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ABSTRACT: In the modular symmetry approach to neutrino models, the flavour symmetry
emerges as a finite subgroup I'y of the modular symmetry, broken by the vacuum expec-
tation value (VEV) of a modulus field 7. If the VEV of the modulus 7 takes some special
value, a residual subgroup of I'y would be preserved. We derive the fixed points 79 = 1,
Ts7 = (—1+iv/3)/2, 775 = (1+iv/3)/2, 77 = ico in the fundamental domain which are in-
variant under the modular transformations indicated. We then generalise these fixed points
to 7y = 75, ¥TsT, ¥Trs and y7r in the upper half complex plane, and show that it is suffi-
cient to consider v € I'y. Focussing on level N = 4, corresponding to the flavour group Sjy,
we consider all the resulting triplet modular forms at these fixed points up to weight 6. We
then apply the results to lepton mixing, with different residual subgroups in the charged
lepton sector and each of the right-handed neutrinos sectors. In the minimal case of two
right-handed neutrinos, we find three phenomenologically viable cases in which the light
neutrino mass matrix only depends on three free parameters, and the lepton mixing takes
the trimaximal TM1 pattern for two examples. One of these cases corresponds to a new
Littlest Modular Seesaw based on CSD(n) with n = 1 + v/6 &~ 3.45, intermediate between
CSD(3) and CSD(4). Finally, we generalize the results to examples with three right-handed
neutrinos, also considering the level N = 3 case, corresponding to A4 flavour symmetry.
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1 Introduction

It is well-known that there are huge mass hierarchies among the quarks and leptons, and
the quark mixing angles are small while the lepton sector has two large mixing angles 612,
A>3 and one small mixing angles 13 which is of the same order of magnitude as the quark
Cabibbo mixing angle [1]. The origin of the flavour structure of the quarks and leptons
such as the mass hierarchies, mixing angles and CP violation phases is a big mystery of
particle physics. Considerable effort has been devoted to understanding fermion masses
and flavour mixing from flavour symmetry for decades. In particular, it is found that
the observed lepton mixing angles can be naturally explained by the non-abelian discrete
flavour symmetry, see refs. [2-7] for review. Moreover, the leptonic CP violation phases
can be predicted and the precisely measured quark CKM (Cabibbo-Kobayashi-Maskawa)
mixing matrix can be accommodated if the discrete flavour symmetry is combined with
generalized CP symmetry [8-11] (CP standing for Charge Parity).

In the usual paradigm of discrete flavour symmetry, the standard model gauge symme-
try is extended by certain finite flavour symmetry at high energy scale which is subsequently



broken down to different subgroups in the neutrino and charged lepton sectors at low en-
ergy. In general some flavon fields which are standard model singlets are required to realize
the flavour symmetry breaking. The flavon fields usually obtain vacuum expectation values
(VEVs) along specific directions in order to reproduce phenomenologically viable lepton
mixing angles. As a consequence, the scalar potential of discrete flavour symmetry models
is rather elaborate, and certain auxiliary abelian symmetries are usually needed to forbid
dangerous operators.

Recently, modular symmetry has been suggested as the origin of flavour symmetry [12].
In this new framework, flavon fields might not be needed and the flavour symmetry can be
uniquely broken by the VEV of the modulus 7. Moreover, all higher-dimensional operators
in the superpotential are completely determined by modular invariance if supersymmetry is
exact. In modular invariant models, the Yukawa couplings transform nontrivially under the
modular symmetry and they are modular forms which are holomorphic functions of 7 [12].
Models with modular flavour symmetry can be highly predictive, the neutrino masses
and mixing parameters can be predicted in terms of few input parameters, although the
predictive power of this framework may be reduced by the Kéahler potential which is less
constrained by modular symmetry [13].

The finite modular groups I's = S5 [14-17], I's = Ay [12, 14, 15, 18-23], T'y = Sy [24—
26] and I's = As [27, 28] have been studied and some simple modular models have been
constructed. It is remarkable that even the A4 modular models can reproduce the measured
neutrino masses and mixing angles [12, 19, 23]. The modular invariance approach has been
extended to include odd weight modular forms which can be decomposed into irreducible
representations of the homogeneous finite modular group I'y [29], and the modular sym-
metry I'y = T has been discussed. It has been shown that the modular symmetry can be
consistently combined with generalized CP symmetry, and the modulus 7 transforms as
7 — —7* under the CP transformation [30-34]. Motivated by factorized tori compactifi-
cation in superstring theory, the formalism of the single modulus has been generalized to
the case of a direct product of multiple moduli [35, 36]. From the view of top-down, the
modular symmetry naturally appears in string constructions [31, 37-39].

It has been realised that, if the VEV of the modulus 7 takes some special value, a
residual subgroup of the finite modular symmetry group I'yy would be preserved. The
phenomenological implications of the residual modular symmetry have been discussed in
the context of modular Ay [21], Sy [25] and A5 [27] symmetries. If the modular symmetry
is broken down to a residual Z3 (or Zs5) subgroup in charged lepton sector and to a Zs
subgroup in the neutrino sector, the trimaximal TM1 and TM2 mixing patterns can be
obtained [21, 25]. Note that TM1 (TM2) mixing pattern is the mixing matrix in which the
first (second) column of the tri-bimaximal mixing matrix is preserved.

In this paper, we derive the fixed points 7g = i, Ts7 = (—1+iv/3)/2, 705 = (1+iV/3)/2,
71 = 300 in the fundamental domain which are invariant under the modular transformations
indicated. We then generalise these fixed points to 7 = 75, y7s7, 7715 and y77 in the up-
per half complex plane, and show that it is sufficient to consider v € I'y. Focussing on level
N =4, corresponding to the flavour group S4, we consider all the resulting triplet modular
forms at these fixed points up to weight 6. We then apply the results to obtain new pre-



dictive examples of lepton mixing, with different residual subgroups in the charged lepton
sector and each of the right-handed neutrinos sectors. In the minimal case of two right-
handed neutrinos, we find three phenomenologically viable cases in which the light neutrino
mass matrix only depends on three free parameters, and the lepton mixing takes the tri-
maximal TM1 pattern for two examples. Finally, we generalize the results to examples with
three right-handed neutrinos, also considering the level N = 3 case, corresponding to Ay
flavour symmetry, listing the values of modular forms at the fixed points in this case also.

It is interesting to compare the modular symmetry approach here to the tri-direct
CP approach in usual discrete flavour symmetry based on the residual symmetry [40, 41],
which can also give rise to very predictive models such as the Littlest seesaw model based
on CSD(n) with n = 3,4 or a variant [42-45].! In the present work, we shall also follow the
tri-direct approach but in the context of modular invariant models and without CP. In the
minimal scenario, with two right-handed neutrinos, the two columns of the Dirac neutrino
mass matrix are modular forms which are aligned along certain directions at some special
values of 7. One of the minimal Sy cases corresponds to a new Littlest Modular Seesaw
based on CSD(n) with n = 1+ /6  3.45, intermediate between CSD(3) and CSD(4).

The paper is organized as follows. In section 2, we give a brief review on the modu-
lar symmetry and the modular forms of level 4 are constructed from the products of the
Dedekind 7 function. In section 3, we analyze the nontrivial fixed points 7; of the complex
modulus which preserves a residual modular subgroup. We find there are infinity fixed
modulus with the form 77 = y7g, y7s7, Y715 and y77, where v is an arbitrary modular
?, TS = % + i@, 7 = 100. However, the inde-
pendent alignments of modular forms at the fixed points are finite. In section 4, we present

transformation and 7¢ = i, 797 = —% +1

the framework of tri-direct modular model, the minimal scenario is based on the two right-
handed neutrinos model, and we generalize this approach to the three right-handed neutri-
nos case. In order to show concrete examples, we analyze the tri-direct modular models for
the Sy group. Furthermore, in section 5 we present the cases which can also be obtained, if
the modular symmetry is A4 instead of Sy. We conclude in section 6. Finally the group the-
ory of Sy as well as the Clebsch-Gordan coefficients in our basis are collected in appendix A.

'Recall that sequential dominance (SD) models [46-49] are based on the type I seesaw mechanism in
which one right-handed neutrino provides the dominant contribution to the atmospheric neutrino mass,
leading to approximately maximal atmospheric mixing, while a second right-handed neutrino gives the
solar neutrino mass and controls the solar and reactor mixing as well as the magnitude of CP violating
effects, while the third right-handed neutrino is approximately decoupled and plays a negligible role in
the seesaw mechanism. Constrained sequential dominance (CSD) is the idea that, in addition to SD, the
Dirac neutrino mass matrix has a constrained form in which the dominant two columns are proportional
to (0,1,—1) and (1,1, 1) respectively [50]. CSD(n) is a generalisation of CSD in which the two columns of
the Dirac neutrino mass matrix are proportional to (0,1, —1) and (1,n,2 — n) respectively [42—44].



