/H, explicitly demonstrating its renormalizability by computing the 2-loop S-function
for the model (2.17). The computation runs analogously to the group space case discussed
in section 2.3. We decompose the basis {T*} of Lie(G) according to the Zo grading of the
Lie algebra with {T%} spanning Lie(H) and {T"} its complement (cf. appendix A).!® The
tangent space index for G x G now splits as A = {a;a} = {a,i;a,7}, with the unbarred
and barred indices corresponding to the two G-valued fields h and h.
Here we use the vielbein

EA = (€, e, e, e") = ( 1—X2J% KP4+ A\, J + K&, Jo — KO‘) . (2.32)

Up to permutations, the non-zero components of the metric and H-tensor are

géij, Gap = 650[5, (2.33)

Gij = Gy = 5

k k k
Haﬁ’Y = _gfaﬁ"/v Hozij = _§fon'ja Hoﬂj = _§foﬁj- (2.34)

The H gauge symmetry of the model (2.17) is manifested in the vanishing of a-components
of the metric and the H-tensor.

As discussed in appendix B for the coset o-model (see above eq. (B.15)), there are
various approaches that can be used to treat the H gauge symmetry. For example, we may
take (iL, h) € G x G to be parametrized by the 2dim G — dim H physical degrees of freedom
and understand e® = J*— K® as expanded in the vielbein (e’ €’,e®). Alternatively, we can
lift the degeneracy of the metric by setting G5 = 5%(5(15, then project out the @ directions
and finally set the regulator ¢ to zero.

5Tn addition to the identities in appendix A here we have fag; = fijx = 0 from the Zo grading of Lie(G)
(see (A.4)).
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Using either of these methods to compute the torsionful spin connection and the cor-
responding curvature, the non-zero curvature components are given by

(5\_2 — 1)Rijkl = —\/Hi—léijk[ = éij]}[ = fijafakl : (2’35)

Plugging this into the RG equation (1.12), one obtains

dim G—dim H
(ﬁ,(fy) + B,(ﬁ,)) dr* @ dx¥ = Z

1=1=1

CfGS\<CH — (2CG — CH>5\2)
k 1— A2

CoM+ J' @K', (2.36)

Here c,, is defined in terms of the index of the representation of H in which the coset
directions transform, as described in appendix A. In the case that G and H are simple, c,,
is proportional to the dual Coxeter number of H.

We conclude that only the A-dependent term in (2.17) gets renormalized, i.e. the 2-loop
RG equation (1.12) is solved with X* =Y, = 0 and

d -~ d~ ¢, N le, — (2¢, — ¢, )A2
7k: 7)\: Ci 1 TH G.. H . 2
7 0, a i [ +k Y ] (2.37)

The 1-loop term agrees with [57, 58]. The level k is RG-invariant, and, as expected,
A = 00,0 are fixed points. Expressing k£ and A in (2.18) in terms of k and the coupling
using (1.4) we find

d d c

2 — k=5 (1— 2 CG(
@t =0 " Qk[( w7+

1—k)2(1+ 4k — K?) —c, (1 —
2kk

“4)] . (2.38)

The fixed point k = 1 corresponds to A = 0 (:\ = 00), that is when the A-model reduces
to the G/H gWZW model. The other fixed point, which corresponds to the G/H gWZW
model with level —k, is corrected and is given by k = —(1 + 4CTG) (cf. (2.18)).

As in the group space case (2.27) the 2-loop term in the S-function (2.37) is, in general,
scheme-dependent. Again, we find that the symmetry under & — —k, A — A~ in (1.7),
present at the 1-loop order is not there in the 2-loop term of (2.37). However, after
introducing the shifted level k = & — ¢, =k +c, as in (2.28), the 2-loop RG equation for

A (2.37) becomes
ds e 1 1432
Bl W — e — A
dt k k(CG CH) 1 _ )\2 9

(2.39)

which is manifestly invariant under k — —k, A — 5\_1, a quantum version of the symme-
try (1.7) of the original couplings (cf. (2.30)).
In the NAD limit (1.9) we get from (2.38)

d
-l =2c5 +deg(cq — ¢, )bt (2.40)

with the 2-loop coefficient being scheme-independent in this 1-coupling limit as in the
group space case (2.31). As verified in appendix B, (2.40) matches the expression for the
2-loop p-function of the G/H symmetric space o-model (reproducing in particular cases
the results in [62, 65—67]). This demonstrates that the symmetric space o-model and its
non-abelian dual have the same 2-loop B-function.
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2.5 Low-dimensional examples: A-models for SU(2) and SU(2)/U(1)
Let us first study the simplest case of the model (2.10), i.e. with G = SU(2). Parametrizing

h = exp(igos) exp(ifo ) exp(ithos) , h = exp(i¢o3) exp(ifo1) exp(ithos), (2.41)

where o, are the standard Pauli matrices, we find the following 6-dimensional metric and
B-field (G = G datdx”, B = %Buydaﬁ“ A dx)

G=Go+G1, B=Bg+By,

Go = —k(d0?+d¢? +dp® +2 cos 20ddip +d6> +dp? + dip® +2 cos 20dpdi)) ,

By = —k(cos 20dé Adip+cos 20dpNdi))

Gy =—2kA [cos2(1+¢)(dOdf —sin 20 sin 20ddde) ) + (dip +cos 20d @) (dp+cos 20dy))
+sin2(1+ @) (sin 20d¢df+sin 20d6dy)]

Bi = —k\[cos2(¢)+¢) (dOAdO—sin 20sin 20dd A dep) + (dyp +cos 20dp) A (dp+cos 20dr))
+5in2(1)+¢) (sin 20dp A df+sin 20d6 A dip))] (2.42)

One can check explicitly that this metric and B-field solve the 2-loop RG equation (1.12)
with vanishing X# and Y),, and the couplings running as in (2.26) (with the dual Coxeter
number of G = SU(2) given by ¢, = 2).

