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1 Introduction

Planar integrability of both gauge theory as well as string theory has played a vital role
in understanding the celebrated AdS/CFT duality conjecture [1-3]in a better way. In this
context, it was first observed by Minahan and Zarembo [4] that the one-loop dilatation
operators of the SU(2) sector of N = 4 Supersymmetric Yang Mills (SYM) theory can be
identified with the Hamiltonian of the Heisenberg spin chain [5, 6]. As proving the duality
for all values of coupling is extremely hard, the semiclassical string states in the gravity
side have been used to look for suitable gauge theory operators on the boundary. The usual
AdS5/CFTy duality has been generalized to AdS3/CFT5 in the presence of mixed NS-NS
and R-R flux as well. The sigma model for the string in AdS3 x S% x T in this mixed
flux background has been proved to be classically integrable [7]. The background solution
has further been shown to satisfy the type IIB supergravity field equations, provided the
parameters associated to field strengths of NS-NS flux (say ¢) and R-R flux (say §) are
related by the constraint ¢ 4 ¢ = 1. This AdS3 x S2 x T* background with ‘mixed’ three-
form fluxes has been an interesting testing laboratory for proving AdS3/CFTj duality in the
presence of fluxes. This background is conjectured to be originated from the near horizon
geometry of the intersecting (F'1 — NS5 — D1 — D5) branes in supergravity, although an
explicit construction is yet to be found.

In adding further examples of the AdS/CFT duality, ABJM theory [8] has been con-
jectured to be dual to the M-theory on AdSyx S7/Z; with N units of four-form flux,
which for ¥ < N < k® can be compactified down to a 10 dimensional type IIA string
theory on AdS; x CP?, with k being the level of Chern-Simon (CS) theory with gauge
group U(N) x U(N). The ABJ model [9] is an interesting extension of the above with
the gauge group U(M); x U(N)_,, and the amount of maximal supersymmetry remaining




fixed. The corresponding string dual in the limit of ¥ < N < k® is conjectured to be
type IIA superstring theory on AdS, x CP? background with a NS-NS two form holonomy
over CP! ¢ CP?. Using the integrability property of the classical string-sigma model, it is
relevant to find generic string solutions and their corresponding field theory duals. It has
been proved that the ABJ theory is integrable both in nonplanar and planar limits [10-13]
similar to its gravity dual. In understanding the string geodesics better, several classes of
rigidly rotating and pulsating string solutions in the background of AdS, x CP? with and
without flux has been studied, e.g. in [14-19].

To this end, [20-22] provided a novel way to find out a large class of simple rotat-
ing string solutions by solving a very renowned one dimensional integrable system, known
as Neumann model that describes an oscillator on a sphere. The Neumann-Rosochatius
(NR) system on the other hand depicts a particle on a sphere with an additional centrifu-
gal potential (proportional to %2) Reduction of the string-sigma model on AdSs x S°,
AdS, x CP?, etc. to the NR system has been quite useful in unravelling new relationships
between the integrable structures of the two sides of the AdS/CFT duality [18, 23-27].
Such an approach has previously been used to study the finite size effect to the giant
magnon (GM) solutions in AdSy x S7 background [28]. It is worth emphasizing that the
NR integrable system is very effective in dealing with the classical strings in R; x CP3.
Indeed in [18] the string dynamics on AdS4 x CP? has been studied by using the NR inte-
grable system. The dispersion relation and subsequently the finite size effects for the giant
magnon and single spike solutions for the string on R; x CP? with two angular momenta
have been studied in detail. In this article, we wish to extend the analysis presented in [18]
to the case of spinning closed strings in AdS; x CP3 in the presence of Byg holonomy.

Among various classes of semiclassical strings, the pulsating strings have much better
stability than the non-pulsating ones [29]. The pulsating string concept was first introduced
in [30], where it was shown that they correspond to certain highly excited sigma model
operators. However unlike rotating strings, pulsating strings are less explored. These
solutions were first introduced in [31] and further generalized in [32-34]. They have also
been explored in AdSs x S°, for e.g. in [20, 35], in AdS,; x CP?, for e.g. in [36, 37]. We
wish to show that the pulsating string in AdS; x CP? with Byg holonomy can also be
reduced to a NR system. We derive the energy of such pulsating strings as a function of
the oscillation number and the angular momenta along CP3.

