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1 Introduction and summary

It is a widely accepted conjecture that classical solutions of open superstring field theory!
(OSFT) formulated on a given consistent open superstring background (boundary SCFT),
should correspond to new consistent open superstring backgrounds. Depending on the
background, there are a variety of types of classical solutions to consider. This paper of-
fers a detailed look at a special class of classical solutions, called marginal deformations
which exist for continuous ranges of parameters and generally appear whenever the GSO-
projected boundary spectrum of the background at hand contains operators with conformal
dimension 1/2 in the matter sector. Restrictions, imposed on the marginal couplings by
the requirement that the deformation corresponds to a consistent solution of the classical
equations of motion of the OSFT, will prove to offer a direct probe into the structure of the
moduli space of the given open superstring background. Deriving manageable expressions
for such constraints on marginal couplings, while keeping the setup as general as possi-
ble, is the main goal of this paper. As a concrete example of such a background, let us
consider the system of superimposed stacks of D(—1) and D3 branes in type IIB super-
string. Here one can identify matter marginal operators associated both with the modes
of open strings localized on the D(—1) and the D3 brane stacks, as well as the modes
of open strings stretched between the two stacks. We will see that imposing consistency
of a classical solution of the OSFT equations of motion, which excites the vevs of these
operators, yields the ADHM constraints on the moduli of N' = 4 SYM instantons [17].
The consistent open superstring backgrounds provided by exactly marginal deformations
in this system should therefore be generally identified with finite-size instantons living on
the D3 worldvolume [18, 19]. The discussion in this paper will, however, demonstrate that
our results are applicable to a much wider variety of backgrounds.

While it is well-known that there is an algorithmic way of writing down the classical
equations of motion order by order in the deformation parameter, non-trivial conditions
for the existence of a solution arise at each order. Namely, we have to require that the
obstruction to inverting the BRST operator at each order in the deformation parameter
vanishes. These obstructions can be identified as obstructions to exact marginality of the
deformation at each order. We will first present conditions which the deformation needs to
satisfy at first order in order for the obstruction appearing at second order to be absent.
We will argue that these conditions are automatically satisfied whenever the background
which we start with has at least N = (2,0) supersymmetry in two non-compact target
dimensions. On the other hand, a non-trivial constraint will be obtained by requiring
that the obstruction at the third order vanishes (as first observed by [20]). While this
obstruction can be in general evaluated using the techniques of [21], we will see that
substantial simplifications will arise in situations where all marginal operators V;  in the

NS sector decompose as VT/2 + V7, into states with charge £1 under the U(1) R-current

1/2

LOver the past three decades, several constructions of open superstring field theory in both NS and R
sector appeared in the literature (see [1-6], as well as [7-13] for some recent developments). In this paper
we will focus on the NS sector of the A open superstring field theory [6] and the Berkovits (WZW-like)
open superstring field theory [5]. These were recently shown to be related by a field redefinition [14-16].



of a global N' = 2 worldsheet superconformal algebra [22, 23]. Again, this will be argued
to always be the case whenever our background has at least N = (2,0) supersymmetry
in two non-compact target dimensions. We will show that in such cases, the third-order
obstruction localizes on the boundary of the worldsheet moduli space and that it vanishes
if and only if the auxiliary fields (as introduced in [23, 24])
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are set to zero. Noting that (1.1) give rise to algebraic (quadratic) constraints on the
marginal couplings, we observe that this procedure provides a general, yet very simple
prescription for extracting the geometry of the moduli space for any background where the
worldsheet SCFT description is known and where our assumptions are valid. Borrowing
the terminology of [24], we shall call the constraints H% = Hy = 0 the generalized ADHM
equations. Also note that these conditions were identified by [23, 24] as the flatness condi-
tions for the quartic effective potential as derived in the context of both Berkovits and A,
OSFT. We can therefore conclude that (at least in the cases with the above-described en-
hanced N = 2 worldsheet superconformal symmetry) the notion of exactness of a marginal
deformation up to third order coincides with the notion of flatness of the quartic potential
of classical effective action.

We will first derive (1.1) starting with the classical equations of motion of the A, open
superstring field theory. We will also show that the localization property of the third-order
obstruction persists if we deform the theory by adding stubs: we will see that the additional
terms arising due to non-associativity of the star product with stubs exactly compensate the
addition of fundamental bosonic 4-string vertex, thus avoiding the need to integrate over the
corresponding bosonic moduli. This provides a strong indication that obstructions arising
at third order for marginal deformations of closed string backgrounds with an enhanced
worldsheet superconformal symmetry will be amenable to a similar localization procedure
(in the context an NS heterotic string field theory or an NSNS type II closed superstring
theory; see also the Conclusions section of [24] for a discussion). We also show that the
third-order obstruction derived in the Berkovits open superstring field theory is identical
to the one derived in the A., theory provided that one assumes that the obstruction at
second order vanishes.

We will then go on to demonstrate the utility of the generalized ADHM equations
]HIIi = Hy = 0 for deriving constraints on moduli in several cases of relevant backgrounds.
Starting with the superposition of a stack of D(—1) branes with a stack of (euclidean)
D3 branes, we show that the usual ADHM equations [17, 25] (see [26] for a review) are
reproduced upon substituting the boundary marginal vertex operators appearing in the
system into (1.1). In particular, we will see that the vanishing of H5 implies vanishing of
the complex hyper-Kihler moment map u® [27] (that is, the D-term of the corresponding
4d N = 2 low-energy effective action of the brane configuration) while the vanishing of
Hy implies vanishing of the real hyper-Kihler moment map u® (the F-term). This shows



that at least up to the third order in the marginal deformation parameter, it is possible
to construct solutions to the classical equations of motion of open superstring field theory
which correspond to non-trivial objects such as finite-size instantons. Put in different words,
we show (up to third order in the deformation parameter) that finite-size instantons give rise
to consistent open superstring backgrounds. Using the example of the D(—1)/D3 system,
we also check that evaluating the third-order obstruction directly (by introducing Schwinger
parametrization for the propagator in the spirit of [21]) yields the same constraints on the
marginal couplings as setting the localized auxiliary fields (1.1) to zero. We will then
consider examples of more complicated backgrounds. Starting with the D(—1)/D3 system
sitting at an unresolved C?/Z,, singularity, we recover the complex and real hyper-Kéhler
moment maps which first appeared in [28] and were further discussed in the string theory
context by [29]. Finally, by considering general systems of D(—1), D3 and D7 branes
containing stretched string sectors with four Neumann-Dirichlet directions, we manage to
reproduce some of the results of [30, 31] for the equations governing the moduli spaces of
crossed and folded instantons at zero B-field. Note that our discussion will involve moduli
for all marginal boundary fields which are present in the theory for the given background
(including e.g. strings stretched between two D3 brane stacks spanning different complex
2-planes).

The paper is organized as follows. In section 2 we begin with a general discussion
of marginal deformations in the A,, formulation of open superstring field theory: we will
first focus on deriving conditions which need to be satisfied in order for the second-order
obstruction to vanish (subsection 2.1), then discuss the structure of the obstruction arising
at the third order (subsection 2.2) and finally briefly describe the changes which need to be
put in place when we render the bosonic 2-product non-associative by adding stubs to the
Witten star product (subsection 2.3). We will briefly repeat this discussion in section 3 in
the context of the Berkovits (WZW-like) formulation of open superstring theory, showing
that give the deformation is chosen to make the second-order obstruction vanishing, then
the third-order obstructions arising in the two theories are equivalent. In section 4 we
will exhibit three methods for obtaining explicit expressions for the third-order obstruction
written directly in terms of the marginal NS boundary fields V; /5. The first two methods
(subsections 4.1 and 4.2) will assume presence of a global ' = 2 superconformal symmetry
of the worldsheet theory and will yield a simple algebraic expression for the third-order
obstruction. The third method (subsection 4.3), while being available for more general
backgrounds, will only yield expressions containing integral over a Schwinger parameter.
In section 5 we consider three examples of open superstring backgrounds (D(—1)/D3 sys-
tem in flat space in subsection 5.1, D(—1)/D3 system at C2/Z, orbifold singularity in
subsection 5.2 and spiked instantons at zero B-field in subsection 5.3) where we apply our
results to compute algebraic constraints on moduli. Finally, in section 6 we point out the
main contributions of this paper, put them into the context of recent developments and
offer a brief discussion of possible future directions. We provide three appendices where we
collect our conventions for spinors in 4d (appendix A), our conventions for the A, formu-
lation of open superstring field theory (appendix B) and also some OPE and correlation
functions to be used in the paper (appendix C).



2 Analysis of the third-order obstruction in A, OSFT

In this section we will analyse in detail the structure of the obstruction to marginal defor-
mations in the Ay, OSFT [6] (both with and without stubs) which arises at third order in
the deformation parameter. We collect our conventions for A, OSFT in appendix B. As
the discussion which is to follow is somewhat technical, let us now briefly summarize the
main points. Considering a marignal deformation ¥(\) whose leading order Wy is given by a
h=1/2 zero-momentum NS Grassmann-odd state V; /o as ¥1=cV, /26*¢, we will first show
that the deformation is unobstructed at second order if and only if the projector condition

PoM (W, 01) =0 (2.1)

holds. Here Py projects on the kernel of the zero-mode of the total worldsheet stress-
energy tensor (see subsection 2.1 for details) and Ms is the 2-product of the A, OSFT.
The projector condition (2.1) holds both in the case with and without stubs. In the case
without stubs, we will denote by ms the bare 2-string product, which can be defined in
terms of the usual Witten’s star product as my(A, B) = (—=1)¥“ A « B (where d(A) de-
notes the degree of A). Adding stubs of length w, the bare 2-string product gets deformed
to MY(A, B) = (—1) Wewlo[(e=wLo A) x (e~*Lo B)]. Evaluating the obstruction at third
order against arbitrary test state e, we will then obtain expressions

_ b
O = —ws | X%, my [LOPOWQ(‘IH,‘IH),‘IH” +
L 0
bo —
— wg |:X2€,77’L2 |:\I/1, L—OPomg(\Ill, \Ill):|:| + O3 (22&)
0

1T bo — 1
= 5ws bg(\pl,Xe),L‘z)Pon(qfl,X%)] + gwrlba(Xe, £01), ba (€01, W1)],  (2.2b)

in the case without stubs (see subsection 2.2), and analogous expressions

b —
O = -ws [X267M2(0) I:LOPOMQ(O)(\IIM Uy), \Ill]] +
0
2 7 r(0) bo 5 1 r(0)
— wg X e,M2 Wl,fpoMQ (\I/l,\Ifl) —+
0

+ws {X%, MO (W, 0y, xpl)] LO;  (23a)
1 by —
= Sws [B§°>(\111,Xe), LOPOBg(”(\Izl,X\IJI)} +
0
1
t5 {wL [Béo)(X€7§‘I’1)7B§O)(f‘1’1, ‘1’1)} +wsg [Xe’, Bg(,o)(X‘I’b‘I’l, \1’1)} } , (2.3b)

in the case with stubs (see subsection 2.3). Here O3 cancels the anomalous terms arising in
the evaluation of star products due to the non-primary nature of the state X2e (where X is
the PCO) and by denotes the degree-graded commutator based on my (analogously for the
products Béo) and MQ(O) deformed by adding stubs). Finally, M?EO) is the bosonic 3-product
arising in the presence of stubs and Béo) is its degree-graded symmetrization. We will refer



to (2.2a) and (2.3a) as the X2-form of the obstruction (due to the appearance of X?e) and
to (2.2b) and (2.3b) as the Berkovits-like form (due to its similarity to the quartic vertex
of classical effective action derived in Berkovits OSFT — see [23, 24]). Evaluating these
expressions for O (that is, deriving explicit expressions for O in terms of V; /5 and the test
state, with the ghost structure stripped away) using various methods will be the subject
of section 4.

2.1 Marginal deformations in the A,, OSFT

The purpose of this subsection will be to set the scene for the detailed analysis of the
obstruction to exact marginality which arises at third order in the deformation parameter.
In subsection 2.1.1 we will discuss the range of validity of the projector condition (2.1).
In particular, we will use the results of [32, 33] to argue that it holds for all h = 1/2 NS
states whenever the initial open superstring background conserves at least two spacetime
supercharges with the same chirality in two non-compact dimensions. We will then show in
subsection 2.1.2 that the projector condition (2.1) guarantees vanishing of the obstruction
at second order and we will derive an expression for the third-order obstruction, which will
be used as a starting point for the manipulations in subsection 2.2.

2.1.1 Projector condition

Let us denote by Py the projector on ker L. Defining Py = 1 — Py we have PyPy = P,
PoPy = Py, PyPy = PyPy = 0 together with

by —= bo — —
—P — P, =Py. 2.4
QLO o+ T 0@ 0 (2.4)

Let us now consider any two NS states? V = ch/ze*‘i), W = ch/ze*‘ﬁ, where V%, W%
are h = 1/2 Grassmann-odd matter primaries. Note that this always needs to be the case
if V' is to be identified with the leading order term Wy in the open superstring field theory
marginal deformation, because the string field ¥ needs to be Grassmann-odd. This is
automatic in the case of the GSO(+) projection (which we will focus on in the following),
while in the case of the GSO(—) projection this would necessitate inclusion of internal
Chan-Paton factors. Let us also define Vi = G_ 1V1, W, = G_ 1W1 and denote by
{V%W% +n coefficient of (22)™™ in the OPE of V1 (+z) and W1( z) (that is, {V W1}1 is
proportional to the identity). Here G, are the Laurent modes of the N =1 Worldsheet
matter supercurrent G(z). Let us now consider the following two assumptions:

1. {V1 Wi} has pole of order at most 1 in the OPE with G(z), that is
2 2
2. the OPE of V; with W%, and, V% with W1 do not have poles of integral order, that is

{(ViWsih ={ViWi}, =0. (2.6)

2We will assume that the matter part of the NS sector only contains states with non-negative conformal

weight and that matter vacuum is the unique state with h = 0. This is true for superstring compactifications
at zero momentum. The matter part will be allowed to carry Chan-Paton factors.



First, we note that using the formula (6.206) of [34] (the generalized Wick theorem)
we have G 1/2{V1oWi/0t0 = {ViW; 5}, so that it follows that Assumption 2 implies
Assumption 1. Also, if Assumption 1 holds for any two h = 1/2 NS states, then Assump-
tion 2 is implied.? Given the two assumptions, we will now show that we have properties

P()mQ(XV, W) + Pomg(v, XW) =0, (2.83)

which together imply the projector condition

1
PQMQ(‘/, W) = g[POXmQ(‘/, W) + Pymo (XV, W) + PomQ(V, XW)] =0. (29)
To see this, note that using formula (3.9) of [35], we obtain

Pymo(XV, W) = +770{V%W%}1 - c@c{VlVV%}le_q5 , (2.10a)
Pyma(V, XW) = —ne{ViWi}1 — cac{Véwl}le_‘b, (2.10b)

where used that XV = ¢V; — e®nVy ), (and similarly for XW). This establishes (2.8a)
provided that Assumption 2 holds. We also have

PoXma(V,W) = PyQEma(V, W) = Q{c@c{V%W%}oe_w : (2.11)

where the only contribution comes from the supercurrent term, that is

Py Xma(V,W) = }{;;ne‘ﬁG(z){c@c{V;W; }oe 2 = —cc G+%{V%W% Joe?,  (2.12)
which, however, vanishes, as long as Assumption 1 holds (i.e. that the OPE of G with
{V% \\% 1 }o does not contain higher-than-simple poles). This establishes (2.8b) and there-
fore (2.9). Alternatively, it is possible to prove (2.8) by showing that the expressions on
the Lh.s. evaluate to zero against an arbitrary test state e: since we are working at zero
momentum, we can conclude that the states Pymo(XV, W), Poymo(V, XW), Py Xmo(V, W)
(which all have ghost number +2, picture number —1 and conformal weight 0) can each
be expanded as Ben + cac@'lﬂe_‘p, where B is some number and V1/2 is some h = 1/2
zero-momentum matter operator (as manifested by the above-derived expressions). That
is, the expressions on the Lh.s. of (2.8) vanish if and only if they vanish when evaluated
in the BPZ product against the dual basis of test states ez = v, /2€_¢ (gluon-like vertex)

3If Assumption 2 was to fail, there would need to be a h = 1/2 NS state Y2 = {ViWy,2}1 # 0. That
is ((G_1/2V1/2)(21)W1 2(22)(Y12)"(23)) # 0, where (Y;2)" is the conjugate of Y; . But this correlator is
non-zero if only if the two-point function <(G_1/2V1/2)(21){W1/2(Yl/g)T}O(22)> is non-zero. However, this
vanishes if Assumption 1 holds for any two h = 1/2 states in the NS sector because then we have

<G7%V%|{W%(Y%)T}o> = <V%|G+%{W%(Y%)T}o> =0. (2.7)

It therefore follows that if we adopt Assumption 1 for any two states in the theory, then Assumption 2
follows, as claimed.



or ey, = cOcOte2¢ (Nakanishi-Lautrup vertex) at ghost number +1, picture number —1
and h = 0. We would therefore need to show that

ws e, Poma(XV, W) + Pyma(V, XW)] =
wg e, BoXma(V, W)]

0, (2.13a)
0, (2.13Db)

for both e = e, and e = eng. Furthermore, noting that Py Mo (V, W) is actually proportional
to cOcVy jpe~? only (see (2.10) and (2.12)), we can conclude that

POMQ(‘/; W) =0 <= wg(eg, POMQ(‘/, W)) =0 (2.14)

for any two states V = CV1/26_¢, W = CW1/26_¢ which are present in the theory.