Next, let us consider the A\-model (2.17) for the symmetric space G/H = SU(2)/U(1).
Using the parametrization for h and h given in eq. (2.41), we find that the correspond-
ing target space background depends on v and ¢ only through x = v + ¢, which is a
manifestation of the U(1) gauge symmetry. The resulting 5-d metric and B-field are

G=Go+Gy, B =By +Bi1,
Go = —k(d0? + d¢? + dO? + dip?), By =0,
Gy = —2kA [ cos 2x(dfdf — sin 26 sin 20dpdip) + sin 2 (sin 20d¢df + sin 20d0di)) ]
+ kdx? — 2k(dx 4 cos 20d¢)(dx + cos 20d))
By = —I;:/N\[cos 2x(df A df — sin 26 sin 20d¢ A dip) + sin 2x(sin 20d¢ A df + sin 20df A dip)]
— k(dx + cos 20d¢) A (dx + cos 20di)) . (2.43)

Again one can check explicitly that this metric and B-field solve the 2-loop RG equa-
tion (1.12) with vanishing X# and Y),, and the couplings running as in (2.37) (with the
dual Coxeter number for G = SU(2) given by ¢, =2 and ¢,, = 0 for H = U(1)).

3 Renormalization of \-model: standard configuration space

In section 2 we demonstrated the 2-loop renormalizability of the A-model (1.2) for general
groups G and symmetric spaces G/H. It is then natural to ask what this implies for the
model on the standard or physical configuration space, i.e. the o-model found by integrating
out A4 in (1.2). Doing so classically gives the following Lagrangian

L=k (EPCM(Q) + Lwz(g) + Te[J, M1 K,]) , M=Ad,~T+(1-X"YHP. (3.1)
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Similarly, for the NAD model (1.10) we find
1
L=—5hTr [Oro Mo 0], M =ad, + P. (3.2)

The integration over Ay may also give rise to quantum counterterms required to preserve
the renormalizability of (3.1) at 2 loops [7]. It is natural to expect that, since the term
quadratic in Ay in the Lagrangian (1.2) has the form Tr[A4 M A_], these corrections may
depend on the matrix M in (3.1), but determining their form in general appears to be non-
trivial. Here we will focus on the examples of the A\-model for the SU(2)/U(1) symmetric
space and SU(2) group space.

3.1 SU(2)/U(1)

The A-model for SU(2)/U(1) is related by analytic continuation to that of SU(1,1)/U(1),
which was studied in detail in [7]. Here we briefly summarize certain key points of the dis-
cussion there. Fixing the U(1) gauge symmetry by choosing the following parametrization
of the coset element

g = exp(iaos) exp(iffos), cosa = \/p%+¢2, tan 8 = b , (3.3)
q

the o-model (3.1) yields the following classical metric (the B-field is trivial in 2d target
space and k is defined in (1.4))

k
5 (K dp® + k™ 1dg?) . (3.4)

Go=-—
1-p?—g¢q

The observation in [7] was that this metric should be modified by a particular quantum
correction from the determinant [68] resulting from integrating over Ay

[dlog(1 —p* — ¢*)]°. (3.5)

1 2 1
0G = —i(dlogdetM) =3

The 1-loop corrected background G = Gy + dG then solves the 2-loop RG equa-
tion (1.12) with

d 1(1—x%)? d 1 5
Sl PR W S A k= (1- 3.6
dt tE e @ = F ) (3:6)
and
—-1,.2 2 —-1,2 2
p K K p°+kq qK I | K p°+kg
xp=_L g BB PTRG ) g ARy 2 R PRy ),
kk k k:(l—p2—q2)} k‘[ k‘fi+k‘(1—p2—q2) .

(3.7)
In this analysis the symmetry (1.7) of the 1-loop RG equation in (3.6) survives at the 2-loop
level. Indeed, while the leading 1-loop terms in (3.6) agree with the RG equations (2.38)
found from the analysis on the extended configuration space, they deviate at the 2-loop
order. Since the 2-loop terms in a two-coupling theory are generally scheme-dependent, we
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can, in fact, match the two S-function expressions by redefining the parameters in (3.4)

as follows!6 )
A Gkl o m—m+4(1k_“). (3.8)
K

Note that in the x — 1 limit the level k remains unmodified, in agreement with this limit
corresponding to the SU(2)/U(1) gWZW model.