The rest of the paper is organised as follows. In section 2 we study classical string
action in AdS, x CP? background in the presence of Byg holonomy and the corresponding
NR system. In section 3 we study of rigidly rotating strings in R; x CP? and compute finite
size effect for the dyonic giant magnon solution with two angular momenta. Section 4 is
devoted to the study of pulsating string in R; x CP3. We conclude in section 5 with a brief
discussion of our results.

2 String in AdS,; x CP?® with two form NS-NS flux
We start by writing down the Polyakov action for the bosonic string in the form

T T
S = _2/deU\/j77aﬁGaﬁ D) /dngGaBBMNaaXMaﬂXNa (2.1)



where Gog = GunOa XM XN, XN(r,0), M,N = 0,...,9 are embedding coordinates of
the string. Further, 9, = 8% ,0% = 7,0 = 5 and T is the string tension. The string is
embedded into ten dimensional background with the metric Gp;ny and NS-NS two form
field Bysn. Finally 7,5 is two dimensional world-sheet metric whose equations of motion

have the form T T
~ 5 gyap = 087 G+ TCas = 0. (2.2)

The supergravity dual background of so called ABJ theory is AdS4 x CP? background with
By flux turned on CP! ¢ CP3. The metric is given as

Top =

1
ds? = GMNddexN = R? <4dsid84 + dS%P3> , (2.3)

which in terms of the background coordinates assumes the following form
» R 2 112 2 h2 2 a2 2
ds® = e [— cosh” pdt® 4 dp” 4 sinh” p (dn + sin“ ndy )}

2 | 502 2 s 2 1 1 2
+ R* |d£° + cos” €sin“ € <d¢) + 5 cos O1dp1 — 5 cos Oodopo (2.4)

1 1
+ 1 cos? & (d@% + sin? Hldgb%) + 1 sin’ ¢ (d@% + sin? Hgdqb%) ] ,
accompanied by the following NS-NS B-field as

b
Bys = —i(sin 26dE A (2dap + cos 01dpy — cos Oadpy) 4 cos® € sin B1df; A depy
+ sin® € sin B2dfy A des. (2.5)

In addition to the above form of metric and NS-NS flux, there is a dilaton field and Ramond-
Ramond two form and four form flux respectively, whose detailed forms are not needed in
what follows. When taking o/ = 1, the curvature radius R is given by R? = 25/27)\1/2,
which is precisely the same as that of ABJM theory.

2.1 Constraints and NR integrable system

It is convenient to describe string moving in this background with the help of the embedding
coordinates Y for AdS; and X; for CP3, where the embedding coordinates describing the
background must satisfy the following constraints (see for example [14]). For AdS, part,

the constraint is
2

4 R
> Y+ =0, (2.6)
i,5=0

while for CP?, we have the following constraints

8
S XP-R=0, ) (XiBaXiy1 — Xi110.X:) =0. (2.7)
i=0 i=1,3,5,7



In case of AdSy, the embedding coordinates are related to the global ones by

R - R -
Yo +1iYy = 3 cosh pe®t, Yy + 1Y = 3 sinh psin ne'X
R’ : 2 2y _ I i
Y| = 3 sinh p cos 7, Yi+iy/ (Y5 +Y5) = 3 sinh pe (2.8)

while in case of CP3 we have

R : R ,
X1 4iXy = ——sin&e’,  X5+iX, = — cos&e??

