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line effective potential has only saddle points, and the theory is therefore driven to the

tachyonic regime. There tachyon condensation takes place and chiral fermions acquire a
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1 Introduction

Intersecting D-brane models and their T-dual magnetic compactifications provide attrac-

tive and intuitive string theory compactifications to four dimensions with chiral fermion

spectra [1, 2]. The main emphasis in model building has been on the construction of

vacua with unbroken N = 1 supersymmetry (for a review and references, see [3, 4]), but

in absence of any hint for supersymmetry at the Large Hadron Collider, models where

supersymmetry is broken at a high scale, in the spirit of ‘split supersymmetry’ [5, 6] or

‘split symmetries’ [7, 8], are also of current interest.
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An intriguing aspect of magnetic compactifications is the connection between fermion

chirality and supersymmetry breaking [9], which occurs in compactifications of type I

strings on tori and orbifolds [10–12] and in the related intersecting D-brane models [11,

13, 14]. This setup allows to construct models which come very close to the Standard

Model of particle physics [15–18]. Generically, magnetic compactifications have tachyonic

instabilities of Nielsen-Olesen type [19]. Originally, one could hope to relate such an insta-

bility to electroweak symmetry breaking [9, 15, 16] in case of a low string scale and large

extra dimensions. This is no longer viable but the structure of the setup is rich enough to

incorporate in principle also split supersymmetry [20, 21].

The goal of this paper is the computation of quantum corrections for string compactifi-

cations with magnetic background flux. This is partly motivated by the recent observation

that in quantum corrections to Wilson-line scalars large cancellations occur [22–25] due to

the presence of magnetic flux. This suggests that in appropriate compactifications similar

cancellations may occur in quantum corrections to Higgs masses, which would be important

in view of the hierarchy problem. In order to address these questions we extend the pre-

vious calculations for six-dimensional field theory models to a full string compactification

on magnetized tori. Notice, that another motivation of our effective field theory approach

is that, whenever supersymmetry is broken by magnetic fluxes, in string theory NSNS

tadpoles are generated that make any quantum computation very hard, both conceptually

and technically (see, for example, [26]).

Our starting point is the construction of an intersecting brane model with broken

supersymmetry in a matter sector without tachyons and with chiral fermions which can

acquire mass via the Higgs mechanism. For simplicity, and to facilitate the computation of

quantum corrections, we choose as unbroken gauge group U(N)×U(1)×U(1) rather than

the Standard Model gauge group. The model has a Higgs sector and antisymmetric tensor

fields with fermions in vector-like representations. Some scalar masses in these sectors

depend on the distance between branes that are parallel in some tori. These moduli

correspond to Wilson-line scalars in the T-dual picture. They become tachyonic if the

branes come close to each other. At tree level the Wilson-line potential is flat. However,

as we shall see, one-loop quantum corrections make it concave, implying that the system

is driven into the tachyonic regime of moduli space.

After determining intersection numbers and scalar masses for the D-brane model, we

turn to the T-dual magnetic compactification which is better suited to evaluate the four-

dimensional (4d) effective field theory. Starting from the 10d SO(32) Super-Yang-Mills

Lagrangian expressed in terms of N = 1 vector and chiral superfields [27, 28], we compute

the 4d effective action for a toroidal compactification with three U(1) magnetic background

fluxes that break SO(32) to U(N) × U(1) × U(1). For each sector of the model we deter-

mine the Kaluza-Klein (KK) and Landau-level (LL) towers of mass eigenstates of vectors,

fermions and scalars. The calculations are based on the harmonic oscillator algebra of

covariant derivatives in a flux background [9, 24, 29–31]. The mass spectra are compared

with the string formula of Bachas, also in view of supersymmetries that remain unbroken

for particular choices of magnetic fluxes in some sectors.
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In the Higgs sector branes are parallel in some tori and, knowing the spectrum of

massive KK and LL states, we compute the effective potential as function of magnetic

flux and Wilson lines. The effective potential is also obtained in the field theory limit of

the corresponding string partition function, and the two results agree. As function of the

Wilson line the potential is concave and there are no local minima. Hence, the tree level

vacua with non-vanishing Wilson lines are unstable. This is a new result of our paper. For

vanishing Wilson lines tachyon condensation takes place and all chiral fermions acquire

masses of the order of the compactification scale.

The contributions to the effective potential from the various sectors are most easily

obtained from the corresponding string partition functions. In sectors without Wilson lines

we also calculate the effective potential as function of the volume moduli of the three tori.

We find evidence that also in this case the system is driven to the tachyonic regime of moduli

space, which would imply that the only vacuum state corresponds to the decompactification

limit. A further, well-known problem is the NSNS tadpole (see, for example, [26]) in case

of broken supersymmetry.

The paper is organized as follows. The intersecting D-brane model and its T-dual

magnetic compactification are discussed in sections 2 and 3, respectively. Mass eigenstates

and mass spectra are derived in sections 4 and 5, and the effective one-loop potential is

computed in section 6. Section 7 deals with tachyon condensation. The appendices A and B

give details concerning the embedding of the various sectors of the model in the adjoint

representation of SO(32), and in the appendices C and D some formulae are collected for

superfield components and Jacobi functions, respectively.

2 Intersecting D-brane model

We are interested in a D-brane model with broken supersymmetry, which contains a ‘matter

sector’ with chiral fermions and a ‘Higgs sector’ with vector-like fermions such that vacuum

expectation values of Higgs fields can give mass to the chiral fermions. As a simple example,

we choose the gauge group

G = U(N)×U(1)×U(1) , (2.1)

corresponding to a stack of N branes, a, and two single branes, b and c. The fermions are

supposed to be chiral with respect to U(1)×U(1) and vector-like with respect to the ‘colour

group’ U(N). Following [11, 16], we start from type IIA string theory compactified on a

rectangular factorized torus T 6 = T 2
1×T 2

2×T 2
3 with real coordinates x4, . . . , x9 and complex

coordinates zi = (x2+2i + ix3+2i)/2, i = 1, 2, 3, with the identifications zi ∼ zi + Li/2,

zi ∼ zi+iL′i/2. An orientifold is obtained by dividing out the discrete symmetry ΩR(−1)FL ,

where Ω is worldsheet parity, FL is left-moving fermion number, and R is a reflection

symmetry of T 6,

R : (z1, z2, z3)→ (z̄1, z̄2, z̄3) . (2.2)

The orientifold has eight O6-planes along Minkowski space and the directions x3+2i that

are invariant under R. The orientifold planes are localized at the fixed points (ẑ1, ẑ2, ẑ3),

ẑi = (0, iL′/4). Each orientifold plane has RR charge QO6 = −2 in units of a D6-brane

– 3 –
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Branes, gauge groups (n1,m1) (n2,m2) (n3,m3)

a , U(N) (1, 0) (1, 2) (1, 1)

b , U(1) (1, 1) (1, l) (1,−2)

c , U(1) (1, 1) (1,−l) (1, 2)

Table 1. Intersecting D-brane model. Wrapping numbers of a stack of N branes, a, and two single

branes, b and c.

charge. Cancellation of the total RR charge requires 16 D6-branes together with 16 mirror

D6 branes to satisfy the reflection symmetry R of the compact space. A brane e is wrapped

around the 1-cycles [ai] and [bi] of the 2-tori T 2
i with wrapping numbers nie and mi

e, yielding

for the wrapped 3-cycle of the brane the homology class1

[Πe] = ⊗i
(
nie[ai] +mi

e[bi]
)
. (2.3)

The homology class [Πe′ ] of the mirror brane is obtained from [Πe] by replacing mi
e by

−mi
e. In case of stacks of Ne branes, leading to gauge symmetries U(Ne), the RR tadpole

cancellation condition can now be written as∑
e

Ne[Πe]− 2[ΠO6] = 0 , (2.4)

where [ΠO6] = 8⊗i [ai] is the homology class of the orientifold plane.

We are interested in the gauge group U(N)×U(1)×U(1), corresponding to one stack of

N branes, a, with gauge group U(N), and two further single U(1) branes, b and c. Table 1

shows a set of wrapping numbers which can be consistent with the wanted gauge group

U(N) × U(1) × U(1). We have chosen all wrapping number in the x3+2i directions equal,

ni = 1, and one wrapping number in the first torus as zero, m1
a = 0. In this case, the

tadpole conditions (2.4) read explicitly,

N + 2 = 16 ,

Nm2
am

3
a +m2

bm
3
b +m2

cm
3
c = 0 ,

m1
bm

3
b +m1

cm
3
c = 0 ,

m1
bm

2
b +m1

cm
2
c = 0 .

(2.5)

One easily verifies that these equations are solved by the ansatz in table 1, with N = 14,

l = 7. The chosen wrapping numbers imply that not all branes intersect in all tori: a and

a′, and b and c are parallel in the first torus, whereas b and c′ are parallel in the second

and in the third torus. This situation is illustrated in figure 1.

On each brane an N = 4 supermultiplet of zero-modes in the adjoint representation of

the gauge group is localized. The branes intersect at angles determined by the wrapping

numbers. At these intersections fermions and scalars in bi-fundamental representations

(Ne, N̄f ) are localized. For non-zero intersection numbers

Ief = ⊗i
(
niem

i
f −mi

en
i
f

)
(2.6)

1We mostly follow the conventions of [4].
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a
<latexit sha1_base64="2oP2+Q1hBhMOq7VrbuC+ZrGCNYk="></latexit>

b
<latexit sha1_base64="Sk8V0vkiXUp91ysdXdg8vyTvJLU="></latexit>

c
<latexit sha1_base64="psFR76zIMtNEkQvE9fu8fKcR5ZI="></latexit>

N
<latexit sha1_base64="hHEE6+Zsc+1AJK/dQdg6h9tJz+Q="></latexit>

}
<latexit sha1_base64="03p819LEtOv5a1f63GhWl6FZeTM="></latexit>

a
<latexit sha1_base64="2oP2+Q1hBhMOq7VrbuC+ZrGCNYk="></latexit>

b
<latexit sha1_base64="Sk8V0vkiXUp91ysdXdg8vyTvJLU="></latexit>

c
<latexit sha1_base64="psFR76zIMtNEkQvE9fu8fKcR5ZI="></latexit>

Figure 1. Left: intersections of brane stack a with branes b and c, and brane b with c in the second

torus T 2
2 ; right: intersections of brane stack a with branes b and c in torus T 2

1 where branes b and

c are parallel.

Brane sector Intersection number I 4d fermions (L)

ab+ ba −3(l − 2) N̄1,0

ac+ ca −(l + 2) N̄0,1

ab′ + b′a l + 2 N1,0

ac′ + c′a 3(l − 2) N0,1

aa′ 0 N(N − 1)/2, N̄(N̄ − 1)/2

bc+ cb 0 11,−1, 1−1,1

bc′ + c′b 0 11,1, 1−1,−1

Table 2. Chiral and vector-like representations of left-handed fermions at various brane intersec-

tions.

the fermion spectrum is chiral. The fermions are left-handed for Ief > 0 and right-handed

for Ief < 0, corresponding to left-handed fermions in the complex conjugate representation

(N̄e, Nf ). At the intersections of the brane system defined in table 1 one obtains the left-

handed fermions listed in table 2. There are matter fields that carry ‘colour’, transforming

as N or N̄ under SU(N). They form a chiral representation of the full gauge group, whereas

colour singlet ‘Higgs fields’ form vector-like representations. The quantum numbers of the

chiral fermions allow Yukawa couplings that are most conveniently expressed in terms of

the associated chiral superfields,

LY ⊃
3(l−2)∑
r,s

y(1)
rs N̄

r
1,0N

s
0,11−1,−1 +

l+2∑
r,s

y(2)
rs N̄

r
0,1N

s
1,01−1,−1 . (2.7)

These couplings lead to fermion mass terms after a vacuum expectation value 〈1−1,−1〉 6= 0

breaks the chiral group U(1) × U(1) to the diagonal U(1) subgroup. The complete list of

Yukawa couplings will be given in the subsequent section.

In the brane sector aa′, bb′ and cc′ chiral fermions in symmetric and antisymmetric

representations of the gauge group occur with multiplicities

nsym,e =
1

2
(Iee′ − Ie,O6) = −4m1

em
2
em

3
e

(
n1
en

2
en

3
e − 1

)
,

nasym,e =
1

2
(Iee′ + Ie,O6) = −4m1

em
2
em

3
e

(
n1
en

2
en

3
e + 1

)
, e = a, b, c .

(2.8)
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Brane sectors 4πα′M2
1 |ef 4πα′M2

2 |ef 4πα′M2
3 |ef

ab, ac′ −ρ1 + (l − 2)ρ2 + 3ρ3 ρ1 − (l − 2)ρ2 + 3ρ3 ρ1 + (l − 2)ρ2 − 3ρ3

ab′, ac −ρ1 + (l + 2)ρ2 + ρ3 ρ1 − (l + 2)ρ2 + ρ3 ρ1 + (l + 2)ρ2 − ρ3

aa′ 4ρ2 + 2ρ3 −4ρ2 + 2ρ3 4ρ2 − 2ρ3

bc 2lρ2 + 4ρ3 −2lρ2 + 4ρ3 2lρ2 − 4ρ3

bc′ −2ρ1 2ρ1 2ρ1

Table 3. Masses of scalars at various brane intersections.

Since in our model m1
a = 0 and n1

e = n2
e = n3

e = 1 for e = a, b, c, there are no chiral

fermions in symmetric or antisymmetric representations. As we shall see in the following

section, a vector-like pair of fermions in the antisymmetric representation of SU(N) occurs

in the aa′-sector. The bb′- and the cc′-sector correspond to U(1) symmetries where such

representations are absent.