2 Modular symmetry and modular form multiplets of level N = 4

The modular group I is the group of linear fraction transformations which acts on the
complex modulus 7 in the upper half complex plane as follow,

with a,b,c,d€Z, ad—bc=1, 7 >0. (2.1)

b ab
“aro, < ) (2.2)
ct+d cd
is an isomorphism from the modular group to the projective matrix group PSL(2,7) =

SL(2,2)/{£I}, where SL(2,Z) is the group of two-by-two matrices with integer entries
and determinant equal to one. It is obvious that

We note that the map

b —at —b
Cclz:id is the same as % , (2.3)

ab ) —a —b
is the same as (2.4)
cd —c —d

in matrix notation. The modular group I can be generated by two generators S and T’

therefore we identify

1
ST ——, T:t—1+1, (2.5)
T

which are represented by the following two matrices of PSL(2,Z),

01 11
(00 (). oo

We can check that the generators S and T obey the relations,
5% = (ST =(TS)*=1. (2.7)

The principal congruence subgroup of level N is the subgroup
ab
I'(N) = { ( d) € SL(2,7), b=c=0(mod N),a =d =1 (mod N)} , (2.8)
c

which is an infinite normal subgroup of SL(2,Z). It is easy to see that 7%V is an element of
['(N). The projective principal congruence subgroup is defined as T'(N) = I'(N)/{£I} for
N = 1,2. For the values of N > 3, we have T'(N) = I'(N) because I'(IN) doesn’t contain
the element —I. The quotient group I'y = T'/T(N) is the finite modular group, and it can
be obtained by further imposing the condition TV = 1 besides those in eq. (2.7).



A crucial element of the modular invariance approach is the modular form f(7) of
weight & and level N. The modular form f(7) is a holomorphic function of the complex
modulus 7 and it is required to transform under the action of T'(N) as follows,

ar +b ab _
f <CT+d> = (er+d)*f(r) for V (C d) eT(N). (2.9)

The modular forms of weight k£ and level N span a linear space of finite dimension. It
is always possible to choose a basis in this linear space such that the modular forms can
be arranged into some modular multiplets fr = (f1(7), f2(7),...)" which transform as
irreducible representation r of the finite modular group I'y for even k [12, 29], i.e.

fe(yT) = (e + d)kpr(fy)fr(r) for V~yeT, (2.10)

where 7 is the representative element of the coset yI'(N) in I'yy, and p,(7) is the represen-
tation matrix of the element - in the irreducible representation r.

2.1 Modular forms of level 4

The modular forms of level 4 has been constructed in [24, 25] in terms of n'(7)/n(7), where
n(7) and n/(7) are the Dedekind eta function and its derivative. In this section, we shall
construct the modular forms of level 4 from the products of n(7). The modular forms of
weight &k and level 4 form a linear space My(I'(4)) as follow [51],

n2b72a (47’)175a7b (27_)
I

MT4)= €& ¢ (2.11)

a+b=2k,a,b>0

where a, b and k are positive integers, and the Dedekind eta function 7(7) is defined
as [52-54],

n(r) = ¢'/* H (1-¢"), with ¢=e*™", (2.12)
n=1
which satisfies the following well-known identities
n(r+1) =e™y(r),  n(=1/7) = V=it (7). (2.13)

We can read from eq. (2.11) that the linear space My (I'(4)) has dimension 2k + 1.
As shown in [12, 29], the even weight modular forms of level 4 can be decomposed into
irreducible representations of the inhomogeneous finite modular group I'y = 5, while odd
weight modular forms can be arranged into irreducible representations of the homogeneous
finite modular group I') which is the double covering group of Sy. In the present work, we
shall focus on the modular forms of even weights. For the weight 2 modular forms with
k =2, eq. (2.11) implies that without loss of generality the basis vectors of My (I'(4)) could

be chosen to be
n2b72a(47)n5a7b(27_)

O

(2.14)



with (a,b) = (0,4), (1,3),(2,2),(3,1) and (4,0). To be more specific, the basis vectors of
My(I'(4)) are

_ n°(47) _ nt(dr)n?(27) _ n°(27)
ey 0T w0 DT ey
e e (219
T i anypey Y T AR

The g-expansions of the above basis vectors e; are given by

er(r) = q+4¢3 +6¢° +8¢" +13¢° + ...,

ea(7) = ¥ (1 +2¢+3¢% +6¢° + 5¢* +6¢° + 1045 + 8¢" +12¢% + 14¢° + ...),

es(1) = ¢/%(1 +4q + 6¢> + 8¢° + 13¢* +12¢° + 14¢° + 24¢" + 18¢% + 20¢° + ...),
es(7) = ¢4 (1 +6q + 13¢% + 14¢° + 18¢* + 32¢° + 31¢° + 30¢7 + 48¢° +38¢°...),
e5(17) = 14 8q + 24¢° + 32¢° + 24¢* + 48¢° + 96¢° + 64¢" + 24¢° + 104¢° + ... . (2.16)

Note that any modular form of weight 2 and level 4 can be written as a linear combination
of e1234,5- Under the action of the generator 7', it is easy to check that the basis vectors
e; transform as

er(r) = en(r),  ealr) o —iea, es(T) = —es, ealr) o ies, es(T) 5.
(2.17)
Under another generator S, we have
S 7_2
e () -2y ~6i (16e1 — 32e5 + 24e3 — 8ey + e5)
S T2
ea (1) ~33 (—16e1 + 16eg — deq + e5) ,
2
e3(7) E _% (16e1 — 8es +es5),
S 7—2
64(7_) —_— _§ (—1661 — 1662 + 464 + 65) 9
S 7—2
es5(T) 4 (16e1 + 32eg + 24e3 + 8eq + €5) (2.18)

We see that the basis vectors e 2.3 45 are closed under S and T" up to multiplicative factors,

and they are mapped into themselves by the elements S2, (ST)3, (T'S)? and T*. The above

five modular forms can be organized into a doublet 2 and a triplet 3 of the finite modular
2

group Sy,

Y3(7)
Y2 (r) = (Yl(T)> Y= e |, (2.19)
YQ(T) }/5(7_)

2In our working basis, the triplet representations 3 and 3’ correspond to 3’ and 3 of [24, 25] respectively.



where

Yi(7) = 16w?e; (1) — 8(2 4 w?)es(1) + w?es (1),
(1) = 16e1(7) + 8iv/3es(7) + e5(7),

(1) = —w? [16e1 (1) + 16(1 — i)ea(7) + 4(1 + i)es(1) — e5(7)],
(1) =

(1) =

T) = —w [1661(7’) +8(1 — V3)(—1 +i)ea(r) — 2(1 + V3) (1 +i)es(r) — 65(7')] )
—16€1 (1) + 8(1 + V3)(1 — i)ea () + 2(1 — V3)(1 + i)es(r) + e5(7),  (2.20)

i27/3

Ys5(1

with w = e From eq. (2.16), we can read out the g-expansion of Y2(2) and Y3(2) as

follows,

1
where the constants a = (—1—+/3)/2, b= (=1++/3)/2, ¢1 = i\/q/3 and ¢o = §(l+i)q1/4.
Form the above expressions of g-expansion, we see that the modular forms Y; (i = 1,...,5)
satisfy the following constraints:

372 — w(YZ + 2Y3Yy)
3Y7 — w(YZ + 2Y3Ys)
31Ys — w(YE 4 2Y3Y5)

0,  V3(Ya¥z—V1Y5) —w?(Y7 — Y3Yy)
0,  V3(YaYy—V1Ys) — w?(Y} — Y3Y5)
0,  V3(¥aYs —MYy) — (Y5 — YyY5)

0,
0,
0.

(2.22)

The weight 4 modular forms can be generated from the tensor products of Y2(2) and Y3(2).
There are 9 linearly independent weight 4 modular forms which can be arranged into Sy
irreducible representations 1, 1/, 2, 3, 3’ as follow:

v = (W), = min,
T
4 2 2
7 = (), = ()
(4) (2)y,(2) ’
vl = (V) = (VYa 4 V¥ 1Y + Vi¥e, ViYs 4 15Y))

T
vy = (17r7), = (MY - NYs —VaYa 4 ViYs ViYa - vava) L (2:29)

Notice that the other possible modular multiplets are either vanishing or parallel to the
above modular multiplets:

4 2 2 4 2 2
v = (7)) =0, Yyt = (17vY), = 0.0,07,
4 2)1-(2 3 (4 4 2)1-(2 3. (4
M- () < - (), - S
v, = (Yf)Yg.(2)>3, = —2V3wYy') . (2.24)



The linear space of modular forms of level 4 and weight 6 has dimension 2k+1 =2x6+1 =
13, under the finite modular group Sy it can be decomposed into

= (4704) = 432

Y(6 ( 2)Y(4)> - Y3,

Y = (y 2>y<4)>2 (2Y1 Y2, 2Y1Y2) ;

Y3(61) _ (Y Q)Y(4)>3 (2}/1)/2)/3, 2Y1YsYs, 2Y1Y2Y5> ;

3(61)1 ( (4)>3 (}/’2}/;1+)/'1Y5,Y1 Y3+ Y35, Y5 Vs + Y, Y4)

v — <Y3( >y2<j11>>3, _ (y22y4 L Y2Ys, —YRYs + Y2V, Y2Y; — Y12Y4> . (2.25)

Higher weight modular forms can be constructed in the same fashion, see refs. [24, 25] for
modular forms of weight 8 and weight 10. Note that in our working basis the representation
matrices are different from those of [24, 25], and they are related to the choices of [24, 25]
by unitary transformations.