V2 V2
. R . id . R id
X5 +1iXg = E sinye !, X7+ iXg = \ﬁ cos pe'?? . (2.9)

For simplicity, we are interested in the string dynamics on R; x CP? subspace, which can
be achieved by putting Y7 = Y2 = Y3 = 0. The metric (2.4) in this case, takes the following
form

2 1 1 2
ds* :%[—dtQ] + R?|de? + cos? Esin? € <d¢ + 5 cos 01dgp; — 5 cos 92d¢2>
(2.10)
1 1
+ 1 cos® £(df? + sin? 01dp3) + 1 sin? £(df3 + sin® Hgd(b%)] :
Now let us define the X;’s in terms of the polar coordinates as follows:
Wi = X1 +iXe = Rrie'®, Wy = X3 4 i Xy = Rrye'®? (2.11)
W3y =X5+1Xg = RTgeZ@S, Wy=X7+1Xg= RT4ei¢’4 (2.12)
Therefore the embedding of the string in R; x CP? may be reduced as
R . ,
z=2Z(t,0) = Ee”(T’U),wa = Wyu(r,0) = Rrq(r,0)e!®e(m9), (2.13)
In the case of embedding in CP?, it must be:
4 4 B )
> WoWa=R%> (WalaWa — WadoaWa) =0 (2.14)
a=1 a=1
In terms of the embedding coordinates, the CP? constraints become
4 4
ZTaQ(Tv J) = O,Zra2<T,U>8a(I)a(T,U) =0 (2'15)
a=1 a=1
For this embedding, the metric induced on the string worldsheet G,3 and the B,g is
given by,
— 4 —
Gaﬁ = —8(OCZ,3)Z + Zé?(aWaaﬁ)Wa, (2.16)
a=1
b 4
Baﬁ = BMNaaXMaﬁXN = §6a5 8(0265)2 -+ Za(aWaaﬁ)Wa . (2.17)
a=1



Putting the expressions of Z and W, we get

2 4
Gop = _%(aataﬁt) + R*D (aradsra + 14’ 0aPa0s®a), (2.18)
a=1
4
Bap = BunOa XM 03X N = bR 14 (057007 ®0 — 0-7405Pa) - (2.19)
a=1

The corresponding Lagrangian in target space now becomes

4

4
L= _@{W + 2 (9010)? = D _(0r7a)?

a=1 a=1
4

4
_ Z ra2[(87<1>a)2 _ (8U(I)a)2]} — b\/ﬁZra(f)graaT@a — 0:1405P,)
a=1

a=1
4 4 4

+V8AA (Z ro? — 1) +VBAAG D (ra?0-®a) + VBAAL D (r?05D4).  (2:20)

a=1 a=1 a=1

Here M, N = 7,0 and A, Ay, A; are suitable Lagrange multipliers corresponding to the
constraints.
2.2 Lagrangian and Hamiltonian formulation

NR system, being an integrable modification of the first proposed Neumann integrable
model, illustrates the constrained motion of a harmonic oscillator of unit mass on a (N —1)
dimensional unit sphere under another centrifugal potential barrier. The Lagrangian for
such a system is given by

L= ;i [37;2 + a7 (K;2 —w?)} —% (éﬁ - > ) (2.21)

’ 2 . . . . o s
where K, = %, with v? being a constant and A is a suitable Lagrange multiplier to deal
with the sphefical geometry. The corresponding equation of motion is

1

o = (K? W2 A) ;. (2.22)

The Hamiltonian for such a system may be written as
1 / /
H=3Y" [xf _ g2 (Kﬁ - wl?)} , (2.23)

where ZN 22 = 1. We wish to study the spinning string in R; x CP? background in the

=11
presence of Byg holonomy. We use the following parametrization:

t =k1, 174(1,0) =714(C), Po(T,0) =wer + fo((), ( =ao + [1, (2.24)



where Kk, w,, @, 3 are constants. Using the ansatz (2.24) for the string rotating in R; X CP?,
the Lagrangian (2.20) becomes,

K2 . ;o Bwa \P w2
L=-V2) 4+(a252); (ra2+ra2 <faa2_52) (a2_“52“)2)]
—bﬂzr Ta0wa+VEAA (i —1) +\/87Aoz4:(ra2wa)+\/871\1i(ra2 7).
! “~ = (2.25)
Equation of motion for f, is
fo= 1 2 [C +Bwa+A1] : (2.26)

where C,’s are proper integration constants. Putting this expression of f, in the La-
grangian (2.25)we get