The masses of bi-fundamental scalars depend on the angles at which the branes inter-

sect. We restrict ourselves to small angles with respect to the orientifold planes,

tan θie = mi
eρi ' θie , ρi =

L′i
Li
, i = 1, 2, 3 , e = a, b, c , (2.9)

where Li/(2π) and L′i/(2π) are the two radii of the torus T 2
i , respectively. In the T-dual

picture small angles correspond to large areas of the dual tori so that we shall be able to

use a field theory approximation to string partition functions.

At the intersection of two stacks of branes, e and f , one then has three light bi-

fundamental scalars with masses [14]

4πα′M2
1 |ef = −|θ1

ef |+ |θ2
ef |+ |θ3

ef |
4πα′M2

2 |ef = |θ1
ef | − |θ2

ef |+ |θ3
ef |

4πα′M2
3 |ef = |θ1

ef |+ |θ2
ef | − |θ3

ef | ,
(2.10)

where θief = θie− θif , with −π/2 ≤ θief ≤ π/2. For the model defined in table 1 one obtains

θ1
a = 0 , θ2

a = 2ρ2 , θ3
a = ρ3 ,

θ1
b = ρ1 , θ2

b = lρ2 , θ3
b = −2ρ3 ,

θ1
c = ρ1 , θ2

c = −lρ2 , θ3
c = 2ρ3 . (2.11)

Using eq. (2.10) these angles yield the scalar mass spectrum at the various brane intersec-

tions which is listed in table 3.

In any sector of states stretched between any two stacks of branes e, f , some super-

symmetry is preserved provided that angles fulfill the following conditions [13],

θ1
ef ± θ2

ef ± θ3
ef 6= 0 : N = 4→ N = 0 ,

θ1
ef ± θ2

ef ± θ3
ef = 0 : N = 4→ N = 1 ,

θ1
ef ± θ2

ef = 0 , θ3
ef = 0 : N = 4→ N = 2 . (2.12)

– 6 –
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In the considered model, a tachyon occurs in the bc′-sector,

m2
1|bc′ ∝ −2ρ1 < 0 . (2.13)

A further tachyon appears either in the aa′-sector or in the bc-sector. In both sectors the

flux in the first torus is zero, i.e. θ1 = 0. Choosing θ2 = θ3 yields two massless scalars,

avoiding tachyons. For the aa′-sector this means

ρ3 = 2ρ2 , (2.14)

which avoids coloured tachyons but implies a second tachyon in the bc-sector,

m2
1|bc ∝ (−2l + 4)ρ2 < 0 . (2.15)

Together with the two fermionic zero-modes the aa′-sector then forms a subsystem with

N = 2 supersymmetry. For the choice lρ2 = 2ρ3 the roles the aa′-sector and the bc-sector

are reversed.

The condition for absence of tachyons in the ab- and ac′-sector reads

(8− l)ρ2 < ρ1 < (l + 4)ρ2 , (2.16)

and for the ab′- and ac-sector one obtains

lρ2 < ρ1 < (l + 4)ρ2 . (2.17)

With l = 7, the last condition (2.17) is the stronger one and implies condition (2.16).

Hence, once the conditions (2.14) and (2.17) are satisfied, all scalars in the sectors ab,

ac′, ab′ and ac are massive and supersymmetry is completely broken. The angles satisfying

these conditions form a tetrahedron [16]. It is illustrated in figure 2, together with a domain

of small angles.

The appearance of tachyons is a generic feature of non-supersymmetric intersecting

D-brane models. However, it is argued that such tachyons can be removed by couplings to

moduli fields that parametrize the distance between branes in tori where they are parallel.

In the T-dual picture discussed in the following section these moduli correspond to Wilson-

lines ξ, ξ′ that acquire vacuum expectation values (see, for example, [16, 21]). In the present

model the corresponding superpotential terms would have the form (in superfield notation,

see table 2),

Wξ,ξ′ = λ1 ξ 11,−11−1,1 + λ2 ξ
′ 11,11−1,−1 . (2.18)

Clearly, existence and stability of a ground state require an appropriate potential for ξ,

ξ′. At tree-level the potential is flat. To compute the one-loop quantum correction to

the potential is an essential goal of this paper. To achieve this we first construct the T-

dual type I string compactification on a magnetized torus, which allows a straightforward

computation of the full mass spectrum of the model as well as Yukawa couplings.

– 7 –
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No tachyon

0 1/4 1/2

0

1/4

1/2

|θ2|/π
<latexit sha1_base64="JXWvoQTBB8BqipAK9d2kByaN4iM="></latexit>

|θ3|/π
<latexit sha1_base64="2OT/Svn21wf9sMT/CyjVSDD+LgQ="></latexit>

0
<latexit sha1_base64="byXwyxbb57ZIVtbtI0sR/0SD/rA="></latexit>

1/2
<latexit sha1_base64="hqhklMeGJpIz3OnEG2AQgaHmAwA="></latexit>0

<latexit sha1_base64="byXwyxbb57ZIVtbtI0sR/0SD/rA="></latexit>

0
<latexit sha1_base64="byXwyxbb57ZIVtbtI0sR/0SD/rA="></latexit>

1/2
<latexit sha1_base64="hqhklMeGJpIz3OnEG2AQgaHmAwA="></latexit>

1/2
<latexit sha1_base64="hqhklMeGJpIz3OnEG2AQgaHmAwA="></latexit>

|θ2|/π
<latexit sha1_base64="Uwy7ViR3R86xnTsjs8e8cA3XIu4="></latexit>|θ1|/π

<latexit sha1_base64="gM5ulmbQFsPesHCV3Zwy/bblxpQ="></latexit>

|θ3|/π
<latexit sha1_base64="HqFGyXX/VOKFoW5OrD1U8vWV0jE="></latexit>

1/4
<latexit sha1_base64="IXViMq3P/4Q5RU4jGbzgcyThY20="></latexit>1/4

<latexit sha1_base64="IXViMq3P/4Q5RU4jGbzgcyThY20="></latexit>

1/4
<latexit sha1_base64="IXViMq3P/4Q5RU4jGbzgcyThY20="></latexit>

Figure 2. Domain of angles for which no tachyons appear. Left: line in θ2 − θ3-plane in case of

no flux in first torus, i.e. θ1 = 0. Right: tetrahedron in case of fluxes in all tori. The gray areas

indicate small-angle domains with |θi|/π < 0.15.

3 T-dual toroidal flux compactification

The intersecting D-brane model constructed in the previous section is T-dual to a type I

compactification on a magnetized dual rectangular torus T 2
1 × T 2

2 × T 2
3 with the identifica-

tions

zi ∼ zi + Li/2 , zi ∼ zi + 2π2α′/L′i , (3.1)

where the angles θie between brane e and the orientifold plane are related to magnetic flux

densities in the 2-tori T 2
i [13],

tan θie = 2πα′gf iI . (3.2)

Here g is the gauge coupling, brane e (e = a, b, c) has a U(1) group with Cartan generator

HI (I = 0, 1, 2), and f iI is the corresponding flux density in the torus T 2
i . Using eq. (2.9),

tan θie = mi
Iρi, this implies the Dirac quantization condition for the flux densities f iI ,

g

∫
T 2
i

f iI =
4π2α′

ρi
gf iI = 2πmi

I . (3.3)

For small angles, corresponding to small flux densities, one has2

θie ' mi
Iρi = 2πα′gf iI , ρi = L′i/Li . (3.4)

The considered D-brane model has three stacks of branes and therefore three U(1) fac-

tors, U(1)a, U(1)b and U(1)c. Correspondingly, each torus T 2
i can have three flux densities

f iI , which allow to break SO(32) to the gauge group of the D-brane model,

SO(32) ⊃ U(16) ⊃ U(14)×U(1)×U(1) . (3.5)

2In the following we shall use the notations f ie, m
i
e and f iI , m

i
I in parallel, according to convenience.

– 8 –



J
H
E
P
1
2
(
2
0
1
9
)
0
2
2

The corresponding decomposition of the adjoint representation reads (see appendices A

and B, N = 14),

SO(32) ∼



U(N) N−1,0 N0,−1 A N1,0 N0,1

aa ab ac aa′ ab′ ac′

N1,0 U(1) 11,−1 N1,0 0 11,1

ba bb bc ba′ bb′ bc′

N0,1 1−1,1 U(1) N0,1 11,1 0

ca cb cc ca′ cb′ cc′

A∗ N−1,0 N0,−1 U(N)∗ N1,0 N0,1

a′a a′b a′c a′a′ a′b′ a′c′

N−1,0 0 1−1,−1 N−1,0 U(1)∗ 1−1,1

b′a b′b b′c b′a′ b′b′ b′c′

N0,−1 1−1,−1 0 N0,−1 11,−1 U(1)∗

c′a c′b c′c c′a′ c′b′ c′c′



. (3.6)

Each block is labeled by the related brane intersection. The upper left and the lower right

quadrant correspond to the adjoint representation of U(16), whereas the upper right and

the lower left quadrant represent the antisymmetric representation of U(16), decomposed

with respect to U(14)×U(1)×U(1).

The representation in the block ef feels the magnetic flux f ief = f ie − f if in torus T 2
i .

According to the index theorem the multiplicities of chiral zero-modes are given by

Ief =
( g

2π

)3∏
i

∫
T 2
i

f ief =
∏
i

(mi
e −mi

f ) . (3.7)

Because of eq. (3.3) these multiplicities agree with the intersection numbers of the D-brane

model given in table 2.

The starting point for the computation of the 4d effective action is the 10d Super-Yang-

Mills action with N = 4 supersymmetry and gauge group SO(32), which is conveniently

expressed in term of 4d vector superfields V and chiral superfields φ [27, 28],

S10 =

∫
d10x

{
1

k

∫
d2θ tr

[
1

4
WW +

1

2
εijkφ

i

(
∂jφ

k +
g

3
√

2

[
φj , φk

])]
+ h.c. (3.8)

+
1

k

∫
d4θ

1

g2
tr
[(
−
√

2∂i + gφ̄i
)
egV

(√
2∂i + gφi

)
e−gV + ∂ie

gV ∂ie
−gV

]}
.

Here W is the field strength of the vector field,3 i, j, k = 1, 2, 3 label the three 2-tori, and

our trace convention is tr (TaTb) = kδab. Expanding the exponentials, integrating some of

3We use the conventions of [32], and we have dropped the WZW term that vanishes in WZ gauge, V 3 = 0.
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the terms by part, and using the WZ gauge V 3 = 0, one obtains

S10 =

∫
d10x

{
1

k

∫
d2θ tr

[
1

4
WW +

1

2
εijkφ

i

(
∂jφ

k +
g

3
√

2
[φj , φk]

)]
+ h.c.

+
1

k

∫
d4θ tr

[
φ̄iφi +

√
2(∂iφ̄

i + ∂iφ
i)V − g[φ̄i, φi]V

+

(
∂iV −

g√
2

[φ̄i, V ]

)(
∂iV +

g√
2

[φi, V ]

)]}
. (3.9)

Note, that in this action the invariance with respect to 4 supersymmetry transformations is

manifest whereas the invariance with respect to 12 further supersymmetry transformations

is hidden. This will be important in our discussion of supersymmetry breaking by magnetic

fluxes in the following sections.

Vector and chiral superfields are conveniently decomposed into the different sectors

indicated in eq. (3.6). The unbroken group is H = U(N)× U(1)× U(1) ⊂ U(N + 2) with

the U(1) and SU(N) generators4

H0 =
1√
N
Tαα , H1 = TN+1,N+1 , H2 = TN+2,N+2 , T̃αβ . (3.10)

In terms of the generators of H and SO(32)/H, vector superfields can be expressed as (see

appendix B)

V = VαβT̃αβ + VIHI + V −0
α T−0

α + V +0
α T+0

α + V 0−
α T 0−

α + V 0+
α T 0+

α

+ V +−T+− + V −+T−+ +
1

2
V +
γδX

+
γδ +

1

2
V −γδX

−
γδ + Ṽ +0

α X+0
α

+ Ṽ −0
α X−0

α + Ṽ 0+
α X0+

α + Ṽ 0−
α X0−

α + V ++X+− + V −−X−− .

(3.11)

The charges with respect to H1 and H2 are indicated explicitly. The fields V −0
α , V 0−

α , Ṽ +0
α

and Ṽ 0+ transform in the fundamental, and the fields V +0
α , V 0+

α , Ṽ −0
α and Ṽ 0− in the

anti-fundamental representation of SU(N), respectively. V +
γδ is an antisymmetric tensor of

SU(N) and V −γδ is the complex conjugate representation. V ±γδ are neutral with respect to

H1 and H2. Here, the superscript denotes the charge with respect to H0. Analogously, the

decomposition of the chiral and antichiral superfields is given by5

φ = φαβT̃αβ + χIHI + φ−0
α T−0

α + φ+0
α T+0

α + φ0−
α T 0−

α + φ0+
α T 0+

α

+ φ+−T+− + φ−+T−+ +
1

2
φ+
γδX

+
γδ +

1

2
φ−γδX

−
γδ + φ̃+0

α X+0
α

+ φ̃−0
α X−0

α + φ̃0+
α X0+

α + φ̃0−
α X0−

α + φ++X++ + φ−−X−− ,

(3.12)

φ̄ = φ̄αβT̃βα + χ̄IHI + φ̄−0
α T+0

α + φ̄+0
α T−0

α + φ̄0−
α T 0+

α + φ̄0+
α T 0−

α

+ φ̄+−T−+ + φ̄−+T+− +
1

2
φ̄+
γδX

−
γδ +

1

2
φ̄−γδX

+
γδ +

¯̃
φ+0
α X−0

α

+
¯̃
φ−0
α X+0

α +
¯̃
φ0+
α X0−

α +
¯̃
φ0−
α X0+

α + φ̄++X−− + φ̄−−X++ .

(3.13)

4A sum over repeated indices is understood.
5Note that φ̄−0

α stands for φ−0
α .
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In order to compute the mass spectrum caused by the magnetic fluxes and also for a

discussion of tachyon condensation one has to know the Yukawa couplings of the model.