3.2 SU(2)

Let us now return to the A-model for the group SU(2). Parametrizing the group element as
g =exp [ —iarcsina (cos oy + sin B(cosy o3 — sinya1))] (3.9)

we obtain from (3.1) the following 3d classical o-model metric and B-field [8]7

2 2
Go=k [/{ (1da o2) + Kz (dﬁ2 + sin? ﬁd’y2)} , A=r?+ (1 — HZ) a?,
2 /1 — a2
By =k (arcsina - W) sindpg Ady, (3.10)
kOéQ 2 2 .
Hyg = dBgy = Ty [26° + (1 — k*)A] sin Bda AdB A dy.
—a

It is possible to ensure the 2-loop renormalizability of the model by adding to this classical
background special quantum counterterms. The resulting 1-loop (1/k) corrected back-

ground is
GGyt 2R
T 0T T (1 - a?) A2 “o
k a ka1 — o2
B =—-Bp—2| arctan — sinfBdg Ady, 3.11
- Bo ( 3 X ) Bdp A dy (3.11)
k 4Kka’ 4+ (1 + 52)2
H=-Hy— —2% K=kt M)
7 Ho mAzsdea/\dﬁ/\dv, k+ 1
This corrected background (3.11) solves the 2-loop RG equation (1.12) with
d (1-#2)° (5 + 3x2) d (1-r2)° (1-r2)?
Tk=0+ , L= 1— . (3.12)
dt 8k k2 dt 2k kr

and the only non-zero component of X* being (Y, = 0)

o _ @ (1—0a?) (1-r?) N 202K2(1 — K2) — (3 — 2K2% + K1) A? (3.13)
= K . .
kA kA2
5The most general redefinition achieving this is (C1 and C» are free constants) k — k — % +2Cy

and k — Kk + 2 [(1 — K) (1 — (14 K)C2) — 2C1 (1 — K*) arctanh k).
"The WZ term in kLwz(g) contributes k(arcsin o — a/1 — a?) to the B-field.
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Again, in this analysis the symmetry (1.7) of the 1-loop RG equation in (3.6) survives at
the 2-loop level and, while the 1-loop S-functions for k& and x match those found in the
extended configuration space approach, i.e. (2.27) with ¢, = 2, the matching of the 2-loop

terms is only achieved after the following redefinition'®
4+ (1+ k2?2 1—k)2(1
k—>k—+(4+ﬁ) +2, T K)k( 5, (3.14)
K

As in (3.8), the level k is not modified in the WZW limit £ — 1.

Note that the coupling k defined in (3.11) does not run at 2-loop order, 4k = 0.

»di
This is consistent with the fact that k& does not run in the extended configuration space

approach and the particular shift (3.14) required to recover (2.27) from (3.12). This RG
invariant k is the coefficient of arcsin o (present in By in (3.10)) in the 1-loop corrected
background (3.11). Choosing it to be integer-valued removes the global ambiguities arising

from the arcsin o term. Furthermore, given that under a large transformation'®

d(arcsin o) = sign k d(arctan ), (3.15)

a
V1 — a?

2 in (3.11) is integer-valued, this term does not lead

and that the coefficient of arctan

KV1—«a
to any additional ambiguities. The quantization of the flux
L Hy =k 1 H=k-2 (3.16)
472 0= 42 N ’ ’

also supports the identification of k as integer-valued.

In the case of the SU(2)/U(1) A\-model it was possible to write the 1-loop corrections
in a simple way (3.5) in terms of the matrix M as defined in (3.1). Let us try to do
the same for the 1-loop corrections (3.11) to the SU(2) A-model. Since the SU(2)/U(1)
counterterm (3.5) took the form AL = §(dlogdetM)? = (Tr[M ~*9M])?, we may consider
counterterms (with coefficients ¢;) built out of the quantity M ~*9M. In addition, we may
also include counterterms (with coefficients d;) proportional to the terms present in the
classical Lagrangian (3.1) (and its image under parity). As a result, we are led to the
following ansatz

AL = ¢1(04 logdetM)(0- log det M) + caLpcem (M) + csLwz (M)

3.17
+diLpen(g) + doLwz(g) + dsTe[J, MK |+ dyTe[J_ M 'K,]. (38:17)

We find that this matches the required 1-loop corrected background (3.11) provided the
constants ¢; and d; take the following values
3+ kK 2(1+ k)

o= ——-—"2=, cg=1, (3.18)

AT o0 k) 1-r

di =0, do=k—k-2, dgzé[k—k—i—(hl—m_l)], d4:—%[k—k‘—3(1+f<‘1)].

¥ The most general redefinition achieving this is (C1 and C are free constants) k — k — # +2Ch
and &=k — 5[(1= k)1 +r)(1+ (14 £)C2) 4+ (C1 — 1)(1 — £*)((1 — %) arctanh k + K)].
9Note that arctan H\/i? = sign Kk arcsin % and a = % for « =0, +1.
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Combining the quantum counterterms (3.17) with the classical Lagrangian (3.1) allows us
to represent the o-model corresponding to the 1-loop corrected geometry (3.11) in the form

L=k Lpcm(g) + (k—2)Lwz(g)
+ %Tr[(k +E+ 1+ )M K — (k—k = 3(1+ ﬂ_1>)J—M_1K+} (3.19)

2(1
- 3—1-7/%(8+ log detM)(0_ log det M) — (1;’—:)

2(1 — k) Leem(M) + Lywz(M).