Noo 9 9 & 2 1 C?2 a?w?r?
L=—-V2|—+(a" =8 (ra+ ( +2C, A1 + Adr > ““)
@ = 2\ * 1 (o2 = 3)?
— BV2 /\Zawar re + V8 A(Z% —1>—|—V AOZ(% W)
a=1
— < 1
+ 8)\A1 Z m(ca + 6(4}(17"2 + Al'l“i). (227)
a=1
From (2.27), we calculate the equation of motion for r, as
" Ca (Al + /Bwa)
(042 _ /62)7“a — m =+ [2(A + Aowa) + wg =+ W]TG = 0. (228)
We note that, this equation can also be derived from the following Lagrangian:
4 1 C 4
L= o — 32 7“;2 — } + awarar —2A re2 —1
> (@ = B Z >
A A ) (2.29)
2 2 2
_ 2A0 ;(ra wa) + ; m(,@w[ﬂ"a + AlTa).

Here it is quite obvious from equation (2.29) that the Lagrangian is that for the NR system
only with an extra term added due to the presence of Byg two-form holonomy through
CP! and two additional constraints (2.15) to deal with the geometry of CP?. Now the
equation of motion for A; gives

4

> (Bwa+ A1) =0

a=1



so that the term Zizl m(ﬂwar(g + A172) in the Lagrangian becomes zero. Now from
the constraints of AdS; x CP3, we get the C,’s as

4
A== Co=0, C2=pwrs. (2.30)
a=1
The Hamiltonian for such system is given as

4 2 2 2 ,.2
’ 1 Ca, a® + B K
= (0= P S g (et < R e

whose form is exactly the same as equation (2.23), thereby supporting the NR approach of

a=1

studying the gravity dual of ABJ theory in planar limit. We note that in deriving the above
relations, we use the Virasoro constraints, G, + G5, = 0 and G, = 0 which gives the
conserved Hamiltonian Hypr and the relation between the embedding coordinates and the
arbitrary constants C,. Another relation Zizl weCo+ 5%2 = 0 along with the Hamiltonian
helps to satisfy both the Virasoro constraints simultaneusly. For closed strings, r, and f,
satisfy the periodicity conditions as,

ra(C 4 2ma) = ra(C), fa(C + 2ma) = fa(C) + 2714, (2.32)

where n, is the integer winding number.

2.3 Integrals of motion

Integrability of any system requires the existence of infinite number of conserved quantities,
also known as the integrals of motion, to be in involution. K. Uhlenbeck fist introduced
the integrals of motion for Neumann model which states that there must be N number of
integrals of motion I; such that [38]

{I;,I;} = 0¥i,j € {1,2,...,N} , (2.33)

so that the integrable features of NR system exists. For any arbitrary values of the constants
vf, the integrals of motion for the NR system assume the following form

2 L ' L
P i j

To construct the integrals of motion for the string moving in ABJ background we use the
parametrization (2.13). With this, the Lagrangian in the desired background reads as'

L=—(0:)+ (0s1)* + D (0-Wa0:-Wa — 0, WaOs W)

i _ _ _
+3 Z (=0, WaBs Wy + 0-WodpWy) — A (Z WoW, — 1) (2.35)

— 80> (Wadr W = WadrWa) = A1 Y (Wa0sWa — WadsWa) .

a a

'Here we consider b = 1 for simplicity.



For convenience, let us use the following ansatz [22]
Wa = x4(¢)e™a™, (2.36)

where ( = ao + 7 and z,(¢) = ra(oeifa(C)_
The equation of motion for x, is given by

(a2 = B2z, — (2ifwa — 2M08 — 201 @), — (W2 + 2iAgw, — A)zg = 0. (2.37)
It may be noted that this equation of motion can also be derived from the following

Lagrangian

L= Z(a2 - ,82)30;1_:; +if Zwa(:c;ia — Z,T) — Zwﬁxai"a]

a

1 W, o _ _ o
+ 5 za: awe (1T, + Taw,) + A (2@: ToTa — 1) + Ao za: (xaxa — xagga) (2.38)
— 2iAg Z WaZala + A Z (:caa’;; — :/Ea:c;> )
a a