3 Fixed points and residual modular symmetry

In this section, we shall first discuss the fixed point in the fundamental domain of the
modular group, subsequently we study all the possible fixed points in the upper half com-
plex plane. Finally we investigate the constraints on the neutrino and charged lepton mass
matrices imposed by the residual modular symmetries at fixed points.

3.1 Fixed point in the fundamental domain
If a modulus parameter 7y is invariant under the action of a nontrivial SL(2,7Z) transfor-
mation vy # 1, we call 7¢ is the fixed point of 7y and ~q is the stabilizer of 7y, i.e.

YoTo = 70 - (3.1)

The fundamental domain of the modular group is denoted as F : |R7| < =,37 > 0, |7] > 1.
Firstly we consider the case that the fixed point 7y is in the fundamental region 19 € F.
The modular transformation vy can be generally parameterized as

ao bo :
Yo = ,  with ag,bg,co,dog € Z and agdy — bpcg = 1. (3.2)
[&)) do
Thus the fixed point condition of eq. (3.1) gives
apTo + bo
——— =19. 3.3
coTo + do 70 (3:3)

Multiplying cq7o + do on both sides of eq. (3.3), we can obtain®
co7s + (do — ag)mo — by = 0. (3.4)

3Notice that coro + do # 0 for 79 in the fundamental domain.



If ¢ = 0, then we have 7y = dob—oao which is outside the fundamental domain F. Conse-

quently ¢y should be non-vanishing with ¢y # 0. Thus the roots of equation in eq. (3.4)

ao—doi\/(a0+d0)2—4. (35)

200

are given by

T0 =

Since the modular parameter 7y is in the fundamental domain and its imaginary part is
positive 7y > 0, the constraint |ag 4+ dy| < 2 should be satisfied. Therefore we have
ag + do = 0,1, as the parameters ag, by, co and dy are all integers.

® ag+dy=0
In this case, we have ag = —dp. The fixed modulus 79 in eq. (3.5) is of the following
form, »
=204 (3.6)
co  Co

Because 7y is in fundamental region with [R7| < 3 and |rg| > 1, thus we have the
following constraint,

1 1 3
@ S 5 - Z ia (37)
Co 2 Co 2
which implies
ag = d() = O, Cco = +1. (3.8)
Moreover, the unit determinant of g requires agdy — bpco = 1, thus we find
bo = —cg = FI1. (3.9)
Hence the modular transformation 7y takes the form
01
Yo =F ( ) =TS. (3.10)
-10

Notice that .S and —S lead to the same linear fractional transformation, as shown in
eq. (2.4). Accordingly the fixed point is 79 = i = 7g.

e a9 +dp=1

The parameter dy can be expressed in terms of ag as
dy=1—agp. (3.11)

The solution for 7y in eq. (3.5) is simplified into

2a9 — 1 £iV/3
= - " 3.12
70 20, (3.12)
The requirement of 7y € F entails
2a9 — 1 1 3 3
w—1] 1 V3] V3 (3.13)
260 2 200 2




which leads to
CL():O, b()::Fl, Cozil, d():l, (3.14)

or
apg = 1, b()::Fl, C():ﬂ:l, d():(). (3.15)

As a consequence, vy and 7 are determined to be

0-1 —1+12v3
70=< )Z—ST, TOZJ,

2
(3.16)
1443
Yo = < ) = 5)2, T0 = 5 s
or
1 -1 1+1iV3
Yo = = -T§, To = ;
10 2
(3.17)
1 —1+4+14V3
70:( ) ST)2, Tozﬂ.
1 2
ap+ dog = —
In this case, the parameter dy = —1 — ag and the solution of 7y is
2a9 +1+i/3
= 3.18
m = 20 (3.15)
The condition 79 € F imposes the following constraints,
2 1 1
&S,’ ﬁzﬁ (3.19)
200 2 200 2
Hence the parameters ag, by, cg and dy are determined to be
ag = —1, bo=F1, o= +1, do = 0, (3.20)
or
apg = 0, bQ = :Fl, co = :|:1, do =-—1. (3.21)
The modular transformation -y and the corresponding fixed point 7y are found to be
given by
~1 -1 ~1+iV3
Yo = =(ST)*, o= ——F5—,
1 0 2
(3.22)
—-11 144
10 2

~10 -



0 -1 1+iv3
Yo = =(TS)?, 7= :
1 -1 2
(3.23)
0 1 —1+iV3
Yo = = ST7 T0 = il Zf .
-1 -1 2
We see that 797 = _HT“B and 7pg = 1+§‘/§ are the fixed points of the modular

transformation +ST and £7'S respectively. Moreover they are related by modular
transformation 7',
TTST =1TT8 - (324)

Furthermore, there is a fourth fixed point 7y = ioo. It is easy to check that oo is
invariant under the action of T" as T (ioc0) = 00 + 1 = ico. We shall denote 7p = ico
in the following. In short, we have only the following four nontrivial fixed points in
the fundamental domain,

1 V3 1 V3

Tg =1, TST:—§+Z7, TTS:§+Z'7, T = 100. (3.25)

In general, a modular multiplet Yr(k) (1) of weight k in the irreducible representation r
of the finite modular group I'y satisfies the following property,

Y () = ()oY (), (3.26)
where Ji(y,7) is the so-called automorphy factor [52],
i a b _
Je(y,7) = (et +d)°, ~y= el. (3.27)
c d
At the fixed point 79, eq. (3.26) gives us,
i (m0) = ¥ (q070) = (coro + do)* pre(30) s (70) (3.28)
which implies
pe(70)Yx(70) = Ji (90, 70)Ye(70) , (3.29)

Hence the modular multiplets Y;(79) at the fixed point 7y is actually the eigenvector of the
representation matrix py (7o) with eigenvalue J, ! (70, 70). It is straightforward to obtain

01 .
S = ( ), Jl(SaTS):_Zv
—-10
0 1
ST = ( ) s Jl(ST,TST) = (.UQ,
-1 -1
—11
TS = , Ji(TS, 7rs) = w?,
-10
11
T = (O 1) , J(T,mr)=1. (3.30)

- 11 -



Therefore the automorphy factor Jx(7y0,70) at the fixed points 7g, 757, 7rs and 7p must
be a phase with unit absolute value. We find that the weight two modular forms at these
fixed points take the following values,

1
1 w
Yy () = Yy (_1) , V{2 (rs) = *%Ys 1+v6 |,
1-6
0 0
Yy (rsr) = Ysr (1) , Yy (rsr) = V3wYsr | 1]
0
1 2 1
w
Y2(2)(TTS) =Yrs ( > , Y3(2)(7'T5) —%YTS 1 ,
1
)
] 1
Y2(2)(TT) =Yr (w) ; Y3(2)(7'T) =Yr|uw?], (3.31)
w

with Yg ~ —1.045 — 0.6037, Ygr ~ 1.793, Yrg ~ —0.896 — 1.553¢ and Y7 ~ —0.5 — 0.8664.
From eq. (3.29) we know that Y3(2) (7s) is an eigenvector of the representation matrix pg(5)
with eigenvalue —1. However pg(S) has two degenerate eigenvalues —1, consequently the
alignment of Y3(2) (1s) can not be uniquely fixed by the condition of eq. (3.29). It is remark-
able that modular symmetry helps to break the degeneracy in some sense and fixes Y3(2) (1s)
along the direction (1, 1++6,1— \/E)T The values of the modular forms of level 4 up to
weight 6 at the fixed points 7g, 797, 7rg and 77 are summarized in table 1. In the present
work, we are mainly concerned with the triplet modular forms transforming as 3 or 3'.