Note that in the WZW limit x — 1 when the RG invariant k in (3.11) reduces to the usual
shift of the level
k| _, =k+2, (3.20)

the other corrections to the metric and B-field in (3.11) vanish, so that the expression
in (3.19) indeed reduces to the standard WZW Lagrangian k[Lpcwm(g) + Lwz(g)]. >

3.2.1 SU(2) x U(1) invariant limit: abelian T-duality to squashed 3-sphere

Let us consider the formal limit

a — sin(a + i() , ¢ — o0, (3.21)
in which the 1-loop corrected background (3.11) becomes?!
ko 2 2 kr 2 | in2 2
G= (ﬁ—i—ﬁz) do” + 1_H2(dﬁ + sin® fdy*), (3.22)
4+ (14 K2)° 44 (14 12)2
B= k++(4+/€) asinfBdf ANdy, H= k++<4m sin Bda A dfS A dy .
K K

The resulting metric and H-tensor have SU(2) x U(1) symmetry (while, as usual, the B-field
cannot be written in a way that is manifestly invariant). The background (3.22) solves the
2-loop RG flow equations (1.12) with the parameters running as in (3.12) and X* =Y, = 0.

Focusing on the classical part of (3.22) by taking k large, we may shift the B-field by
a closed 2-form in order to make translations in « a manifest symmetry

R

2 (dB? +sin® Bdy?)| | B = kcosfBda Ndy. (3.23)

1
C=k [daz—i-
K

Applying T-duality in the « direction we find the metric of the squashed 3-sphere (which
also has the interpretation of the n-deformation of the SU(2) PCM, cf. [69])

G=k |:I€(d6£ — cos Bdy)? + il

= (dB% + sin® Bdy?)| . (3.24)

20While the coefficients 2?1*;",{) and % blow up in the limit x — 1, the corresponding M-dependent

expressions vanish faster. Note also that arcsin o = arctan —=

—a2?’
21'We have dropped trivial (i.e. closed 2-form) contributions to the B-field such that only the arcsin o —
a+1i¢ ~ « term in (3.11) gives a relevant contribution in this limit.
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To extend this relation to the quantum level, let us use the 1-loop corrected form of the
T-duality transformation given in [70] (see also [71, 72]) in an alternative scheme related
to ours by

1
(G+B)uw — (G +B)u + Zwa . (3.25)

Starting with the background (3.22) and implementing this scheme change gives

o2 (1-#2)? ki 1 &2
G = <+2+(H)> da2+< HQ-i- K)(dﬁg—i-SinzﬁdWQ)a
K R 1

2k2 - K 2
(3.26)
44 (1+#2)°
B=|k+ ———— ) cosBda Ady.
4K
This is a special case of a general ansatz
G = e?(da + Vipda™)? + G, dz™dz" Gl = Gmn — Vi Vi,
1 (3.27)
B =W, dz™ Ada + iandxm Adz™, ™ ={B,v},

where ¢ is a constant, V;,, = 0 and B,,,, = 0. Then the 1-loop corrected T-duality trans-
formation rules simplify to (W, = 0 Wy, — 0, W)

Wm =0, Bimn =10,

(3.28)
where the 1e=¢W,,,, W™ term is the 1-loop (or o/ ~ ) correction [70]. As a result, the
T-dual background is found to be

mn

- 1 _ - ~
$=—p+ 1€ W WM™ Vin = W, G . =Gl

kiﬁ } 2 2 in2 2
n2+2(1 k%) | (dB*+sin” Bdy?) ,

B

(3.29)
B=0,

where we have rescaled &.?2 This background (3.29) indeed solves the 2-loop RG equa-
tions (1.12) with the parameters running as in (3.12) and X%%7 = Yz 5., = 0.

On symmetry grounds, the o-model for the squashed 3-sphere (3.24) is renormalizable
to all loop orders (without the need for counterterms of different form) [20] (see also
appendix B). Indeed, this is consistent with (3.29) as the coupling redefinition

- 3+ it 1— A2
k=k— ;F” : k=Rt (3.30)
K

gives simply (cf. (3.24))
R

a2 (dB? + sin® Bd~?)| . (3.31)

G= l}:[/%(dd — cos Bdy)? +

We thus find another example (in addition to the one discussed in [7]) of how the required
loop corrections to the T-duality transformation rules naturally appear from the deforma-
tion under the RG flow of more general integrable models. Similar higher-loop corrections
are expected for non-abelian (and also Poisson-Lie) duality.

22 As the dual B-field is vanishing, undoing the scheme change (3.25) has no effect.
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3.2.2 Non-abelian dual of SU(2) PCM
In the case of the SU(2) A-model in the coordinates (3.10), the NAD limit (1.9) amounts to

1
a — Ko, K — th_l , k — oo, (3.32)

where h and the new coordinate « are fixed. In this limit the 1-loop-corrected back-
ground (3.11) becomes

h 204 h a?