This Lagrangian is equivalent to (2.29). The momenta p, conjugate to x, can be derived as

oL .,

/ i (0%
Do = i (a” — BQ)xa — 1Bwexq + 5 Waa + AoBza + Mg, (2.39)
a

Therefore,
_ _ r_ 7 . _ (0] _
(Zppa — TaPp) = (a2 — 52)(xaxb — T4Ty) — 1B(we + wp)TaTp + §(wa + wp)xaTp.  (2.40)

Now, we know that the form of the integral of motion for any NR system is

=2
Fo = a’raa, + Y mp‘;—x‘gpb'. (2.41)
b;éa (wa - wb)

Using equation (2.36), we get,
z, = (ry +iraf,)ee. (2.42)
Again, from the equations of motion we get
i(0? = B (xyTa — Tyita) = [~2Bwa — 2i(AofB + A1a)]ZaTa. (2.43)
Now using equations (2.40)—(2.43) we get,
anaa_c; = 0427“2,

|Tppa — waﬁb|2 = (ZTvpa — TaPb)(TvDa — Tabb)

~ (@ = )0 rary)? +

Caryp + Cypra > 2
Ta Ty
2
(6%
+ 2B [Carjwa + Carjwy, + Cpriwa + Corawy]| + Z(wa + wp)?rrd.



This finally yields

’ _ ) 2
Fo = a%2 + (aQ—ﬁQ)QZ (rars = TaTy) iy 1 : (Carb n C'zﬂ“a)

(w2 — w?) Tq b

2
+ Z b; <wa—wb> Ty - (244)
a

These are the Uhlenback integrals of motion for the closed rotating string in R; x CP? in

the presence of the Byg holonomy.

3 Dyonic magnon on R, X CP?® with flux

Let us assume that the string is spinning in the given background with two independent
angular momenta w; = —ws3 and we = —w,4. For such a system we consider the embedding
coordinates as ;] = r3 = % sinf and ro = ry = % cosf. The equation of motion (2.28)
then reduces to

62(¢) = 2(C3+C3) 2(C3+C3)

1 2, p2 K 20 2/ 2, 2 2
7(042—/82)2 [(04 +4 )Z— (5ind)? — (cos0)2 —a”(wi(sinf)“+w;(cosh)?) |,
(3.1)
where we have used the Hamiltonian (2.31). We wish to study the giant magnon solution.
2 2
For this we put Cy = C4 = 0 so that Zizl Cowg = —’3% yields C7 = —C3 = —%. Thus
the expression for (3.1) reduces to

/ 1 K2 K2 B2k
0) = - 2 2\"™v 2 2\ "™V 2 6 —
(cos ) :F(a2—52) (o + B7) 1 (o + %) 1 o8 1607
. (32)
2
— @?w? + 20208 cos® O — a’w3 cos? 0 + o (w3 — w?) cos? 0] ,
with a solution
cos = z,dn(C(|lm), (3.3)
where
1 ws? wa? | wo?
2 2 2 2
= _ -2 4 — )2 — |2 —2 _ 22
2zt 20— =) Y1+ Y2 o2 \/(yl Y2) [ (y1 +y2 — 2y192) wﬂ] wﬁ]
1

(3.4)
T R VA s )

. 2
In the above exprerssion, y; = 1 — 45? and yo = 1 — Ta%0 % (@7t and
22
4

For fo = ag%ﬁzde(% + fw,), one has

fi=—ti= [k (1-5) - s famico. - iml ] w9)

oz, 1_% z{ 1-22) (1—23)
1
2
x(1-3)
w
fo=—fa=7F B = (3.6)
Qw1 24 |

€
=)



The full string solution in this case using NR integrable system is the same as the ones
obtained in [18] for the string in AdS; x CP? without the Byg flux.