Finally, let us briefly discuss additional constraints imposed on the boundary (i.e.
chiral) worldsheet theory in the cases when our background conserves some number of
spacetime supercharges. For compactifications* down to four spacetime dimensions, it was
argued long ago [32] that requiring N = 1 spacetime supersymmetry necessitates that
the local RNS A = 1 worldsheet superconformal symmetry enhances to a global N' = 2
superconformal symmetry. For compactifications to dimensions higher than four, it auto-
matically follows that spacetime supersymmetry implies extended worldsheet superconfor-
mal symmetry, as one can always dimensionally reduce back to four dimensions. Results
for compactifications to dimensions lower than four, which appeared only recently [33]
(for the heterotic worldsheet), seem to suggest that the boundary worldsheet theory has
a global N' = 2 superconformal symmetry as long as the background conserves at least
two spacetime supercharges with the same chirality in two non-compact dimensions (i.e.
N = (2,0) supersymmetry in 2d — we are going to discuss a concrete example of this
minimal setting in subsection 5.3). Furthermore, recalling the unitarity bound h > |q|/2
for two-dimensional N' = 2 superconformal theories (where g denotes the charge under the
U(1) R-current J) and noting that the GSO projection is by the construction of [32, 33]
implemented by projecting onto states with ¢ € 2Z 4+ 1, we conclude that the matter pri-

maries V; /o with A = 1/2 can be all chosen to carry charges either ¢ = +1 or ¢ = —1
under J. Matter primaries Vli/Q with (h,q) = (1/2,£1) belong to the (anti-)chiral ring of
the theory and they satisfy
1
GE(2)VI(0) = ;Vf(O) + reg., (2.15a)
2
G*(2)VE(0) = reg. , (2.15b)

D=

where VT are (h,q) = (1,0) matter fields. We also have

GE(2)VE(©0) = zi?vﬂf(()) + %avf(o) treg. | (2.16a)
GE(2)VT(0) = reg. (2.16Db)

“Here, the notion of “compactification” is taken to include also the brane configuration. That is, we
consider spacetime supersymmetries of the theory living on the component of the worldvolume common to
all branes constituting our configuration.



Using these properties, we will now show that Assumptions 1 and 2 hold for any two
h = 1/2 fields in the matter sector. We first note that for any states me and Wli/Q in the
(anti-)chiral ring, we have (using the generalized Wick theorem)

Gt {VIWE}y =0, (2.17a)
27 32 3

G {VIWE} =0. (2.17D)
20 2 3

Using similar ideas to those which we have employed above when discussing the relation
between Assumptions 1 and 2, we can show that it follows from (2.17) that®

{VIWih =0 (2.18)
2

But then, (2.18) and the generalized Wick theorem give that

Gt {ViWily =0, (2.19a)
20 3 3
G {VIW{}y=0. (2.19Db)
20 2 3
Finally, (2.19) then implies
(VEWTY =0, (2.20)
2
which in turn gives that
G {ViWi}o =0, (2.21a)
27 3z 3
G {VIWTly=0. (2.21b)
T2 3 3

We have therefore shown that Assumptions 1 and 2 (and therefore the projector condi-
tions (2.8) and (2.9)) hold for all states in a theory with N' = 2 global worldsheet super-
conformal symmetry where all h = 1/2 states can be chosen to carry R-charge ¢ = £1. As
per the discussion above, this should always be the case when the background preserves at
least N = (2,0) supersymmetry in two non-compact dimensions.

2.1.2 Marginal deformations in A, OSFT at second and third order

Writing down the A,, OSFT action up to quartic order, we obtain
1 1 1
SAoo [\Ij] = 5(“)5(\11) Q\IJ) + ng(qj’ MQ(‘IJ7 \Il)) + ZWS(‘II’ M3(‘1J’ \I’a \IJ)) +o, (222)
so that varying this action with respect to ¥, we get the equations of motion

QU + My(W, W) + M3(¥, ¥, W) +...=0. (2.23)

SFor instance, if YY/Q = {ViW} _}1 # 0, then <(Gt1/2V;/2)(Zl)WT/2(ZQ)(YT/Q)T(23)> # 0 which would

1/2
mean that GL/2{WT/2(Y1/2)T}O # 0, contradicting (2.17).



Note that U carries picture number —1 and ghost number +1. We want to construct a
continuous family of classical solutions ¥(\), such that ¥(0) = 0 and such that the lead-
ing term in \ is given by a Q-closed state ¥y = ¢Vie ? where Vi is a zero-momentum
Grassmann-odd h = 1/2 matter primary. Writing the classical solution U(\) as a pertur-
bative expansion

T(A) =Y N0y = ATy + N2y + N5+ (2.24)
k=1

and substituting (2.24) into (2.23), we obtain, order by order in A,

0= Q‘Ifl 5 (2.25&)
0=QV¥, + MQ(\Ifl, \Ifl) , (225b)
0=Q¥Ys+ MQ(\Pl, \112) + MQ(\IJQ, \111) + Mg(\Ill, Uy, \1/1) . (2.250)

At second order, we have to satisfy the equation (2.25b). This is clearly integrable because
QMo(¥1,V1) = —Mo(Q¥1, V) — Ma(¥1,Q¥1) =0. (2.26)

A putative solution in Siegel gauge reads

by —
Uy = —L—(;POMQ(‘IH, W) + 1, (2.27)

where 19 is a ghost number +1, picture number —1 string field with ngyo = 0. However,
in order for (2.27) to actually solve (2.25b), we need

b —\ — _
QY = <L00Q - P0> PoMy (W1, V1) + Qg = —PoMa (W1, V1) + Qo (2.28)
to be equal to —Ma(¥1, ¥;). That is, we need the second order obstruction
Oy = PoM(V1, V1) + Qi (2.29)

to vanish. Put in different words, in order for the solution (2.27) to be consistent, we need
PyMy (W1, U1) to vanish up to @Q-exact terms. But since PyMy (W1, ¥1) is a zero-momentum
state in ker Ly at ghost number +2 and picture number —1, it has to be equal to a linear
combination of cdcV, /2e_¢ and nc = Q(%cacage_gd’), where V, /2 is an arbitrary NS state
with A = 1/2. Consistency therefore requires that PyMa(¥1, V1) does not contain the state
c@c@l /2e_¢, so that it is necessary and sufficient to check that®

ws(eg, PoM2(¥1,¥1)) =0, (2.30)

5Note that we can actually always set 1)z = v 1 e~? where V; /2 is some h = 1/2 state in the NS sector
(so that Q2 = 0) because as per our discussion in subsection 2.1.1, the state PoM2(¥1,¥1) can never
contain nc.



where eg is a zero-momentum test state in ker Lo at ghost number +1 and picture number
—1 of the form e, = ch/ze_‘b. Thus, recalling (2.14), we can conclude that the necessary
and sufficient condition for the vanishing of Oy is actually PyMa (W1, V) = 0 (which is a
special case of the projector condition (2.9) with V =W = ¥;).

Assuming from now on that PyMy(¥q, ¥1) = 0 and proceeding to the third order, we
need to solve the equation (2.25¢) for U3. We have integrability condition

QM (V1, V) + QMo(V2, V1) + QM3(Vy, ¥y, V) =0, (2.31)
which is satisfied provided that ¥y solves the equation of motion at second order. Indeed,
we have

QM (W1, Vo) + QMo(Vao, ¥1) + QM3 (W, Wy, ¥y) (2.32a)
= —M(QV1, Vs) — Ma(V1,QV2) — Ma(QW2, V1) — Ma(¥2, QU1)+

+ QM;3(Vy, ¥y, ¥y) (2.32b)

= Mo (U1, Ma(V1, W1)) + Mo(M2(P1, ¥1), ¥1) + QMs(V1, We, ¥1)  (2.32¢)

=0, (2.32d)

where in the second equality we have assumed that ¥, is a consistent solution of (2.25b)
and the third equality follows by one of the A, relations

(@, M3] + %[Mz, Ms] =0. (2.33)

A putative solution of (2.25¢) can be written as

by —
U3 = _fZPO[MQ(WZa W) + MWy, o) + M3(Wq, ¥y, Uq)] + 93, (2.34)

where 13 is a ghost number +1, picture number —1 string field with ngi3 = 0. Again, this
only solves the equation (2.25c) provided that

Q\I/3 = (z(())@ — P()) FO[MQ(\IJQ, \111) + MZ(\I/la \112) + M3(\Ijla \Ill) \Ill)] + Qw?’ (235)

is equal to —MQ(\I’Q, \Ifl) — MQ(\Ifl, \112) — Mg(\Ifl, \I/l, \1’1), that iS, provided that the third-
order obstruction

by
O3 = Po{Mz |:L(2)POM2(\IJ17\IJl)a\I"1:| +

bo —
+ M> [\111, fZPOMQ(W1, ‘h)} — M3(V¥q, ¥y, \Ifl)} — Q3 (2.36)
vanishes.” Again, we therefore need to ensure that the projector part Ogroj = Py{...} of

O3 vanishes up to (J-exact terms. Since Ogroj € ker Ly at ghost number +2 and picture

"Note that in general 1, also enters Oz and, in some cases, it may be possible that it can be fine-
tuned so as to make O3 vanish. However, in most cases of interest, the projector condition (2.9) will give
PyMs(tp2, U1) = PoM2(¥1,12) = 0 so that ¥2 does not contribute to Os.
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number —1, the only states which it can be proportional to (and which are not Q-exact)
are of the form cOcV; /26_¢. The necessary and sufficient condition for the obstruction to
vanish is therefore

= —ws(eg,Ogroj) = wL(eg,ngmj) =0. (2.37)

From now on, let us drop the lower index on ez, as for the rest of the paper we will
work only with the test state e = c@l /26*‘1’. Also note that upon identifying e = Wy, the
expression wr, (e, §O§rOJ) becomes proportional to the quartic part of the classical effective
action of [23, 24]. More precisely, we obtain

0 =—-45%). (2.38)

The necessity of existence of such a relation was already proven in [24] where it is also noted
that this relation implies that all marginal deformations which are unobstructed at third
order automatically give rise to flat directions of the quartic effective action. In fact, we
shall see in section 4 that under certain assumptions, the converse appears to be true as well.

2.2 Simplifying the third-order obstruction

We will now expose algebraic manipulations whose aim will be to simplify O into a com-
putable form. Although we have checked that it is in principle possible to proceed by
generalizing the calculations of [24] and keep all intermediate expressions manifestly in
the small Hilbert space, we found it much more economic to perform the computations
in the large Hilbert space. Bearing in mind that our main goal is to provide a practical
expression for the obstruction, we will therefore adopt a pragmatic approach and expose
here a relatively short path the main results which leads through the large Hilbert space.
In subsection 2.2.1, we will derive the X2-form (2.2a) for O, while in subsection 2.2.2, we
will derive the Berkovits-like form (2.2b).

2.2.1 X2 form

Proceeding along the lines of [20], we will first show that O can be rewritten as

bo —
0= —Wwg [X2€,m2 [Lopomg(\lfl,‘lll),\plju +
0

b —
—ws [X267m2 [‘1’1, L(;POmZ(\I’la\I’l):H + O3, (2.39)

where O3 (to be defined below) consists only of terms which are localized on the boundary
of the worldsheet moduli space and which are zero up to contributions which cancel the
anomalous terms which appear due to the non-primary nature of the state XZ2e.

- 11 -



Quartic vertex. Focusing on the quartic vertex term 0% = —wr e, EMs (U, ¥y, V)]
first, we obtain

0(4) — —;{OJL [e,fMQ(MQ(\I/l, \Ifl), \Ifl] — fHQ [Mg(\Ifl, \Ill), \Ill)] +
+wr, [e, EMo[W1, Mo(Vy, Uy)| — EMy [Ur, Ma(Ty, Uy)]] +
+ wy, [e, X M3 (¥, Uy, )] } (2.40)

where we have used that Qe = 0.

Cubic vertex. The cubic vertex terms

053) = Wy, |:€,§M2 [?P()Mg(qfl,\pl),\lll}} y (2413)
0
0B = bo 5
5 = wr, e,fMQ \1/1, LfPQMQ(‘Iﬁ,(ﬁ) 5 (241b)
0

yield
oW _ ;{wL [e,XM2 [ZOOPOMQ(\I/I,%),%H — wp [e, €My (My(Wy, ), Uy)] +
+wr, [e,XMg [Z‘z)PoMg(wl,fol),xI:l” +wy, [e,EMy (Mo (W1, ¥y), Uq)] +
—wy, [e,EMy (PyMo(¥q, V1), ¥)] } (2.42a)
oP) — ;{wL [e,XMg [q/l,EPOMQ(\h,%)” — wy, [e, €0 (Uy, My(Wy, 07))] +
+wp, [G,XMQ [‘111, Z(:)POMQ(‘IH,‘IH)” + wr, [e,EMa (U1, Mo(¥1, 1)) ] +

—wr, [e,EMy (U1, PyMo (¥, ¥1))] } . (2.42D)

Here we note that the second and fourth terms in (2.42a) and (2.42b) cancel with the first
four terms in (2.40). Also, note that we have

— [by— by —=
wr, [G,XMQ |:£:)POM2(\I/1,\I/1),\I/1:|:| = Wy |:6,X§m2 |:L(2)P0M2(\I/1,\I/1),\I/1:|:| ; (243)

because the difference of the second insertions on the L.h.s. and the r.h.s. would lie in the
small Hilbert space. We then have
— Tbo—
wr [e,XMg [LOPOMQ(%,%),%H =
0

by —
=wr [67X2§m2 [L(:)POWQ(‘I’L‘IH),‘IH” +

+wr, [e, Xémo (Mo (W1, V1), ¥1)] —wp, [e, XEma (PoM2(¥1, W), ¥4)],  (2.44)
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together with

by
wr, [G,XM2 [L(:)POMz(‘I/l,‘I’l),‘I/l” =

by —
= wy, |:€,X2£7TLQ |:LOOP07TL2(\I’1,\I/1),\I’1:|:| +

— Wy, [6, XEMQ (mg(\:[fl, ‘111), \Ill)] —+ wy, [e, XfMQ (Pomg(\lfl, \Ill), \Ill)] . (245)

Altogether we obtain

0=0%+0{®+0® =0, +0,+05, (2.46)
where we define
1 _
Ol = 2{ —wrL |:6,XM3(\I/1,‘I/1,\I/1):| +

-+ wr, [6, Xfmg[ﬂg(\yl, \Ifl), \Ifl]] — Wy, [6, Xfﬂg[mg(\lfl, \111), \111]]

+ wp, [B,Xfmg[\Iﬁ,MQ(\I/l, \111)}] — WL [6,X§M2[q]1,m2(\1117 \111)]] } 5 (2.47&)

by —
(92 = wy, |:6,X2£TTL2 |:LOP0’ITL2(‘I/1,\I’1),\I’1:|:| +
0

by —
+ wr, [67X2§m2 [‘1’1, L()Pom2(‘1’1,\1/1)” ; (2.47b)
0

O3 = 2{ —wr [e, XEma[PyMo(W1, W), U1]] + wy [e, XEMa[Pyma(¥1, U1), 4] +
—wr, [e,EMa[PoMa(Vy, ¥y), ¥4]]
—wr, [, XEma[ V1, PyMo(V1, U1)]] +wp [e, XEMo[¥1, Pyma (U1, ¥1)]] +
—wi, [e,EMa [y, PyM (¥, 0y)]] } : (2.47c)
First, O; clearly vanishes: to see this, we note that mg = [, M3], so that
wr, [e, X M3 (U1, ¥, U1)] = wp [e, XEmg(Vq, Uy, ¥y)] (2.48)

and then we use m3 = [mg, M3]. Second, O consists of terms containing single prop-
agator. Finally, O3 contains only terms with Py and it is therefore completely localised
on the boundary of the worldsheet moduli space. Using the cyclic property (B.18) of mo
and (B.20), it can be rewritten as

O3 = 2{4% [PyM (W1, W1),ma(Vy, XEe) + ma(X&e, U1)] +
+wr, [PoMo (U1, U1), ma(X Ty, Ee) + ma(Ee, X Ty)] +
+ wr, [EPyma(U1, U1), my (U1, XEe) + mo(XEe, U1)] +
+ wr, [Poma (W1, U1), ma(EW1, XEe) — mo(X&e, £01)] +

+ wr, [Py Xma (P, ¥1), mae(Py, Ee) + ma(Ee, ¥1)] } . (2.49)
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First, note that the last line in (2.49) can be dropped even without assuming the con-
dition (2.8b) because the matter part of PpXmso(¥;, V1) can only be proportional to
G, 1 {V 1 \% 1 }o, which is a h = 1/2 state, so that it gives zero when inserted in the symplectic
form against

Po&ma(¥1, fe) + Pofma(Ee, 1) (2.50)

which, by (C.4), is proportional to identity in the matter sector. The rest of the expres-
sion (2.49) can be evaluated as well and turns out to give zero up to terms which arise due
to anomalous transformation properties of the non-primary state { Xe (see [20] for details).
Below these will be shown to cancel with anomalous contributions to Os.