_|R 2 N 2 207 2
6= [+ ) 0 g a (49 02).
h+5 o 2a .
B= 1 (1+a2)+1+a2—2arctana]smﬁdﬁ/\d’y,
'h+5a?(3+ a?) 40 ,
H= - sin Bda A dfB A dry . .
I I a2 (1o sin Bda A dp A dry (3.33)
It solves the 2-loop RG equations (1.12) with
Ly o on (3.34)
dt ’ ‘
2 4(5 + 502 + 3at + ab)
X“zi[l— 2y _ XU =Y, 5.=0. (335
h(l + a?) (1 —a) h(1+ a?)? By (3.35)

The RG equation (3.34) for h follows also by taking the limit (3.32) in (3.12). It matches
the 2-loop running of the coupling in the SU(2) PCM (cf. (B.11)). The limit of the dif-
feomorphism vector X (3.13) gives (3.35) after taking into account an extra contribution
due to the RG-dependent rescaling of « in (3.32).

We can also take the NAD limit (1.9) in the corrected Lagrangian (3.19), thus getting

L=- (;h + Z) Tr [0 0o MO 0] — gTr [0_v M, 0]

(3.36)
3
5 (04 log det M) (0—log det M) — 2PCM(M) + WZ(M) .
Setting ‘
v = —%a[cosﬁag%—sinﬁ(cosvo*g—sinval)} , (3.37)
we recover the expected o-model with couplings given by (3.33).
Taking the further limit of infinite shift of «, i.e.
a—a+/l, {— o0, (3.38)
in (3.33), we find
h h h
G= Z 8 do? + Z(dBZ + sin? 5d72) , B= R cos Bda A d, (3.39)

where we have dropped a trivial (closed 2-form) contribution to the B-field in order to make
the shift-symmetry of a manifest. The resulting background is thus R x S? supported by
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a constant H-tensor. Changing scheme as in (3.25), T-dualising in « using the rules in
eq. (3.28) and rescaling & we find??
~  h+2
G= % (dﬂ2 +da? + dy? —2cos 3 ddd'y)
= (h +2)(d6* + sin® 0 dip* + cos® 0 dx?)

(3.40)

i.e. the SU(2) PCM with the S? radius-squared equal to h + 2.4 Here & = ¢ + x, 7 =
Y —x and 3 = 20. Let us also note that in the limit & — ea, h — £72h, € — 0, the
background (3.33) becomes flat with vanishing H.

4 Concluding remarks

As we have seen above, formulating the A-model on extended (G x G x G) configuration
space “linearizes” the RG flow, i.e. makes its renormalizability manifest without the need
for extra local counterterms apart from running of the coupling A. The same is true in the
limit (1.9) that gives the interpolating model for non-abelian duality.?”> Using this relation
we demonstrated that the PCM and symmetric space o-model have the same 2-loop -
functions as their non-abelian duals, thereby extending their quantum equivalence to the
2-loop level.

One open problem is how to interpret the local counterterms required for 2-loop renor-
malizability of the A-model defined on the standard configuration space (3.1) starting from
the manifestly renormalizable theory on the extended configuration space (2.2). In the
simplest example of SU(2)/U(1) model the origin of the counterterm (3.5) can be traced to
the determinant resulting from integrating out the 2d gauge field [7]. However, in the SU(2)
model with 3d target space the derivation and structure of the rather intricate counterterms
in (3.19) and (3.36) are not immediately clear.

Another interesting question is to understand how integrability implies renormalizabil-
ity and if renormalizable o-models should always be integrable.? Whether this relation-
ship should be with classical or quantum integrability is also of interest. Indeed, there are

ZNote that, since we now have a 1-coupling theory, the 2-loop A-function (3.34) is scheme-independent
and the shift of h here is not in contradiction with the results above. Indeed, sending h — h+2 leaves (3.34)
invariant to 2 loops.

2INote that in the case when S® is interpreted as a coset SO(4)/SO(3) the coupling of the symmetric
space o-model is given by h = 2R? (cf. footnote 36).

25 A similar approach may also be useful for clarifying the higher-loop deformation in abelian T-duality.
In this case the model on the “tripled” configuration space can be found from the interpolating model for
abelian T-duality. For example, consider the metric G = dy?® + a(y)dz? and its classical dual G = dy® +
a”'(y)dz?* with the interpolating model given by L = (8,y)*+a(y)(A,)? +Ze"* F,s such that y is a spectator
coordinate. If we integrate out Z to give A, = 0,x we recover the original model for z. If we integrate out A,
we find the T-dual model for Z. If instead we set A1 = J1x and integrate out Ay we get the “doubled” model
of [73] for x and & (equivalent to the “axial” gauge choice in the appendix of [74]). The “tripled” model for
(x,%, %) is obtained by setting A, = Orx+€,-50°%: L = (8ry)® +a(y)[(0rx)? — (0rZ) 426" 0,205 T) 4 0, 0" T.
This may be interpreted as a o-model on 4-dimensional target space with pp-wave metric and B-field.

26Here we consider only o-models without potential terms. Adding potentials one can certainly arrange
to have renormalizability in perturbation theory without having integrability. So, in general, integrability
may imply renormalizability but not vice versa.
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well-known cases in which the classical integrability is anomalous, e.g. the bosonic CPY
model [75, 76] (see also [77, 78]). However, this does not appear to be reflected in the 2-loop
renormalizability. For the CPY model it has been conjectured that quantum integrability
can be restored by including an additional free field [79] in the classical limit (related mod-
els have also appeared in [80, 81]). The precise way in which this occurs and how it can be
understood in the “tripled” configuration space remain to be understood. An alternative is
to consider the supersymmetric CP? g-model in which there is no anomaly [82]. It could
also prove insightful to redo the analysis in this paper for such models.