They are obtained from the cubic gauge coupling in the action (3.9) and the commutators

listed in appendix B. A straightforward calculation yields the result

LY =
1

k

∫
d2θ

g

6
√

2
εijktr

[
φi[φj , φk]

]
=

g√
2
εijk

∫
d2θ
(
W 1
ijk +W 2

ijk

)
, (3.14)

where W 1 and W 2 describe couplings without and with SU(N) fields, respectively,

W 1
ijk =

1√
N
χi0
(
φj−0
α φk+0

α + φj0−α φk0+
α − φ̃j+0

α φ̃k−0
α − φ̃j0+

α φ̃k0−
α + φj+αβφ

k−
αβ

)
+ χi1

(
− φj−0

α φk+0
α − φ̃j+0

α φ̃k−0
α + φj+−φk−+ + φ̃j++φ̃k−−

)
+ χi2

(
− φj0−α φk0+

α − φ̃j0+
α φ̃k0−

α − φj+−φk−+ + φ̃j++φ̃k−−
)

− φi+−
(
φj−0
α φk0+

α + φ̃j0+
α φ̃k−0

α

)
− φi−+

(
φj0−α φk+0

α + φ̃j+0
α φ̃k0−

α

)
+ φi++(−φj−0

α φ̃k0−
α + φj0−α φ̃k−0

α ) + φi−−(φj+0
α φ̃k0+

α − φj0+
α φ̃k+0

α )

− φi+αβ(φj+0
β φ̃k−0

α + φj0+
β φ̃k0−

α )− φi−αβ(φj−0
β φ̃k+0

α + φj0−β φ̃k0+
α ) , (3.15)

W 2
ijk = φiαβ

(
φj−0
β φk+0

α + φj0−β φk0+
α − φ̃j+0

β φ̃k−0
α − φ̃j0+

β φ̃k0−
α

+ φj+γβφ
k−
γα − φj−γαφk+

γβ + φjβγφ
k
γα − φjγαφkβγ

)
. (3.16)

Note, that these couplings involve 10d fields. The 4d effective Lagrangian is obtained

by performing a mode expansion for all fields and by evaluating the overlap integrals of

products of mode functions.

The gauge group SO(32) is broken to the subgroup U(N)×U(1)×U(1) by a background

of the U(1) gauge fields in the compact dimensions,

〈χiI〉 =
1√
2
f iI z̄i + ξiI , (3.17)

corresponding to Wilson lines and magnetic fluxes in the three 2-tori (χiI |θ=θ̄=0 = (AI,3+2i+

iAI,2+2i)/
√

2),

〈F2+2i,3+2i〉δij = ∂i〈χjI〉 = f iIδij . (3.18)

The mass spectrum of the charged fields is obtained by calculating the quadratic part of

the effective action in this gauge field background.

Each pair of fields in eq. (3.6), such as (A,A∗), (N−1,0, N1,0) etc., feels magnetic fluxes

f iI in the three tori. The mass spectrum of each sector ef is then characterized by Landau

levels (n1, n2, n3) and internal helicities (σ1, σ2, σ3) in the three tori, with ni ∈ N and

σi = 0,±1/2,±1. Hence, for each triple of Landau levels one obtains two 4d complex

vector states, eight 4d Weyl fermions and six complex 4d scalars. Their masses have been

obtained in a type I string compactification on a magnetized torus (f ief = f ie − f if ) [9],

M2
ef (n;σ) = g

∑
i

((2ni + 1)|f ief |+ 2f iefσi) . (3.19)
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Here σ = (σ1, σ2, σ3) takes the values (0, 0, 0), (±1/2,±1/2,±1/2) and (±, 0, 0), (0,±, 0),

(0, 0,±) for vectors, fermions and scalars, respectively. Contrary to what one might expect,

these masses are not associated with a single set (n1, n2, n3) of Landau levels in a mode

expansion of the 10d fields in eq. (3.6). As we shall see in the following section, the magnetic

fluxes mix neighboring levels in the Kaluza-Klein towers, and mass eigenstates are linear

combinations of different Landau levels.

In this T-dual internal magnetic field description that we will mainly focus on, su-

persymmetry breaking for generic magnetic fields is captured by the (internal helicity)

spin-magnetic field coupling in the mass formula (3.19). The special values of magnetic

fields for which some supersymmetry is preserved can be understood in various ways. One

of them is by checking the boson and fermion mass formulae and the flux value parameters

for which there is boson-fermion degeneracy. Equivalently, the scalar potential that we will

compute in section 6 will turn out to vanish precisely for these flux values. Another way to

understand supersymmetry breaking and preservation is by writing the gaugino variation

for the Super-Yang-Mills theory directly in ten dimension, before compactification, which

reads

δλa = −1

4
ΓPQF aPQε , (3.20)

where ΓPQ = 1
2(ΓPΓQ−ΓQΓP ), F aPQ is the 10d Yang-Mills field strength and ε are the 10d

supersymmetry parameters. The number of preserved supercharges is given by the number

of independent spinors ε annihilated by the operator

Γ(f) = ΓPQ〈F IPQ〉 ∼ Γ45f1 + Γ67f2 + Γ89f3 , (3.21)

where we defined the fluxes fk = 〈F2+2k,3+2k〉, k = 1, 2, 3, and I is a Cartan subalgebra

generator supporting the magnetic flux. A well known and convenient Fock space basis

for fermions is obtained by introducing the creation and annihilation operators (see, for

example, [33])

b†k =
1

2
(Γ2+2k − iΓ3+2k) , bk =

1

2
(Γ2+2k + iΓ3+2k) , (3.22)

with k = 1, 2, 3 denoting the complex internal space degrees of freedom. Using

b†kbk − bkb
†
k = iΓ2+2kΓ3+2k = −2J2+2k,3+2k , (3.23)

where J2+2k,3+2k are rotations generators in the internal space, one can rewrite the operator

Γ as

Γ(f) ∼
3∑

k=1

fk(b
†
kbk − bkb

†
k) . (3.24)

Then, by explicit construction, one can show that Γ(f)ε = 0 for

ε0 = |0〉 and b†1b
†
2b
†
3|0〉 , if f1 + f2 + f3 = 0 ,

ε1 = b†1|0〉 and b†2b
†
3|0〉 , if −f1 + f2 + f3 = 0 ,

ε2 = b†2|0〉 and b†3b
†
1|0〉 , if f1 − f2 + f3 = 0 ,

ε3 = b†3|0〉 and b†1b
†
2|0〉 , if f1 + f2 − f3 = 0 .

(3.25)
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These relations match the field theory limit of the intersecting brane supersymmetry con-

ditions (2.12). As we will see explicitly in the following sections, the effective theory

does not easily capture the supersymmetry restoration points in moduli space. The rea-

son is that the supercharge corresponding to ε0 is aligned with the superspace expansion,

whereas the other preserved supercharges corresponding to ε1,2,3 are not, and the corre-

sponding supersymmetries are hidden in an effective Lagrangian that at first sight looks

non-supersymmetric.

In later sections we will discuss tachyon condensation, which requires to add the fluc-

tuations around the magnetic background (3.21). In this case, the operator Γ is changed

according to

Γ ≡ ΓPQF IPQ =2
3∑

k=1

(cIABφ
k
Aφ̄

k
B − ifkI )(b†kbk − bkb

†
k)

+ 4cIAB
∑
i<j

[
b†ib
†
jφ
i
Aφ

j
B + bibjφ̄

i
Aφ̄

j
B + b†ibjφ

i
Aφ̄

j
B + bib

†
jφ̄
i
Aφ

j
B

]
, (3.26)

where cIAB are the structure constants of the 10d Yang-Mills gauge group and A,B are

indices of the adjoint representation. Acting with the operator Γ on the spinors Q ≡
(ε0, ε1, ε2, ε3)T one defines a 4× 4 matrix M according to

ΓQ =MQ . (3.27)

Notice that the spinors ε0, εi do not carry flux charge, since they transform only under the

SU(4) R-symmetry group, which commutes with the gauge group generators. They should

be understood as the constant zero modes of the KK reduction from 10d to 4d. Labeling

the four rows and columns by 0, 1, 2, 3, the matrix elements are computed to be

M00 = −2i(f1
I + f2

I + f3
I )− 2cIABφ̄

k
Aφ

k
B , M0i = −4cIABεijkφ̄

j
Aφ̄

k
B , (3.28)

Mi0 = 4cIABεijkφ
j
Aφ

k
B , Mij = 2i(f1

I + f2
I + f3

I − 2f iI)δij + 2cIAB(φ̄kAφ
k
Bδij − 2φ̄iAφ

j
B) .

After compactification to four dimensions, quantities like φjAφ̄
k
B should be understood as

integrated over the internal space, leading to a sum over Landau levels
∑

n,n′ φ
j
A,nn′ φ̄

k
B,nn′ .

As before, the number of zero eigenvalues of the matrix M is the number of unbroken

supersymmetries in four dimensions. Let us study some simple examples:

• One flux, say f1
I = f2

I = 0, f3
I 6= 0. In the absence of vev’s for φ’s, there is no

zero eigenvalue according to (3.25) and all supersymmetries are broken. However, by

giving a vacuum expectation value φ3 6= 0, one can set to zero all matrix elements

and restore full N = 4 supersymmetry by choosing cIABφ
3
Aφ̄

3
B = if3

I . Notice that the

vev’s concern fields charged under the (Cartan) generator HI .

• Two fluxes, say f1
I = 0, f2

I , f
3
I 6= 0. In this case, in the absence of vev’s for φ’s,

all supersymmetries are generically broken, except for f2
I = ±f3

I , which preserves

N = 2 supersymmetry. For f2
I 6= f3

I , one can easily find vev’s restoring N = 2

supersymmetry:

cIABφ̄
2
Aφ

3
B = 0 , i(f2

I − f3
I ) = 2cIAB(φ̄2

Aφ
2
B − φ̄3

Aφ
3
B) , (3.29)
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which can be satisfied for example for φ2
B = 0 and i(f2

I −f3
I ) = −2cIABφ̄

3
Aφ

3
B. One can

also search the existence of an N = 4 vacuum. It seems natural to assume φ1
A = 0,

both since this field is not tachyonic for such fluxes and since in this case the matrix

M has a simpler block-diagonal form of two 2 × 2 matrices. The conditions for the

existence of an N = 4 vacuum are

tr[φ2, φ̄2]HI = −f2
I , tr[φ3, φ̄3]HI = −f3

I ,

tr[φ2, φ̄3]HI = 0 , tr[φ2, φ3]HI = 0 .
(3.30)

• Three fluxes, say f1
I , f

2
I , f

3
I 6= 0. In this case, in the absence of vev’s for φ’s, all

supersymmetries are generically broken, except for f1
I ± f2

I ± f3
I = 0, which preserves

N = 1 supersymmetry. For f1
I ± f2

I ± f3
I 6= 0, one can easily find vev’s restoring

N = 1 supersymmetry by switching on only one vev. For example, one can choose

φ2 = φ3 = 0 and

i(f1
I ± f2

I ± f3
I ) = cIABφ

1
Aφ̄

1
B , (3.31)

for any (single) choice of signs. The case of vev’s restoring more supersymmetries

seems similar to the previous example with two fluxes. In order to obtain N = 4

supersymmetry, one would need vev’s for the three φi’s and satisfy

tr[φi, φ̄i]HI = −f iI , εijk tr[φi, φj ]HI = 0 , εijk tr[φi, φ̄j ]HI = 0 . (3.32)

This seems always possible.

In all cases, one should also impose the D-term conditions for the charged generators.

They are more complicated than the ones for the Cartan generators written above. The

reason is that in addition to bilinear terms similar to the ones for Cartan generators (for

example, εijk tr[φi, φ̄j ]Eα), there are also terms linear in the charged fields coming from

the covariant derivative acting on charged fields, which have a non-constant profile in the

internal space. These terms, of the type
√
f iIa

i
α tr(φjEα) or

√
f iIa

i†
α tr(φjEα), depending

on the sign of the flux, can be computed in explicit cases and will be displayed explicitly

in section 7. However, a general expression for these terms, and a general analysis of the

charged D-term conditions is beyond the scope of this paper. Therefore, at this point we

leave open the question whether or not there are vacua with full N = 4 supersymmetry in

the case of arbitrary fluxes.

4 Matter sector

In this section we consider potentially tachyon-free sectors of the model, i.e., the anti-

symmetric tensor with vector-like massless fermions, and the fields in fundamental and

anti-fundamental representations with chiral fermions.

4.1 Antisymmetric tensor (aa′-sector)

Let us start with the antisymmetric tensor fields, V ±γδ , φ
±
γδ and φ̄±γδ. These fields have charge

±2/
√
N with respect to H0 and charge zero with respect to H1 and H2. For simplicity, we
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choose ξi0 = 0. According to table 1, the flux in the first torus vanishes and the fluxes in

the second and third torus satisfy the quantization conditions (ρi = L′i/Li),

g

2π
√
N

∫
T 2
2

f2
0 =

g√
N

2πα′

ρ2
f2

0 = 2 ,
g

2π
√
N

∫
T 2
3

f3
0 =

g√
N

2πα′

ρ3
f3

0 = 1 , (4.1)

which yields the flux densities

gf2
0 = 2

√
N

ρ2

2πα′
≡ g
√
Nf2 , gf3

0 =
√
N

ρ3

2πα′
≡ g
√
Nf3 . (4.2)

For the special choice ρ3 = 2ρ2 in eq. (2.14), the flux density is the same in both tori, i.e.,

f2
0 = f3

0 or f2 = f3.

Using the relevant commutators in eq. (B.7),

[H0, X
±
αβ ] = ± 2√

N
X±αβ ,

[X+
αβ , X

−
γδ] =

2√
N

(δαγδβδ − δβγδαδ) + . . . ,

(4.3)

it is straightforward to derive the quadratic part and the cubic couplings involving the

neutral fields χi0 ≡ χi and χ̄i0 ≡ χ̄i,

S10 ⊃
∫
d10x

{∫
d2θ

(
1

4
W0W0 +

1

4
W+
γδW

−
γδ +

1

2
εijkφ

i+
γδ

(
∂j −

√
2g√
N
χj

)
φk−γδ

)
+ h.c.