2.2.2 Berkovits-like form
We will now show that the X2-form (2.39) can be recast in the Berkovits-like form

1 bo — 1
0= jws bg(\Ill,Xe),L—(;Pobg(\Ill,X\Ill) + gwilba(Xe 01), ba(601, 1)), (251)

where we have defined by(A, B) = ma(A, B) + (—1)XA)dB)my (B, A). Note that only pri-
mary insertions appear in (2.51). We will show in section 3 that exactly the same expression
is obtained by analyzing the third-order obstruction which arises in the Berkovits open su-
perstring field theory provided that we assume that the deformation is unobstructed at
second order.

O3 terms. Let us start with analyzing Os. To this end, note that it is possible show that
—Wr, [P[)bg(\lll, \I/1>, é‘bg (X\Ifl, 56)] = —Wwy [Pobg(\lfl, \111), §b2(§‘1’1, Xe)] . (2.52)
Indeed, we have

—wr, [Poba (W1, W1), b2 (X V1, &e)] = —wr, [Po&ba (Y1, ¥1), Qba(§W1, Ee)| +
]

+wr [Potba(Wy,W1), by(€07, Xe) (2.53a)
= +wr, [PoXba(V1, V1), b2(EV1,&e)] +

—wp [Poba (W1, 01), Eba(€01, Xe))] (2.53b)
= —wr, [Poba(¥1,¥1),Eb2(E¥, Xe)] (2.53¢)

where in order to write down the last equality, we have used (C.6) to note that

bQ(f\Ill, 56) = mQ(é\Pla 56) — ma3 (éeu &ll]l) (254‘)

is proportional to identity in the matter sector so that it gives zero in the symplectic form
against PyXby(Wy, ¥;) which is proportional to a h = 1/2 state in the matter sector.® We
therefore end up with

O3 = —112{5WL [Pobz(‘;[fl, ‘I/1>,§b2(\111,X§€)] + wr, [Pobg(\ljl, \Ill)ang({\Ijl?Xe)] +

— Wy [Pobz(\lfl, \1’1), bg(é-\l’l, X&e)] } . (255)

8P()ng(\lll, W) itself vanishes if we assume the projector condition (2.8b).
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Although it is straightforward to explicitly evaluate (2.55), we do not need to do so at this
point, as we will soon show that it is exactly cancelled by a Py term which we pick up
when we move one of the PCOs in Os.

O5 terms. Next, let us analyze Oy. Reabsorbing £, we obtain

1 bo =
02 = 5(,05 |:b2(\I/1,X26), Lfopobg(qfl, \Ifl) . (256)
0

In order to avoid the appearance of non-primary fields during the explicit evaluation
of (2.56) (these would arise due to the X2e insertion), let us move one of the two PCOs
sitting on e inside the Poby (W1, ¥1) part of (2.56). We end up with

1 bo — 1 —
Oz = us |ba(W1, Xe), 7 Poba(W1, X ‘Pﬁ] 5w [b2(¥1, EXe), Poby(V1,601)] , (2.57)
with the Py part of the second term in (2.57) satisfying
1 1
—5we [b2(¥1,€Xe), Poba(W1, E¥1)] = +owr [Pobz(¥1, 1), €b2(P1,€X )], (2.58)

where we have used (C.4). Note, however, that this (localised) contribution will precisely
cancel with Os: introducing the string field

Z = by (W, XEe) — Ebo(E0q, Xe) + by(EWy, XEe), (2.59)

and using (2.55), it can be shown that
1
wr, [Pobg(\Ifl,\Ifl),E] =—12 <03 + iwL [Pobg(\:[fl,qf1),§b2(@1,§X€)]> . (260&)

However, it can be also shown that n= = 0, which in turn gives that wr[Pob2(¥1, ¥1),ZE] =0
and therefore

O3 + %WL [Poba (W1, W), Eba(¥e,£Xe)] =0, (2.61)

that is, O3 is completely canceled by the Py part of the second term in (2.57). Finally, in
order to rid ourselves of the non-primary insertion £ Xe in the identity part of the second
term in (2.57), we can use the super-Jacobi identity and the fact that the string field

b2 [\Ijla bQ(é.Xea g\pl)} - b2 [E\Ijla b2(£Xe7 \Ill)] + b2 [E\Ph bQ(X€7 5\111)] ) (262)
lies in the small Hilbert space to show that

1 1

SWL [b2(W1,€X€), ba(V1,5W1)]] =+ gwL [b2(Xe, EW1), b2(EW1, U1)] (2.63)

Putting our results together, we therefore recover the Berkovits-like expression (2.51) for
the obstruction. For the sake of the discussion which is to follow in section 4, we introduce
the notation

1 bo —
OV = Zwg bg(\Iil,Xe),L—OPobg(\Ill,X\lll) : (2.64a)
0
1
OI = ng [bQ(X67§\I/1)7 bg(f\lfl, \111)] y (2.64b)
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so that O = OP™P 4+ (0. We can also check the validity of the intermediate manipulations
we have performed so far by comparing (2.51) with the Berkovits-like form of the quartic
part of the classical effective action of [23, 24]. Indeed, we again recover the relation (2.38).

2.3 A, OSFT with stubs

Let us now consider Ao, OSFT with stubs.” We will show that apart from deforming the
star product mso into a non-associative product MQ(O), adding stubs introduces additional
term into both the X 2-form (subsection 2.3.2) and the Berkovits-like form (subsection 2.3.3)
as a consequence of the appearance of the bosonic 3-product Méo). See subsection 2.3.1
for our conventions for A, OSFT with stubs.

2.3.1 Preliminaries

Here we largely follow the notation of [36]. Denoting the picture by a superscript in the
round brackets, we define the bosonic products ]\410 =Q,

MP(A, B) = (1) @ ewLo[(e=wEo 4) « (=L B)] (2.65)
(0)

and higher products M5, ... so as to cover the missing regions of the bosonic moduli space.
The superstring products are then defined similarly to the case without stubs by suitably
distributing PCO charges among the insertions. For instance, the superstring 2-product
then reads

1
M4, B) = = [XMQ(O)(A, B) + MY(x A, B) + MV (4, XB)] . (2.66)

In the spirit of the case without stubs, we introduce the gauge 2-product ugl), so that
when acting on the states in the small Hilbert space, the superstring 2-product can be
computed as

M = 1@, ], (2.67a)

1
us)(4,B) = 3 |ery”(4, B) = My (64, B) = ()" M (A ¢B)| . (2.67h)
We also have the property that MQ(O) = [n, ,ugl)]. The superstring 3-product can be defined

in terms of the following tower of products

1
3 ([Q, ) + [Mél),uél)]) ) (2.68a)

1
u(A4,B,C) = 1 emyP(4, B,C) - MiV(€4, B,C)

MY =

—(—1)d(A)M3£1)(A, ¢B,C) — (—1)d(A)+d(B)M§1)(A, B, 50)} . (2.68Db)
MY = [Q, V) + [Mg”, ), (2.68¢)
u$(4,B,0) = 1 [eM” (4, B,0) - M{)(eA, B,C)

~(=1)" M7 (4,B,C) - (-1 "IN (4, B O], (2.680)

°T thank Ashoke Sen for this suggestion.
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with the properties Mé ) = = [n, ,ué )] and 2M§0) = [n, uz(,)l)]. The equation of motion is written
in terms of the multi-superstring products Mnnfl), which satisfy a cyclic A, algebra, as

3 M- = QU+ MV (W, ) + MP (W, 0, ¥) + ... =0. (2.69)
n=1

It is straightforward to check that the relations (2.9), (2.8) and (C.5) continue to be satisfied
under the same assumptions as before if we replace mo by M20 (this is due to the presence
of the projector Py and the fact that the insertions have Ly = 0). It is also easy to see that
we again have that the second-order obstruction to exact marginality vanishes if and only
if the projector condition POMQ(I)(\Ill, ¥;) = 0 holds, which we shall from now on assume.

2.3.2 Third-order obstruction with stubs: X2 form

It is straightforward to check that the computation goes through mostly along the lines
of the case without stubs with only a couple of minor changes wherever we encounter M3
or make use the associativity of ms. The integrability of the equation of motion at third
order in A follows again straightforwardly by using the fact that [@Q), MQ(U] = 0, the fact
that W5 solves the equation of motion at second order and also the A, relation

2 L.« 1
(@ M)+ S [5", M5 = 0. (2.70)
In order for a consistent solution to exist, we need the obstruction

; b
OgrOJ — PO{MQ( ) |:L0 M(l)(\yqu,l) \I’l:|

bo

+ MY [\Ifl,LM(”(\Ifl,\If )] - Mé”(\lfl,\h,%)}, (2.71)
0

to be vanishing up to Q-exact terms. Going through identical steps as in the case with-

out stubs, we can show that it is necessary and sufficient to require vanishing of O =
—wg(e, 08 = Oy + Oy + O3, where e = 0@1/26_(‘5 and 01, Oy, O3 will now be described.
First, we have

1
01:2{_WL e X,U( )(\Illa\:[/b\:[ll)} +

+wr _e,Xszo)[Mél)(‘I’h‘I’l)a‘1’1]} [6 Xeus (MY (01, 9y), ‘111]}

+w@ﬁ%%h£@ﬂﬂ}wkﬂﬁ@ﬂﬁ@ﬂwﬁ,@m

where we note that the string field X,u(Q)(\Ifl, Wy, \Ifl)—XgMél)(\Ill, Uy, Uy) lies in the small
Hilbert space and therefore —wL[e X,ug )(\111,\111,\1’1)] = —wL[e,XﬁMél)(\Ifl,\Ifl,\Ill)] S0
that we can use the relation M =@, u3 ] [MQ(O),,ugl)] (see [36]) to write

01 = —%OJL [e X{ng (\Ifl,\I/l,\I/l)] . (273)
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Finally, using the relation [n, uél)] = 2M§O), we conclude that
Oy = ws [X%, MO (@, 0y, \1;1)} . (2.74)

Note that this is different compared to the case without stubs where we had ; vanishing.
As for the remaining two contributions to O, we again obtain

Oy = wy, {e,X%MQ(O) {Z)}POMQ(O)(%, 0, qu” i
+uwg [e,X2§M2(O) [qfl,z(;POMQ(O)(fol,\yl)” : (2.75)
together with
04 :1{ + 4wy, [PouQ)(\pl, Uy), MO (T, Xée) + MO (Xee, \111)} +

6
op [Pl (1, 00), M (X W1, g€) + M (e, X01) | +

o, [ePonf” (W, w1), M (01, Xee) + M (Xée, 0)| +
on [P (3, 0), MY (€0, Xée) — MY (Xée,€01)] } . (2.76)
Altogether, the X2 form of the obstruction in the case with stubs therefore reads

b —
0= —wg {X%, MQ(O)[;POMQ(O)(\IJI,\IIl),\Ill]] +
0

L
+wg [X%, MO (T, qjl)} LO5. (2.77)

bo
— wg [X%,MQ(O) [0y, ZPOMZ(‘”(%,\I@)]} +

2.3.3 Third-order obstruction with stubs: Berkovits-like form

We will now show that the obstruction can be rewritten in terms of the product Bgo)

(see (2.79) for definition) as

1 bo —
0= Zws [Bgo)(\pl,xe), LOPOBQO)(%,X\IJI)] +
0

1
ts {wL [Béo)(Xeyﬁ‘Pl)aBéo)(ﬁ‘I’h‘1’1)] +wsg [Xe, B§°)(X\Ifl, Uy, ‘1’1)} } ;o (2.78)
so that all insertions are primary.

Non-associative commutator algebra. Let us define the degree-graded commutator
based on the Witten star product with stubs as

BY(A, B) = M{”(A, B) + (—1)* V4B (0 (B, 4). (2.79)
Denoting

[A, Bl = e “Fo[(e 0 A) x (e7wFo B)] — (—1)AlIBlgmwlof(e=wlo B) x (e7"F0 4)], (2.80)

~ 18 —



we therefore have Béo) (A, B) = (—=1)“Y[A, By. Clearly we have
B (A, B) = (1)1 B0)(B, A) (2.81)
and it can be shown that cyclicity of the symplectic form w.r.t. MQ(O) implies
w(BY (A, B),C) = (—1)4+1y(4, BY (B, ). (2.82)
We also have the generalized super-Jacobi identity
(—1)dAEC)+1) gO) [A,Béo)(B,C) 4 (—1)AB A+ ) {B,BS))(C,A)]
i (_1)d((})(d(B)+1)B§0) [07 Béo) (A, B)]
= ~(-1)' Q. BY)(4. B,C) (2.83)
where we have defined
B{"(A,B,C) = M"(A,B,C) + (~1)UDUB+ON N O (B C A)+
+ (_1)d(0)(d(A)+d(B))M§0)(07 A, B)+

+ (~1) AV N (B A, C) + (~1) 1PN (4, C, B)
4 (_1)d(A)(d(B)+d(C))+d(B)d(C)MBEO)(C’ B,A). (2.84)

In particular, we obtain
BY gqfl,Bgo)(\pl,\Ifl)} — 2B [\pl,Bgm(\pl,g\yl)] = [Q, BO) (W, €01, 9,),  (2.85)
where
L@ BO w1, £y, 1) = QMO (W, €01, 0y) + QML (€W, By, Uy )+
5l B3 5 ) 3 ; ) 3 , W1,
+ QM (0, 0, €01) 4 LB (X0, 00, W) (256)

O3 terms. It is straightforward to see that we obtain

1

Os=—75

{Em [poBg%pl, \Pl),gBéo)(\Ill,Xfe)} +
+wr, [PoBéo)(‘I’l, Uy), 5350) (&, Xe)} +

—wp [RBY (W1, 91), B (6w, X¢e)| } . (2.87)

O, terms. First, using cyclicity of the simplectic form and the definition of Béo), we

obtain

1
Oz = Jws [B;m(\pl, XZe),

bo

fﬁOB;0><m1, \1/1)} : (2.88)
0
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which we again rewrite as

1 by —
0y = ws [ngl,xe), LOPOBgo)(xI/l,X\Iq)} +
0
1 _
+ QWL [BSO)(‘I’lanG), POBé())(\IJlag\I’l)] . (2.89)

It is easily checked that the Py part of the second term in (2.89) again cancels Os. As for
the identity part, defining the string field

T= 8y w1, B (€Xe,c01)| - BY [ew, BY (xe,w1)| +
+ By w1, BY (Xe,gw1)) (2:90)

which satisfies nT = 0, so that wy(¥1,T) = 0, we can use the generalized super-Jacobi
identity (2.85) and cyclicity of the symplectic form to show that

1
QWL [Béo)(‘l/hﬁXe)aBéo)(‘l’hﬁ‘l’l)]} = —ws [XQQ M;:EO)(‘I’L‘I’h ‘1/1)} +

n é {wL [Bgm (Xe,e0y), B (¢, xpl)} +uwg [Xe, BO(XWy, 0y, \1/1)} } . (2.91)

Substituting back into (2.89), we recover the Berkovits-like form (2.78).

3 Equivalence of the A, and Berkovits obstructions at third order

Here we show that the third-order obstruction arising from the reduced Berkovits open su-
perstring field theory (i.e. {o® = 0) is identical to the one derived in the Ao, OSFT without
stubs. After setting up the stage by reviewing the machinery of marginal deformations in
the Berkovits theory in subsection 3.1, we will evaluate the third-order obstruction against
arbitrary test states in 3.2, recovering the Berkovits-like form (2.2b) for the obstruction
which we derived in the context of A,, OSFT in the previous section.