3.1 Dispersion relation and finite size effect

As the Lagrangian does not depend on t and ®, we have the conserved charges as

oL oL
E=—[do=22 g = [ do—25— .
da@(aft)’ gy daa(&@a)’ (3.7)

with a = 1, 2. Therefore,

Fs— /ﬁf ac, J, = 2\/5)/(1{ <§Ca + OzQwarg) — b\/ﬁ/rar;dg (3.8)

(a2 — B2

In what follows we will be looking at the conserved charges for a? > 42. E and .J, become

k(1 — —) 22
2@/ C——QK (1—Z>. (3.9)

W12+ - u% +

Wi
J 2 /
T = \/217)\ =5 52 / <BC + aw17"1> d¢ — b/rlrldC (3.10)
2 /

To = M/aww%d(j—i— b/r2T2dC (3.11)

Therefore, the final expression of the currents after doing the integration are as follows:

2 B2K? 22 2 22 b, 5 o
\71:724_ <1_W>K<1_2> —2E<1—2> _Z (Z+—Z_), (312)

23_ 1—%% “ zy 1—;—% “
2 CL)2 22 b 2 2
— Y O = e — 1
T2 . w“ulz ( Z+>—|—4(2Jr 22), (3.13)
wi
bia o
Js=—T—5(1-22), (3.14)
b
Js= —.734-5 (z3-22). (3.15)

Therefore it is quite obvious that the constraints of CP? geometry support

> Ja=0 (3.16)
by using the NR approach. The computation of A®; gives

max d@ ,
b= Aq)l = 2/ / fl
0

min

- [K (1 2 ) - W {mam(cc), —(Zi_‘;fﬂm)}] (1D

oz |1 — =%

-
ENNINNN

~10 -



2
zZ .

; € = —, where u and v are also functions of e.
+

Rl

Here, let us assume, u =

HE[\)‘MEI\J

, U=

2
Considering j—; = ¢ — 0 the leading order value of 2z, is
+

2y = | T2+ 4sin? g, (3.18)
and hence
(J1+ Jo+ 1/ T} + 4sin? )
e=16exp |2 ? 2|72+ 4sin2§sin2 an (3.19)

J# + 4sin* L 2

Putting all the expansions of the elliptic integrals and their coefficients we get the dispersion
relation as

32sint 2
E— =T +4sin2 L - 2
j22 + 4 sin? g

2
(L + T2+ \/;722 + 4sin? 2)
exp | —2 2 \TE+ 4 sin® g sin? P

J3 +4sin* B 2

(3.20)
b
- Z <j22 + 4sin2 g)

(i + To+ )/ T$ + 4sin? B)
exp | —2 2 ,/j22+4sin2]§)sin2g —1

J# +4sin* B 2

This result resembles with the dispersion relation for dyonic giant magnon in the R; X
S3 [39, 40] with an extra B dependent term. For the string rotating in R; x CP3 subspace
there exists a similar dispersion relation between &, J3 and Jy with a form exactly the
same as that of (3.20). Again with one angular momentum 7> to be zero it reduces to the
giant magnon dispersion relation in R; x S? subspace [19].

4 Pulsating string in dual background of ABJ model

In this section, we analyze the case of closed pulsating string in R; x CP3 with Byg flux. It
will be worth showing that the pulsating strings with two-form NS-NS fluxes in R; x CP?
can also be reduced to a deformed NR system. The embedding ansatz for closed pulsating
string in Ry x CP? is [26]:

Z(1) =Yy +iYs = gzo(f)eihom (4.1a)
Wi(r,0) = X1 +iXa = Rry(1)elf1(7)+m1o) (4.1b)
Wy(r,0) = X3 +iXy = Rry(r)elF2(r)+m20) (4.1c)
Ws(r,0) = X5 +iXg = Rro(7)elF3(r)+ma0) (4.1d)
Wi(r,0) = X7 + iXg = Rry(r)e!Fa(r)mao) (4.1e)

11 -



where, zg = 29(7) and 7, = 74(7), with @ = 1,2,3,4,. The winding numbers m, are
kept only along the o direction to make the time direction single-valued. Taking such an
ansatz and considering all the constraints, the Lagrangian for the pulsating string may be
derived as:

2(2) + zghg

4
L=—V2\ VAN |22 fE — rim?]

a=1

a=1

4 ~
) A A
+bv2)\aE:1rarama—2v8)\ (E ri—l) —5\/8)\ (28-1-1)

4 4

A : A

- \/8)\71 D \/8A72 > rZma, (4.2)
a=1 a=1

where the derivative with respect to 7 is denoted by dots. A A A and A, are suitable

Lagrange multipliers. The equations of motion for zy and f, are given by

e
20 — —x 4+ 4Azy =0, (4.3)
20
. Ca Al
fa - 7(21 + 7 (44)

Substituting the expression of f, in the equation (4.2) we get,

. -2
202 + Zgh()

4 2 A2
L=—V2\ +\/2)\Z [r'a2+%+CaA1+1rg—r§mz

4 4
a=1
1 A 1 A
+ bVZAZrar'ama — 5\/8)\ (Z 7“2 — 1) — 5\/8)\ (zg + 1)
a=1 a=1

4
Ay Ay o Ao
—\/8)\2 E <C’a+ 27“a>—\/8A2

a=1

Z r2my. (4.5)

4
a=1

This eventually yields the equation of motion for r, as:
2

. C? A
ra—i—r—g—i—zl—l—(A—FAgma-i-mZ)?"g:O- (4'6)
a

One can show that the equations of motion (4.3) and (4.6) can also be obtained from a
Lagrangian

.9 2 4 2 4
Z C, ~ 9  C i
Lyg = L——O—A(zg—l—l)—l—z <’l“g—|—r§> +Bzra""ama

4 0
420 a=1 a=1

4 4 2 4 4 4
+ Z (rg — 1) (Z C’a> — Zmiri +A (Z o 1> + Ag Z mer2.  (4.7)
a=1 a=1 a=1
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It is obvious that this Lagrangian is of the form of a NR system with 23, Z%, r2 and %2 type
0 a

of terms. Here we have used A = (—2 Zizl Ca>. The Hamiltonian formulation yields

4

H _Z(Z) C Cg . 2.2 4.8
NR—Z 724-2 _Tg +Zmara. (4.8)
a=1

The corresponding Virasoro constraints may be written as:

4 ) .9 2
S [ 422 + v = <z0 n Cg) | (1.9)
— 4 4z5
4 .
> 12 fama = 0. (4.10)
a=1

The Uhlenback integrals of motion involved in the motion of the pulsating string in R; x CP3
in the presence of flux may be obtained by using the similar procedure as described in

section 2.3 and those are?

2
9 rarb rarb 1 Cory  Cyrg
F=zgf+410) o=+ — +
mb m _mb Ta Ty

b;éa b#a @
Tararb beqbra) 1 Mg — My 9 9
2 - _— . 4.11
ra Yy S V) L DS (e ) o (411
b#a b#a

4.1 String profile and conserved charges

To find the expression of r,(7), firstly we take r; :7"3:% sin 0, 7“2:7“4:% cosf, mi = —mg
and mo = —my, so that the constraints become
4 4
ng =1, Zrﬁma = 0. (4.12)
a=1 a=1

Now if we consider zo(7) = 1 and ho(7) = 7 = ¢, from the Virasoro constraint (4.9) we get

‘9 1 QC% 2 . 9 2 2
0 = Y e~y — (mlsm 0 + mj cos 9) > (4'13)

with Cy = C4=0 and C; = —C35. Equation of motion (4.13) finally yields

0

—(cos ) =19 = Fy/m? —m2y/(cos20 — 22) (22 — cos? 0 (4.14)
or 1 2 +

which gives a solution for all r,’s, a = 1,2, 3,4 as

rL=7r3= \}5\/1 - Zid”2 (Atlm); ro=r4= %dn (At|m), (4.15)

2Here also we consider b = 1 for simplicity.
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52
A=Fzimy/mi-m3,m=1— ; (4.16)
Jr