3.2 Fixed points in upper half complex plane

Let us consider the general fixed points 7y of the modular transformation ~y; in the upper
half complex plane. By definition, 7 must be related to some modulus 7/ € F by certain
modular transformation 7/, i.e., 7y = 4'7’. Then the fixed point condition vysry = 7¢
becomes

YT =T (3.32)

Multiplying +/~! from left on both sides of the above equation, we can obtain
VT =7 (3.33)

which is exactly the fixed point condition eq. (3.1) inside the fundamental domain. Hence
we have
7' =19 € {75,757, 715, 7T}

L (3.34)
YT ey =0 € {£S, £S8T, £TS,+T} .
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Ts TST TS T
v? Ys(1,-1) Ys7(0,1) Yrs(1,0) Yr(1,w)
v —£Ys(L1+V6,1-V6) | VBuwYsr(0,1,0) | —2Vrs(1,1,—3) Yr(1,w?,w)
v —2v2 0 0 2V 2
Y Y3(11) Y3 (1,0) Y25(0,1) W?YZ(Lw)
vy —2v2wY2(1, -1, 1) VBwYZ(0,0,1) | —ZV2i(1,-11) | 20°VA(1,ww)
vy | =2v20,1- /3143 | —VBeve(0,01) | —2VA(1,-1.1) (0,0,0)
v, 0 Yir Yis 2Y7
v, 2y3 -Y3, Vg 0
v —2Y3(1,-1) (0,0) (0,0) 2wY3(1,w)
Ys 24V3 (1,14 6,1 - V/6) (0,0,0) (0,0,0) 2wY3(1,w?,w)
Vi | —2va1 -8 8) | VBeYd(1,0,0) | 5YE(1,-2,-2) | 20V(1,6%w)
.V | —2v2wyd(1, -1 1) VBwY2r(1,0,0) | —VR(1,-2,-2) (0,0,0)

Table 1. The values of the modular forms with weights & = 2,4,6 and level 4 at the fixed points
Ts, TsT, Trs and 7p, where Yg ~ —1.045 — 0.603i, Ygr ~ 1.793, Yrg ~ —0.896 — 1.553¢ and
Yr ~ —0.5 — 0.866¢.

Hence the fixed point 7 of the modular group and the corresponding stabilizer v are given
by
T = ' 70, vy = Yy, A eT, (3.35)

where 4/ is an arbitrary modular symmetry element. It is straightforward to check vy =
7 which means that 7 is really the fixed point of v;. Hence all fixed points are related to 7g,
TsT, Trs, and 7p by modular transformations. For illustration, we display part of the fixed
points of the modular group in figure 1. Since there are infinity fixed points, it is impossible
to show all the fixed points. From eq. (3.35) we see that only the modular symmetry
transformation conjugate to 7 can have fixed point. In other words, v; and 7 must
belong to the same conjugacy class. The value of the modular form at the fixed point ~; is

i (7)) = i (Y'70) = Ju(v s 70)pe ()Y (70) (3.36)

which implies that the direction of Yr(k)(Tf) is proportional to py(y )Yr(k) (70). The modular
group I' can be decomposed into disjoint union of right cosets of the principal congruence
subgroup T'(N) in T,
[Tl
I=JalT(N), g elw, (3.37)
i=1

where we have taken into account the fact 'y = ['/T(N) such that the finite modular
group I'y can be regarded as the system of right coset representatives of T'(N) in T'. As
a consequence, any element v € T' can always be written as v = g;h,h € T'(N), thus
pr(7) = pr(gi)pr(h) = pr(gi) because of the representation matrix py(h) = 1. Therefore
the alignment v, P (1¢) = v, P (y10) = v, P (gihT1o) is proportional to pr(gi)Yr(k) (10) and it
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Figure 1. The fixed points of the modular group, it is impossible to display all of them because
there are infinite fixed points. The red region and yellow region are the fundamental domains of
T and T'(4) respectively. The fixed points are displayed in solid (hollow) circles and diamonds in
(outside) the fundamental domain of T'(4).

is independent of 2 € T(N). The nonequivalent directions of the modular forms Yy (7¢)
at fixed points are actually generated by the finite modular group I'y. Although there
are infinite numbers of fixed points 7, it sufficient to only consider these fixed points 7
which belong to the orbits I'y7g, I'ny7s7T, U'n7rs and I'y7pr. Moreover, for any fixed point
To = TS, TST, Trs or T7r in the fundamental domain, the corresponding stabilizer subgroup
is an abelian subgroup generated by -y and it is denoted as Stabr, (79) = (70). We can de-
compose the modular group I' ;v into the right coset of the stabilizer subgroup Stabr, (79):
I'y = UZ A; Stabp(7p) where A; is the right coset representative element. Thus the orbit
'y can be generally simplified into

I'nmo = UA’ StabF(To)T() = UAiTO . (338)
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Hence the number of the independent modulus in the orbit I'y7g is equal to
ITn|/|Stabr(70)| which is the number of distinct right cosets of Stabr, (7). Here
the notation |G| denotes the order of a group G. Furthermore, after some algebra, we can
show that the modular multiplet Y;(7f) has the following property

Y (r1) = Ji(0, 10) o (1) Y () (3.39)

which gives rise to
k - k
pe(vp) Y () = T (0, o) i (7). (3.40)

This means that the modular multiplet Yr(k)(rf) at the fixed point 7; is an eigenvector of
the representation matrix py(v¢) with the eigenvalue J; (70, 70) given in eq. (3.30). We
give the nontrivial and nonequivalent fixed points and the corresponding alignments of
the triplet modular forms of level 4 in table 2. As we shall show in the present work, these
alignments at the fixed points could give a rich phenomenology of neutrino mixing in the
framework of tri-direct modular approach.

3.3 Residual modular symmetry and its implication

We assume that neutrinos are Majorana particles in the following. The charged lepton and
neutrino mass terms in modular invariant approach can be generally written as

1

Won = — ()i EFYe(r) Ly Ha — 5

(Ww)ij LiLj Yy (1) HuHy (3.41)
where the two-component notation of the fermion fields is used. The fields L; and Ef =
e, u¢, 7¢ stand for the left-handed lepton doublets and the right-handed charged leptons
respectively, H, and Hy are Higgs doublets, and Y.(7) and Y,(7) are modular forms.
The neutral components of the Higgs fields acquire vacuum expectation values <H27d) =
vy,q after the electroweak symmetry breaking, then the charged lepton and neutrino mass
matrices can be read off as

me (7) = yeYe(T)va,  mu (1) = 1Yo (7) (3.42)

>‘§ew

Under a generic modular transformation 7 € T, the lepton fields L = (L1, Lo, L3) and
E¢ = (e, uf, )T transform as

L5 (er+d) ™ pr(y)L,  E° (er +d) "2 pp(y)L, (3.43)

where —kj, and —kg are the modular weights of L and E° respectively. Modular invariance
requires that the summation of the modular weights of each term in eq. (3.41) should be
vanishing and the mass matrices m. (7) and m, (7) should transform under a modular
transformation as

me (1) % me (y7) = (e + Y22 o (Vyme (1) ph (7)

3.44
my, (7) & my, (y7) = (er + )™ p(V)my (7) pL(7) - o
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The alignments of triplet modular forms Y3 3/ (y7s) of level 4 up to weight 6

Y (y75), Yo (v7s)

Y2 (v7s), Yoo (97s)

Vs (v7s), Yau(v7s)

i TS
{15} i (L1+V6.1-V6) (1L,-3,-1) (L1-y/31+/3)
{T°,7°5} 2+i (1,3(=1+iv2), 5 (-141v2)) (0,1,-1) (1,-25,-%)
{ST?S,ST?} -244 (1,-1(1+iv2), -2 (1+iv?2)) (0,1,-1) (1,5, %=
{(ST2)2, 72517} S+ (1,1-v6,1+6) (1,-1,-1) (L1+4/31-/3)
2 )
{ST,STS) —1+4 (1L&?(14V6),0(1- V6)) L-2-9 |-+ /2)
{T5,T} 1+i (1L-$(1+iv3),—% (1+iV3)) (0,1,~w) (1, e
{(ST)2,T%} 1t (1,w(1+v6),w(1—6)) 1,-g,-< (Lo —/$).e*(1+/3)
{(T8)>, TST} 1+% (L5 (-1+iv2), 2(-1+iV2)) (0,1,—w?) )
T2ST, TST? 344 1L,w?(1—v6),w(1+ V6 1,-¢2 v Lw?(1+44/2),w(1i—4/2
2 2 2 2 2 2
{(TST?,TST5} $4i (Lw(1—v6),w*(1+VE)) (1,-%,-%) (Lw(+/3)«*(1-/3)
{T°ST?, ST*ST} Lyl (1L4(-1+iv2), 5 (-1 +iv2)) (0,1,~w) (1,- i,
{T2ST°,T°ST} o4s (1L—2(1+iv32), —$(1+iv2)) (0,1,~w?) )
The alignments of triplet modular forms Y3 3/ (y7s7) of level 4 up to weight 6
v yrst | Y3 (yrsr) | Yy (yrst) , Yy (rst) | Yai (vrsT), Yy, (y7st) Ya (7st)
{1, 5T, (ST)*} w (0,1,0) (0,0,1) (1,0,0)
{T?,TS,T2ST} w2 | (1,2 W) (1,w%,—%) (1,1+iv/3,1—iv/3)
{ST2S,(TS)?, TST?} b3 (]2 ) (1w, —4) (1,1—iv/3,1+iv3)
{(ST%)?, T°ST* T*ST%) =8 (1,41 (1,1,-3) (1,-2,-2)
142 2 . 2 (070’0)
{(S,T.TST} —w (1,1,-3) (1,-1.1) (1,-2,-2)
{T3ST,T3,T*S} w+3 (1w, -2 (1,-%,w?) (1, —2w, —2w?)
{TST? T2ST?, TST*S} 8443 (0,0,1) (0,1,0) (1,0,0)
{ST2ST,ST?,STS} =848 | (] 2w (1,—%w) (1,—2w?, —2w)
The alignments of triplet modular forms Y3 3/ (y7rs) of level 4 up to weight 6
v yrrs | YD (vrrs) | Yol (yrrs), Y& (vrrs) | Vi (vrrs), Yo (vrrs) YD (yrrs)
{1,TS,(TS)*} —w? (1,1,-1) (1,-3,1) (1,-2,-2)
{T,(ST)?, T*ST"} S8 (1w, —1u?) (1,-1w,w?) (1,—2w, —2w?)
{ST?S,5T, T>ST?} MBims (W% —1w) (1,—10? w) (1,—2w?, —2w)
{(ST)?,TST, TST?} V=2 (0,0,1) (0,1,0) (1,0,0) 0.0,0)
{s,7°,5TS} w (0,1,0) (0,0,1) (1,0,0) o
576
{T3ST,T?ST? ST*>ST} 3+ (1,-51) (1,1,-3) (1,-2,-2)
{TST°,T,1°5} W8 (1 —Lu? w) (1,0?, —1w) (1,—2w?, 2w)
{TST?S,ST? TSTS} S (] Ly w?) (Lw,—10?) (1, —2w, —2w?)