3.1 Marginal deformations in Berkovits open superstring field theory

Expanding the Berkovits action up to quartic order, we obtain

Spal®] = —5 Trr [12Q] + STre [18(8, Q)] — - Tro[y9[2, [2,Qa]] +...  (3.1)

The equation of motion which we obtain by varying this action reads

Qn + L1, Q3] + - ((n®,[QP, B]] + (2, [2, Qn] + [Q2, [£,99])) + ... =0 (32)

We partially fix gauge as {g® = 0, meaning that we can write ® = W where V¥ is in
picture —1 with 7o¥ = 0. Again, we want to find a continuous family ¥(\) = S22, \¥U,
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of classical solutions with ¥, = ¢V, /26*‘25. Order by order in A, we obtain conditions
0=QVYy, (3.3a)
1
0=QV, + 5[\111,X\I/1} s (3.3b)

0= Qs + J[W1, QEWa] + S[Wa, XU+ (101, [X W1, €3]] + [X U3, 603, W1])) . (330)

The equation arising at second order in A is clearly integrable because Q[V1, X W] =0. A
putative solution for Ws then reads

1 by —
Uy = —= 2Py, XUy] + ¢y (3.4)
2 Lo

In order for (3.4) to actually solve the equation of motion at O(\?), we need

QUy = % (EQ — Po> Po[¥1, XU + Qv (3.5)

to be equal to —%[\111, X W], that is, we need the second order obstruction

1
05" = §PO[\I117 XU+ Qyo (3.6)
to vanish. Analogously to the Ay, case, one can show that the necessary and sufficient con-
dition for OF® to vanish is Py[¥1, X ¥;] = 0 with Q12 = 0 (so that again, we need to take

19 to be of the form ch /26*¢). Proceeding to the third order, integrability requires that

SOV, QEVa] + QMW XW] 4 o (QI, [X 0, 60 + QX W, [601, W) =0. (3.7

Assuming that Wy solves the second order equation of motion, (3.7) can be straightfor-
wardly shown to hold as a consequence of the super-Jacobi identity

2[X Wy, [Ty, X Uq]] + [¥q, [X Ty, XT4]] = 0. (3.8)

A putative solution for U3 then reads

by — 1 1
Uy = ——2Pg 4 = [U1,QEWs] + = [Wy, XT] +
Lo °12 2

b gl X))+ (X0 o) i (39)

and the corresponding obstruction can be readily seen to be equal to'°

1 by — 1{bo—
03 = Py {4 [‘1’1,Q§L(2)Po[‘1’1,X‘I’1]] +7 [L(;Po[‘l’bX‘I’lLX‘I’l] +

1

5 X0 ]+ X0 [, ) | - Qua . (3.10)

10Gimilarly to the Ao case, we ignore any potential contributions of 12 to O™ because in most cases of

interest we will have Py[¥1, X1)2] + Po[th2, X ¥1] = 0 by the projector condition (2.8).
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Recalling our discussion of the A, case, it is clear that necessary and sufficient condition
for the vanishing of O is that

OBer = —Trgleg03 P = 0, (3.11)
where O?er’proj = Py{...} is the projector part of (3.10) and ez = 0\71/26*‘;5.

3.2 Simplifying the third-order obstruction

Evaluating O?er’pmj against all possible test states of the form e = ¢V 12¢7? (again, we

drop the lower index ‘g’ from e), we have

1 bo — 1 bo —
OBer = —~Trg |Je, X U1 ]2 Po[U1, XU1]| — —Trg |[¥1, Xe] 2 Po[Wy, X Uy]| +
4 Lo 4 LO

T el [X Wy, €0 ] 4 - Ty [6e[X Wy, [0, 0] (3.12)

Finally, to make contact with the A, obstruction derived in section 2.2, we can first use
the vanishing of the second-order obstruction (i.e. that Py[¥1, X¥;] = 0) to establish that

1 bo — 1
7 Trs [e,X\Ill]L(;PO[\Ill,X\Ill]] =~ Trr [[ge. €01 [U1, X W] +
1 bo —
+Trs [[\Ifl,Xe]LOPO[\Ifl, XU (3.13a)
0

so that the expression (3.12) for Ope, can be rewritten as

OBer = —%Trs (W1, Xe] 2130[\1/1, XUq]| + %TrL [[€e, €W [Py, X U]
+ %TrL[fe[\Ifh (XU, E04]]] + %TrL[ﬁe[X\Ill, [T, T4]]] (3.14a)
- —%Trs (W1, Xe] ZPO[‘I’L XU — éTrL[[Xe,f\IJl][f\IJl7 U], (3.14b)

where, in the second step, we used a super-Jacobi identity. That is

1 bo — 1
Oper = 5w bg(\lfl,Xe),L—?)Pobg(\Ill,X\Iq) +ng[bQ(Xe,ﬁlPl),bg(f\Ifl,\111)]. (3.15)

Since (3.15) is identical with (2.51), we have shown that the third-order obstructions arising
in the A, and Berkovits open superstring field theories are equal when evaluated against
a test state c\?’l /26*¢. Note that strictly speaking this is only true provided that the
obstruction at second order in both theories was already arranged to vanish.

4 Evaluation of the obstruction

Here we will present three ways of evaluating the obstruction at third order. Here, by
“evaluating” the obstruction, we will mean deriving an explicit expression for O in terms
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of Vy /5 and ' /2 which would be suitable for practical applications. The first two methods
will rely on the presence of a global A/ = 2 worldsheet superconformal symmetry for
the given background with only +1 R-charge marginal fields appearing in the boundary
spectrum: in subsection 4.1 we will use the Berkovits-like form (2.2b) as our starting point,
while in subsection 4.2 we will start from the X2-form (2.2a). Both methods will lead to
the same result

O = ~(} ;) ~ (7 [H}) — 3 (Fol o), (11)
where the auxilliary fields H, Hy and H, Hy will be defined in terms of VI—L/Q and \7?/2
in (4.22) and (4.23). Note that no integration over worldsheet moduli appears in (4.1)
— the result localised on the boundary of the worldsheet moduli space. Upon identifying
e = WUy, the expression (4.1) for the obstruction becomes proportional to the localized
quartic part of the classical effective action, in accordance with the prediction of [24].
Also, for both methods, we will show that the final result is unaffected by adding stubs:
that is, adding the bosonic 4-string vertex Méo), which inherently comes with integration
over a bosonic modulus, does not seem to spoil the localization property of the third-order
obstruction. Finally, in subsection 4.3, we will present a method for evaluating O directly
along the lines of [21] — this will work also for more general setups.

As we have hinted at above, the core of the first two methods will be the recipe
of [22-24], that is, we will assume that we can decompose the string fields ¥; and e into
eigenstates of the R-current .J of an A = 2 worldsheet superconformal algebra {T', .J, G*}
with R-charge +1. In particular, we will assume that the theory contains only such NS
marginal operators V', which satisfy V = V* + V~, where V* carry charge + under the
R-current. Writing V+ = chiﬂe_‘b7 we have

XV = cVy — Vi, (4.2)

where we assume
G*(V(0) = %VT(O) +reg. (4.32)
Gi(z)V;f(O) = reg. (4.3b)

While the h = % matter fields are charged under J, their h = 1 counterparts are neutral
JoVE = +VT, (4.4a)
2 2
JoVE=0. (4.4D)

Note that as per our discussion at the end of subsection 2.1.1, these assumptions hold
automatically if we assume that the background at hand conserves at least two spacetime
supercharges with the same chirality in two non-compact dimensions.

Finally, we note that first two methods for evaluating O will allow also for slightly

11

more general setups then we described above.”" Namely, we will be allowed to assume

1We would like to thank Luca Mattiello and Ivo Sachs for a useful discussion on this point.
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that the worldsheet theory may contain also NS marginal fields in the matter sector with
charge zero under the localising R-current: while we will always deform our theory by a
subsector of marginal operators which can be decomposed as VT 4+ V~, the obstruction
has to be always computed against all possible test states. And these we will allow to
include also marginal operators with zero R-charge. That is, we Will allow for test states
e=eT +e  + €, where et = CV1/2€ together with ¥ = CV1/26 . We then have

G* ()7 (0) = %VJF(O) } reg. (4.52)
G (0) = %\71(0) treg. (4.5b)
Gi(z)if%t(o) = reg., (4.5¢)
where we note that
V0 = G+ VY +G:%V‘; = (VO)* + (v))~, (4.6)

where (V(l])i carry charge +1 under .J. We also have X" = 0\7(1) — e¢17\7(1) /2°

4.1 Localization: Berkovits-like form

We will now show that starting with the Berkovits-like form (2.51) of the obstruction
O = OP™P 4+ (0" and exploiting the virtues of the N’ = 2 R-charge decomposition of ¥, one
can write down an expression for O which does not contain integration over the worldsheet
moduli. We will first show (subsection 4.1.1) that the propagator term of the Berkovits-like
form decomposes into a localized part @'°° and a contact part, which will be then shown
(subsection 4.1.2) to exactly cancel with @’. Finally, in subsection 4.1.3 we will evaluate the
OPE in O"¢ to derive the result (4.1) which is suitable for applications. In subsection 4.1.4,
we will shortly discuss that adding stubs, while introducing an additional term into the
Berkovits-like form (see (2.78)), it leaves the final result (4.1) unchanged as the appearance

of the bosonic 3-product Méo) is exactly compensated by the associator of MQ(O) .

4.1.1 Propagator term

Focusing on the propagator term of (2.51) first, we use the R-charge conservation and
c-ghost saturation to write

OPrP = OFE | OFF (4.7)

where we have defined

1 o ho
Ot = @S [bQ(\pl XU, I, 22 Poby (U7 ,Xe)] +
1 vy Do
+ gws | b2, XU, I — Poba(¥7], Xe) (4.8a)
1 bo
OFF = @S [bg(qfl,xw) Io — Pobo (U] ,Xe)] +
1 bo
+ Sws bo (U, X0, L0P0b2 U, Xe) (4.8b)
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Here we have used the fact that Xe® and X \I/iE are R-neutral in the above correlators,
because the Siegel gauge propagator provides a b-ghost, so that we need to take the c-ghost
parts for all insertions. For the same reason, we have that

by —
ws bQ(\pf,X\Iq),L%PObQ(W,Xe) =0. (4.9)

Also, note that any potential R-neutral part ey of e can never contribute to the propagator
term, because c-ghost saturation tells us that Xey carries charge +=1. We will now remove
the propagators by moving the PCO which does not sit on the test state e onto a \I/iE
insertion with R-charge different from the remaining two. This can be done by first going
to the large Hilbert space by placing £ on the insertion where we want the PCO to be
moved, then writing X¥F = Qfllfic and finally moving @ onto the insertion with £. In
particular, starting with OF*, we get

1 _
OFt = +5wr (b2 (W, EU7), Pobo (£, Xe)] +

1 _
+ QWL [b2(W, EUT), Poba (€07, Xe)] +

1 bo —
+ 5ws [bQ(\yl, vy, LOPObQ(X\Iff,Xe)] +
0

1 bo — _
+5ws [bg(@f,\l/f),[f;Pon(qul ,Xe)} : (4.10)

where the last two terms vanish by the R-charge conservation. We therefore end up with

1 —
O =+ Swp, [ba(¥7,697), Poba(§9T, Xe)] +

+ g [ba(WF,€91), Pubo(607, Xe)] (4.11)

Similarly for OFF, where we get

1 bo
OFF = +§WS |:b2(X\I]1a\IJ1+)a ;Z]PUbQ(WT?Xe)] +
1 + _ bo— —
+5ws by (X7, ¥Y), fOPOb2(W1 , Xe)
1 _ —
+ gwr [b2(€0T, EUT), Poba(WT, Xe)] +

+ 5 [ba(6WF €07, Poba(¥7, Xe)] (412)

with the first two terms vanishing by R-charge conservation, that is

1 B _
(9:‘:$ = +§WL [bQ(g\Pl ’5\111_)7P0b2(\111i_,X6)] +

+ %wL [bg(fq/ii_,f\Ifl_),Fon(\Ill_,Xe)] . (4.13)
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Finally, we note that the O’ contribution to (2.51) decomposes into the R-charge eigen-
states as

0 = é{wL [b2(Xe, W), ba (€T, UT)] + wp [ba(Xe, E¥T), b (€T, ¥T)] +
+wp [b2(Xe, 897, ba(EWT, U7)] +wp [ba(Xe, €U7), b (697, ¥7)] +

+ wp, [b2(Xe, £97),b2(EVT, U] +wp, [b2(Xe, EUT), ba(§¥T, UT)] } . (4.14)

Again, we note that c-ghost saturation requires that we take the e?n part of Xe. For e,
the corresponding correlators are generally non-zero because the e®n part of Xe carries
R-charge 1. On the other hand the e®n part of Xeg is always R-neutral so that it always
give zero and can be ignored. Summarizing our results up to this point, we have shown
that O can be written as a sum of localized and contact terms

O = Ol°° 4 O (4.15)
where
ol = — ;{wL (Do (W7, €07), Poba(§0F, Xet)] +
+wr [b2(UF,E97), Poba (67, XeT)]
+owr [ba(EWT, EWT), Poba(WY, Xe )] +

b €] €07, Pal07 XeM)] |, (1160

ocon :é{wL [b2(Xe, £UT), b (0T, UT)] +wp, [ba(Xe, £T7), b (€T, )] +
+wr [b2(Xe, £07), ba (0, U7)] + wr [ba(Xe, EUT), ba (€07, T )] +
+wr, [b2(Xe, €07 ), ba (601, UY)] +wi [ba(Xe, £T7), b2 (€07, T )] +
+ 3wr, [ba (W1, E07), ba (60T, Xe)] +
+ 3wr, [b2 (¥, E0T), ba(E¥7, Xe)]
+ 3wy, [b2(E0T, 0T, ba (¥, Xe)| +
(

3o (W] 07 b7 X0 b (a1

We will now show that O™ = (0 while 0'°° is generally non-zero. Requiring that 0'°¢ (and
therefore the whole obstruction) vanishes will yield a non-trivial constraint on V 1.

4.1.2 Cancellation of contact terms

Let us first use cyclicity to absorb all terms shown in (4.16b) inside one simplectic form
taken against Xe. We obtain

0" = wi(Xe, YT +Y7), (4.17)
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where we define
YT = —é{bg (€U, bo(ETF, UT)] + by [€UF, b2 (ETT, TT)] +
+ by [EUF, ba(ETF, UT)] — 3by [€UT, bo (W5, €0)] +

+ 3 [ (vl 0] b (as)
Let us now show that nY* = 0. We have

0v* = o { b [T b6 98] + b [0 b ) +
+ by [UF, bo (€T, UT)] — 3by [UF, bo (U5, €07)] +
— by [WF, by(WF, €U)]
+ b (€T, b (Y, W) + ba [€0F, 02T, U7)] +
+ by [€UF, bo (U, UT)] — 3bo [€UT, bo (T, T7)] +

+ 3by [TF, bo (€T, UF)] }

-1 {b2 [T, bo (U, EUT)] + by [TF, ba(£TF, )] +
= by [0 ba(WT, )] + by [€0T b (W5, ¥7)] +

- 262 [\Ilit7b2(€\:[l:’: ‘Il:t)] }7

where the last equality is easily seen to vanish due to the super-Jacobi identity. It follows
that wr,(Xe, Y*) = 0 and therefore O®°" = 0.

4.1.3 Evaluation of localized terms

Let us finally evaluate the localized terms. For our convenience, we will do so in the large
Hilbert space. We have

1 B B _
Oloc — _ 2{wL (b2 (U], Xe™) — bV, XeT), Poba(E07,E07)]
+ wp, [b2(EVT,UT), Poba (€0, Xet)] +

+ wr, [b2(§9F, ¥T), Poba(£¥7, Xe )] } (4.20)

It is then straightforward to compute that

Poba(EW7,€WT) = —£0€cdcHe 7, (4.21a)
Polba(W], Xe™) — bo(¥7, Xet)] = neHy + (4.21Db)
Poba(£97, W) = —25680Hi (4.21c)
Pobo (€W, Xet) = cH , (4.21d)
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where we have denoted

lim [Vf(z)Vf(—z)] = H, (4.22a)
lim {22 (V; (z)V%L(—z) — Vg(z)Vl (—z))] = Hp, (4.22b)

and

lim [22 <Vg(z)\~/z(—z) -V

z2—0

[N

(z)Vg(—z)—Vz(z)vg(—z)—i—Vg(z)V;f(—z))} =Hy. (4.23b)
Using (C.10) we finally obtain

- B - 1 -~

O = 0" = —(H{|H;) — (H; [H}) - 5 (HoHo) . (4.24)
Note that the overlaps in (4.24) may potentially include a Chan-Paton trace. As the test
state e can be chosen arbitrarily, (4.24) makes it clear that the necessary and sufficient
conditions for the third-order obstruction to vanish are

HT =0, (4.25a)
Hy = 0. (4.25b)

These are what [24] call the generalized ADHM equations. At the same time, they should
be viewed as only necessary conditions in order for the deformation to be exactly marginal
to all orders as one cannot exclude possible corrections potentially arising at higher orders
in the deformation parameter. Also note that setting e = ¥y, we have ]I:]I{E = 2]HIli and
Hy = 2H, so that the obstruction becomes proportional to the localized quartic effective
action of [23, 24]

o1
Oy, =4 <<HT\H1 )+ 4<Ho\Ho)> =45 (4.26)

This serves as a check of consistency of our manipulations, as we have shown that the
relation (2.38), which we have noted at the beginning (and which is originally due to [24]),
continued to hold throughout our analysis. Ref. [23] also notes that the generalized ADHM
equations Hf = Hy = 0 are the flatness conditions for the quartic effective potential (as it is
clear from the form of (4.26)). While it is clear from (4.26) that any marginal deformation
which has vanishing third-order obstruction has to give rise to a flat direction of S éﬁf) (this
was noted already by [24]), we observe that our analysis therefore also shows that provided
that the third-order obstruction is given by the expression (4.24) (that is, provided that
the worldsheet theory admits an extended global N' = 2 superconformal algebra with all
marginal operators carrying R-charge +1), then any flat direction of the quartic effective
action gives rise to a marginal deformation which is exact up to third order in A. This is a
non-trivial result because vanishing of the obstructions to exact marginality against all pos-
sible test states could in principle be more restrictive than flatness of the effective potential.
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4.1.4 Adding stubs

In the case with stubs, the computation goes along similar lines as in the case without
stubs (replacing by by BY), except for the fact that there is the additional fundamental
4-vertex term

1
o — Zwg [Xe,Bgo)(X\Ifl,\Iq, \I/l)] . (4.27)

We also have to use the generalized super-Jacobi identity (2.83) when manipulating the
identity part of the Py terms picked when moving one of the PCOs during the localization
procedure. We will now show that these two modifications exactly compensate each other.