+

∫
d4θ

(
χ̄iχi +

1

2
φ̄i+γδφ

i+
γδ +

1

2
φ̄i−γδφ

i−
γδ +

√
2(∂iχ̄

i + ∂iχ
i)V0

+
g√
N

(
φ̄i+γδφ

i+
γδ − φ̄i−γδφi−γδ

)
V0

+
1√
2

((
∂i −

√
2g√
N
χi

)
φ̄i+γδ +

(
∂i +

√
2g√
N
χ̄i

)
φi−γδ

)
V +
γδ

+
1√
2

((
∂i +

√
2g√
N
χi

)
φ̄i−γδ +

(
∂i −

√
2g√
N
χ̄i

)
φi+γδ

)
V −γδ

+
1

2

(
∂i +

√
2g√
N
χ̄i

)
V −γδ

(
∂i +

√
2g√
N
χi

)
V +
γδ

+
1

2

(
∂i −

√
2g√
N
χ̄i

)
V +
γδ

(
∂i −

√
2g√
N
χi

)
V −γδ

)}
. (4.4)

There is no H0 flux in the first torus. To obtain the lowest mass eigenstates, we can

therefore neglect the dependence of the fields on z1. Inserting the background flux in the

second and third torus yields covariant derivatives ∂2±2gf2z2, ∂2±2gf2z2, and ∂3±gf3z3,

∂3±gf3z3, which form a harmonic oscillator algebra. The fields can therefore be expanded

in the corresponding set of orthonormal eigenfunctions.
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For a flux density gf = 2πM , M ∈ N, one defines two pairs of annihilation and creation

operators [24],

a+ =
i√
2gf

(∂ + gf z̄) , a†+ =
i√
2gf

(
∂ − gfz

)
,

a− =
i√
2gf

(
∂ + gfz

)
, a†− =

i√
2gf

(∂ − gf z̄) ,

(4.5)

which satisfy the commutation relations

[a±, a
†
±] = 1 , [a±, a∓] = 0 , [a±, a

†
∓] = 0 . (4.6)

The ground state wave functions are determined by

a+ξ0,j = 0 , a−ξ0,j = 0 , (4.7)

where j = 0, . . . |M |−1 labels the degeneracy. An orthonormal set of higher mode functions

is given by

ξn,j =
in√
n!

(
a†+

)n
ξ0,j , ξn,j =

in√
n!

(
a†−

)n
ξ0,j . (4.8)

Annihilation and creation operators act on these mode functions as

a+ξn,j = i
√
n ξn−1,j , a†+ξn,j = −i

√
n+ 1 ξn+1,j ,

a−ξn,j = i
√
n ξn−1,j , a†−ξn,j = −i

√
n+ 1 ξn+1,j .

(4.9)

The mode expansions of the fields with positive and negative charge read

φ+ =
∑
nj

φ+
njξnj , φ− =

∑
n,j

φ−n,jξn,j , φ̄+ =
∑
n,j

φ̄+
n,jξn,j ,

φ̄− =
∑
n,j

φ̄−n,jξn,j , V + =
∑
n,j

V +
n,jξn,j , V − =

∑
n,j

V −n,jξn,j .
(4.10)

The antisymmetric tensor fields feel flux in the second and third torus. Hence, there

are two sets of annihilation and creation operators, a2
±, a2†

± and a3
±, a3†

± . Suppressing tensor

indices, i.e. W+
γδW

−
γδ/2 ≡W+W− etc., and using f2

0 ≡
√
Nf2 and f3

0 ≡
√
Nf3, one obtains

from eq. (4.4)

S10 ⊃
∫
d10x

{∫
d2θ

(
1

4
W0W0+

1

2
W+W−−i

√
2gf2

(
φ1+a2†

−φ
3−−φ3+a2†

−φ
1−
)

−i
√

2gf3

(
φ2+a3†

−φ
1−−φ1+a3†

−φ
2−
))

+h.c.

+

∫
d4θ

(
φ̄i+φi++φ̄i−φi−+

(
2
√
N(f2+f3)+

2g√
N

(φ̄i+φi+−φ̄i−φi−)

)
V0

−2i
√
g
(√

f2

(
a2†
− φ̄

2++a2
−φ

2−
)

+
√
f3

(
a3†
− φ̄

3++a3
−φ

3−
))

V +

−2i
√
g
(√

f2

(
a2†

+φ
2++a2

+φ̄
2−
)

+
√
f3

(
a3†

+φ
3++a3

+φ̄
3−
))

V −

−2gf2

(
a2
−V
−a2

+V
++a2†

+ V
+a2†
− V

−
)

−2gf3

(
a3
−V
−a3

+V
++a3†

− V
−a3†

+ V
+
))}

. (4.11)
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The fields have a double expansion in two sets of mode functions6

φ+(x; z1, z2, z3) =
∑
nj,n′j′

φ+
nj,n′j′(x)ξn,j(z2)ξn′,j′(z3) ,

φ−(x; z1, z2, z3) =
∑
nj,n′j′

φ−nj,n′j′(x)ξn,j(z2)ξn′,j′(z3) , etc. , (4.12)

where, for simplicity, we only consider the lowest KK mode in the first torus. According to

the quantization condition (4.1) the multiplicity in the second and third torus is two and

one, respectively, giving a total multiplicity of two for all fields.

Inserting the mode expansion of the fields in the 10d action, using eq. (4.7) and the

orthonormality of the mode functions, and dropping the indices j, j′ that label the degen-

eracy, one arrives at the 4d effective Lagrangian

L4 ⊃
∫
d2θ

(
1

4
W0W0 +

∑
nn′

(
1

2
W+
n,n′W

−
n,n′

−
√

2gf2(n+ 1)
(
φ1+
n+1,n′φ

3−
n,n′ − φ3+

n+1,n′φ
1−
n,n′

)
−
√

2gf3(n′ + 1)
(
φ2+
n,n′+1φ

1−
n,n′ − φ1+

n,n′+1φ
2−
n,n′

)))
+ h.c.

+

∫
d4θ

(
2
√
N(f2 + f3)V0 +

∑
nn′

(
φ̄i+n,n′φ

i+
n,n′ + φ̄i−n,n′φ

i−
n,n′

+
2g√
N

(
φ̄i+n,n′φ

i+
n,n′ − φ̄i−n,n′φi−n,n′

)
V0

− 2
((√

gf2

(√
nφ̄2+

n−1,n′ −
√
n+ 1φ2−

n+1,n′

)
+
√
gf3

(√
n′φ̄3+

n,n′−1 −
√
n′ + 1φ3−

n,n′+1

))
V +
n,n′ + h.c.

)
+ 2M2

n,n′V
+
n,n′V

−
n,n′

))
, (4.13)

where

Mn,n′ = (gf2(2n+ 1) + gf3(2n′ + 1))1/2 . (4.14)

The magnetic flux mixes different Landau levels of the KK towers and it is therefore

convenient to introduce linear combinations of the original chiral superfields,

φ−n,n′ =
1

µn,n′

(√
2gf2n φ

3−
n−1,n′ −

√
2gf3n′ φ

2−
n,n′−1

)
, (n, n′) 6= 0 ; φ−0,0 = 0 , (4.15)

χ−n,n′ =
1

µn+1,n′+1

(√
2gf3(n′ + 1) φ3−

n,n′+1 +
√

2gf2(n+ 1) φ2−
n+1,n′

)
, (4.16)

6More precisely, the fields depend on zi and z̄i.

– 17 –



J
H
E
P
1
2
(
2
0
1
9
)
0
2
2

φ+
n,n′ =

1

µn+1,n′+1

(√
2gf3(n′ + 1) φ2+

n,n′+1 −
√

2gf2(n+ 1) φ3+
n+1,n′

)
, (4.17)

χ+
n,n′ =

1

µn,n′

(√
2gf2n φ

2+
n−1,n′ +

√
2gf3n′ φ

3+
n,n′−1

)
, (n, n′) 6= 0 ; χ+

0,0 = 0 , (4.18)

with

µn,n′ = (2gf2n+ 2gf3n
′)1/2 . (4.19)

In terms of the new fields the 4d Lagrangian reads

L4 ⊃
∫
d2θ

(
1

4
W0W0 +

∑
nn′

(
1

2
W+
n,n′W

−
n,n′ − µn,n′φ1+

n,n′φ
−
n,n′

− µn+1,n′+1φ
1−
n,n′φ

+
n,n′

))
+ h.c.

+

∫
d4θ

(
2
√
N(f2 + f3)V0 +

∑
nn′

(
|φ1+
n,n′ |2 + |φ1−

n,n′ |2 + |φ+
n,n′ |2 + |φ−n,n′ |2

+ |χ+
n,n′ |2 + |χ−n,n′ |2 +

2g√
N

(
|φ1+
n,n′ |2 + |φ+

n,n′ |2 + |χ+
n,n′ |2

−|φ1−
n,n′ |2 − |φ−n,n′ |2 − |χ−n,n′ |2

)
V0

−
√

2
((
µn,n′χ̄

+
n,n′ − µn+1,n′+1χ

−
n,n′

)
V +
n,n′ + h.c.

)
+ 2M2

n,n′V
+
n,n′V

−
n,n′

))
. (4.20)

So far the diagonalization could be performed in terms of superfields. Since the mag-

netic flux breaks supersymmetry, one has to expand the superfields in components7 in the

final step (cf. appendix C),

φ = (φ, ψ, F ) , V = (Aµ, λ,D) . (4.21)

The mixing term between chiral and vector superfields then leads to a charged D-term and

a derivative coupling between Goldstone bosons and vector fields,∫
d4θ
(
µn,n′χ̄

+
n,n′ − µn+1,n′+1χ

−
n,n′
)
V +
n,n′

=
1

2

(
µn,n′χ̄

+
n,n′ − µn+1,n′+1χ

−
n,n′
)
D+ − i√

2
Mn,n′∂µΠ−n,n′A

+µ
n,n′ . (4.22)

Here the Goldstone fields Π− and the orthogonal complex scalars Σ−, formed from the

complex scalars χ̄+ and χ−, are given by

Π−n,n′ =
1√

2Mn,n′

(
µn,n′χ̄

+
n,n′ + µn+1,n′+1χ

−
n,n′
)
, (4.23)

Σ−n,n′ =
1√

2Mn,n′

(
µn+1,n′+1χ̄

+
n,n′ − µn,n′χ−n,n′

)
. (4.24)

7Note, that we use the same symbol for the chiral superfield and its scalar component.
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The vector bosons of the tower of Landau levels acquire their mass by the Stückelberg

mechanism, and a shift of the vector bosons,

A−µn,n′ → A−µn,n′ +
i

Mn,n′
∂µΠ−n,n′ , (4.25)

cancels the mixings with the Goldstone bosons as well as the kinetic terms of the Goldstone

bosons. Finally, eliminating all F- and D-terms via their equations of motion, one obtains

the bosonic mass terms

Lb4 ⊃ −
∑
n,n′

(
M2
n,n′
(
A+µ
n,n′µA

−µ
n,n′ + |φ1+

n,n′ |2 + |φ1−
n,n′ |2 + |Σ−n,n′ |2

)
+ (M2

n,n′ − 2gf2 − 2gf3)|φ−n,n′ |2 + (M2
n,n′ + 2gf2 + 2gf3)|φ+

n,n′ |2
)
, (4.26)

where it is important to remember that φ−0,0 = Σ−0,0 = 0.

Consider first the lowest lying scalars,

Lb4 ⊃ −g(f2 + f3)(|φ1+
0,0|2 + |φ1−

0,0|2)− g(−f2 + f3)|φ−0,1|2 − g(f2 − f3)|φ−1,0|2 . (4.27)

These masses are in agreement with the ones given in table 3 for the aa′-sector. The

comparison with the string formula (3.19) is more subtle. The mass spectrum of φ1±

corresponds to M2
aa′(0, n, n

′;±, 0, 0). Since φ−0,0 = 0, one can write∑
n,n′

(M2
n,n′ − 2gf2 − 2gf3)|φ−n,n′ |2 =

∑
n,n′

(
(M2

n,n′ − 2gf2)|φ−n,n′ |2 + (M2
n,n′ − 2gf3)|φ−n,n′ |2 −M2

n,n′ |φ−n,n′ |2
)
. (4.28)

Hence, the spectrum of φ− together with one polarization state of the vector corresponds

to the spectrum M2
aa′(0, n, n

′; 0,−, 0) together with M2
aa′(0, n, n

′; 0, 0,−). Analogously, the

spectra of Σ− and φ+ correspond to M2
aa′(0, n, n

′; 0,+, 0) together with M2
aa′(0, n, n

′; 0, 0,+).

Since in the string formula (3.19) massive vectors are only counted with two polarization

states, the entire spectra of eqs. (3.19) and (4.26) agree. However, there is no direct

correspondence for individual Landau levels.

Denoting the Weyl fermions contained in the superfields φ1±, φ±, χ± and V + = V −†

by ψ1±, ψ±, ω± and λ±, respectively, one finds for the fermionic mass terms of the 4d

Lagrangian (4.20) (cf. appendix C),

L4 ⊃
∑
nn′

(
µn,n′

(
ψ1+
n,n′ψ

−
n,n′ + iω+

n,n′λ
−
n,n′
)

+ µn+1,n′+1

(
ψ1−
n,n′ψ

+
n,n′ + iω−n,n′λ

+
n,n′
))

+ h.c. . (4.29)

Note that by definition, ψ−0,0 = ω+
0,0 = 0 (cf. eqs. (4.15), (4.18)). Clearly, the spectrum

contains two zero-modes, ψ1+
0,0 and λ−0,0.