The alignment

s of triplet modular forms Y3 3/ (y7r) of level 4 up to weight 6

YD (yrr), YaP (yrr), Yo (vrr), YaQi(vrr)

Yo (yrr), Yy (vrr)

Y YTT
{1,7,7%,T%} oo (L)
NN
{ST?S,ST?ST,(ST?)*, TST*S} -1 o
{ST,(TS)?,S,5T*} 0
2 2 G312 a2 2 (1-‘*"1‘*’2) (0,0,0)
{T2ST, T*ST®, T*ST? T?S} 2
{TS,TST? TST® TST} 1 w1
{(ST)?,T3ST?,T3ST,STS} -1 ”

Table 2. The alignments of the triplet modular forms

(2)

vy

3,

(75),

(4)
3.3

(1f) and Y;

(g)/ (7f) of level 4 at

the fixed point 7;. As shown in section 3, it is sufficient to only consider the fixed points 7y = vy7g,
YTsT, Y718, Y7 with v € S4. In the second column of the table, the element v is represented by
the first one in the first column, and we have identified the modulus parameter 7 with 747 = 7 +4,
the reason is T* = 1 in the S; group and Y;(7) = Yz(7 + 4) for any modular multiplet Y.
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In modular invariant models, the vacuum expectation value of the complex modulus (7)
is the unique source of flavour symmetry breaking. If (7) is at some fixed point (1) = 7y,
a residual subgroup {'y}‘ 'n € Z} generated by the stabilizer v; would be preserved. For
example, the residual symmetries are Z§ = {1, S} and Z57 = {1, ST, (ST)?} respectively
for (1) = 7¢ = i and (1) = 7o7 = (—1 +iVv/3)/2. In the following, we shall discuss the
constraints on the lepton mass matrices m, (7) and m,, (7) imposed by the residual modular
symmetry. At the fixed point 7y which fulfills 77 = v¢7¢, we have

Me (1) = me (v47) = Tig 1k (07 7)) me (1) 9L (75) 4

(3.45)
mu (14) = my (v475) = Jow, (v, 71)05 (v ) () P4 (1f)

where J, 4k, (Ve TF) = Jkptkg (70, 70) and Jog, (v, 7¢) = Jag, (70, 70) are certain phase
factors, as shown in eq. (3.30). From eq. (3.45), we know that the hermitian combination of
the charged lepton mass matrix ml(Tf)me (7f) should be subject to the following constraint,

ph (vp)ymb(rpyme(rs)pr(vs) = mi(7p)me(7) (3.46)

which implies pr,(7¢) and ml(Tf)me (7f) are commutable. The representation matrix pr,(v¢)
can be diagonalized by a unitary matrix Uk,

Ulpr(vp)Ue = pL(7y), (3.47)

where pr,(vs) is a diagonal unitary matrix and the non-vanishing entries are eigenvalues of
pr (7). Then we can see

Ulm{(r)me(rs)Ue = Ulp} (vp)mi (rp)me () pr(vp)Ue = By, (vp)USmE (75 me (74) Ue e (vy) -

(3.48)
If the diagonal entries of pr, () are non-degenerate, then Ul 77"L£(Tf)me(Tf)U8 is also diag-
onal since only a diagonal matrix is invariant when conjugated by a non-degenerate phase
matrix. If pr(vy) has two degenerate diagonal entries, only one column of U, can be de-
termined at the fixed point 7. In the same fashion, we can show that the neutrino mass
matrix m, (7f) is also diagonalized by the unitary transformation U, in eq. (3.47). As a
result, the lepton mixing matrix would have six zeros for non-degenerate pr(v¢) or four
zeros for partially degenerate pr(v¢) [21, 25], and this is not consistent with the experi-
mental data. Therefore there are no phenomenologically viable models with one common
fixed point 77 in both neutrino and charged lepton sectors.

In order to accommodate the observed lepton mixing angles, it is assumed the complex
modulus 7 in the charged lepton and neutrino mass matrices takes two different values 7y,
and 77, which break the modular symmetry into the residual subgroups generated by
7f.e and ~yf,, respectively in the charged lepton and neutrino sectors. In this approach, the
trimaximal TM2 lepton mixing pattern can be obtained from the A4 modular group [21] and
the models giving TM1 mixing are constructed with multiple modular Sy groups [35, 36].
Inspired by the tri-direct CP approach [40, 41, 45], in the following we shall present tri-
direct modular models which has three fixed moduli.

*Using the identities Ji(viy2,7) = Ju(y1,727)Ju(y2,7) and Jr(y~*,y7) = J; '(v,7), one can prove
Je(vs,75) = Je(¥' 707 ™ 7' 10) = Ji(70,70).
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4 New predictive examples of lepton mixing

The tri-direct approach is based on the minimal seesaw model with two right-handed
neutrinos which are denoted as N, and N£, [40, 41, 45]. In this section we shall generalize
the tri-direct approach to the modular invairance models, and the flavon fields would be
replaced by modular forms. The superpotential for the charged lepton and neutrino masses

in the tri-direct modular model is of the following form

W = _yeECY:e(7—>LHd - yatmLYatm(T)Nc H, — ysolLszol(T)Nc H,

atm sol
1 1
_iMatmNacutmNgtm - §M801Nscol scol7 (41)

where we don’t specify whether the above operators arise from only one independent or
several independent modular invariant contractions. We assign the lepton doublet L to
transform as a triplet under the finite modular group I' iy, while both right-handed neutrinos
Nfim and N, are singlets of I'y. Then modular invariance requires Yaum(7) and Y01 (7) are
triplet modular forms. For instance, in the case of N = 4, we can assume L ~ 3, N, ~ 1,
NE, ~ 1, Yoo (7) ~ 8, Yeoi(7) ~ 8" or L~ 3, N§,, ~ 1/, NS, ~ 1, Yo (1) ~ 3, Yoi (1) ~

(&

3. The cross term N N&, could be forbidden by proper weight assignment of Ng  and
N¢,. Motivated by the idea of tri-direct CP approach [40, 41, 45], we shall consider the
scenario of three moduli in the theory: 7. and its vacuum expectation value (VEV) at
certain fixed point 7. break the modular symmetry to the subgroup G, = {7?76 in e Z}
in the charged lepton sector, Tatm and 7y, are responsible for the breaking of modular
symmetry in the atmospheric and solar neutrino sectors respectively.

Similar to section 3.3, the charged lepton mass matrix is determined to be me(7.) =
YeYe(Te)vg and it is diagonalized by the unitary matrix U, fulfilling U;r pL(Vf.e)Ue = prL(Vte)
at the fixed point (r.) = 7f.. Notice that U, is determined up to permutations and
phases of its column vectors since the order of the charged lepton masses is undefined in
our framework. Subsequently we can read out the neutrino Dirac mass matrix and the
Majorana mass matrix of right-handed neutrinos,

Matm 0
mp = (yathatm (Tatm) Uy ysolY;ol (Tsol) Uu) ) my = 0 M. ) (42)
sol

where the Clebsch-Gordan coefficients in both contractions yatmLYatm NG He and

atm--u

Ysol LY501 N&  Hy, are omitted for notation simplicity. The effective light neutrino mass ma-
trix is given by the seesaw formula m, = —m DmNmF{D which implies
2 2 2 2
v v
m, = _yatm Uy YT _ Yso1Vu Y‘S’-Z;l . (43)

atm< gtm sol
M, atm M, sol

We shall assume that the vacuum expectation values of 7,4 and 740 are certain fixed points
(Tatm) = Tfatm and (Tgol) = Tfs01 50 that some residual modular groups generated by ¢ atm
and vfso are preserved. In order to show concrete examples and find new interesting
models, we shall perform a comprehensive study for the modular group S;. Note that we
leave the construction of tri-direct modular models in future work.
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Case Ge Yatm Ysol Tf,atm Tf sol
A Z§T Yy vy TS =1 T?rs7 =2+ w
B YO0 v | Thrg =24 g =i
C |z | v | vV | Thrg = —1 i | TSTSrgr = 2403

Table 3. The assignments for the modular forms Yy, and Yy, and the VEVs of Tutm and 7y
for the three phenomenologically viable cases of tri-direct modular approach with two right-handed
neutrinos.