Let us therefore write
O = Oloc + Ocon + Ofund . (428)

For O'°° we again obtain

1
Oloc — _ Q{WL [B§0><\1;1+,Xe—) — B (wy, xet), PyBY (5\11;,5\1!{)}

o, [BY €y, u7), BB (6UT, Xet)] +

s [Bcur v mEP e X)) fL a20)

which evaluates to the same expression (4.24) as we have found in the case without stubs.
For O™, we obtain

0" = wi(Xe, YT +Y7), (4.30)
where
1
v = —{BS” o7, BY (¢uf, wh)| + BY [ewt, BYY (e0T, v +
+ B [ewt, B (¢wi, oT)| +

=3B [ewT, B (wi cui)| + 3B [wt, B (¢uT )] } . (431)

This time, however, we obtain a non-zero answer when acting with n on Y™ +Y ~, because
Béo) does not associate. In fact, we have

1
ny* = — 3{77Q£B§0)(\IJT, W eUs) — Qe By (€0T, T, UF)

— B (OF, W, X0F) + g B (X OF, v, ﬂf%)} 7 (4.32a)

=nD* (4.32D)
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where we have used the generalized super-Jacobi identity (2.83) and also inserted
1 = n&y + &on to write the result as manifestly n-exact with

1
D* = 3{Q£B§O)(\I’T, UL EUY) - QEBYY (§VT, VT, UY)
— B (UF, U, XUT) + ¢BY (XUT, uF, \Ifﬁ} S (a33)

That is, the difference between Y+ and D* will necessarily lie in the small Hilbert space
so that we can replace Y with D¥ inside (4.30). This means that we can write

1
ocn = 3{ws [Xe, BO (W, 07, X7)| - ws [Xe, BY (X0, 07, 97)| +
Xe, BT, 0t X0H)| —wg | Xe, BO (X0, 0t ot 4.34
+ws [Xe, By (U, ¥, 1) ws |Ae, 3( 19 %1 1) . (4.34)

Here we note that B?EO) provides a b-ghost, so that the c-ghost part of Xe and X \III—L
is selected. However, recalling that the c-ghost part of Xe and XW; is R-neutral, we
conclude that the second and the fourth term in (4.34) are zero by R-charge conservation.

Using the symmetry of the Béo) product, we therefore end up with

1 1
0" = —ws Xe, B (Xwr,wf 7)) - Sws |Xe, BY (Xt wr, v (435)

However, decomposing the fundamental bosonic 4-vertex term O™ into R-charge eigen-
states, we obtain

1 1
O = + s | Xe, BY (XT, wf, 07)| + cws [ Xe, BY (X0, 07, 91)] +
1 ) a1 o
+ cws | Xe, BY (X007, 01, 07)] + 2w [Xe, B (Xw7, w7, w])|
1 ) 1 . .
= +5ws |Xe, B (xwi, vy, wt)] + Sws [ Xe, B (x0T, w7,97)|, (436)

where in the last step we have again made us of the symmetry of B?()O). We therefore
obtain that @ 4+ Ofnd — (. Altogether, we conclude that the obstruction is again given
by (4.24).

4.2 Localization: X2 form

Here we will localize the obstruction starting from the X2 form (2.39) (see also [20]). Below
(subsection 4.2.1) we also show what changes need to be made when working with stubs.
It is clear that the only terms in X?2e which will contribute into the obstruction are those
containing a single ¢ ghost insertion. It is straightforward to show that these are precisely

1 ~ 1 ~ ~ ~ 1 ~
X%e= 5032(6¢V )*5(620)6¢V +c:06n:e®Vi+ce? GV : *§CG¢82V% +... (437

1 1
2 2

It is therefore clear that we can write X2e = (X2e)™ + (X?e)~, where the two states

1 ~ 1 ~ ~ ~ 1 ~
(XZ%e)t = 5082(6¢V:§) - 5(62C)€¢V:§+C :0€n: e(z’Vf%E—i—ce‘]5 :GFV, —iced’anj%E (4.38)
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carry charge +1 under the localising R-current. This means that the X? propagator term
n (2.39) can be rewritten as

] - . ] . .
— wg | X2, ms L—OPomg(\Ill,\Il ), U7 || — ws [ X2, my qzj,LiPOmQ(qu,q/;)
L L 1] L L 0 J
- ) - - - -
— wg | X2, ms Lipomz(ml,w ), 0| | — ws [ X%, my wf,LiPOmg(w;,wf)
L L+~0 J L L J
. ) - . S -
—wg | X?%e, mo L—OPomg(\Ill ,\I/ ), \Iff —wg | X%e, mo v, OP()TTlQ(\I/l , )
L L+~0 1] L L J
[ 2 [ b0 +]] [ 2 [~ bo 1]
—wg X €, my fPOmg(Wl ,\If ) \I/ —wg X €,my \Ill s L Pomg(\Pl ,\I/ )
L LL+0 1] L L J
- o - - 2 -
— wg | X2%e,ms LiPOmQ(w;,wf),m; — wg | X%e, ms qu,LO Poma(UF,07)
L L+~0 1 L L J
. ) s . - e
— wg | X2, ms ipomg(wl,w ), U7 || —ws [ X%e,my \Iq,szomz(w;,\p;)

In each of the above terms, we will now move one of the PCOs from the test state on the
insertion with opposite R-charge than the remaining two. That is, we will first go to the
large Hilbert space by placing £ on the insertion where we want to move the PCO, then
write X2%e = Q¢Xe and finally move Q onto the insertion with &. We obtain

+wr [(Xe,ma [Poma (U], UT), E07 || +wr [€Xe, mo [T, Poma (T, £¥7)] ]
+wr[EXe, my [Poma (¥ ,&Iv;), U] +wr[€Xe, ma [, Poma (€07, ¥7)]]
—|—wL [{Xe,mg [Poﬂlg(f\yl ,\I/i—), \IJTH —Wwy, [er,W‘LQ [f\pl ,Pomg + \I/ii_)H
+wr [(Xe,ma [Poma(V7, 7)), 80| +wr [EXe, ma [¥7, Pomag (V] ,f‘I’f)H
+wr [(Xe,ma [Poma (V] g D)) +wr [€Xe,mo [T, Poma(£0T, ¥7)] ]
+wr [(Xe,ma [Poma (€T, 07), U1 ]] - wL[gXe ms [gnpl,POmQ U]
- o - b .
+wr, | €X e, mo L—zpomz(qff,qff),xq/; twy gxe,m2 @f,fOPOmQ(mf,Xm;)
:b B i - - b i
+wy, [EX e, ma L%Pomg(\yf,)m;),qu +wy [EX e, ma \Iff,fzpomQ(X\Iz;,\yf)
- :b _Z - - b B I
+wr | X e, mo L—%POmQ(Xllfl,\Il+) U | | +wg [EXe, my X\y;,f‘;PomQ(wf,\pf)
- b . - - b I
+wr, | €X e, mo L—Opomg(qfl,qf ), XUF | | +wr|EXe, my @;,Liopom(\p;,xw)
- b . - - b i
+wy |EX e, ma L—Opomg(qfl,xqf ), U7 | | +wr [€Xe,my m;,f‘;PomQ(X\If{,\If;)
- :b ~ _:: - - b B - ~ .
+wr | X e, mo fOPDmQ(wa,wl),ml +wr | X e, ms X\lff,fngmg(qfl,qzl)

(4.39)

We note that all propagator terms now vanish due to R-charge conservation (we are forced
to take the c-ghost part in both Xe and X \Iili, which is R-neutral) and the identity parts
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of the Py = 1 — P, terms cancel by associativity of ms. We are therefore left with
—wy, [Poma (T, U ), ma (€07, EXe™ )] + wr, [POmQ(\I/f,@I/ ), ma(€Xe™,
+ wr, [Poma (U, 607),ma(T, EXe™ mo (€T, U, ma(EXe,
[ mQ(gxpl,\If ), ma (U], EXe™)] +wp, Pom2 U, UT), me(EXe” ,gqfl
[Poma
[Poma

)] +wr [Poma(

)] (

ma (U7, U7 ), ma(E0T, EXeM)] + wr [Poma (U7, E0T), ma({Xet,
)] (

(

+wr | Py
—wr | Py

r—||—|r—||—|

+ wry, P()mg \Ill ,f\IJ+) m2 \I/ er +wr, P()mg f ) ma er

o)
u)
)
o)
vy)
+ wr, [Poma(§¥T,U7),mo(V7,EXeN)] +wr [Poma (V1 , 7)), ma({Xet, £0T)

]
|
]
|
]
]

which can be rewritten in terms of the bs product as

- %WL [b2(EWT X e™), Poba (W7, UT)] —wy, [ba(W7, X e7), Poba (W, 607 )]

— %wL [b2(§W+,§X6+),Pon(\I’1_, \Ill_)] —wr [bg(‘l’l_,erJr),Pobg(\lll_,f\llf)] . (4.40)

We are now ready to evaluate the obstruction. We will treat all insertions as if they were
primary, because contributions coming from the anomalous transformation properties can
be shown to exactly cancel with O3 (see [20] for details). It can then be shown that

Pobo (Wi, Uf) = +2cOcHEe 2% (4.41a)
Pobo(VE €UF) = —€cOcH e F (1/2)0¢cOc Hype ¢ (4.41D)
where the auxiliary fields HY, Hy are as in (4.22) and we define

lim V_(Z)V’%L( 2) +Vi(z)Vi(=2)| =H;. (4.42a)

50| 3 3 3
Keeping only the contributions containing exactly one c-ghost and neglecting anomalous
terms in the OPEs, we further have
—Poba (W], 6Xe™) + Poba(¥y,6XeT) = c:én: Hy, (4.43a)
Pobo (607, £Xe*) = ¢y, (4.43Db)
where the test-state auxiliary fields ]I:}If, Hy are as in (4.23). Using these results, it is then
straightforward to establish that we recover expression (4.24), that is
O =~} ;) — (7 [H}) — & (ol o). (4.44)
4.2.1 Adding stubs

Two modifications of the above procedure are needed when working with stubs. First, as
opposed to the case without stubs, the following terms in (4.39)
+wp [exe, MY _M<0)(x1/1+,\p+),5\1q" twp [exe, MO [wi, MO (0, euy
twp [eXem, MO (MO, ewp), O] ] + wp [exe, MO [wt, MO e, vy

twy [exe, MO [ MO (ewr, wy), qﬁ" —wp [exe, MO ewy, MO (v, v}

=+

tuwr [exet, MY [

2

O
+owp [exet, MY _M(O 0y, wy), 607 || + wr [exet, MO [wr, MO (w7, ew
_ (\pr&\lf*) v]] +wr, [exet, My :\DI,MQ(O)( e
(34

tuwp [exet, MY _M(O ), 0T || = wr [exet, M [ewd, mO (ur, v
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which arise when moving one of the PCOs in the propagator term, do not vanish, be-
cause the product MQ(O) does not associate. Instead, using the A, relation [Q,Méo)] +
%[MQ(O), MQ(O)] = 0, these yield

—ws [ X%, M (U, F, 07)| 4w | Xeo M(O)(\I/]L,\I/;L,X\I/f)-
—ws [ X%, MO (wt, vt ,xIﬁ) +ws [Xem, MO (U, X077
—ws [ X2, MO ,\Iff,qﬁ) +ws | X M(O)(X\I/;,\pf,qff)'
—wg [ X2, M0y, 0y, 0| 4w [ Xet M(O)(\Ill_,\lll_,X\Ilf)-
—ws [ X2, MO (U], U, @ ) +ws [ Xet, MO Uy, XU, 0))]
—ws | X265, MO (W, 07, 07) | +ws [Xet Mgo)(xw,w;,qfl—)' . (4.45)

Note that M?EO) provides a b-ghost so that we are forced to take c-ghost terms in X2e®, Xe*
and also X \Ilf[ Since the c-ghost terms in Xe* and X \Ilf[ are R-neutral, the corresponding
terms (second column of (4.45)) will vanish by R-charge conservation. Also, recall that the
c-ghost terms in X2e* carry R-charge +1 so that these will not in general vanish. This is,
however, where the second modification comes into play: remember that the X? form of
O with stubs contains, compared to the case without stubs, the term

wo [X%, MO (T, 0y, 0] (4.46)

which, after the R-charge decomposition, precisely cancels with the X? terms in (4.45). As
the rest of the computation goes unchanged, we recover the result (4.44).

4.3 Direct evaluation

Here we will use the strategy of [21] to evaluate the Berkovits-like form (2.51) of the
obstruction. While this will not put as strict requirements on the background as in the
case of the previous two methods which were based on the N'= 2 R-charge decomposition
technique, we will not be able to express the obstruction as explicitly as we were able to in
subsections 4.1 and 4.2. We will first deal with the propagator term OP™P in subsection Let
us define a = v/2—1. We will not consider stubs in this section. Proceeding along the lines
of [21], we can show that by introducing Schwinger parametrization for the Siegel-gauge
propagator, it is possible to express OP™P as

1 [ ~ ~
OProP = -3 / dt <(CV%6_¢(—(I_1)CV1(+(I_1) + ch(—a_l)cV%e_‘b(ﬂz_l))x
0

x boe~tho (CV% e ?(+a)cVi(—a) + ¢V, (+a)cV%e*¢(—a))>S (4.47a)

1 [ t —t
=5 | el el el a)et—ea))

2
X <(V%€7¢(—a71)v1 (—i-ail) + \71 (—ail)Véeid)(-i-afl)) X
X (V%efﬂ—i—e*ta)vl(—e*ta) +V; (+efta)V%ef¢(—efta))>S . (4.47Dp)
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Using the result
<c(—a_1)c(+a_1)boc(e_ta)c(—e_ta)> = —4e H(a*e ™ — a7, (4.48)

we eventually obtain

o0
OPrP = 2/ dte t(a*e™ —a %) x
0

(a” ) (+a™) (
— (a_l — ae_t) < 1(—a_1)V%(—f—a )V%(—}—e_ta)Vl(—e a)>-|—
(o —ae”) T Vi (—a YVi(+a YVi(+e Ta)Vi(—efa))+
e T G e vy o) (449

For the contact term, we obtain

O = —é<(ne¢§/%(—ail)ch%efd’(—i-a*l) = ch%efd’(—a*l)ned’V
X (50V1 6_¢(+a)cV;e_¢(—a) - CV%€_¢(G)£CV%€_¢(—Q))>L (4.50a)

< %( a Vi (+a )V1 (+a)V

(— -1 V1(—|—CL_1)V

NI

5 Examples

In this section we present a number of examples demonstrating the utility of the gen-
eralized ADHM equations HY = Hy = 0 in deriving algebraic constraints on moduli of
various brane configurations. These will include the D(—1)/D3 brane system both in flat
space (subsection 5.1) and sitting at an orbifold singularity (subsection 5.2), as well as a
couple of more complicated brane configurations, some of which were discussed previously
by [30, 31, 37] (subsection 5.3). In the case of the simple D(—1)/D3 brane system, we will
explicitly verify validity of the localization technique by obtaining identical results using
the direct evaluation method as outlined in subsection 4.3.