The structure of the bc-sector is identical to the one in the aa′-sector. Also in the

bc-sector the flux vanishes in the first torus, see table 1, and only the flux densities f ia,

i = 2, 3, have to be replaced by f ib and f ic, which corresponds to a redefinition of f2 and f3

in eq. (4.2).
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4.2 Chiral matter (ab-sector)

We now turn to the chiral ‘matter sector’ and consider the vector and chiral superfields

V −0
α , φ−0

α ∼ N−1,0 and V +0
α , φ+0

α ∼ N1,0. For simplicity, we drop the superscripts “0”

referring to zero H2 charge in the following. The commutators of the corresponding SO(32)

matrices are given in eq. (B.3),

[H0, T
∓0
α ] = ± 1√

N
T∓0
α , [H1, T

∓0
α ] = ∓T∓0

α , [T−0
α , T+0

β ] = δαβ

(
1√
N
H0 −H1

)
+ . . .

(4.30)

For anti-chiral superfields signs are exchanged. According to table 1, the flux densities f i1
in the three tori satisfy the quantization conditions (ρi = L′i/Li)

g

2π

∫
T 2
1

f1
1 =

2πα′

ρ1
gf1

1 = 1 ,
g

2π

∫
T 2
2

f2
1 =

2πα′

ρ2
gf2

1 = l ,

g

2π

∫
T 2

f3
1 =

2πα′

ρ3
gf3

1 = −2 .

(4.31)

Combining the H1 flux densities with the H0 flux densities given in eq. (4.1), one obtains

for the total flux densities, i.e. the differences between f i0/
√
N and f i1, in the three tori

−gf1
1 = − ρ1

2πα′
≡ −2gf1 ,

g√
N
f2

0 − gf2
1 =

(2− l)ρ2

2πα′
≡ −2gf2 ,

g√
N
f3

0 − gf3
1 =

3ρ3

2πα′
≡ 2gf3 .

(4.32)

Note that the flux parameters fi are all positive.

Using eqs. (3.11), (3.12) and (4.30), one obtains from the action (3.9) the relevant

terms for the generation of boson and fermion masses,

L10 ⊃
∫
d2θ

(
1

4
W0W0 +

1

4
W1W1 +

1

2
W+
α W

−
α

+εijkφ
i−
α

(
∂j −

g√
2N

χj0 +
g√
2
χj1

)
φk+
α

)
+ h.c.

+

∫
d4θ

(
χ̄i0χ

i
0 + χ̄i1χ

i
1 + φ̄i−α φ

i−
α + φ̄i+α φ

i+
α

+
√

2
(
∂iχ̄

i
0 + ∂iχ

i
0

)
V0 +

√
2
(
∂iχ̄

i
1 + ∂iχ

i
1

)
V1

+
g√
N

(
φ̄i−α φ

i−
α − φ̄i+α φi+α

)
V0 − g

(
φ̄i−α φ

i−
α − φ̄i+α φi+α

)
V1

+
√

2

((
∂i −

g√
2N

χi0 +
g√
2
χi1

)
φ̄i−α +

(
∂i +

g√
2N

χ̄i0 −
g√
2
χ̄i1

)
φi+α

)
V −α

+
√

2

((
∂i +

g√
2N

χi0 −
g√
2
χi1

)
φ̄i+α +

(
∂i −

g√
2N

χ̄i0 +
g√
2
χ̄i1

)
φi−α

)
V +
α
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+

(
∂i +

g√
2N

χ̄i0 −
g√
2
χ̄i1

)
V +
α

(
∂i +

g√
2N

χi0 −
g√
2
χi1

)
V −α

+

(
∂i −

g√
2N

χ̄i0 +
g√
2
χ̄i1

)
V −α

(
∂i −

g√
2N

χi0 +
g√
2
χi1

)
V +
α

)
. (4.33)

Replacing the scalar fields χi0 and χi1 by the flux densities (4.1) and (4.31), respectively,

one obtains covariant derivatives. Using eqs. (4.5) they can be replaced by annihilation

and creation operators that now act on the coordinates of all three tori,

L10 ⊃
∫
d2θ

(
1

4
W0W0+

1

4
W1W1+

1

2
W+W−−i

√
2gf1(φ3−a1

+φ
2+−φ2−a1

+φ
3+)

−i
√

2gf2(φ1−a2
+φ

3+−φ3−a2
+φ

1+)−i
√

2gf3(φ2−a3†
−φ

1+−φ1−a3†
−φ

2+)

)
+h.c.

+

∫
d4θ

(
χ̄i0χ

i
0+χ̄i1χ

i
1+φ̄i+φi++φ̄i−φi−+2

(
f2

0 +f3
0−

g√
N

(φ̄i+φi+−φ̄i−φi−)

)
V0

+2
(
f1

1 +f2
1 +f3

1 +g(φ̄i+φi+−φ̄i−φi−)
)
V1

−2i
((√

gf1(a1
+φ̄

1−+a1†
+φ

1+)+
√
gf2(a2

+φ̄
2−+a2†

+φ
2+)

+
√
gf3(a3†

− φ̄
3−+a3

−φ
3+)
)
V −+h.c.

)
−2gf1

(
a1†

+ V
+a1†
− V

−+a1
−V
−a1

+V
+
)
−2gf2

(
a2†

+ V
+a2†
− V

−

+a2
−V
−a2

+V
+
)
−2gf3

(
a3†

+ V
+a3†
− V

−+a3
−V
−a3

+V
+
))

. (4.34)

The fields have a triple expansion in three sets of mode functions

φi−(x; z1, z2, z3) =
∑

n1j1,n2j2,n3j3

φi−n1j1,n2j2,n3j3
(x)ξn1j1(z1)ξn2j2(z2)ξn3j3(z3) ,

φi+(x; z1, z2, z3) =
∑

n1j1,n2j2,n3j3

φi+n1j1,n2j2,n3j3
(x)ξn1j1(z1)ξn2j2(z2)ξn3j3(z3) , etc. . (4.35)

As in the discussion of antisymmetric tensor fields, one can now form linear combina-

tions of the six chiral superfields φi+ and φi− such that two new fields, Ξ+ and Ξ−, mix

with the vectorfield and the other four, φ± and Φ±, form pairwise superpotential mass

terms. It is straightforward to verify that this is achieved in a two-step process,

φ−n1,n2,n3
=

1

µn1,n2

(
−
√

2gf1n1 φ
2−
n1−1,n2,n3

+
√

2gf2n2 φ
1−
n1,n2−1,n3

)
,

(n1, n2) 6= (0, 0) ; φ−0,0,n3
= 0 , (4.36)

φ+
n1,n2,n3

=
1

µn1+1,n2+1

(√
2gf1(n1 + 1) φ2+

n1+1,n2,n3
−
√

2gf2(n2 + 1) φ1+
n1,n2+1,n3

)
, (4.37)

χ+
n1,n2,n3

=
1

µn1,n2

(√
2gf1n1 φ

1+
n1−1,n2,n3

+
√

2gf2n2 φ
2+
n1,n2−1,n3

)
,

(n1, n2) 6= (0, 0) ; χ+
0,0,n3

= 0 , (4.38)
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χ−n1,n2,n3
=

1

µn1+1,n2+1

(√
2gf1(n1 + 1) φ1−

n1+1,n2,n3
+
√

2gf2(n2 + 1) φ2−
n1,n2+1,n3

)
, (4.39)

with µn1,n2 = (2gf1n1 + 2gf2n2)1/2, and, as the second step,

Φ+
n1,n2,n3

=
1

µn1,n2,n3

(√
2gf3n3 χ

+
n1,n2,n3−1 + µn1,n2 φ

3+
n1,n2,n3

)
,

(n1, n2, n3) 6= (0, 0, 0) , Φ+
0,0,0 = φ3+

0,0,0 , (4.40)

Φ−n1,n2,n3
=

1

µn1+1,n2+1,n3+1

(√
2gf3(n3 + 1) χ−n1,n2,n3+1 + µn1+1,n2+1 φ

3−
n1,n2,n3

)
, (4.41)

Ξ+
n1,n2,n3

=
1

µn1,n2,n3+1

(
µn1,n2 χ

+
n1,n2,n3

−
√

2gf3(n3 + 1) φ3+
n1,n2,n3+1

)
, (4.42)

Ξ−n1,n2,n3
=

1

µn1+1,n2+1,n3

(
µn1+1,n2+1 χ

−
n1,n2,n3

−
√

2gf3n3 φ
3−
n1,n2,n3−1

)
, (4.43)

where

µn1,n2,n3 = (2gf1n1 + 2gf2n2 + 2gf3n3)1/2 . (4.44)

Note, that in eq. (4.40) the field Φ+
0,0,0 is determined from the requirement

∑
n(|Φ+

n |2 +

|Ξ+
n |2) =

∑
n(|χ+

n |2 + |φ3+
n |2), where (n1, n2, n3) ≡ n. In terms of the new fields the 4d

Lagrangian reads,

L4 ⊃
∫
d2θ

(
1

4
W0W0 +

1

4
W1W1 +

∑
n

(
1

2
W+
n W

−
n − µn1,n2,n3 φ

−
nΦ+

n

− µn1+1,n2+1,n3+1 φ
+
nΦ−n

))
+ h.c.

+

∫
d4θ

(
2(f2

0 + f3
0 )V0 + 2(f1

1 + f2
1 + f3

1 )V1

+
∑
n

(
|φ+
n |2 + |φ−n |2 + |Φ+

n |2 + |Φ−n |2 + |Ξ+
n |2 + |Ξ−n |2

− g√
N

(
|φ−n |2 + |Φ−n |2 + |Ξ−n |2 − |φ+

n |2 − |Φ+
n |2 − |Ξ+

n |2
)
V0

+ g
(
|φ−n |2 + |Φ−n |2 + |Ξ−n |2 − |φ+

n |2 − |Φ+
n |2 − |Ξ+

n |2
)
V1

+
√

2
((
µn1+1,n2+1,n3 Ξ

−
n − µn1,n2,n3+1 Ξ+

n

)
V −n + h.c.

)
+ 2M2

n1,n2,n3
V +
n V

−
n

))
, (4.45)

where

Mn1,n2,n3 = (gf1(2n1 + 1) + gf2(2n2 + 1) + gf3(2n3 + 1))1/2 . (4.46)

At this step, supersymmetry breaking by the flux induced D-terms has to be taken into

account, and vector and scalar masses have to be calculated by eliminating all auxiliary
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F- and D-terms. The mixing between Ξ+
n and Ξ

−
n yields the Goldstone fields Π+

n and the

orthogonal complex scalars Σ+
n ,

Π+
n =

1√
2Mn1,n2,n3

(
µn1+1,n2+1,n3 Ξ

−
n + µn1,n2,n3+1 Ξ+

n

)
, (4.47)

Σ+
n =

1√
2Mn1,n2,n3

(
− µn1,n2,n3+1 Ξ

−
n + µn1+1,n2+1,n3 Ξ+

n

)
. (4.48)

The vector bosons of the tower of Landau levels acquire their mass by the Stückelberg

mechanism, and a shift of the vector bosons,

A+µ
n → A+µ

n −
i

Mn1,n2,n3

∂µΠ+
n , (4.49)

cancels the mixings with the Goldstone bosons as well as the kinetic terms of the Goldstone

bosons. The final result for the bosonic part of the 4d Lagrangian (4.45) reads

Lb4 ⊃ −
∑
n

(
M2
n1,n2,n3

(
A+µ
n A−µn + |Σ+

n |2
)

+
(
M2
n1,n2,n3

− 2gf1 − 2gf2

)
|φ−n |2 +

(
M2
n1,n2,n3

+ 2gf1 + 2gf2

)
|φ+
n |2

+
(
M2
n1,n2,n3

+ 2gf3

)
|Φ−n |2 +

(
M2
n1,n2,n3

− 2gf3

)
|Φ+
n |2
)
,

(4.50)

where, by definition, φ−0,0,n3
= 0 and Φ+

0,0,0 = φ3+
0,0,0 (see eqs. (4.36), (4.40)). The scalars

with smallest masses are φ−0,1,0, φ−1,0,0 and Φ+
0,0,0,

Lb4 ⊃ −g(−f1 + f2 + f3)|φ−0,1,0|2 − g(f1 − f2 + f3)|φ−1,0,0|2

− g(f1 + f2 − f3)|Φ+
0,0,0|2 .

(4.51)

These masses are in agreement with the ones given in table 3 for the ab-sector.

Denoting the Weyl fermions contained in the superfields φ±, Φ±, Ξ± and V + = V −†

by ψ±, ψ
′±, ω± and λ±, respectively, one finds for the fermionic mass terms of the 4d

Lagrangian (4.45) (cf. appendix C),

L4 ⊃
∑
n

(
µn1,n2,n3 ψ

−
n ψ

′+
n + iµn1,n2,n3+1 ω

+
n λ
−
n

+ µn1+1,n2+1,n3+1 ψ
+
n ψ

′−
n + iµn1+1,n2+1,n3 ω

−
n λ

+
n

)
+ h.c.

(4.52)

Note, that by definition, ψ−0,0,n3
= 0. Hence, the spectrum contains one zero-mode,

ψ
′+
0,0,0 ⊂ Φ+

0,0,0.

The number of flux quanta in the first, second and third torus is 1, l − 2 and 3,

respectively. All fields therefore have a multiplicity of 3(l − 2), in agreement with the

intersection number for the ab-sector listed in table 2. The multiplicity of fields is labeled

by the indices j1, j2, j3. The quadratic part of the 4d Lagrangian, given in eqs. (4.50)

and (4.52), is diagonal and the same for all fields. However, due to the non-trivial profile

of the mode functions in the compact space, Yukawa couplings depend on j1, j2, j3.
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5 Higgs sector

In the bc- and bc′-sectors of the D-brane model there are no chiral fermions, and both

sectors contain a tachyon, see table 3. In this section we will analyze the bc′-sector in

detail. According to table 1, brane b and brane c′ are parallel in two tori, their distances

being moduli. In the T-dual flux compactification these moduli correspond to Wilson lines.