4.1 Examples of N =4

We have considered all possible fixed points of the three moduli 7, Tatm, 7sol and the
corresponding alignments of triplets modular forms shown in table 2. We find three possible
cases which can accommodate the experimental data on neutrino masses and mixing angles.
The assignments for the modular forms Y, and Yy, and the vacuum expectation values

of the moduli 7441y and 7, are summarized in table 3.

411 G.=2ZJT

If the VEV of the modulus 7, is (7.) = 7g7, the modular symmetry would be broken down
to the residual subgroup G, = Z§?T in the charged lepton sector. Since the representation
matrix of the element ST is diagonal, the charged lepton diagonalization matrix would
be a unit matrix U, = 13x3 up to column permutations, and the lepton flavour mixing
completely originates from the neutrino sector. From table 2 we can read out the alignments
of the triplet atmospheric and solar modular forms at the fixed points,

1 1
Case A: Yatm(Tf,atm = 'L) x |1+ \/6 ) 1/301(7—]”7501 =2+ W) x |1+ z\/§ ) (4-4)
1-6 1—iv3
0 1
Case B: Yatm(Tfatm =2+i) x| 1 |, Yool(Tsol =) < | 1++6 | . (4.5)

-1 1-6

Notice that the case B corresponds to the CSD(n) model with n = 1 + /6, the two
columns of the Dirac neutrino mass matrix are proportional to (0,1, —1) and (1,n,2 —n)
respectively in CSD(n) model [42-45]. The predictive Littlest seesaw model and its variant
are the cases of n = 3 [42, 44, 55-57], n = 4 [43, 58-60] and n = —1/2 [45] respectively. It
has been shown that the CSD(n) model can be reproduced from the Sy flavour symmetry
in the tri-direct CP approach [40, 41], and the parameter n is constrained to be a generic
real parameter by the Sy flavour symmetry and CP symmetry [40, 41]. Here the modular
symmetry can fix the alignment parameter n to be 14 /6. This is a remarkable advantage
of modular symmetry with respect to discrete flavour symmetry. From eq. (4.3), we find
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Case| /7 |ma(meV) | ms/ma| X2 |sin®613 |sin?612 |sin®6a3 | dcp/m | B/7 | me(meV)|ms(meV) | mee(meV)
A |0.818| 2.166 1.722 | 3.804 | 0.0227 | 0.318 | 0.591 |—0.369|—0.564| 8.697 50.166 2.241
B ]0.760| 31.355 0.076 | 0.609 | 0.0223 | 0.318 | 0.553 | —0.426|—0.473| 8.610 50.264 2.300
C |0.533| 4.352 7.334 |11.188] 0.0226 | 0.346 | 0.596 |—0.365|—0.608| 8.565 50.312 2.543

Table 4. Results of the x? analysis for cases A, B and C. Here 2, is the global minimum of the
x? function. The parameter 3 denotes the Majorana CP violation phase, the predictions for the
effective Majorana mass m.. in neutrinoless double decay are listed in the last column. Note that
the lightest neutrino is massless m; = 0 for each case.

the neutrino mass matrix is predicted to be

1 1-v6 1+v6 1 1—iv3 1+iV3

Case A: my=mg| 1-v6 T—2v/6 -5 +mge | 1—iv/3 —2—-2iV3 4 ,
1+v6 -5 7+2V6 1+iv3 4 —242i\/3
00 0 1 1-v6 1+V6

Case B: m,=my,| 0 1 -1 +ms€i77 1-v6 7—2v6 -5 . (4.6)
0-1 1 1+v6 -5 7426

It is notable that only three free parameters mg,, ms and n are involved in the neutrino mass
matrix. It is straightforward to check that the column vector (2, —1, —1)T is an eigenvector
of m,, with vanishing eigenvalue. Therefore the neutrino mass spectrum is normal ordering,
and lightest neutrino is massless m; = 0, and the lepton mixing matrix is determined to
be the TM1 pattern,

Upmuns = | -+ — — | . (4.7)

Using the general formulae for lepton mixing angles, CP violating phases and neutrino
masses in the tri-direct model given in [40, 41|, we find the experimental data can be
accommodated very well for certain values of m,, m, and 1. We present the results of x?
analysis for the different cases in table 4. The contour plots of sin? 63, sin® 612, sin® a3
and m3/m3 in the plane r versus 7 are shown in figure 2 where r = mg/m,.

412 G.=z5"

The residual symmetry of the charged lepton sector would be G, = ZfT2 for the fixed
point 7¢. = —1. Thus the unitary transformation U, is of the following form,

23 2v/3  —2V3
Uo=g| -3-v3 2v3 =343 | . (48)
5-V3 2V3 3443
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Figure 2. The contour plots of sin? f5, sin? #;3, sin? fo3 and m3 /m3 in the n/m—r plane for cases A,
B and C. The cyan, red, green and blue areas denote the 30 regions of sin” a3, sin? 615 and m3/m3
respectively. The solid lines denote the 3 sigma upper bounds, the thin lines denote the 3 sigma
lower bounds and the dashed lines refer to their best fit values, as adopted from NuFIT 4.1 [61].

There are only one independent case which can be compatible with experimental data.
The triplet modular forms Yt and Yy, are aligned along the directions

1 0
Case C: Yatm(Tfatm = —1+9) x | (1+vV6)w |, Yeoi(Tfso = (9+ iV3)/14) « | 1
(1 —v6)w? 0

(4.9)
The most general form of the neutrino mass matrix reads as
1 (1-v6)w? (1+V6)w 000
my =mg | (1—-v6)w? (7 —2V6)w -5 +mge™ [000] . (4.10)

(14 v6)w -5 (74 2/6)w? 001
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The lepton mixing matrix turns out to be of the form

1
10+ (VDA +VE) — —) (0800 — —
UpMNs = 5z V66 — — | =]o0421 - - . (4.11)
ﬁ\/mﬂl— V2) A +6) — — 0.428 — —

Notice that the first column of the mixing matrix looks much more complex although the
experimental data can be accommodated. The predictions for the lepton mixing parameters
and neutrino masses are listed in table 4.

For the cases A, B and C, both Y, and Yy, are triplet modular forms with weights
2 or 4, and their values at fixed points are uniquely fixed, as shown in table 2. However,
at weight 6 there are two linearly independent modular forms Yé? and Yé’e})l transforming
as 3 under S;. As a consequence, if either Yam or Yy, is a weight 6 modular form in
the representation 3, it alignment would not be fixed uniquely by the residual modular

symmetry. For instance, we assign G, = Z?*?T and

1 1
Yaun ~ Y3 or Y, Y ~ V3%, Tram =T°7s =244, Tpeo = STrs =~ + 7,
(4.12)
which implies

0 1 1
Yatm (Tf,atm) X 1 ) Yg,(g) (Tf,sol) X (1 + \/6)(,«_)2 ) Y3(fs])1 (Tf,sol) X (1 - \/%)W2 .
-1 (1-V6)w (14 4/3)w
(4.13)

The solar modular form Yy is generally a linear combination of Y3(61) and Y3(61)17 and it can
be written as

; 6 i 6
Ysol (Tf,501) = 11" Y3(7 ) (T so1) + T26m2Y3(, D (Ths01) (4.14)
where 112 and 72 are real parameters. Then the light neutrino mass matrix can be

parameterized as

my = mMg [Yatm (Tf,atm) Yaj';m (Tf,atm) + Yol (Tf,sol) }/s?;l (Tf,sol)} . (415)

In this scenario, the neutrino mass matrix depends on five free parameters myg, r1, 72, M1
and 72. The experimental data can be reproduced very well, e.g.

mg = 20.362meV, r; = 0.826, 7 = —0.5887, 19 = 0.427, 19 = 0.0627, (4.16)

and the best fit values of the neutrino mixing angles and neutrino mass squared differences
can be obtained,
sin? 013 = 0.0224, sin?60;5 = 0.310, sin® fo3 = 0.563, Scp = —0.413m,

4.17
B = 0.556m, m1 = 0meV, mo = 8.597meV, mgz = 50.279meV . ( )

Choosing other possible values of the fixed points 7y, Tf atm and 7701, we can find similar

models compatible with data. We shall not list all the possibilities since there are many
viable cases.
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4.2 Tri-direct modular model with three right-handed neutrinos

The above tri-direct modular approach can be straightforwardly extended to the conven-
Ng, and Ng,..

tional seesaw model with three right-handed neutrinos denoted as N¢ ol

atm>
Then the superpotential for the charged lepton and neutrino masses is

W = _yeEc}/e<T)LHd_yatmLYatm(T)Nc

atm

H,— ysolL}/sol(T)NC Hy —ydec LY dqec (T)NgecHu

sol

5 Mt NNt — 5 Mact N Nt = 5 Moo Nee N - (418)
In this scenario, the theory has four moduli: 7, in the charged lepton sector, Tatm, Tsol and
Tdec associated with the atmospheric, solar and “decoupled” right-handed neutrinos sectors
respectively. Analogous to the two right-handed neutrinos case discussed above, we assume
the modular symmetry is broken to different residual subgroups through the VEVs of e,
Tatm, Tsol and Tgec. Many viable model can be found in this scenario. For illustration, we
shall present one example in the following, and we assume the residual modular symmetry
Ge = ZggT in the charged lepton sector and

Yatm ~ YD, v{®), Yiol ~ Y32, Yaee ~ Y, (419

2 . . .
Tf,atm:T Tg =2+ 1, Tfsol = TS = &, Tf?deC:TTSZI—i-Z.