A potentially useful application of our results is to the n-model of [36, 37] and Poisson-
Lie duality. Up to analytic continuation, the n-model and A-model are related by limits
and T-duality [15, 43] or by Poisson-Lie duality [15, 40-43]. These connections may be
used to investigate both the renormalizability of the n-model and higher-loop corrections
to non-abelian and Poisson-Lie duality. In our analysis of the A-model we have computed
the 2-loop [-function of the models (2.10) and (2.17). It would be interesting to extend
this to the more general “doubly A-deformed” models constructed in [51-54].

Another obvious generalization is to o-models on supergroups and supercosets (see,
e.g., [29, 58, 83, 84]) where a generalization of our 2-loop S-function expressions would,
e.g., check the 2-loop finiteness of the model of [34].
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A Notation and conventions

Our conventions for the non-zero components of the 2d Minkowski metric 7,.s and the
Levi-Civita symbol € are, respectively, ngg = —ni1 = —1 and 9! = —¢!® = 1. The 2d
light-cone coordinates are defined as o= = (0 £ o) so that 04 = 9y + 9;. For n-forms
%Hil...indxil A Adxtn.

For an irreducible finite-dimensional representation of the compact simple Lie group
+27

we define components in the standard way: H,) =

G we normalize the generators {7*} and the invariant bilinear form such tha
[T, T = [T, Te(T°T") = 6%, fPcfara = —2¢50,  cq=c2(G), (A1)

where c2(G) is the dual Coxeter number of the group G and indices are raised and lowered
with 6% and its inverse. This implies that Tr is related to the usual matrix trace, tr, by

B 1
2Xo r

tr, (A.2)

2TThis means that we have hermitian generators and imaginary structure constants.
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where x,, 5 is the index of the representation.®® It then follows that

fadefbeffcdf = Cgfabc- (Ag)

In the coset case, G/H is assumed to be a compact irreducible symmetric space.
Introducing the orthogonal splitting {T?} = {T% T*}, where {T®} are the generators of
H, we have Tr(T%T%) = 0 and the non-zero commutation relations are given by

[Ta7 Tﬁ] — fo‘ﬁwTV, [Ta, Ti] _ faijTj ’ [Ti’ Tj] — fijaTa _ (A4)
In the computation of the 2-loop RG flow we make use of the identities
fmjfﬂjiZQXH,G/HCSQB, FO*: fokj = —Ca0ij

1 (A.5)
FOmLBR fori Famg = —§famlf5lmfak¢fﬁkj =cg(ce—cy)dij, Cy =Co—Xug/m s

where X, ., is the index of the representation of Lie(H) in which the coset directions
transform, i.e. of the matrices (f*)%; = f*';. When both G and H are simple we have that

cy = ;C’—’RCQ(H) where ca(H) is the dual Coxeter number of the group H and x,, , is the
H,R ’

index of the representation {T%} of Lie(H). For more general subgroups H the constant c,,

takes a more complicated form. In the case of type II symmetric spaces, i.e. HgH , we have

¢g = c2(H) and ¢, = Lco(H). Finally, the expressions for the dual non-compact irreducible

Riemannian symmetric space can be found by the formal substitution k — —k.29

B 2-loop B-function of squashed PCM and G/H coset o-models

Let G and H C G be compact simple Lie groups and G/H be a compact irreducible
symmetric space. Below we shall consider the renormalisation of the “squashed” PCM
model with action 8§ = ;- [ d?0 £ where®

1 o 1 . . ~
L= —Sh(JiJE +eJI2) = =5 (WL + RI2), (B.1)
Jg = (JE,JL) = Te(Tg ' oxg), h=he. (B-2)

Z8We use a somewhat unconventional normalization of the generators and thus the structure constants
(by a factor of v/2) compared to the standard relations tr(77°T"%) = xGYR(S“b and f'cfiyg = —Cgdeca-
Nevertheless, our normalizations are consistent with the standard values for the indices of representations.

1
= Xsp(N),fund — 2 and (for N > 5) Xso(N),fund — 1,
while for the adjoint representation the index is equal to the dual Coxeter number: Xgy () .4; = €2 (SU(N)) =
N, Xsp(N)adj = c2(Sp(N)) = N + 1 and (for N > 5) Xso(N)adj = c2(SO(N)) =N —2.
29Tn the classification of irreducible Riemannian symmetric spaces, excluding the special case of flat space,

For the fundamental representation we have Xgy(n) funa

every compact space has a corresponding non-compact space, often referred to as a duality. The simplest
example of this is the sphere and the hyperboloid. The non-compact irreducible Riemannian symmetric
spaces take the form G/H with H the maximal compact subgroup of G. Therefore, the coset directions
are all non-compact and for a positive-definite signature of the metric we replace kK — —k compared to the
compact case.