From table 1 and eq. (3.17) one obtains for the background fields in the three tori,

gf1
1 =

ρ1

2πα′
z1 , gχ2

1 =
lρ2

2πα′
z2√

2
+ gξ2

1 , gχ3
1 = − 2ρ3

2πα′
z3√

2
+ gξ3

1 ,

gf1
2 =

ρ1

2πα′
z1 , gχ2

2 = − lρ2

2πα′
z2√

2
+ gξ2

2 , gχ3
2 =

ρ3

2πα′
z3√

2
+ gξ3

2 .

(5.1)

The bc′-sector contains the vector and chiral superfields V ++, φi++, V −− and φi−−. The

charges with respect to H1 and H2 are identical. For notational simplicity, we shall drop

one of the superscripts in the following. The commutators of the relevant SO(32) matrices

are given in eq. (B.9),

[H1, X
±±] = ±X±± , [H2, X

±±] = ±X±± , [X++, X−−] = H1 +H2 .

Combining the H1 and H2 background fields in eq. (5.1), one obtains for the total flux

densities and Wilson lines in the three tori

g(f1
1 + f1

2 ) =
ρ1

πα′
z1 ≡ 4gfz1 , g(χ2

1 + χ2
2) = g(ξ2

1 + ξ2
2) ≡ g

√
2ξ2 ,

g(χ3
1 + χ3

2) = g(ξ3
1 + ξ3

2) ≡ g
√

2ξ3 .
(5.2)

Using eqs. (3.9), (3.11), (3.12) and (B.9), and inserting the background fields (5.2),

one obtains for the quadratic part of the 10d Lagrangian,

L10 ⊃
∫
d2θ

(
1

4
W1W1 +

1

4
W2W2 +

1

2
W+W−

+ φ3+(∂1 − 2gfz1)φ2− − φ2+(∂1 − 2gfz1)φ3−

+ φ1+(∂2 − gξ2)φ3− − φ3+(∂2 − gξ2)φ1−

+ φ2+(∂3 − gξ3)φ1− − φ1+(∂3 − gξ3)φ2−
)

+ h.c.

+

∫
d4θ
(
φ̄i+φi+ + φ̄i−φi− + 4f

(
V1 + V2

)
+ g
(
φ̄i+φi+ − φ̄i−φi−

)(
V1 + V2

)
+
√

2
(((

∂1 + 2gfz1

)
φ̄1− +

(
∂2 + gξ2

)
φ̄2− +

(
∂3 + gξ3

)
φ̄3−

+
(
∂1 − 2gfz1

)
φ1+ +

(
∂2 − gξ2

)
φ2+ +

(
∂3 − gξ3

)
φ3+

)
V − + h.c.

)
+
(
∂1 − 2gfz1

)
V +
(
∂1 − 2gfz1

)
V − +

(
∂2 − gξ2

)
V +
(
∂2 − gξ2

)
V −

+
(
∂3 − gξ3

)
V +
(
∂3 − gξ3

)
V − +

(
∂1 + 2gfz1

)
V −
(
∂1 + 2gfz1

)
V +

+
(
∂2 + gξ2

)
V −
(
∂2 + gξ2

)
V + +

(
∂3 + gξ3

)
V +
(
∂3 + gξ3

)
V −
)
. (5.3)
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The fields feel magnetic flux only in the first torus. Hence the mode functions are harmonic

oscillator wave functions in the first torus and ordinary KK mode functions in the second

and third torus,

φi+(x; z1, z2, z3) =
∑

nj,ml,m′l′

φi+nj,ml,m′l′(x)ξnj(z1)ηml(z2)ηm′l′(z3) ,

φi−(x; z1, z2, z3) =
∑

nj,ml,m′l′

φi−nj,ml,m′l′(x)ξnj(z1)ηml(z2)ηm′l′(z3) , etc. ,
(5.4)

where

ηlm(z) = ezµlm−zµlm = η−l−m , µlm = 2π(m+ il) ≡ µη . (5.5)

Replacing covariant derivatives with flux by annihilation and creation operators according

to eq. (4.5), inserting the mode expansion (5.4) for the second and third torus and keeping

for the two U(1) factors only the lowest mode, one arrives at

L10 ⊃
∫
d2θ

1

4
W1W1 +

1

4
W2W2 +

∑
ηη′

(
1

2
W+
ηη′W

−
ηη′

− i
√

4gf
(
φ3+
ηη′a

†
−φ

2−
ηη′ − φ2+

ηη′a
†
−φ

3−
ηη′

)
+ φ1+

ηη′Mηφ
3−
ηη′

− φ3+
ηη′Mηφ

1−
ηη′ + φ2+

ηη′Mη′φ
1−
ηη′ − φ1+

ηη′Mη′φ
2−
ηη′

)+ h.c.

+

∫
d4θ

4f (V1 + V2) +
∑
η,η′

(
φ̄i+
ηη′φ

i+
ηη′ + φ̄i−

ηη′φ
i−
ηη′

+ g (V1 + V2)
(
|φi+ηη′ |2 − |φi−ηη′ |2

)
+
√

2
((
−i
√

4gf
(
a+φ̄

1−
ηη′ + a†+φ

1+
ηη′

)
−Mηφ̄

2−
ηη′ −Mη′ φ̄

3−
ηη′ +Mηφ

2+
ηη′ +Mη′φ

3+
ηη′

)
V −ηη′ + h.c.

)
(5.6)

−4gf
(
a†+V

+
ηη′a

†
−V
−
ηη′ + a−V

−
ηη′a+V

+
ηη′

)
+ 2

(
|Mη|2 + |Mη′ |2

)
V +
ηη′V

−
ηη′

) ,

where

Mη = µη − gξ2 , Mη′ = µη′ − gξ3 (5.7)

are mass terms that depend on the Wilson lines.

Consider first the case without flux, i.e., f = 0. In this case supersymmetry is unbroken

and, for simplicity, we restrict ourselves to mode functions (5.4) that are constant in the

first torus. Then one can easily diagonalize the Lagrangian. Defining the superfields8

φ+
ηη′ =

1

|Mηη′ |
(
Mη′φ

2+
ηη′ −Mηφ

3+
ηη′
)
, φ−ηη′ =

1

|Mηη′ |
(
Mη′φ

2−
ηη′ −Mηφ

3−
ηη′
)
,

χ+
ηη′ =

1

|Mηη′ |
(
Mηφ

2+
ηη′ +Mη′φ

3+
ηη′
)
, χ−ηη′ =

1

|Mηη′ |
(
Mηφ

2−
ηη′ +Mη′φ

3−
ηη′
)
,

(5.8)

8The following discussion holds for Mηη′ 6= 0. For Mηη′ = Mη = Mη′ = 0, the fields φ2±
00 and φ3±

00 do

not mix.
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where |Mηη′ | = (|Mη|2 + |Mη′ |2)1/2, and shifting the vector superfield,

V +
ηη′ → V +

ηη′ −
1√

2|Mηη′ |
(
χ+
ηη′ − χ̄−ηη′

)
, (5.9)

one obtains

L10 ⊃
∫
d2θ

1

4
W1W1 +

1

4
W2W2

+
∑
ηη′

(
1

2
W+
ηη′W

−
ηη′ + |Mηη′ |

(
φ1−
ηη′φ

+
ηη′ − φ

1+
ηη′φ

−
ηη′

))+ h.c.

+

∫
d4θ

∑
ηη′

(
|φ1+
ηη′ |2 + |φ1−

ηη′ |2 + |φ+
ηη′ |2 + |φ−ηη′ |2 + 2|Mηη′ |2V −ηη′V

+
ηη′

)
. (5.10)

The Goldstone chiral multiplets χ±ηη′ have been removed from the Lagrangian, and a com-

plex vector multiplet and four chiral multiplets all have the same mass Mηη′ , corresponding

to N = 4 supersymmetry.

The magnetic flux in the first torus mixes different Landau levels of φ1±
n,ηη′ and χ±n,ηη′ .

Now it is convenient to introduce the superfields

Ξ+
n,ηη′ =

1

µn,ηη′

(
|Mηη′ | χ+

n,ηη′ −
√

4gfn φ1+
n−1,ηη′

)
,

Ξ−n,ηη′ =
1

µn+1,ηη′

(
|Mηη′ | χ−n,ηη′ −

√
4gf(n+ 1) φ1−

n+1,ηη′
)
,

Φ+
n,ηη′ =

1

µn+1,ηη′

(√
4gf(n+ 1) χ+

n+1,ηη′ + |Mηη′ | φ1+
n,ηη′

)
,

Φ−n,ηη′ =
1

µn,ηη′

(√
4gfn χ−n−1,ηη′ + |Mηη′ | φ1−

n,ηη′
)
,

(5.11)

with

µn,ηη′ = (4gfn+ |Mηη′ |2)1/2 . (5.12)

Using eqs. (4.5) and (5.6), a straightforward calculation yields for the 4d Lagrangian,

L10 ⊃
∫
d2θ

1

4
W1W1 +

1

4
W2W2 +

∑
n,ηη′

(
1

2
W+
n,ηη′W

−
n,ηη′

+ µn,ηη′ Φ−n,ηη′φ
+
n,ηη′ − µn+1,ηη′ Φ+

n,ηη′φ
−
n,ηη′

)+ h.c.

+

∫
d4θ

4f (V1 + V2) +
∑
n,ηη′

(
|φ+
n,ηη′ |2 + |φ−n,ηη′ |2 + |Φ+

n,ηη′ |2 + |Ξ+
n,ηη′ |2

+ |Φ−n,ηη′ |2 + |Ξ−n,ηη′ |2 + g
(
|φ+
n,ηη′ |2 + |Φ+

n,ηη′ |2 + |Ξ+
n,ηη′ |2

−|φ−n,ηη′ |2 − |Φ−n,ηη′ |2 − |Ξ−n,ηη′ |2
)

(V1 + V2)
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+
√

2
((
µn,ηη′ Ξ+

n,ηη′ − µn+1,ηη′ Ξ
−
n,ηη′

)
V −nηη′ + h.c.

)
+2M2

n,ηη′V
+
ηη′V

−
ηη′

) , (5.13)

where

Mn,ηη′ = (2gf(2n+ 1) + |Mηη′ |2)1/2 . (5.14)

Like in the previous section the Goldstone bosons giving mass to the vector bosons A+µ
n,ηη′

are identified as9

Π+
n,ηη′ =

1√
2Mn,ηη′

(
µn,ηη′ Ξ+

n,ηη′ + µn+1,ηη′ Ξ
−
n,ηη′

)
, (5.15)

with the orthogonal complex scalars

Σ+
n,ηη′ =

1√
2Mn,ηη′

(
µn,ηη′ Ξ+

n,ηη′ − µn+1,ηη′ Ξ
−
n,ηη′

)
, (5.16)

where we have used µ2
n+1,ηη′+µ

2
n,ηη′ = 2M2

n,ηη′ . The kinetic terms of the tower of Goldstone

bosons are removed by shifting the vector bosons,

A+µ
n,ηη′ → A+µ

n,ηη′ +
i

Mn,ηη′
∂µΠ+

n,ηη′ . (5.17)

Eliminating all F-terms and the D-terms D1, D2, D± by their equations of motion, one

obtains for the bosonic mass terms

Lb4 ⊃ −
∑
n,ηη′

(
M2
n,ηη′

(
A+
n,ηη′µA

−µ
n,ηη′ + |φ+

n,ηη′ |2 + |φ−n,ηη′ |2 + |Σ−n,ηη′ |2
)

+(M2
n,ηη′ − 4gf)|Φ−n,ηη′ |2 + (M2

n,ηη′ + 4gf)|Φ+
n,ηη′ |2

)
. (5.18)

Note that the mass of Φ−0,00,

M2[Φ−0,00] = −2gf + g2(|ξ2|2 + |ξ3|2) , (5.19)

is tachyonic for |ξ2|2 + |ξ3|2 < f/g. The implications will be studied in the subsequent

section. The boson masses are consistent with the string formula (3.19) for the internal

helicities (0, 0, 0), (±, 0, 0), (0,±, 0), (0, 0,±).

Denoting the Weyl fermions contained in the superfields φ±, Φ±, Ξ± and V + = V −† by

ψ±, ψ′±, ω± and λ±, respectively, one obtains for the fermion mass terms (see eq. (5.12)),

Lf4 ⊃ −
(
µn,ηη′

(
ψ−
n,ηη′ψ

′+
n,ηη′ − iω−n,ηη′λ

+
n,ηη′

)
+ µn+1,ηη′

(
ψ+
n,ηη′ψ

′−
n,ηη′ − iω+

n,ηη′λ
−
n,ηη′

))
+ h.c.

(5.20)

For vanishing Wilson lines there are four vector-like zero modes, ψ−
0,ηη′ , ψ

′+
0,ηη′ , ω

−
0,ηη′

and λ+
0,ηη′ . In the string formula (3.19) the mass spectrum is obtained for the helicities

(−1/2,±1/2,±1/2) and (1/2,±1/2,±1/2). There are two flux quanta in the first torus,

hence the multiplicity of all fields is two. In the case Mn,ηη′ = 0, corresponding to a com-

pactification from six dimensions to four dimensions, the mass spectrum has previously

been obtained in [22].

9Note that we use the same notation for a chiral superfield and its scalar component.
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5.1 bc-sector

The bc-sector is very similar to the aa′-sector. In both cases the magnetic flux is non-zero

only in the second and third torus. We therefore do not treat this case in detail but only

mention some key features which are relevant for the discussion of tachyon condensation

in section 7.