From table 2 we can read off the alignments of the modular forms as follow

0 1 1
Yatm(Tf,atm) X 1 s szol(Tf,sol) x |1+ \/6 s Ydec(Tf,dec) X %w . (420)
P 2
-1 1-+6 5w

Consequently the neutrino mass matrix is given by

00 O 1 1-v6 1+V6
my=mg || 01 =1 [4+rem|1-v67-2V6 -5
0-1 1 1+4v6 -5 7+2/6
) 2 V2iw? V2iw
+roe’? 3 V2iw? —w =1 ) (4.21)

V2iw -1 —w?

where r1 2 and 772 are real free parameters. Excellent agreement with experimental data
can be achieved in this case, and a numerical benchmark is

Me=16.629meV, r1=0.150, ro=0.877, m =1.3137, n.=0.787T,
sin?63=0.0224, sin”612=0.310, sin”fa3 =0.563,

dcp=—0.635T, a1 =0.813, ag1=—0.547T,

m1=3.830meV, mo=9.411meV, ma3=>50.425meV. (4.22)
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5 Fixed points and tri-direct modular model for N = 3

The modular group I'(3) has been extensively studied in the literature [12, 14, 15, 18-22].
The finite modular group I's is isomorphic to A4. In the present work we shall adopt the
same convention as [12, 23]. In the triplet representation 3, the A4 generators S and T are
represented by
) -1 2 2
S = 3 2 -1 2 , T=
2 2 -1

o O =

0
ol (5.1)

o & o

The weight 2 modular forms Y3(2) = (Y1, Y5, Yg)T transform as a triplet of A4 and it can be
constructed in terms of 7(7) as follow [12],

Yi(r) = i [nr/3) ' ((r+1)/3) 07 +2)/3) 2777’(37)]
2r | n(7/3)  n((=+1)/3)  n((r+2)/3) 3r) ]’
Ya(r) = i [ (@/3) | b0 (T +1)/3) | (T +2)/3)}
= o3 T e+ DB T+ 2)3)
_ =i [n(@/3) ' ((r+1)/3) | on'((T+2)/3)
I R =R == T b 2
There are five weight 4 modular forms given by
vV = v+ 2vaYs ~ 1,
v\ =Y +omvy~ 1,
Y,V (5.3)
=1 yv2-nyvs | ~3.
YZ - V1Y

The weight 6 modular forms can be decomposed as 1 & 3 & 3 under Ay [12],

V=V + Y+ ¥ -y~ 1,
VP +2Y1Y2Y3

6
y3(7[) =| Y2vo+2v2ys |,

Y2Ys + 2Y3Ys)T o4

YE,’S + 2Y1Y5Ys

6
YS(,I)I = | i+ 2vYe
VY2 +2Y3Yh

As shown in section 3, the modular group has infinite nontrivial fixed points while the
nonequivalent alignments of the modular forms at fixed points are finite. It is sufficient to
only consider the fixed points I'y7s, I'n7s7, I v7rg and I' y 7. We report the nonequivalent
fixed points and the alignments of the triplet modular forms for N = 3 in table 5.
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The alignments of triplet modular forms Y3 3/ (y7s) of level 3 up to weight 6
Y 77s Y3 (0rs), Yag (vrs) | Y5 (o7s) Y3 0r(v7s)
{175} i (171_\/57\/§_2) (17171) (17_2_\/§,1+\/§)
{T, TS} 144 (1,(1—=v3)w,(v3-2)w?) (1,w,w?) (1,(—2—3)w,(1+/3)w?)
{ST,STS} = (1,(14+v3)w,(—2—/3)w?) (1,w,w?) (1,(v3—2)w,(1—v3)w?)
{T27T2S} 2+ (17(1_\/§)w2>(_2+\/§)w) (17w2>w) (17(_2_\/§)w2>(1+\/§)w)
{ST?,ST?S} =24 (1,(14+v3)w?,(—2—v3)w) (1,w?,w) (1,(v3-2)w?,(1-v3)w)
{T?ST, TST?} 3t (1,1++/3,—-2—/3) (1,1,1) (1,4/3—-2,1—+/3)
The alignments of triplet modular forms Y3 5/ (y7s1) of level 3 up to weight 6
gl yrsr | Vs (yrsr), Yaq (y7sr) | Ya" (yrst) Yaoi (y7st)
{1,8T, 125} = ] (1w, 5 w?) (1, w,w?) (1,—2w,—2w?)
{T,5T725,5} ] (1,w?,—3w) (1,—1w?w) (1,—2w?, —2w)
{T87T27TQST} 2+w (15157%) (157%51) (1772572)
{STS,ST?,TST?} | =213 (0,0,1) (0,1,0) (1,0,0)
The alignments of triplet modular forms Y3 g/ (y77s) of level 3 up to weight 6
Y yres | Yao (yrrs), Yaq (yrrs) | Yy (y7rs) Yaoi(7rs)
{1,75,57%} 1tiv3 (1,w?,—3w) (1,—1w?w) (1,—2w?,—2w)
{1,728,7ST?} | 33 (1,1,-1) (1,-11) (1,-2,-2)
{(ST,57%5,1°ST} | L7 (0,0,1) (0,1,0) (1,0,0)
{STS,T?,5} 24w (1w, Stw?) (1,5 w,w?) (1,—2w, —2w?)
The alignments of triplet modular forms Y3 5/ (y7r) of level 3 up to weight 6
¥ YT Y2 (yrr), Yo% (vrr), Yo (yrr) Yo (yrr)
{1,1,7%} 00 (1,0,0) (0,1,0)
{STvstvs} 0 (17_27_2) (17_%71)
{TS,ST*S,TST*} 1 (1,—2w, —2w?) (1,—3w,w?)
{STS,T?5,T*ST} -1 (1,—2w?, —2w) (1,— 1w w)

Table 5. The alignments of the triplet modular forms Y3(2) (T£), Y3(4) (1£), Yg(g) (ry) and Y?’(,GI)I(’Tf)
of level 3 at the fixed point 7y = y7g, y7s7, v7rs, Y7 with v € A4. In the second column, the
element 7 is represented by the first one in the first column, and we have identified the modulus
parameter 7 with 737 = 7 + 3 because Y;(7) = Y(7 + 3) for any modular multiplet Y, of level 3.

In the framework of tri-direct modular model with two-right handed neutrinos, we have
considered all possible residual symmetries in different sectors, yet no viable models can be
found if the modular weights of Y,y and Yy are equal to 2 or 4. Some models compatible
with experimental data can be obtained if either Yatm or Yy, is a weight 6 modular form
transforming as 3 under A4 such that its alignment is not fixed uniquely. We give one
example in the following, the residual symmetry of the charged lepton sector is G, = Z3T and

-1+

Yatm ~ Y3(2), Yso1 ~ Y3(6)a Tfatm = STtg = 9

Tfsol = T§ = 1. (5.5)

The neutrino mass matrix is of the form of eq. (4.15), and the measured values of the
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mixing parameters and neutrino masses can be accommodated very well, e.g.

me=2.090meV, r1=0.982, m =1.354r, ro=0.385, 12=1.683,
sin?6,3=0.0224, sin®6012=0.310, sin%fy3=0.563, Scp=—0.3997,
B=-0.124m, m1=0meV, mo=8.597TmeV, m3=>50.279meV. (5.6)

In the tri-direct modular model with three right-handed neutrinos, we can also find many
phenomenologically viable models from A4 modular symmetry. We shall not list all the
possibilities but give an example, we take G, = ZggT and the atmospheric, solar and
“decoupled” modular forms are assigned to transform as

Yatm ~ Y3(2)7 YSO] ~ Y3(4)7 Ydec ~ Y3(2)7

. 4 (5.7)
Tfatm =78 =11 Tfsol =TS =1, Tfdec = TSTST =2+w.
The neutrino mass matrix in this case is of the following form
1 —-2+V3 1-+3 111
my,=mq || —24V3 7T-4V3 5433 [ +re [ 111
1-v3 —5+3V3 4-2V3 111
1 -1
+ roe'™ -1 -2 (5.8)
1 -1 1
The agreement with experiment data is optimised for
mg = 48.353meV, r; =0.705, n = 0.0667, 79 =0.859, ne =1.0377, (5.9)
and accordingly the neutrino masses and mixing parameters are determined to be
sin” 13 = 0.0224, sin? 12 = 0.310, sin? fg3 = 0.563,
dcp = —0.3537, a1 = —0.676m, azp = —1.5517,
my = 72.207meV, mo = 72.717meV, ms3 = 87.988 meV . (5.10)