5.1 N = 4 SYM instantons

We will now apply our results on the system of superposed k D( 1) branes and N euclidean
D3 branes which was in this context discussed by [18, 19, 38, 39] and others and, most
recently, by [20, 23, 24]. We will complexify our target coordinates as X'+ = (X271 £
iX?")/v/2, where r = 1,...,5. The stack of D3 branes will be taken to span the complex
coordinates X'* X2* (see table 1). These we may take to be toroidally compactified
without changing the content of the discussion below. Such brane configuration preserves
in total 8 spacetime supercharges, which give rise to N = (1,0) supersymmetry in the six
dimensions X°, X% X7 X8 X% X0 (that is N = 2 in 4d and N = (4,4) in 2d). Based on
our discussion at the end of subsection 2.1.1, we therefore expect to be able to extend the
N = 1 worldsheet superconformal algebra to an N = 2 SCA with R-current J with respect
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Table 1. N =4 SYM instantons.

to which will all boundary marginal fields carry charges +1. Focusing on the marginal
operators along the Dirichlet-Neumann directions X!, X2, X3, X*, we will take

A - Bup" v, ASY
\= e V. = il @ ) 5.1
2 <waAsa a, ) ’ 2 <vaASa bt > (5:1)

The Chan-Paton sectors explicitly displayed in (5.1) therefore describe the strings localized
on the D3 branes (upper-left corner), strings localized on the D(—1) branes (lower-right
corner) and the strings stretched between the two brane stacks. Moreover, each of the
four entries in (5.1) is itself a matrix as we assume that the stacks of the two kinds of
branes may consist of multiple branes. The p = 1,...,4 indices therefore run over the
four (euclidean) D3 directions, ¢* are the h = 1/2 worldsheet fermions and, A are N x N
matrix-valued SO(4) vectors, a, are k x k matrix-valued SO(4) vectors, w, are N x k
matrix-valued SO(4) spinors (where a € {4, —} is the chiral Weyl spinor index) and w,
are k x N matrix-valued SO(4) spinors. Also, A, A are the h = 1/4 bosonic twist fields,
S¢ are the h = 1/4 fermionic spin fields, implementing the change of boundary conditions
on 0X* and ¥*, respectively.

Note that if we were to consider D(—1) branes instead of D(—1) branes, the stretched
string modes would give rise to states w¥AS,, WYAS, instead of waASY, W ASY, where

& € {4, —} is the anti-chiral Weyl spinor index. See appendix A for our conventions on 4d
euclidean spinors and appendix C for some OPE and correlators of spin and twist fields.
Also, imposing reality condition on the string field, we obtain reality conditions

(AH)T = Ay, (%)T = Qu, (U_)a)T =w”, (5.2)

on the polarizations of V; /5, where the last condition is equivalent to the reality condition
(3.4) of [29].'2 We take the localising R-current to be

2 2
J=Ji+Ja=> b thppi=—i» Oh, (5.3)
r=1 r=1

of the free field N/ = 2 worldsheet superconformal algebra with ¢ = 6 along the four
Dirichlet-Neumann directions (together with the stress-energy tensor T' = T} + T» and
charged supercurrents Gt = Gf + G;E),lg’ where we have bosonized the two complex

12For the anti-chiral stretched worldsheet fermions, the corresponding reality condition can be easily
checked to read (ws)" = w®.

BNote that had we started with D(—1) branes instead of D(—1) branes, we would have to take J; — J
as our localizing R-current (and correspondingly Gf + GJ as the two charged supercurrents).
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worldsheet fermions along the D3 worldvolume as

w?“:t — e:l:ihr ’ (54)
where
T 1 T— - T
P = E(TZJQ iy )- (5.5)
We then have Wy = ¥ + U], e = ey + e_ where
A, r+ A (1,41
U =cVie®=c| ° il/)l 1 weAS T e ?, (5.6a)
2 wiAS(iQ’i2) ari’lﬁri
. r+ (£1,+1)
et =cVie?=¢ ?rilﬁl 1 vEASTET e ?, (5.6b)
2 L ASERE) by

where we have explicitely indicated the (Jq, J2) charges of the stretched spin-fields and we
have denoted

At = 12(A2r—1 Fidar), (5.7a)
B,y = 12(327«—1 T iBy;) (5.7b)
together with
ar+ = \}ﬁ(a%—l TFiag), (5.8a)
bys — \}é(bgr_l  ibay) (5.8b)

The reality conditions (5.2) then give (A,4)" = A,+, (a,+)" = a,+ together with (wy ) =
w_ and (w_)" = —w, so that we can work only with A,,, a,,, w; and w,.

5.1.1 Substituting into the localized obstruction

Let us first evaluate the obstruction using the form (4.24) which was a consequence of
the N' = 2 decomposition technique. Substituting into (4.22) and using the OPE from
appendix C, we obtain (displaying only those Chan-Paton sectors of the auxiliary fields,
which are non-zero)

(H)p3p3 = ([A14, Agy] —wiwy) syt (5.9a)
(Hy )ps,ps = ([A1—, Ao—] —w_w_) 1! ">, (5.9b)
(Ho)ps,ps = [Ar—, Art] + wyw- +w_w4, (5.9¢)
and
(HT)D(—l)D(—l) = (14, azy] + Wrwy) ' Ty, (5.10a)
HD)spcy = (a1 a2-] + 0-w-) 99?7, (5.10Db)
(Ho)s—ny p=ny = lar— ar] — 0w —@_wy . (5.10c)
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Note that the reality conditions (5.2) on A+, wa, We imply that (HF)! = HF and
(Ho)" = Hy. Analogously, for the test state auxiliary fields, we obtain

(H)ps,ps = ([A14, Bay] — wyty + [Biy, Aoy —vywy ) s T, (5.11a)

(H; )ps,p3 = ([A1—, Ba—] —w_v_ + [Bi_, Ao_] —v_w_) 1)~ 9p* 1, (5.11b)

(Ho)p3.p3 = [Ar—, Bri] + 0yt +w_ 0y + [Bre, Apy] + vp0_ + v w0y , (5.11c)
and

H) ey = (014 bos] + @rop + [bre, azs] + Tywy ) 19>t (5.12a)

(HI)D(_I)D(_I) = ([al_, bo_ ] +w_v_ + [b1—,a2_] + B_w_) T (5.12b)

(HO)D(—I),D(—I) = [ar—, bpy| = Wv_ —W_v4 + by, Qpy ] —Vpw_—V_wy . (5.12¢)

Note that the charged the auxilliary fields H{E precisely encode the complex hyper-Kéhler
moment maps for the instanton moduli space, while the coefficient inside the neutral aux-
illiary field Hy encodes the real hyper-Kéahler moment maps. Or, put in different words, we
see that the (H |H; ) term in the quartic part of the classical effective action (see (4.26))
can be identified with the F-term of the corresponding 4d N = 2 low-energy effective ac-
tion, while the (Hg|Hp) gives the D-term. That is, the necessary conditions H{E =Hy=0
for the exact marginality of the deformation in fact read (cf. equations (8.2) and (8.3)
of [29])

uC = [a1y, aoy] + wiwy =0, (5.13a)
ﬂ(c = [A1+, A2+] - ’lU.A,.’Uj.A,. = 0, (513b)
and
P = Lar) ar] + (w) oy — oy (w1)" =0, (5.14a)
i =[(Ar)T Ay ] = wy (wi)T + (wy) oy = 0. (5.14b)

Note that the relative sign in front of the second term of (5.13a) and (5.13b) can be elimi-
nated by relabeling A, — iA,; (remember that A, can be any complex matrix) without
changing the signs inside (5.14). The moduli space of the brane configuration is then ob-
tained by solving (5.13) and (5.14) modulo the zero-momentum gauge transformations. It
was also noticed in [19, 23] that the auxiliary fields can be re-expressed as

HE = :Fi.ni'/TW ptEYHE (5.15a)

Ho = —%ng”TW, (5.15b)
and

B = 5 Ty 040 (5.160)

Hy = —iny" T (5.16b)
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where the ladder t'Hooft symbols are defined as n!” = 7" + iny” and we denote

af
T, = [Ap, Av] — 2wa(0uu) wg 1(_) 7 (5.17)
0 lay, ay] + fwa(am,)aﬁwﬁ
Tuu = [A B } 4w0‘(gl“’) Bvﬁ_Zva(qu) ﬁwﬁ 01 .
0 (a0, o]+ 1@a(0) P05+ 100 (0)0) P ws
(5.18)

We therefore obtain

1= 1 o= 1 A
0= +Ztr[Tuun5y77pgana] = +§tr[TuvTﬂy] + Zsuupotr[TuVTPU] : (5'19)

Eq. (4.24) says that the obstruction vanishes if and only if Hf = Hy = 0, i.e. if 75" T, =0,
that is if and only if

([A ,AL] — ; o(ow)” 5@;) ~0, (5.20a)
e <[au7 ay] + ;wa(auu)aﬁw[?) =0. (5.20D)

These are precisely the flatness conditions (6.16) and (6.17) of [24] for the quartic effective

< 10
X = 21
w (0 1) , (5.21a)
< 10
0! = 5.21b
We' =p (0 1) ; ( )

A, =L (5.21c)

potential. A particular solution

of (5.20) for the SU(2) gauge group with £ = 1 was found in [24], which corresponds to
a blown-up instanton with size p. Upon substituting the polarizations (5.21) into ¥y, we
therefore obtain that U(\) = AW; +A\2Ws + \3W3+O(\?) (where ¥y and W3 are determined
in terms of ¥; by (2.27) and (2.34), respectively) is a solution of the classical equations
of motion of the A, OSFT which is consistent up to third order in A. Thus, we can
conclude that our findings represent evidence that finite-size instantons provide consistent
open superstring backgrounds.

5.1.2 Direct evaluation

We will now show that identical results for O are obtained by using the formulae (4.50b)
and (4.49). As we shall see, the way the intermediate results recombine into (5.19) turns
out to be somewhat non-trivial. This should therefore serve as a convincing check of the
validity of the A/ = 2 localization method. See appendix C for the various twist and spin
field correlators and OPEs which we are going to use. Let us first focus on terms coming
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from the (33)(33)(33)(33) correlators (that is, the Chan-Paton sectors localized on the D3
brane stack). Note taht this is a calculation which has already been done by [21]. We have

oPrP o 2/ dte '(a*e™ —a?)(a™! + e ta) " Mtr[A4,B, A AV )+
2/ dte '(a*e " —a?)(a ' — e ta) " Hr[B,A, AV AP+
0

2/ dte'(a’e™ —a?)(a™! — e ta) " Htr[A,B, AV A+
0

2/ dte'(a’e™ —a?)(a™ ! + e ta) Htr[B,A, AF AV (5.22a)
0
1 1
Z r[A, B, AFA”] + 2tr[B A, AY AF 4
1 1
+ itr[AMB,,A”A“] + Ztr[BuAVA“A”] , (5.22Db)
where we have used the integrals
ee 1
/ dte (a®e ™ —aH(a ™t —ae )™ = ~1 (5.23a)
0
oe 1
/ dte t(a?e ™ —a ) (a ™ +ae )™ = -3 (5.23Db)
0
We can also show that
O' > —tr[4, B, A" A*] — tr[B,, A, A" A¥]
1 1
+ Ztr[BMAVANAV] + Ztr[AMBVA'uAV] . (524)
Finally, putting (5.22b) and (5.24) together, we find that
1
OPP L+ O 5 + §tr[[AM, B, ][A*, A"]], (5.25)

which is precisely the (33)(33)(33)(33) contribution to (5.19). By an identical computation,
we obtain the (11)(11)(11)(11) contribution (that is, contribution from the Chan-Paton
sectors localized on the D(—1) brane stack) to OP*P + (O’

OPP L O/ 5 —i—%tr[[a“, b0, "], (5.26)

which reproduces the corresponding term in (5.19). Next, let us consider the contributions
of the type (33)(31)(11)(13). Using that (so#5")*’ + (e0¥aH)P* = 26Me*P and various
integrals of the type (5.23), we obtain the corresponding contributions to both OP™P and
O’ vanish. As for the (33)(33)(31)(13) and (11)(11)(13)(31) terms, let us only focus on
contributions proportional to tr[A,B,w,wg] — the remaining 7 contributions will follow
using very similar calculation. Evaluating the corresponding correlators using formulae
from appendix C, we first obtain

1
O D+ V2|5 — 1(50“6”)0‘5 tr[A, B wawg) . (5.27)
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Computing the corresponding contribution to OP*°P again involves various integrals of the
type (5.23). One eventually obtains

OproP o — tr[AMBywa’wﬁ]{ <2 _ \/§> (5(7#51/)045 + <ﬂ4_ 1) (anﬁu)aﬁ-i-

8
2 2
+ \g(aa“a”)aﬁ + ‘gsaﬁéﬂ”} . (5.28)

where the four terms inside of the curly brackets precisely correspond to the four terms con-
stituting (4.49). It is then straigtforward to show that (5.28) combines with (5.27) to give

1
OP™P 4 0" 5 — §(€Uuy)aﬁtr[AuBywawﬁ] ) (5.29)

which is indeed the correct contribution to (5.19). Finally, we consider the (31)(13)(31)(13)
and (13)(31)(13)(31) contributions to OP™P + @’. We obtain

orr©r 0 5 —%tr[vau’)ngwg + waﬁgwww(;](aaﬁew — Ea‘sam)
— itr[ﬁaw5w7w5 + Wy ws| (€7’ — c¥0PT)
— §tr[1‘)aw5u‘)7w5 + Wav gty ws|e®® e’
— %tr[valﬂgwfle(S + Wo Taw~Ws]e® P | (5.30)

where the first two terms in (5.30) were supplied by O" while the rest of the expression
comes from OP™P. Using the cyclic properties of the trace, we have

1 1
§tr[vau’)gw7w5 + wa@gw7w5]5a6557 = —§tr[7j)avgu’)7w5 + @aw/gwng]saﬂsw , (5.31a)
Lo o taBas _ Lo L 1.ab By
§tr[vaw/3w7w5 + waVgw~Wsle*e™’ = —§tr[wa05w7w5 + Uqwgwywsle*e”,  (5.31b)
so that (5.30) can be rewritten as
ro / . o aB_A5  _as_B
OP*P + O D — itr[vaw/gwng + Wavawyws| (¥ — el (5.32)

But at the same time, we note that the (31)(13)(31)(13) and (13)(31)(13)(31) contributions
to (5.19) can be written as

1 1
gt s + vamay 4] (0) (0" + 3 (0,) 0, +
i _ _ _ _ af( pr\yo 1 pvpo af 6
+ 16tr[wavgw7w5 + Dqwgwyws]| | (o) (e)7° + 5¢ (0)(05)7°| . (5.33)

We can also show that

(Uuy)aﬁ(auu)’ﬁ — 4(80478,35 + Eaagm), (5.343)
EMVPU(O_”V)%B(UPU)’WS — 8(5‘”566 + 60«5567) 7 (5.34b)
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so that, using cyclicity of the trace, one can show that (5.33) is indeed equal to (5.32).
1
5 e[V ws + Tawgiyws) (e29ePT — @B (5.35)

We have therefore shown that in the case of the D(—1)/D3 system, one obtains identical
results for the obstruction whether one uses the localization method or evaluates (2.51)
directly.

5.2 Instantons on unresolved ALE spaces

Here we will consider blowing up D-instantons inside D3 branes which are placed inside
ALE spaces in their orbifold limit [28, 29, 40, 41]. For the sake of concreteness, we will focus
on the A-series of the ADE classification of the orbifold singularities, but our results are
straightforwardly extendable to D-type and E-type ALE spaces as well (see [40]). In their
singular limit, the A4,_i-type ALE spaces coincide with the C?/Z, supersymmetric orbifold
where n = 1,2,... We will consider the C? to extend along the directions X', X2, X3, X4,
Defining the complexified coordinates X"+ = (X?~! +4iX?")/\/2, the Z, acts as

gX ' Fgt = ¢EXE (5.36a)
gX¥gTl = T X2 (5.36b)

2mi/n s the n'? root of unity. We will consider placing k D(—1) branes at the

where £ = ¢
fixed point of the Z, action together with N euclidean D3 branes extending along the C?
directions: see table 2. Such background has the same spacetime supersymmetry as the
D(—1)/D3 system on the flat space, so we should again expect to be able to decompose
Uy = U + U] . We will denote by k; and Ny for I = 1,...,n the number of D(—1) branes
and D3 branes carrying the n distinct twisted RR-charges (that is k1 + ko + ...+ k, = k
and N1+ No + ...+ N, = N). The matter part of the most general marginal deformation
in the C? directions is then written as

IA7,JBy r+ IA7,Jby +1 41

VvE — Ax P wy ASEz+3)
U= | _Ja;,JBy R o(+L 4l Tag,Jby ot
w:l:[ JAS( 5.%5) a‘?":l:I Jwr ,

2

(5.37)

where I,J =1,...,nand Ay =1,..., Ny, af = 1,...,k; are the fundamental U(N;) and
U(k) indices. Invariance under the Z, action

V(@) AT TP (g) Tt = T AT TE (5.384)
Y(g)Ase Py (g) Tt = el IFL AL B (5.38h)
Yg)ai s " y(g) ™t = I QT (5.38¢)
Y(9)azs " y(g) T = € ap (5.38d)
Ygwi "1 y(g) ™ = ¢ w7t (5.38¢)
Yg)wlt " Pry(g)t = Tl (5.38f)
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D(_l) . . . . . . B . . .