30 As in appendix A (cf. (A.4)) we denote the H and G/H algebra indices by « and i respectively, i.e. the
G algebra index is a = {«,i}. The overall minus sign is due to the conventions explained in appendix A,
in particular the choice to use hermitian generators T satisfying (A.1). The coupling h is related to the
conventional PCM coupling g by h = g%. Indices in (B.1) and (B.4) are contracted with d;; and d.3.
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It interpolates between the PCM on the group G (¢ = 1) and the G/H symmetric space
o-model (¢ — 0). Also, in the limit

h — o0, e—=0, h = fixed, (B.3)

when the coset part decouples, the model (B.1) reduces to the PCM on the group H with
the coupling h.

For € # 0, the action (B.1) has global G x H symmetry: g — ugv, u € G, v € H. For
the symmetric space o-model case of € = 0, the global H symmetry is enhanced to a gauge
symmetry. Due to these symmetries®! the model (B.1) is renormalizable with only the
two couplings h and ¢ (or E) running. This will be explicitly verified below in the 2-loop
approximation (expanding in large h for fixed ¢).

We define the target space vielbein E* = Ejdz! = (J¢,J*) where J* are 1-forms
corresponding to the currents in (B.1) (cf. (2.19), (2.32)), so that the corresponding metric
of the o-model in (1.11) takes the form

1 o
G dr'de” = —Zh(J'T' +2J*]%). (B.4)

The spin connection w?, is found to have the following components

1 1 . . 1 .
Wi =g W= o [yl W= <1 - 2€> ftjad®, (B.5)
and the non-zero components of the corresponding Riemann tensor are given by (up to

permutations and symmetries)

lo' 1 7 c a c
B(Ss = f ,Bcféga R itk = Z (f kef oz'y_gf kef z"y) )
R'jpy = € (1 - 2€> flief 8y R'jp = (1 - 4€> ININE (B.6)

In the PCM case of ¢ = 1, the curvature (B.6) reduces to the standard group space

expression

R%qe = *f bef de - (B.7)
For B, = 0 the 2-loop RG equation (1.12) becomes the familiar one [21]32

dG,,

1
= Ry + §RMAP"RWU . (B.8)

31 This follows from the assumption that H is simple and G/ H is an irreducible symmetric space. Therefore
both {T°} and {T"} transform in irreducible representations of Lie(H) and the two terms in (B.1) are the
only ones that respect the global G x H symmetry of the model. In principle, this argument applies to any
coset space G/H for which this irreducibility of representations holds. At the € = 0 point we recover the
symmetric space or coset o-model and the H gauge symmetry implies that just the irreducibility of {T%} is
sufficient for renormalizability. An additional subtlety can occur when the irreducible representations are
reducible over C. Then it may be possible to construct new terms respecting the symmetries invoked above
(cf. footnote 9). We expect any such new terms to be excluded by additional symmetries such as parity.

32Here we ignore the diffeomorphism term which is not allowed by the global G x H symmetry.
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Substituting in (B.6), one finds that the model (B.1) is 2-loop renormalizable with h and
¢ running according to%?

d 1
%h =(2—-¢)c, + §cGh e, (8 =126 +5e%) — ¢, (1 —¢)(5 — 4e)] (B.9)
%5 =-h7'(1-¢) (2CG6 —(14¢e)cy, (B.10)

1
+ b7 [4e2e(2 —€) — eyl — de) — (e + 1= 5o + 52)]).

Thus € = 1 is a fixed line of (B.10), on which (B.9) reduces to the 2-loop S-function of the
PCM on the group G
d Lo
£h20G+§CGh . (Bll)
The same expression was found from the NAD limit of the A-model in (2.31).
In the special case of the squashed 3-sphere or squashed SU(2) PCM (with H = U(1),
i.e. c, =2, ¢, =0) the expressions in (B.9), (B.10) agree with the 2-loop -functions found
in [20]: the couplings A and g used there are related to ours by c,h™1 = ﬁ, e=1+4g.

Written in terms of the couplings h and h in (B.1) the equations (B.9), (B.10) take
the form

d 1 ~ 3 ~ 1 ~
—h=2c,+-c,(8c,—5c,; —2h)h 1 — 5Ca(des —3cH)hh*2+§cG (5¢, —dc, )h?h~2, (B.12)

dt 2
d~ L oxy T2 = =1, 1 Yo, 2
%h:c}ﬁ—icl{h +(c,—c,)hh™* 3¢, +h—3c, hh +§(CG+CH)h h™=|. (B.13)

These two equations become the same and equal to (B.11) at the PCM fixed point h = h
(¢ = 1). In the limit (B.3) when h™! — 0 we get from (B.13) the correct 2-loop RG
equation for the coupling h of the PCM on the group H (cf. (B.11))3*
%E =c, + %ciﬁ_l . (B.14)
Let us now consider the coset space limit e = 0 (or h = 0). In the abelian H case
when ¢, = 0, we have ¢ = 0 solving (B.10) while (B.9) reduces to $h = 2c,, + 4c2h™ 1,
which agrees with the symmetric space o-model S-function in (2.40), (B.16). However, for
non-abelian H with ¢,, # 0, the ¢ — 0 limit of (B.10) is singular. The limit of (B.9), while
giving the correct 1-loop part of the S-function for the G/H symmetric space o-model
(see, e.g., [58]), fails to do so at the 2-loop order. Indeed this limit is subtle and should
be treated separately due to the H gauge symmetry that arises in the model (B.1) at the
point € = 0.
This gauge symmetry is reflected in the degeneracy of the metric (B.4) in the ¢ — 0
limit. One option is to set € = 0 and then use the standard gauge fixing procedure. For