6 Conclusion

Models based on modular flavour symmetry are highly predictive. In the most economical
version of modular symmetry models, the VEV of the modulus 7 is the unique source of
the flavour symmetry breaking, and the flavon fields are not absolutely necessary. If the
VEV of 7 takes some special values, certain residual subgroup of the modular symmetry
would be preserved. Inside the fundamental domain, we have derived the four nontrivial
fixed points ¢ = i, 797 = —% + i@, TS = % + i@, 7p = 100 which are invariant under
the actions of the modular subgroups Zig , Z;fT, Zg S and ZJI\} respectively with N being
the level of modular group. Other fixed points of modulus are related to 7g, 757, 7rs and

7r = 100 through modular transformation. The most general form of the fixed modulus is
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given by 7y = y7g, Y7s7, Y7rs, Y7r with v € I'. Although the number of fixed point 7 is
infinity, the inequivalent directions of the modular forms Y;(7¢) at fixed points are finite.
We have shown that it is sufficient to only consider the values of Yi(7f) with 77 given by
FNTs, ]-_‘NTSTa FNTTS and FNTT.

Before applying these results to lepton mixing, we first proved that it is necessary
for the neutrino and charged lepton sectors to have different residual symmetry, since if
they shared a common symmetry value of 7, the lepton mixing would contain four or six
zeros which is excluded by present data. The approach to lepton mixing followed here is
motivated by the tri-direct CP approach in usual discrete flavour symmetry, however here
we find that it is unnecessary to CP, as we discuss below. For example, in the minimal
scenario with two right-handed neutrinos, we assumed that the modular symmetry is broken
to different residual subgroups in the charged lepton sector, atmospheric neutrino sector
and solar neutrino sector. In this case, the two columns of the Dirac neutrino mass matrix
are triplet modular forms whose alignments are determined by residual symmetry at fixed
points 7y.

Focussing on level N = 4, corresponding to the flavour group S4, we considered all
the resulting triplet modular forms at the above fixed points up to weight 6. We then
applied the results to lepton mixing, with different residual subgroups in the charged lepton
sector and each of the right-handed neutrinos sectors. In the minimal case of two right-
handed neutrinos, we found three phenomenologically viable cases, denoted A, B and C.
We showed that if only weight 2 and weight 4 modular forms are involved in the neutrino
Yukawa coupling, the light neutrino mass matrix involves three real parameters and three
independent cases can be compatible with the experimental data, as summarized in table 3.
The cases A and B lead to TM1 mixing pattern, and the first column of the lepton mixing
matrix is approximately (0.800,0.421,0.428)7 for the case C. The case B corresponds to
the CSD(n) model with n = 1 4 v/6 ~ 3.45, intermediate between CSD(3) and CSD(4).

We find it remarkable that, even without CP, the modular symmetry uniquely fixes
the value of n to be a unique real number (to be compared to the usual tri-direct approach,
where n takes an arbitrary real value, assuming a CP symmetry). If a higher weight
(e.g., weight 6) modular form enters in the neutrino Yukawa coupling, its alignment is not
constant vector any more at fixed point 77 and more free parameters are involved in the
light neutrino mass matrix. Hence we find many cases can described the measured values
of lepton masses and mixing in this scenario, and we give one example for illustration.
Furthermore, we generalized the tri-direct modular approach to the models with three right-
handed neutrinos, and many cases in agreement with experimental data can also be found.

In the same fashion, we also studied the possible tri-direct modular models for the
level N = 3 case, corresponding to Ay flavour symmetry. In the minimal model with two
right-handed neutrinos, no models can be compatible with data if the modular weights
of Yatm and Yy are equal to 2 or 4. However, phenomenologically viable models can be
found if the modular weights of either Y, or Yy, are greater than 4 or three right-handed
neutrinos are involved.

In the tri-direct modular approach here, the physical results only depend on the struc-
ture of modular symmetry group and the assumed residual symmetries. The details of the

—97 —



mechanism realising the desired residual symmetries are irrelevant. It seems that at least
three complex moduli Te, Tatm and 7so responsible for the breaking of modular symmetry
in the charged lepton sector, atmospheric neutrino sector and solar neutrino sector may
be needed. It would be interesting to implement one of the successful cases A, B, C in a
concrete model based on multiple modular symmetries [35, 36] or some other mechanism
which can lead to different values of 7 in the charged lepton, atmospheric neutrino and
solar neutrino sectors, and this is left for future work.

Acknowledgments

G.-J. D., X.-G. L. and J.-N. L. acknowledges the support of the National Natural Science
Foundation of China under Grant Nos 11975224 and 11835013. S.F. K. acknowledges the
STFC Consolidated Grant ST /L000296/1 and the European Union’s Horizon 2020 research
and innovation program under the Marie Sktodowska-Curie grant agreements Elusives ITN
No. 674896 and InvisiblesPlus RISE No. 690575. S.F. K. also acknowledges the hospitality
of G.-J. D. during this collaboration. We acknowledge Prof. Shun Zhou and Dr. Newton
Nath for stimulating discussion in the initial stage of this work.

A Group theory of 'y = S,
The finite modular group I'y has two generators S and T" which fulfill the following rations
S?2 = (ST = (1S} =T1*=1. (A1)

The finite modular group I'y is isomorphic to the permutation group Sy of four objects.
In order to see the correlation between S4 and tri-bimaximal mixing and the connection
to S3, A4 groups more easily, it is convenient to generate the Sy group in terms of three
generators S, 7' and U with the multiplication rules [62, 63],

S?2 =73 =0%=(58T)3 = (SU)* = (TU)* = (STU)* =1, (A.2)
where S and T alone generate the group A4, while T and U alone generate the group Ss.
The generators S, T can be expressed in terms of S , T and U

S=8U,T=S8T*U,ST="1T (A.3)
or vice versa
S=(ST*?, T=ST, U=T12ST?. (A.4)
The Sy group has five conjugacy classes as follow,
1Cy = {1},
30y = {(ST*)?, 1%, 51°S},
6Cy = {T*ST* TST? S,TST*S, T°ST, ST*ST} ,
8Cy = {ST,T*ST*,T*ST, (TS)?, (ST)*, T*ST* TST* TS},
6Cy = {T'ST,STS,T°,T,ST* T°S} , (A.5)
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1,1 +1 +1

1 -2 =2 1 -2 —2w
3,3 | £3| -2 -2 1 3] -2 —2w? w
-2 1 =2 -2 W —w

Table 6. The representation matrices of the generators S and T in the five irreducible representa-
tions of Sy, where w = ¢27%/3 = -1/24 2\/§/2 is a cubic root of unity.

where nC), denotes a conjugacy class with n elements and the subscript k& is the order of
the elements. The group Sy has five irreducible representations: two singlets 1 and 1’, one
doublet 2 and two triplets 3 and 3’. In the present work, we choose the same basis as
that of [63]. The explicit forms of S and T in each of the irreducible representations are
summarized in table 6. Notice that the triplet representations 3 and 3’ correspond to 3’
and 3 of refs. [24, 25] respectively.

The Clebsch-Gordan coefficients in our working basis can be found in [63], for complete-
ness we present them in the following. We shall use «; to denote the elements of first repre-
sentation and [3; stands for the elements of the second representation of the tensor product.

f®2:2~<a&>, (A.6)
—afy

afy
1’/ ®3 = 3~ 0452 s (A7)

afs

ab
123 =3~ afs | - (A.8)

afs

1~ oa1f+ B

1 ~ anfs —
202=101®2 with o162 — a2b1 (A.9)

9 (%52)
a1
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203=333

203 =393

33=3 23 =19293c3

33 =10203303

with

with

with

with

— 30 —

a1P2 + a3
3~ | a1fs+ azfh
a1f1 + agf
(A.10)
a1z — azfs
3~ ((11/33 —azf )
181 — azf
12 — azfs
3~ | ai1fs —azfh
a1B1 — azf
(A.11)
a1 + azfs
3 ~ | a1fis+ azfh
a1f1 + agf
1~ a1f + a2fs + asf
9~ (04252 + 183 + azf )
asfs + o182 + azf
Qi3 — azf
3~ | a1f2 —axfh (A.12)
asfr —a1f3
20181 — azfs — asfa
3" ~ | 2a383 —aifs — azf

\ 20032 — a1 B3 — a3 B

>
1 ~ a1 + azfs + azfe

9~ ( g2 + o183 + asfr )
—(a3fs + a1 82 + agfh)

20181 — aoff3 — a3 32
(A.13)

3~ | 203083 — a1fB2 — 2B
20080 — a1 83 — a3
a2 fl3 — a3 2

3~ | a1 — B
azf — a1 3
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