D3 X X X X . . . . . .

C%/Z, | x X X X . . . . . .

Table 2. Instantons on ALE spaces.

however, implies various selection rules on I, J. Keeping only the non-zero entries of Viﬁ/z
we actually have (suppressing the U(N7) and U(k;) indices)

I1+1 IIT1 II +1 41
Vi = (Au: PIE+ APTIP?E i ASERER) ) ’ (5.39)

_I. 1A 141 I,1+1 I1,I¥1
: @ ASERE) g Ty

that is, the (33) and (11) Chan-Paton sectors are block upper and lower diagonal for me

and V;/Q along X!, X2, respectively, and vice versa along X3, X% The (31) and (13)
Chan-Paton sectors are block diagonal. Imposing reality condition on the string field (that

is (VI—L/Q)Jr = VT/2) imposes reality conditions
1,141 I£1,1 1,141 I£1,1 LN _ ,
A ) =47 () =37 (@)= (W) (5.40)

It is then straightforward to evaluate the auxiliary fields using formulae (4.22), which yields
(again, displaying the non-zero Chan-Paton sectors only)

(H )p3,p3, = 01 (A}j-&-lA%il,I - A%;—lA}tl,I - wi]wi’[) gt (5.41a)
(Hy )ps;,p3, = 617 <A}371A%:1,1 - A%_I+1A}J_rl,l - w{’[ﬂ)i’l> Ty (5.41Db)
(HO)D31,D3J =01y (A},}—1A}J—r1,l - A},+I+1A}—T—1,I+
AT AT - AT A ol e wf;lu‘é]) . (5.41c)
and
(HDD(fl)I,D(—l)J =917 (a}jﬂa?iu - a%_la}flvl + wi’lwi’l) a2t (5.42a)
Moy, b, = 017 <a},}71a§:1,1 — a7 14107510+ wi’lwi’l> Y (5.42b)

_ 1— 1+ 1+ 1—
(HO)D(—l) D(-1), — 017 <a1,1—1“1—1,1 —arr1ry gt

2— 24 24+ 2— V0V S I BN Y B Y |
a7 10— 010y — W wy — o w ) (5.42¢)

One can also check that the reality conditions (5.40) imply (H)" = HF and (Hp)" = Hy.
Note that analgously to the N =4 SYM instanton case, the charged and neutral auxiliary
fields H* and Hy encode the well-known forms for the complex and real hyper-Kihler
moment maps for the unresolved ALE background at hand, which were first written down
by Kronheimer and Nakajima. Equivalently, Hli and Hy yield the D-term and the F-term,
respectively, of the corresponding 4d N = 2 low-energy effective action upon being inserted
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into the localized classical effective action of [23, 24] (see also (4.26)). It is again easy to
read off the corresponding algebraic constraints on the moduli (cf. Introduction section
of [28], as well as eq. (8.6) of [29])

ur = a}}Jrla%Il,I - a%j}fla}tl,l + wilwi[ =0, (5.43a)
if = Ap AT — AT AT — el =0, (5.43b)
and
:“1$ = (a}tl,I)Ta}i—l,I - a}}ﬂ(a}jﬂ)u‘
+ (a3, Dladt, ;- oy (a2 — el (@) + (wi)iwl =0, (5.44a)
fif = (A}tl,I)TA}i—l,I - A},J;H(AEH)T"‘
+ (AT )AL — AT (AT )T+ @) Tel el =00 (5.44D)

We can again relabel A”T — A" so as to make the signs agree with [29]. We have there-
fore again reproduced previously known flatness conditions for the open string background
at hand.

5.3 Spiked instantons at zero B-field

Here!'* we will consider a configuration of several stacks of (euclidean) D(—1), D3 and D7
branes (see table 3) which wrap a direct product of four complex planes with coordinates
Xt = (X214 iX?)/\/2 for r € 4 = {1,2,3,4}. We will denote by D3,, where a €
6 = {(12),(13),(14),(23),(24), (34)} a D3 brane stack spanning the complex 2-plane C?
indexed by a. Also denote by @ the conjugate of a in 6, that is e.g. (12) = (34). Such
a brane configuration (minus the D7 branes) will give rise to moduli spaces of spiked
instantons [30, 31, 37]. As we are only equipped to deal with the dynamics of massless
modes, we will require the NSNS B-field to be turned off everywhere. In order to preserve
some amount of spacetime supersymmetry, we will have to take some of the brane stacks

to consist of antibranes. One can show that there are only two inequivalent'®

choices of
distributing the RR charges, both of which have N = (2,0) supersymmetry in the two

non-compact dimensions X?, X0:

Ci: D(-1), D3pgy, D3us), D3agy, D33, D3, D3@sy, D7, (5.45a)
CQ : D(*].), D3(12) 5 D3(13) 5 D3(14) B D73(23) 3 D73(24) B m(34) ) D77 (545b)

Therefore, recalling our discussion from subsection 2.1.1, we expect to be able to decompose
all marginal NS boundary fields into eigenstates carrying charges 1 under a localising U(1)
R-current of a global N/ = 2 worldsheet superconformal algebra. Indeed, noting that the
fermionic NS twist fields surviving the GSO projection for strings stretched between the
D(—1) and D3(,s) branes, as well as between D7 and D3,y branes and also between D3,
and D3, branes (for s # t) are always chiral (that is, they can be bosonized with U(1)

141 thank Ondra Hulik for this suggestion.
151n the sense that they cannot be mapped to each other by T-dualities.
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xXtox? | xd x| X X6 Xt ox®|x% Xx°

D(-1) | . . . . . . . . .
D312 X X X X . . . . . .
D313y | % X . . X X . . . .
D314 | X X . . . . X X . .
D323y | . X X X X . . . .
D3 24) . . X X . . X X . .
D334 . . . . X x X X . .

D7 X X X X X X X X . .

Table 3. Brane configuration corresponding to general spiked instantons.

charges £(1/2,1/2) under the U(1) currents (J,,Js) = (:¥r_try 1, 19s_1s1 1) where ¥4
and 151 span the four Neumann-Dirichlet directions at hand), it is easy to see that for Cq,
all marginal NS boundary fields carry charges +1 under the localizing R-current

J1+Jo+J3+ Jy, (5.46)

of the free field NV = 2 worldsheet superconformal algebra with ¢ = 12 along the directions
X1, ..., X8 (remember that .J, = —i0h, =:1,_t, :, where h, is such that .+ = e*r),
Analogously, for Cs, all NS boundary fields carry charges +1 with respect to the R-current

Ji—Jy—Js—Jy. (5.47)

While it is straightforward to evaluate the generalized ADHM equations HY = H for both
C1 and Cs, below we will only do so explicitly for simpler configurations which are termed
by [30, 31] as crossed and folded instantons. These two configurations will each conserve
four spacetime supercharges giving rise to N = (4,0) and N = (2,2) supersymmetry,
respectively, in the two non-compact dimensions X?, X0,

5.3.1 Crossed instanton scenario

Here we will keep only the D(—1), D312y and D334y brane stacks. There are three T-duality
inequivalent possibilities of distributing the RR charges:

CCy: D(-1), D312y, D334, (5.48a)
CCy : D(-1), D3(12), D3y, (5.48Db)
CCg : D(—l) s D3(12) y D3(34) . (5.48C)

All three configurations preserve N = (4,0) supersymmetry in the two dimensions spanned
by X?, XY First, note that there are no massless NS modes for the strings stretched
between the D3(j5) and D3(34) branes. In the case of CCy, all massless NS stretched
fermions are chiral. For CCsy, the massless NS fermions stretched between the D(—1) and
D3(1) branes are anti-chiral while those stretched between the D(—1) and D73(34) branes
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are chiral. Finally, for CC3 all massless NS stretched fermions are anti-chiral. In the three
respective cases, all boundary fields therefore carry charges £1 with respect to the U(1)

currents
Jea=+N1+ Ja+ J3+ Jy, (5.49a)
Jop =N+ J2+ Js+ Jy, (5.49Db)
Jc,g =—-Ji+Jo—Js+ Jy. (5.49C)

However, analyzing the generalized ADHM equations Hf = Hy = 0 for each of the three
crossed-instanton configurations, one eventually finds that all of them give rise to the same
constraints on the moduli space. We will now therefore work these out for CCy, only
making brief comments along the way on how one should proceed had we started with
CCsq or CCs. Let us introduce the following notation for the matter part of the marginal
boundary fields which we will work with:

(VE)D3 ) D3y = 3 AUD W™ (5.50a)
2 ucd
+ r+
(V)5 = 2 @™ (5.50b)
re4
together with
(V:é:)])g(rs)yﬁ = wf)w(”)i ; (5.51a)
+ _ (rs)  (78)+
(V)5 05, = P4 ¥, (5.51b)

where, as usual, the notation Viﬁ/z is taken to mean that the respective states carry charge
+1 under Jg,1. We have also introduced the following notation for the boundary condition
changing operators

w(rs)a — yrysgrs)a 7 (5.52a)
P — Frisgrsa (5.52b)

with bosonic twist fields 7 = 62 162", ¥ = 72" ~152" and S the chiral components
of the 4d euclidean spin fields in the complex 2-plane (rs). Observe that in the case of CCa,
we would have a4, Ag:lz)@l)l:F, A(le)d)ljF (where we have arbitrarily relabelled a4 — a+
etc.) and w$2)¢(12)i7 w$2)w(1é)i contributing into Vfﬂ instead. Similar changes would
have to be in place for CC3. We have the reality conditions

2 12 34 34
A =2, @) =A% (@) =, (5.53)
together with
(’LIJ((XIQ))T _ w(lQ)oz7 (,LD((X34))T _ w(34)oc ) (554)
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For CCy and CC3, we would have also (w,, 5 ))T = w(1?)% and (wff“))f = w4 respectively.
The charged auxiliary fields then give constralnts

together with

and

la14, az4] + w(m)wgr =

AUD (2] _ 12502 _

14 42+ +

[Aéf),A(”W =0,
[Aé?f),Aff)] (34) (34) —0,
[A&i"f%Aé?f)] =0,

ALY A2 =0,

A ff),A”’]=0,

[ 2+7 ]207

A 2+, P1=o0,

[ 1+7 ]:Oa

[ 2+’ ]:Oa

[ 1?f» ]:Oa

[ 2?3» ]:0

The diagonal part of the neutral auxiliary field then gives

S lar)t ary] = @8 @)+ @)+

re4
—a Y (@) 4 (W) =0,

A A+ @) e - WP @) =0,

re4

SICASON, A89) + (@)1l — PP 0.

re4

Finally, from the off-diagonal part of the charged auxiliary fields, we get

WDg3Y = 30502 _ g,
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together with

agrwl? — AP — 0, (5.60a)
agrwl® — AP — 0, (5.60D)
a3 A3 _ g (5.600)
ag 0 — VAP — 0, (5.60d)
and
Agf)w$2) - w$2)a3+ =0, (5.61a)
ALDw — Py, =0, (5.61b)
Aggf)wf@ - wf4)a1+ =0, (5.61c)
APV WY — 0w ay, = 0. (5.61d)
Identical equations would be obtained for CCs except for the replacements
W 5l and w0, (5.62)

Similarly for CCs. Note that as observed by [30], it is impossible to find a single-instanton
solution of these constraints which would have non-zero vevs in both stretched sectors
((12) and (34)) simultaneously: equation (5.59) implies that any such solution would have
to have either w(+12) = wf4) =0 or wsrm) = wSrM) = 0. But then, equation (5.58a) fixes
the rest of the stretched moduli to be zero as well. In other words, it is only possible to
dissolve a single D-instanton into only one D3-brane stack at a time. Analysis of the above
constraints for a general number of D-instantons, as interesting as it may be, lies beyond

the scope of this paper.

5.3.2 Folded instanton scenario

Here we will keep only the D(—1), D312y and D3(;3y brane stacks. There are two T-duality
inequivalent possibilities of distributing the RR charges:

FC,:  D(-1), D34y, D3us), (5.63a)
FCQ . D(—].) s D3(12) , D3(13) s (563b)

both of which preserve N = 1 supersymmetry in the four dimensions spanned by X7, X8,
X9, X9 which gives rise to N = (2,2) supersymmetry in the two dimensions spanned by
X?, X0 1In the case of FCy, all massless NS stretched fermions are chiral. For FCy, the
massless NS fermions stretched between the D(—1) and D3 13), D(—1) and D3(;3) branes
are anti-chiral, while the massless the NS fermions stretched between the D319y and D3 ;3
branes are chiral. That is, in the two respective cases, all boundary fields carry charges +1
with respect to the U(1) currents

Jri=+J1+ o+ J3, (5.64a)
JF’Q =—-Ji+Jo+ J;3. (5.64b)
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However, similarly to the crossed-instanton scenario, upon evaluating the auxilliary fields

Hf, Hy, we obtain structurally identical constraints for both FC; and FC,. Let us therefore

focus on FC; only. On top of the moduli introduced in the crossed instanton case, we denote

23)1 3
(V:%E)D?)(lz),D?)(ls) = Wi : ¢(23)i7

= (231 (3
(V?D3(13>,D3<12) = WPy @)t
where we introduce BCCOs

w(Zg)a _ 222—335(23)017
w(§3)a — 7273 g(23)a

We have reality conditions

(147(;:2))Jf = ASFZ) ) (ASI:?)))T = A(lg) ) (Cbri)T = Qrx,

F

together with

(wg}Q))T — w(12)a’ (@&13))T — w(lB)a (Wc(z23)1)T —

)

(5.65a)

(5.65Db)

(5.68)

(5.69)

The constraints on moduli coming from the diagonal part of the charged auxilliary fields

then read

[a1+, a2+] + w_ﬁ_lQ)’lUg_lz) = 0,

la1y,a34] + w(ﬁg)w(ﬁ?’) =0,

la14,a44] =0,

l[ag4,a34] =0,

laoy,as4] =0,

[a3+7 a4+] =0 )

together with
12) (12 12

AP, AR — 0P =0,
A8, A1 =0,
A9, A0 _ 9509 _ g,
[Aélf),A“g)] =0,
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(5.70d)
(5.70e)
(5.70f)



and

A% A8 =0, (5.72a)
A1, A =0, (5.72b)
(A2 A2 w9t — o (5.72¢)
A8, A =0, (5.72d)
A% A8 — 0, (5.72e)
A A0 — 0, (5.72f)
(A7, G+ W W < o, (5.72g)
(A8 AP =0 (5.72h)
The diagonal part of the neutral auxiliary field then gives
M lar)f ary] = 2P @)+ (@)l +
- @)+ @l —0, (573
D (AT AL+ (@)l =l )+
red _ _
Do IARDL AL + @)l — wll? s
red _ _
H (W B gy @Ot gyt _ g (5.73¢)

Before we write down the constraints coming from the non-diagonal part of the charged
auxilliary fields, we note that one first needs to fix possible phases (cocycles) ,jf, &t for
r =1,2,3 arising in the OPE

PEVE I (0) ~ oI EH(0), (5.74a)
w(iﬁ)ﬂ:(z)w(ii’))i(o) - 5;:1/, i¢3i(0)7 (5.74b)
BUDE () IDE(0) ~ Pyt (0), (5.74c)
YU IE(0) ~ g (0), (5.74d)
¢(i§)i(z)¢(2§)i(0) ~ ety i¢2i(0), (5.74e)
w(é:s)i(z)w(w)i(o) -~ ~:|:w(13 i¢2i(0) (5.74f)
Associativity of the OPE requires that
Gcf =cici =& = e = —cfer = —cfcg =+1. (5.75)

We will now see that the relations (5.75) can be used to eliminate all potential phase
ambiguities from the algebraic constraints on the moduli. Using the OPE (5.74), from the
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non-diagonal part of the charged auxiliary fields one obtains constraints

00D gD AUD | o e _ (5.765)
agr ol — oAl — o, (5.76b)
ag ol — a0 AN 4+ cFaPw — o, (5.76¢)
agr ol — Al — o, (5.76d)
Agf)wsrlz) — wi&g)a + cJFW(QS)1 (13) =0, (5.76e)
AP (1) w$2>a4+ =0, (5.76f)
Aélf”w(jg) _ w$3)a2 4 ~+W(23)1 ( 2 _y, (5.76g)
Aif)wsrw) - wgg)a4+ =0, (5.76h)
together with

AT gy GO A8 4 ok (12518 — g (5.77a)
AUDW eI B8 — o (5.77b)
ARPWEN - wWEALY el <o, (5.77c)
AUDWEIT 402 _ o (5.77d)

Using the consistency relations (5.75) and replacing
(@) WP S Wt (5.784)
Gw et (5.78b)

(note that this rescaling does not have any effect on the previously derived constraints (5.70),
(5.71), (5.72) and (5.73)) we can rewrite these constraints as

agr ol — oAl 4 P WEN — o, (5.79)
agwl® — oA — 0, (5.79b)
agy o — @ Al — aPwE — o, (5.79¢)
a0 — oA — o, (5.79d)
Aglf)w(j?) — w(+12)a3+ — ng)lw(f?’) =0, (5.79)
AP — Py, =0, (5.79f)
Agf’)wg_lg) — U)S_lS)CL2+ — Wf?’)lwsrlz) =0, (5.79g)
ALY 19, — 0, (5.79h)

together with
A2 BT _ g9t 408 (2518 _ o (5.80a)
AW T _ g2 A(13> 0, (5.80D)
AT EIT g9t 402, (13512 _ o (5.80c)
AW Bt 012 — o (5.80d)
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which are free of the cocycle factors. Note that setting ng)l = ng)l = 0 and keeping
only a single D-instaton, we can use analogous arguments as we did for the crossed scenario
to show that it is impossible to find a solution with both wsru) # 0 and w$3) # 0 simul-
taneously. This reproduces the result of [30]. That is, we can again only dissolve a single
D-instanton into one of the two D3 brane stacks at a time. However, it would be very in-
teresting to investigate whether a non-trivial solution can be found if we allow for non-zero
Wf?’)l, ng)l, that is, if it is possible to dissolve all three brane stacks into each other.