The sector contains the vector and chiral superfields V +−, φi+−, V −+ and φi−+, i.e.,

the charges with respect to H1 and H2 are opposite. The commutators of the relevant

SO(32) matrices read (see eq. (B.8)),

[H1, T
±∓] = ±T±∓ , [H2, T

±∓] = ∓T±∓ , [T+−, T−+] = H1 −H2 . (5.21)

For zero Wilson lines, one obtains for the background fields given in eq. (5.1) the total flux

densities in the three tori

g(f1
1 − f1

2 ) = 0 , g(f2
1 − f2

2 ) = 2l
ρ2

2πα′
z2 ≡ gf2z2 ,

g(f3
1 − f3

2 ) = −3
ρ3

2πα′
z3 ≡ −gf3z3 .

(5.22)

The crucial difference compared to the aa′-sector is the opposite sign of the flux densities

in the second and third torus. In the derivation of the effective 4d action this exchanges

annihilation and creation operators in various steps of the calculation. Taking this into

account, all relevant F - and D-terms can be essentially read off from eq. (4.13).

6 Effective potential

We are now ready to calculate the one-loop effective potential from the effective field theory.

We start with the potential for Wilson lines in the bc′-sector, then we discuss the potential

in the ab-sector which is independent of Wilson lines and depends only on volume moduli.

We shall perform the calculation for the effective field theory discussed in the previous

section, summing over the full towers of Landau levels and KK modes, and we shall then

compare the result with a string calculation.

6.1 Field theory calculation

The one-loop effective potential is given by the well known Coleman-Weinberg expression

V (ξ) =
1

2

∑
I

(−)F
∫

d4k

(2π)4
ln (k2 +M2

I (ξ)) , (6.1)

where the sum extends over all bosonic and fermionic states. The masses in the bc′-sector

are denoted by MI(ξ), F denotes fermion number, I accounts for Landau levels and KK

quantum numbers, and ξ represents real and imaginary parts of the Wilson lines in the

second and third torus, i.e. ξ = (ξ1, ξ2, ξ3, ξ4) = (Re ξ2, Im ξ2,Re ξ3, Im ξ3). Using the

Schwinger representation of propagators one has∫
d4k

(2π)4
ln (k2 +M2

I ) = − 1

16π2

∫ ∞
0

dt

t3
e−M

2
I t . (6.2)
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According to eqs. (5.12), (5.18) and (5.20) the mass spectrum of the bc′-sector takes the form

M2
I (ξ) = 2gfn+mgf + |Mηη′ |2 , (6.3)

where n is the Landau level, and m takes the values m = −1, 0, 1, 2, 3; multiplicities lm
and fermion numbers Fm for different values of m are (lm) = (1, 4, 6, 4, 1) and (Fm) =

(0, 1, 0, 1, 0). The sum over Landau levels is easily carried out,

∞∑
n=0

e−(2gfn+gfm+|Mηη′ |2)t = e−|Mηη′ |2t−gf(m−1)t 1

2 sinh(gft)
, (6.4)

and the sum over all bosons and fermions yields

∑
m

lm(−)Fm
∞∑
n=0

e−(2gfn+gfm+|Mηη′ |2)t = e−|Mηη′ |2t 1

2 sinh(gft)

×
(
e2gft − 4egft + 6− 4e−gft + e−2gft

)
= 16 e−|Mηη′ |2t sinh4(gft/2)

2 sinh(gft)
.

(6.5)

There are two flux quanta in the first torus leading to a multiplicity two for all states.

Introducing radii for the second and third torus as (R1, R2, R3, R4) = (L2, L
′
2, L3, L

′
3)/2π,

the final result for the potential takes the form

V (ξ) = − 1

2π2

∫ ∞
0

dt

t3

sinh4
(
gft
2

)
sinh (gft)

∑
mi

exp
(
− t
(mi

Ri
+ gξi

)2)
. (6.6)

The integral V (ξ) =
∫
dtV (t, ξ) has an infrared as well as an ultraviolet divergence.

For large t the contribution of the mi = 0 term to the integrand behaves as

V (t, ξ) ∝ 1

t3
e(gf−g2ξ2)t . (6.7)

Hence, the integral diverges if ξ2 < f/g. The same is true if ξ is closer than
√
f/g to any

lattice vector m/R. This infrared divergence is an effect of the tachyon in the spectrum.

Moreover, there is an ultraviolet divergence. Although each term in the sum is convergent,

the sum over KK modes behaves as R4/t2 for small t so that the integrand scales as

V (t, ξ) ∝ (gf)3R4

t2
e(gf−g2ξ2)t . (6.8)

Introducing an ultraviolet cutoff, t > δ ≡ 1/Λ2
UV, the quadratic ultraviolet divergence

becomes manifest, V ∼ (gf)3R4Λ2
UV.

A convenient regularization of the potential can be obtained by considering a Poisson

resummation of the sum over KK modes,

∑
mi

exp

(
−t
(
mi

Ri
+ gξi

)2
)

=
π2
∏
iRi

t2

∑
li

exp

(
i
∑
i

liRiξi − π2
∑
i

(Rili)
2/t

)
. (6.9)
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The ultraviolet divergence is now encoded in the term li = 0. Adding to the sum a

counter term

− c1e
−µ21t − c2e

−µ22t , (6.10)

with

1− c1 − c2 = 0 , c1µ
2
1 + c2µ

2
2 = 0 , (6.11)

implies that

∑
mi

exp

(
−t
(
mi

Ri
+ gξi

)2
)
− π2

∏
iRi

t2

(
c1e
−µ21t + c2e

−µ22t
)

(6.12)

is finite as t→ 0, yielding a finite integral V (ξ) =
∫
dtV (t, ξ). Note, that the terms∫

dt

t5
e−µ

2
i t ∝

∫
dt

t

∫
d8k

(2π)8
e−(k2+µ2i )t ∝

∫
d8k

(2π)8
ln (k2 + µ2

i ) (6.13)

correspond to Pauli-Villars regulators in 8d field theories.

Stationary points of the potential have to satisfy

∂V (t, ξ)

∂ξi
∝
∑
mj

(
mi

Ri
+ gξi

)
exp

(
−t
(
mj

Rj
+ gξj

)2
)

= 0 . (6.14)

The solutions are given by

ξ̂i =
ni

2gRi
, ni ∈ Z , (6.15)

since ∑
mj

(
mi

Ri
+

ni
2Ri

)
exp

(
−t
(
mj

Rj
+

nj
2Rj

)2
)

=
∑
mj

(
mi

Ri
− ni

2Ri

)
exp

(
−t
(
mj

Rj
− nj

2Rj

)2
)

= −
∑
mj

(
mi

Ri
+

ni
2Ri

)
exp

(
−t
(
mj

Rj
+

nj
2Rj

)2
)

= 0 .

(6.16)

In the vincinity of an extremum the potential can be approximated by the contributions

of a few neighboring lattice points. As an example, consider a one-dimensional case where

ξ points in one lattice direction. For gRξ = 1/2 the four nearest points yield

∑
m

exp

(
−t
(
m

R
+

1

2R

)2
)
' exp

(
−t
(
− 2

R
+

1

2R

)2
)

(6.17)

+ exp

(
−t
(
− 1

R
+

1

2R

)2
)

+ exp

(
−t
(

1

2R

)2
)

+ exp

(
−t
(

1

R
+

1

2R

)2
)

+ . . .

Using this approximation for the sum over KK modes the potential can be evaluated

numerically. As discussed above it is periodic with period gRξ ∼ gRξ + 1. Tachyonic
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regions (gRξ−n)2 < gfR2 ≡ ∆2/4, where the potential is ill defined, have to be excluded.

The result for the normalized potential V̂ (ξ) = V (ξ)/V (
√
f/g) is shown in figure 3. The

approximation used in eq. (6.17) is remarkably robust. Changing the number of neighboring

points from four to six, or even two, does not lead to a visible change in figure 3. At the

boundary to the tachyonic region the potential looses its meaning and one has to address

the problem of tachyon condensation.

The computation in the ab-sector goes as follows. The two stacks a and b intersect

in the three tori, therefore in the internal magnetic field framework charged states have

Landau levels in the three tori. Having checked that the mass formula (3.19) is valid in

the effective field theory (though the eigenvectors are linear combination of the states in

the Fock space spanned by Landau levels), one can compute the scalar potential after

diagonalizing the mass matrix. The states contributing are charged gauge vectors Aµ,

three complex scalar fields Φi and four Weyl fermions λ,Ψi, where i = 1, 2, 3. As shown

in detail in section 4.2, not all scalars in Φi are physical, some of them being absorbed by

the massive Landau levels of gauge fields Aµ. It is however simpler to consider separately

the two degrees of freedom in Aµ and the absorbed scalars in the computation. Then the

various contributions to the scalar potential are

Aµ : 2
∑
ni

e−t
∑
i(2ni+1)gfi =

1

4
∏
i sinh(gfit)

,

Φi : 1
∑
nj 6=ni

e−t
∑
j 6=i(2nj+1)gfj

∑
ni

(
e−t(2ni−1)gfi + e−t(2ni+3)gfi

)
=

cosh(2gfit)

4
∏
i sinh(gfit)

,

λ : 1
∑
ni

(
e−2t

∑
i nigfi + e−2t

∑
i(ni+1)gfi

)
=

cosh(g(f1 + f2 + f3)t)

4
∏
i sinh(gfit)

, (6.18)

Ψ1 : 1
∑
ni

(
e−2t(

∑
i nigfi+gf1) + e−2t(

∑
i(ni+1)gfi−gf1)

)
=

cosh(g(−f1 + f2 + f3)t)

4
∏
i sinh(gfit)

,

with contributions of Ψ2,Ψ3 similar to the one of Ψ1 with appropriate obvious modifica-

tions. Adding all the contributions, taking into account of the opposite sign contributions

of bosons versus fermions and multiplying also by the multiplicity Iab of zero modes and

Landau levels, one gets

Vab = − Iab
16π2

∫ ∞
0

dt

t3
1∏

i sinh(gfit)

(
1 +

∑
i

cosh(2gfit)

− cosh(g(f1 + f2 + f3)t)− cosh(g(−f1 + f2 + f3)t)

− cosh(g(f1 − f2 + f3)t)− cosh(g(f1 + f2 − f3)t)

)
. (6.19)

By using standard identities one can rewrite the result into the form

Vab =
Iab
2π2

∫ ∞
0

dt

t3
1∏

i sinh(gfit)
sinh

(
g(f1 + f2 + f3)t

2

)
(6.20)

× sinh

(
g(−f1 + f2 + f3)t

2

)
sinh

(
g(f1 − f2 + f3)t

2

)
sinh

(
g(f1 + f2 − f3)t

2

)
.
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Figure 3. Wilson-line potential, normalized to its value at the border to the tachyonic region,

which is chosen to have the width ∆ = 2
√
gfR2 = 0.2 (see text).

Notice that the scalar potential vanishes if

f1 ± f2 ± f3 = 0 . (6.21)

Whenever one of the four equations (6.21) is fulfilled, supersymmetry is restored in the

corresponding (ab in our case) sector, in agreement with the arguments given at the end

of section 3. More precisely, if f1 ± f2 = 0, f3 = 0, the four-dimensional effective theory

has N = 2 supersymmetry, whereas when all fi are non-vanishing but one of the equa-

tions (6.21) is satisfied, the effective theory has N = 1 supersymmetry. This is not always

manifest in the effective actions written in the previous sections, except for the cases when

f1 + f2 + f3 = 0. The reason is that for the other cases of supersymmetry restoration,

the preserved supercharge generates multiplets misaligned to our superfield expansion. In-

deed, in the superfield expansion we used pre-assigned superpartners in an universal way,

whereas the supersymmetries preserved by the internal magnetic fields generically gener-

ate supermultiplets in a different way. While this could seem surprising at first sight, it

is standard in extended supersymmetric theories (see, for example, [37–39]). One test of

residual supersymmetries in the compactified theory is the boson-fermion degeneracy at

each mass level. However, this is realized non-trivially, since the eigenvectors of the mass

matrix mix different Landau levels, as shown explicitly in previous sections. Notice that

this discussion matches known results on supersymmetry preservation in D-brane models

at angles [13] and the T-dual version of type I/type II strings with internal magnetic fields.

However, as far as we know, this subtlety of the effective action has never been discussed

in detail in the string literature.

6.2 String calculation

From the string theory perspective, the scalar potential coming from various sectors is

given by (minus) the cylinder partition function found by usual string quantization with
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appropriate boundary conditions, in the internal magnetic picture, or equivalently, the

T-dual intersecting brane one. In particular,

Vbc′ = −Abc′ . (6.22)

Let us start with the scalar potential in the bc′-sector. The corresponding brane stacks

are parallel in the second and the third torus and intersect in the first torus. Standard

formulae [1] lead to the partition function

Abc′ =
I1
bc′

2(4π2α′)2

∫ ∞
0

dτ2

τ3
2

(V8 − S8)(ε1τ |τ)

η6

2iη

θ1(ε1τ |τ)
Pm2+ξ2Pm3+ξ3 , (6.23)

where

Pm2+ξ2 =
∑
m2

e
−πτ2α′

∑
i

(
mi
Ri

+ξi

)2
(6.24)

is the Kaluza-Klein sum along the second torus, with a similar expression for Pm3+ξ3 .

The parameter ε1 is related to the angle between the stacks in the first torus according to

θ1
bc′ = πε1. Various modular functions are defined in appendix D. In eq. (6.23) we also used

the character

(V8 − S8)(ε1τ |τ) ≡ θ3
3θ3(ε1τ |τ)− θ3

4θ4(ε1τ |τ)− θ3
2θ2(ε1τ |τ)

2η4
=
θ4

1( ε1τ2 |τ)

η4
, (6.25)

where the last equality is the Jacobi identity (D.5), and θi = θi(0|τ). The modular param-

eter of the doubly covering torus of the cylinder is defined as

q = e2πiτ , τ =
iτ2

2
, (6.26)

and the relation with the Schwinger proper time of the field theory computation is t=πτ2α
′.