33Note that these equations depend on h, ¢, and ¢,, only through the ratios c,h™' and Z—H
G
34Expressed in terms of the physical coupling h™! eq. (B.12) is %hfl = —20Gh72 +...soh™ ' =0is
(trivially) a fixed line.
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example, we may fix an analog of “axial” gauge N"J% = f%(0) where N” is a constant 2d
vector. Then averaging over f with exponential weight ~ uf*f% will give an extra gauge-
fixing term u(N"J2)? in the coset o-model action. The resulting on-shell effective action
and thus the on-shell UV divergences should not depend on the value of the gauge-fixing
parameter u or the choice of N”. As this procedure is somewhat cumbersome, we may try
to use a short-cut.

Indeed, observing that averaging over N should effectively restore 2d Lorentz invari-
ance in gauge-invariant expressions we may simply add u(J%)? or, equivalently, go back
to (B.1) with u = e. This may be viewed as using ¢ < 1 as a regulator, breaking the gauge
invariance and lifting the degeneracy. Then after computing the Riemann tensor, we will
need to project out the components in the degenerate H (or «) directions and finally take
the ¢ — 0 limit and compute the S-function.®® Projecting out the o components of (B.6)
and setting € = 0 gives the standard expression for the symmetric space Riemann tensor
(see, e.g., [85-87])

Rl = fjaf"m. (B.15)

An alternative approach (equivalent to explicitly solving the gauge condition rather than
adding it to the action to lift the degeneracy) would be to take g to be parametrized by
the dim G — dim H physical degrees of freedom. The particular parametrization is not
important, but one could take, e.g., g = exp (z’viTi + iva(vi)T‘l). Then we may expand
J% in the vielbein E* = J', ie. J* = F*(g) E'. Computing the spin correction and
the corresponding curvature, the latter does not depend on F{*(g), as expected by gauge
invariance, and agrees with (B.15).

Plugging (B.15) into the RG equation (B.8) we then obtain the 2-loop S-function for
the symmetric space o-model

%h = 2c, +4c (e, —cy)h (B.16)
This expression agrees with previous results found for particular cosets in [21, 62, 65-67].%6
It also matches the result found from the NAD limit of the A-model in (2.40). In contrast
to (B.9), (B.10), the expression for the S-function for h in (B.16) is valid for any compact
irreducible symmetric space (cf. footnote 31) with ¢, and ¢,, defined in appendix A, i.e. G
and H need not be simple.3”

35In a systematic gauge-fixing the analog of ¢ or the gauge-fixing parameter u should automatically
disappear from the on-shell divergences. Note also that this procedure is effectively equivalent to fixing a
“transverse” gauge in which the H-components of the quantum fields are set to zero so the curvature tensor
coefficients in the o-model vertices are contracted with the propagators containing projectors to G/H. In
addition, the classical fields (in the background field method for computing divergences) have only G/H
components due to the classical gauge invariance in the € = 0 limit.

36For example, in the case of the sphere S ! = SO(N)/SO(N —1), using the fundamental representation
of SO(N) and following the notation in appendix A we have c, = N —2, ¢;; = N =3, X tuna = Xgr tuna = 1-
Normalizing the Lagrangian as in (1.10), (1.11) we find that h = 2R? where R is the radius of the sphere.
Therefore, from (B.16) we find the standard 2-loop RG equation for S¥~': £ R* = (N —2)+ (N —2)R>.

3"Let us note for completeness that renormalizability of o-models on some homogeneous cosets (not
necessarily symmetric spaces) was discussed, e.g., in [88-90].
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Let us note that since (B.1) is a two-coupling theory, the 2-loop (and higher) terms in
the p-functions (B.9), (B.10) are not, in general, invariant under scheme changes or redef-
initions of the couplings h and €. However, they still contain some invariant information
as the limits e = 1 (PCM on G), (B.3) (PCM on H) and ¢ = 0 (G/H coset space) lead to
one-coupling models whose 2-loop §-functions are invariant under coupling redefinitions.

We finish with a curious observation that the 2-loop p-functions (B.9), (B.10)
vanish if

e=2, Co = —Cy - (B.17)

Indeed, if there are such G and H that the relation ¢, = 3¢, can be satisfied, then the
expressions in (B.9), (B.10) simplify to

d 1

—h=(2-¢)c, |1+ -c.h™' (2+¢)], (B.18)
dt 6

d 2. 1

pri gh (2—¢)(1—¢)c, 1+§cGh (267" +3-¢)], (B.19)

and thus e = 2 is a 2-loop fixed point. This suggests that the corresponding squashed PCM
with € = 2 is an exact CFT for any value of h. Therefore, it is a particularly interesting
3

representation theory question as to whether there are solutions to the condition ¢, = 7¢,,.

For this it may be necessary to consider supergroups.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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