6 Discussion and outlook

The aim of this paper was to take up the line of development initiated by [23]. In the
context of the Berkovits formulation of open superstring field theory, the authors of [23]
(motivated by [22]) introduce the N' = 2 R-charge decomposition technique and derive
the simple expression (4.26) for algebraic couplings of the quartic classical effective action,
noting that it localizes on the boundary of the worldsheet moduli space. In particular,
they apply these results in the case of the D(—1)/D3 system and show that their result
reproduces the ADHM equations as flatness conditions for the quartic effective potential.
Ref. [20] then goes on to investigate (within the framework of the A, formulation of
open superstring field theory) obstructions to exact marginality of deformations of the
D(—1)/D3 system by massless open string modes. They also compute open string gauge
field profiles for the finite-size SU(2) instanton and compare their result with the findings
of [19]. Finally, ref. [24] shows that it is possible to repeat the analysis of [23] using Ao
OSFT so that one manifestly stays in the small Hilbert space throughout the derivation.
They also derive relation (2.38) between the third-order obstruction and the quartic part of
the classical effective action and note that it implies that all marginal deformations which
are unobstructed at third order must correspond to flat directions of the quartic effective
action. The main contributions of the present paper can then be listed as follows:

1. We have shown that assuming that the background at hand supports a global N = 2
worldsheet superconformal symmetry such that all NS marginal fields have R-charge
+1 (this we argued to include backgrounds preserving at least N = (2,0) in two
non-compact dimensions), then the flatness conditions Hf = Hy = 0 of [23, 24]
(generalized ADHM equations) are in fact equivalent to the conditions which are
neccessary and sufficient for the vanishing of the obstruction to exact marginality at
third order in the deformation parameter A\. In particular, applying these results in
the case of the D(—1)/D3 system, we have confirmed that the solution of classical
equations of motion of open superstring field theory describing a finite-size instanton
is consistent up to third order in A.

2. Apart from discussing the situation in the context of both the usual A, and Berkovits
formulation of open superstring field theory, we have investigated the changes which
arise in the context of A, OSFT deformed by adding stubs to the Witten star
product. Our findings show that even though this necessitates an addition of higher
fundamental products into the theory which involve integration over bosonic moduli,
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the final result remains unchanged and localized on the boundary of the moduli space.
As per the discussion of [24], this should open the way to generalizing these results
to a closed superstring setting.

3. We have discussed computation of the third-order obstruction (and therefore the
quartic part of the effective action) in more general cases where the above-mentioned
global N' = 2 worldsheet superconformal symmetry is not present. This was based on
the method of [21] using a Schwinger parametrization of the Siegel gauge propagator.

4. We have further used the generalized ADHM equations Hli = Hp = 0 to compute
algebraic constraints on the moduli in the case of two more complicated backgrounds:
the D(—1)/D3 system on the background of the C?/Z,, orbifold and also the D-brane
confgurations giving rise to the crossed and folded instantons at zero B-field. Doing so
we have demonstrated that the generalized ADHM equations can be used for a quick
derivation of algebraic constraints on the moduli in a wide variety of backgrounds.
We have also noted that in two of our three examples, where the background had
N = 2 supersymmetry in 4d, the auxiliary fields Hit were related to the F-term of
the low-energy effective action while the auxiliary field Hy was related to the D-term.

Finally, let us conclude by briefly discussing possible future directions. It would be
of great interest to investigate if there are additional contraints on the marginal couplings
appearing at higher orders in the deformation parameter. In particular, it is a priori not
clear whether consistency at higher orders produces corrections to the generalized ADHM
equations or whether, under certain assumptions, the vanishing of the third-order obstruc-
tion already implies exact marginality at all orders (for the D—1/D3 system, this was
already argue to be the case in [42] from a different point of view). One might also try to
obtain analogous constraints on the fermionic moduli (or, equivalently, fermionic sector of
the quartic effective action) using a formulation of open superstring field theory in the Ra-
mond sector [10, 11] (see also [43] which generalizes the computation of [21] to the Ramond
sector). Together with the bosonic constraints discussed in this paper, these findings would
provide information about the whole supermoduli space. These considerations would also
allow for a discussion of how spacetime supersymmetry manifests itself at the level of com-
plete effective actions [44]. It would be also interesting to see whether our results generalize
to the case of NS marginal deformations in heterotic string and NSNS and RR marginal de-
formations in closed type II superstring (see [45] for a related recent discussion of marginal
deformations in closed (super)string field theory). Ultimately one should be interested in
looking at moduli spaces of D-brane systems on marginally deformed classical closed string
backgrounds. This can be done by including the effects of non-dynamical background on-
shell closed string field (satisfying closed SFT equations of motion) into a classical open
superstring field theory action through open-closed disk vertices (see [46] for some related
recent progress). We hope to report on our progress in this direction soon [47]. Unob-
structed open string marginal deformations yield new consistent open string backgrounds.
As such, these need to be described by superconformal boundary states. It would be inter-
esting to recover these boundary states by computing suitable gauge invariant observables
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in open superstring field theory [48-50]. In the case of finite-size instantons, one should
expect that the corresponding boundary states will be highly non-trivial as they cannot
satisfy the usual linear gluing conditions on the free-field oscillators a4, 1 (all such cases
are already exhausted by the conventional Dp-branes). OSFT methods may therefore
yield valuable insights into the structure of these boundary states complementary to other
techniques (see e.g. [51]). We hope to report on our progress soon [47].
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A Spinors in 4d

We will consider the euclidean Clifford algebra in 4d {y*,+"} = 26"”. In terms of the Pauli

matrices
1 —1 1
! = 0 . 0 ! , = 0 , (A.1)
10 7 0 0-1

we define

so that o#g" + o”o* = 26" and

= <00M %ﬂ) . (A.2)

Here «, f3, ... are the chiral 2d Weyl spinor indices with a, 8,... € {+,—}, while &, 3, ...

are the anti-chiral spinor indices with &, B, ... € {+,—}. Defining the charge-conjugation
matrix so that e~ =™+t =&, =e.; = +1, we have
=g, Pa=t"ega,  Ya=eaq”, Ut = e, (A.3)
together with
Beo — W, _ga
eMepy = =05, eeg, = —05 . (A.4)
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We further define

1
(U‘“’)aﬁ = 5(0“6” —ao’at),

. 1
(6")%; = 5(6"a" = 5"a"), (A.5)

which satisfy the (anti-)selfduality relations

1
iewpga’w =4ouw, (A.6)
1
55“1,,,05"” = —0Ou - (A.7)

Finally, defining the (anti-)selfdual t'Hooft symbols

Napy = Eapva + 5au51/4 - 5aV5;44 ’ (AS)
ﬁa,uu = Eauvd — 5a,u51/4 + 5(11/5,u4 ) (Ag)
we have
Ouy = iTc"?c,uu , Opw = Z.7—c77c;w ) (A.lO)
together with
NepvTepo = 6,up(sya - 51/p5,uo + Euvpo (All)
ﬁcwfﬁcpa = 5up51/0 - 5Vp6/u7 - 5uupa . (A12)

B Conventions for the A, OSFT

We denote by ¢ and X the £-ghost and PCO charges

1 1
d—z,fg(z), X = d—z,fX(z). (B.1)
|2|=1 271 2 |2|]=1 270 2

&=

Note that X = [@,&]. We will work in the suspended Hilbert space. Let d(A) = |A| + 1
denote the degree of state A. We define

ma(A,B) = (-1)* A« B (B.2)
and denote
(A, B) = Tr(A * B) = Tr(AB) (B.3)
the BPZ inner product. Also,
[A,B] = AB — (—1)IIBIBA (B.4)

will be used to denote the graded *-commutator of string fields A, B. The symplectic form
is then defined as

w(A,B) = (-1)¥4)(A, B). (B.5)
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Then we have

0=QA, (B.6a)
0= Qma(A, B) + ma(QA, B) + (=1)*imy(4,QB), (B.6b)

together with
0=QA, (B.7a)
0= QMa(A, B) + My(QA, B) + (-1)" ™ My(A, QB) (B.7b)
0 = My(Ms(A, B),C) + (—1)U A My(A, My(B, C)) + QMs(A, B,C)+ (B.7¢)
+ M3(QA, B,C) + (—1)"WMy(A, @B, C) + (=1)* BNy (A, B,QC),  (B.7d)

where
Ma(A, B) = é(Xmg(A, B) + ma(X A, B) + ma(A, XB)) . (B.8)
In the large Hilbert space, Ms is exact, i.e.
Mj(A, B) = QMs(A, B) — Ma(QA, B) — (—1)" M5 (4,QB), (B.9)

(here A, B need to be in the small Hilbert space) where we define

V(A B) = %(fmg(A, B) — ma(EA, B) — (—1)* (A, €B)). (B.10)

The BPZ product on the small Hilbert space can be expressed in terms of the BPZ product
on the large Hilbert space as

(A, B)s = (€A, B), = (—1)/(4,¢B), . (B.11)
The corresponding relation for the symplectic form reads
ws(A, B) = —wi (64, B) = —(—1)"w(4,¢B) . (B.12)
Further, we have

(A, B) = (-1)MIBI(B, A)
(A,BxC) = (AxB,C) (B.13a)

so that the cubic vertex mg enjoys the following cyclic property

(A, my(B,0)) = (=1)UABIHACN (B 1y (C, A)) (B.14a)
(=1)UONAA+B) (' my (A, B)). (B.14b)

We also note that we have

(A,QB) = —(-1)"(QA, B), (B.15)

— 55 —



together with

(A,¢B) = (—1)(¢A, B) L, (B.16a)
(A, XB), = (XA, B). (B.16b)

The corresponding relations for the symplectic form read

w(A, B) = (=1)¥DdB+1 (B, A) (B.17a)
w(A,BxC) = (=1)*B)*1y(4% B,0) (B.17D)
w(A, me(B,C)) = (=1) Dy (my (A, B), C) (B.17¢)

together with
w(A, my(B,C)) = (=1)UA+B)(_)dAEAB)F) (B my(C, A)) (B.18a)
_ (_l)d(A)Jral(C)(_1)d(C)(d(A)+d(B))W(C«7 mg(A, B)) (B].Sb)

and

w(4,QB) = —(-1)"w(QA, B), (B.19)

together with
wi(A,6B) = (—1)" (¢4, B), (B.20a)
wr(A, XB) = wr (XA, B). (B.20b)

C Some useful OPE and correlators

We will work with the symmetric conventions where

c(2)e(—2) = =22 cde(0) + O(23), (C.1a)
E(2)€(—2) = ~2:€0E(0) + O(), (C.1)
“9(2)e9(—2) = (22) e ~2(0) + O(2), (C.1c)
TO(2)e ™ (—2) = 22 + (22)%0¢ + O(2%). (C.1d)

Define V = CV%6_¢, W = cW%e_¢, where the h = 1/2 matter fields V%, W% satisfy

Vi(+2)Wi(=2) = (2z)_1{V%W%}1(O) +{ViWi}o(0) +... (C.2)

1
2
where {V% W% }n denotes the coefficient of the pole of order n in the OPE of (that
is, {V%W%}l is proportional to the identity). We also denote Vi = G_;/,5V ),
Wy = G_19W; /9. Using the formula (3.9) of [35] and the OPE (C.1), one can first
show that

1
2

Pyma(V, W) = cac{v%wé}oe*w , (C.3)
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where, in particular, we note the absence of {V%W%}l on the r.h.s. of (C.3). Further,

we have
Po&ma(V, W) = +£&coe {V%W%}oe_%, (C.4a)
Pyma(EV, W) = —£cde {V%W%}oe’% — (1/2)0¢cde {V%W%}le*%’ : (C.4b)
Pyma(V,EW) = —£coe {V%W%}oe’% + (1/2)0¢cde {V%W%}le’%’ : (C.4c)
which give

PNV, W) = S [Poma(V, W) — Poms(€V, W) — Poms (V. €W)] = Poma(V, W), (C.5)

where we have noted that d(V)) = —d(£) = +1. Finally, we also have

Poyma(EV,EW) = —Cacfaﬁ{V%W%he—w ; (C.6)
so that PyMso(V, W) = £Pymao(V,W). Let us further denote
G(2)Vi(-2) = (22)7 'V (0) + ..., (C.7)
so that using
Q= 7{ % |:C(Tm + Tey + Typ) + bede + ne® G — noneb| (C.8)
we have
Q(cVie ?) =0, (C.9a)
Q(cdcdte™?) = —2en, (C.9b)
X(CV%e_‘z’) =cV, — eV, (C.9¢)
(cdcOEe™?) = 2¢d¢ — Dc. (C.9d)
It will be also useful to note that
(cdcte™® (2)c(w)), = —(z — w)?, (C.10a)
<cac€8§e*2¢(z)cn(w)>L =-1, (C.10b)
(n(21)&(22)&(23)) , = 223(z12213) " (C.10c)

Setting o/ = 2, we also have

i0XH(2)i0X" (w) = +6" (2 —w) 2 + ..., (C.11a)
()Y (w) =+ (z —w) "+ ..., (C.11Db)

together with
S%(2)S% (w) = +£° (2 — w) "2 + (1/4)(z — w) T2 (£0™)*P iy, (w) + ... (C.12a)
§%(2)8%(w) = e (2 — w) "7 — (1/4)(z — w) 3 (3)* s yapy, : (w) +...  (C.12b)
Sa(2)95(w) = +(1/V2)0" ., (w) + (C.12¢)
)5 (w) = HUVE s — )" %<a“>aﬁs (w) + ..., (C.12d)
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and

A(2)A(w) = —A(2)A(w) = +(z —w) "2 + ..., (C.13a)
i0XH(2)A(w) = TM(w)(z —w) "2 + ..., (C.13b)
i0X"(2)1(w) = (1/2)08A(w)(z —w) "2 + ..., (C.13c¢)

()7 (w) = (1/2)(x — ) (C.134)

It will also come in useful to note the following RNS and spin field correlators (see [52]
and [53])

SHVEPT  SHPEVO  SHO SVP

) (20)00° (23)07 (24)) = , C.l4a
(W)W () (a7 () = T = 4 T (C.14a)
L Spo
(P (21)9" (22)i0XP(23)i0X 7 (24)) = %, (C.14b)
712734
together with
) . .
I Y(55)5% 22)558 =4 #34 s eaB 13224 2 usvyaB ’
<1/1 ()97 (22)5%() (Z4)> (213214223224234)1/2_ 212734 2( o'e’) i
(C.15a)
u v e SB __ 234 s aB”13%224 L., 4B
(W) ()8 (2) 87 () = = e |9 2B (@)
(C.15b)
and
1
g g8 g7 g9 _ <212Z13223224> 2 (%5675 . Ea556y> ’ C15
(5%()57(22) 7 (20) 57 z)) 213224 212234 214723 ( 9
(5%(21)9° (20) 57 (23)5° (24) ) = =P (212234) 77 , (C.15d)
and
. A L oM 213224 212234
(A(21)i0X"(22)i0X (Zg)A(Z4)>:—§ T <\/ -I-\/ >, (C.16)
22,22 212234 213224
and
: s 1 _1
<¢u(21)5a<22)56(23)> = +(1/\f2)(au)a62122 213”5 (C.17a)
- _1 3
(10X"(21)A(22)7(23)) = +(1/2)04 2157 2157 - (C.17b)
Finally, we have
_ _ afgys pad By
ASY(21)ASP (29) A8 (23) A8 (24)) = & - , C.18a
(AS%(21)AS (22) AS7 (23) AS° (24)) oo oiaeen ( )
. : _ K} y écB 07
(7,5%(21)7, S (22) AS (23) AS® (24)) = — 2 5= (C.18D)
(AS*(21)7, 5% () ASY (23)7,5° (24)) = 0. (C.18¢)
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