1 1 1 2 1

(4.17)
Hence the string solutions may be written as
R .
_ v _ 2( i(mio+f1)
Z = 7€ Wy = \[\/1 22 dn?(At|m)e ,  (4.18a)
W2 _ £Z+dn(AT|m)ei(m20'+f2)’ \/1 — an A7—|m) _Z(m10'+f1) (418b)
V2 BV
Wy = £z+dn(AT|m)e*i(m2"+f2). (4.18¢)

V2

Now, the conserved charges for the pulsating string in such a background may be found
from the target space Lagrangian as

oL N2x oL 5
- 2 T gy = Vel

It is obvious that the presence of flux in the background does not affect the conserved

E, =

(4.19)

charges in the case of a pulsating string. Now expressing the Virasoro constraint (4.9) in
E
terms of & = Vo and J, = f’ the oscillation number can be written as [41]

N VR
N = T = %rlhdrl = \/2)\/ dr12—n\/47’%82 — JE — 4m3ri, (4.20)
where VR = TMmaz = mil {52 + jl ml} From the above we get,

3
1

/ V=) ()

where ar = 2 +£/E2 — JEm? and VR =/ % Expressing it in terms of standard elliptic
1

= —2m, dry, (4.21)

integrals and dropping some terms for sake of simplicity we get,

0. _ _

Nzwﬁ%[ (“ )—E(“)} (4.22)
a+ a4

Now we use the following standard expansions of the elliptic integrals of first and second

kinds,
e  9me?  25me’ 1225me?

T
K(e) ==+ — 5 4.2
©O=5+5 47 T 512 T 32768 T Ol (4.23)
T e  3me? 5med 1757me
()= T _T€_ _ _ 5 4.24
(=5 ~-% " Tm 512 32168 Ol (4.24)
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where € = Z—; Substituting the expressions for a4 and a_ in the above expansion and

expanding for small £ and 77, we get

ON <11 5135 175

2048

5 42
—Jami — ——nJ, mi +
omyg

13
64 1024 mJdma +OLTy ]>
T 1 117w 5 175 9
— (8m§ + Ejgmc% - mﬂ-jfmg + O[jaB]> £
(4.25)
L 21 3 2
(- Somd s Benid - 22

9
4.5 61 o2
2 193" Ja 81927T‘7“ mg + (’)[ja]> £

3 1 57 5, 3 525 _, ¢ 6103 4

- <32m12 —mﬂjamg +720487Jam3 +O[ja]g +O[€ ]
Integrating the equation (4.25) with respect to m and then inverting the series we get
the energy as a function of oscillation number, winding number and conserved angular
momenta as,
OTTMyg,

€= M+ K(ma)

VAR CINAR (4.26)

where,

T
M= — + VN,
1
117m¢

K(ma) = =3

163
- N <11m3 + 252) . (4.27)

When we take m, — 1 and J, — 0 it yields the first order term of the small energy limit
expansion of the energy for the string pulsating in one plane [42, 43].

5 Conclusions and outlook

We have shown, in this paper, that the string motion in AdS, x CP? in the presence of Byg
holonomy is integrable by reducing the Lagrangian of such a system into the form of a NR
model with an additional term proportional to the flux. We have elucidated the Lagrangian
and Hamiltonian formulation and computed the integrals of motion in our pursuit to show
it to be integrable. We have then turned out attention for studying the rotating string
with two angular momenta and have found out the relevant scaling relation among various
charges corresponding to the giant magnon solution of string rotating in this background.
We have also computed the leading order finite size correction of such dispersion relation.
For the pulsating string we have performed the Lagrangian and Hamiltonian formulation
and integrals of motion to show that it reduces to a NR system. We have derived the
integrable equations of motion, the pulsating string profile and the short string energy as
function of oscillation number and angular momenta. It would be certainly interesting to
generalize the construction to the more generic rotating and pulsating string solutions and
check the integrability. The presence of Byg field does not destroy the integrability of the
background and hence it will be interesting to check for general rotating strings in the ABJ
background. It would also be interesting to look at the D1-string equation of motion in

~15 —



this background and check the integrability via the NR system. We wish to come back to
some of these issues in future. It will also be interesting to look for finite-size corrections
by using the Liischer correction formulation based on exact S-matrix.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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