The connection with the field theory computation is done by decoupling the charged

open string oscillators in the formulae above, while keeping the Kaluza-Klein states and

the Landau levels. This is achieved in the τ2 → ∞ limit of the modular functions, for

example,

θ1(ε1τ |τ)→ 2i sinh
(πε1τ2

2

)
q1/8 , (6.27)

which is valid for |ε1| < 1/2. Notice that the Wilson-line dependence of the field theory

expression is accurate in the large volume limit, vi � α′. Indeed, in this limit, Kaluza-

Klein states and Landau levels are much lighter than the charged open string oscillators. It

is important that the UV divergence of the amplitude/scalar potential, which arises even

after summing over all sectors due to the NSNS tadpole generated by the magnetic fields,

is independent of the Wilson lines. The scalar potential can therefore be regulated by the

Pauli-Villars method discussed in the previous paragraph.

The analogous expression for the amplitude Abc is easily found to be

Abc =
I2
bcI

3
bc

2(4π2α′)2

∫ ∞
0

dτ2

τ3
2

(V8 − S8)(ε2τ ; ε3τ |τ)

η4

2iη

θ1(ε2τ |τ)

2iη

θ1(ε3τ |τ)
Pm1+ξ1 , (6.28)
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where one can now use the Jacobi identity (D.5),

(V8 − S8)(ε2τ ; ε3τ |τ) ≡ 1

2η4

(
θ2

3θ3(ε2τ |τ)θ3(ε3τ |τ)

− θ2
4θ4(ε2τ |τ)θ4(ε2τ |τ)− θ2

2θ2(ε2τ |τ)θ2(ε3τ |τ)
)

=
1

η4
θ2

1

(
(ε2 + ε3)τ

2

∣∣∣τ) θ2
1

(
(ε2 − ε3)τ

2

∣∣∣τ) . (6.29)

The stacks in the ab-sector intersect in all three tori. In this case, there are no standard

Kaluza-Klein sums, but Landau levels in the three tori. The cylinder partition function

reads

Aab =
I1
abI

2
abI

3
ab

2(4π2α′)2

∫ ∞
0

dτ2

τ3
2

(V8 − S8)(ε1τ ; ε2τ ; ε3τ |τ)

η2

3∏
i=1

2iη

θ1(εiτ |τ)
, (6.30)

which can again be simplified with the help of the Jacobi identity (D.5),

(V8 − S8)(ε1τ ; ε2τ ; ε3τ |τ) ≡ θ3
∏3
i=1 θ3(εiτ |τ)− θ4

∏3
i=1 θ4(εiτ |τ)− θ2

∏3
i=1 θ2(εiτ |τ)

2η4

= − 1

η4
θ1

(
(ε1 + ε2 + ε3)τ

2

∣∣∣τ) θ1

(
(−ε1 + ε2 + ε3)τ

2

∣∣∣τ)
× θ1

(
(ε1 − ε2 + ε3)τ

2

∣∣∣τ) θ1

(
(ε1 + ε2 − ε3)τ

2

∣∣∣τ) . (6.31)

Notice that the potential vanishes whenever

ε1 ± ε2 ± ε3 = 0 , (6.32)

which encode the standard condition for supersymmetry restoration (see eq. (2.12)), θ1 ±
θ2 ± θ3 = 0, as explained in [13].

After taking the field theory limit and by introducing Pauli-Villars regulators for the

UV part of the potential and using the field theory Schwinger proper time t, one finds the

scalar potential

Vab =
I1
abI

2
abI

3
ab

2π2

∫ ∞
0

dt

t3

(
1− c1e

−µ21t − c2e
−µ22t

)
(6.33)

×
sinh

(
(ε1+ε2+ε3)t

4

)
sinh

(
(−ε1+ε2+ε3)t

4

)
sinh

(
(ε1−ε2+ε3)t

4

)
sinh

(
(ε1+ε2−ε3)t

4

)
sinh

(
ε1t
2

)
sinh

(
ε2t
2

)
sinh

(
ε3t
2

) ,

where c1 + c2 = 1, c1µ
2
1 + c2µ

2
2 = 0. The non-regularized potential matches, by using the

field theory limit εi → 2gfi, the field theory result (6.20). As is well-known, the one-loop

cylinder string partition functions can be also written, after a modular transformation, as

a tree-level propagation of closed strings between two stacks of branes (see figure 4). This

open-closed string duality is crucial for the consistency of the string theory partition func-

tions. However, after taking the field theory limit and decoupling the open string massive

oscillators, the field theory scalar potentials do not feature this duality. As a consequence,

we choose for brevity to not write the scalar potentials in this dual formulation, which

would otherwise be crucial for the full fledged string theory formulation.
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Figure 4. Left: loop-diagram for open string; right: tree-diagram for closed string.

6.3 Volume-moduli potential

The effective potential (6.33) depends on the parameters of εi. In the D-brane model they

represent the brane intersection angles, εi = θi/π and in the T-dual magnetic compactifi-

cation they correspond to the torus volumes vi, with tan πεi = miρi = 4π2α′mi/vi.

Consider first the case with vanishing flux in the first torus, which is the case in the

sectors aa′ and bc. The effective potential can be obtained from eq. (6.33) by setting ε1 = 0,

which yields

Vaa′ ∝ −
∫ ∞

0

dt

t3

(
1− c1e

−µ21t − c2e
−µ22t

) sinh2
(

(ε2+ε3)t
4

)
sinh2

(
(ε2−ε3)t

4

)
sinh

(
ε2t
2

)
sinh

(
ε3t
2

) . (6.34)

On the line ε2 = ε3 in moduli space (see figure 2) the potential Vaa′ vanishes. However,

as one easily verifies, for ε2 6= ε3 the potential has an infrared divergence and approaches

−∞. Hence, due to the existence of a tachyon for ε2 6= ε3, the line ε2 = ε3 is unstable.

We can also evaluate the integral Vab for non-zero fluxes in all three tori, and therefore

no Wilson lines. In string theory, the result is UV divergent due to NSNS tadpoles which

require a vacuum redefinition that is very challenging to perform explicitly [26].

In our field theory approach, the potential can be regulated a là Pauli-Villars, but

now the result will depend on the regulator masses. We have checked numerically that for

εi � µ2
1,2 � 1/δ, where 1/δ is the ultraviolet cutoff, variation of µ2

1,2 essentially changes

the normalization of the potential and not the shape. Figure 5 shows the potential Vab for

three slices of moduli space defined by ε3 = ε̂3, ε2 = ε̂2 and ε1 = ε̂1, where (ε̂1, ε̂2, ε̂3) =

(0.04, 0.07,−0.1) is one allowed point in moduli space (see figure 5). At the boundary

of the tachyon-free region the potential vanishes. The figure clearly illustrates that the

system is always driven to the tachyonic region in moduli space. The same conclusion has

previously been reached in a related discussion in [17] from the viewpoint of the disc level

scalar potential. This suggests that a stabilization mechanism for the volume moduli is

needed at or above the compactification scale.

7 Tachyon condensation

Most sectors of the considered model have potentially tachyonic charged scalars. A fre-

quent assumption is that such tachyonic instabilities can be avoided by means of Wilson

lines. However, as we demonstrated in the previous section for the bc′-sector, the one-loop
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Figure 5. One-loop potential Vab for three slices in the three-dimensional space of the volume

moduli vi of the three 2-tori T 2
i , with tan πεi ∝ 1/vi. The slices are defined by ε3 = ε̂3 (top),

ε2 = ε̂2 (middle), and ε1 = ε̂1 (bottom), where (ε̂1, ε̂2, ε̂3) = (0.04, 0.07,−0.1) is a point in the

tachyon-free region of moduli space. The potential (arbitrary units) is evaluated numerically for an

ultraviolet cutoff δ−1 = 103 and Pauli-Villars regulator masses µ2
1 = 75, µ2

2 = 25.

Wilson-line potential has no stable extrema and the system is therefore driven to the tachy-

onic regime. For zero Wilson lines tachyon condensation takes place. This is interpreted

as brane-brane recombination and it is expected that tachyon condensation restores super-

symmetry, at least partially (see, for example, [34–36]). In the following, we shall address

for the first time tachyon condensation in a compact space.
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7.1 bc′-sector

The situation is particularly simple in the bc′-sector. According to eq. (5.19) the field

Φ−0,00 = φ1−
0,00 has a negative mass squared. The interesting question is whether its con-

densation can restore supersymmetry. Inspection of (5.13) shows that the relevant F - and

D-terms are given by (for simplicity we restrict ourselves to η = η′ = 0),

−F̄+
n = |Mn,00| Φ−n , (7.1)

−2D1,2 = 4f + g
∑
n

(
|φ+
n |2 + |Φ+

n |2 + |Ξ+
n |2 − |φ−n |2 − |Φ−n |2 − |Ξ−n |2

)
, (7.2)

−
√

2D+
n = |Mn| Ξ+

n − |Mn+1| Ξ
−
n . (7.3)

The equation D+
n = 0 is easily satisfied by Ξ+

n = Ξ−n = 0. The crucial point is that

because of |M0,00| = 0, the field Φ−0 = φ1−
0 decouples from the superpotential, and therefore

F̄+
0 = 0. Setting φ+

n = Φ+
n = Ξ+

n = φ−n = Φ−n+1 = Ξ−n = 0, D1,2 = 0 can be satisfied by

φ1−
0 =

√
2f/g, and supersymmetry is restored. The D-term scalar potential

VD =
g

4

(
4f − |φ1−

0 |2
)2
, (7.4)

yielding the tachyonic mass squared −2gf , in agreement with eq. (5.19).

According to eqs. (2.7), (3.6), (3.12) and (3.15), a vev of φ1−
0 leads to masses for all

chiral fermions,

Lmass ∝ y|φ1−
0 |

3(l−2)∑
j=1

N̄ j
1,0N

j
0,1 +

l+2∑
j=1

N̄ j
0,1N

j
1,0

 , (7.5)

where j labels the ground state wave functions. Hence, after tachyon condensation, all

fermions have masses of order
√
gf .

7.2 bc-sector

This sector is very similar to the aa′-sector, since the flux vanishes in the first torus.

However, an important difference is the sign of the flux densities. In the aa′-sector one

has positive flux densities in the second and the third torus. On the contrary, in the bc-

sector the two flux densities have opposite sign. Taking this into account, the relevant F -

and D-terms can be essentially read off from eq. (4.13). One finds, before forming linear

combinations for mass eigenstates,

F̄ 1+−
n,n′ =

√
2gf2n φ

3−+
n−1,n′ −

√
2gf3(n′ + 1) φ2−+

n,n′+1 , (7.6)

F̄ 1−+
n,n′ = −

√
2gf2(n+ 1) φ3+−

n+1,n′ +
√

2gf3n′ φ
2+−
n,n′−1 , (7.7)

−(D1 −D2) = f2 − f3 + g
∑
n,n′

(
|φi+−n,n′ |2 − |φi−+

n,n′ |2
)
, (7.8)

D−+
n,n′ =

√
gf2

(√
n φ̄2+−

n−1,n′ −
√
n+ 1 φ2−+

n+1,n′
)

−
√
gf3

(√
n′ + 1 φ̄3+−

n,n′+1 −
√
n′ φ3−+

n,n′−1

)
. (7.9)
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Similar to the bc′-sector, now the fields φ2−+
0,0 and φ3+−

0,0 decouple from the superpotential.

Setting all other fields to zero, F 1+−
n,n′ , F 1−+

n,n′ and D−+
n,n′ vanish and one is left with

− (D1 −D2) = f2 − f3 + g
(
|φ3+−

0,0 |2 − |φ2−+
0,0 |2

)
. (7.10)

Depending on the sign of f2−f3, D1−D2 = 0 is achieved for a vev of φ3+−
0,0 or φ2−+

0,0 . Hence,

as in the bc′-sector, tachyon condensation restores supersymmetry. However, according to

eq. (2.7), these vev’s do not generate mass terms for chiral fermions. In the special case

f2 = f3, there are two massless scalars and no tachyon condensation takes place.

Tachyon condensation in the aa′-sector is more complicated since the SU(N) D-terms

and the superpotential couple the antisymmetric tensor to chiral fields in the adjoint rep-

resentation of SU(N). Also Wilson lines of the U(1)a gauge group have to be taken into

account. This allows for more complicated solutions of the F - and D-term equations.

Tachyon condensation involves fields of order
√
f/g. Hence, the couplings between the

various sectors by D- and F -terms have to be taken into account in a complete analysis of

the vacuum structure.

8 Conclusions and open questions

We have studied the effective field theory for an intersecting D-brane model and its T-dual

magnetic compactification, which has all features wanted for extensions of the Standard

Model with high-scale supersymmetry breaking: the model has a ‘matter sector’ with

chiral fermions, broken supersymmetry and massive scalars, and a ‘Higgs sector’ with

vector-like fermions. For certain choices of fluxes, in some sectors scalars are massless and

supersymmetry is partially preserved. Expectation values of Higgs scalars can give mass

to the chiral fermions. In general it is assumed that tachyons in the Higgs sector can be

avoided by means of Wilson lines. All these features are well known from phenomenological

applications in the literature (see, for example, [16, 21]).

The considered model is also representative at the technical level. The different sectors

are examples of the three possibilities for background gauge fields, with flux in one torus

and Wilson lines in the other two, flux in two tori and Wilson lines in one torus, and flux

in three tori. The magnetic flux mixes the towers of Landau levels, yielding also massless

Goldstone bosons that give mass to vector fields via the Stückelberg mechanism. Physical

4d fields are linear combinations of fields from different Landau levels. For each mass level

the counting of bosonic and fermionic states is consistent with the string mass formula.

The scalar masses depend on moduli, i.e., Wilson lines and the volume moduli of

the three tori. One of the main results of this paper is the computation of the one-loop

effective potential for Wilson lines in the ‘Higgs sector’ based on the effective 4d field

theory. Summing over the tower of Landau levels leads to a result which is consistent with

the string cylinder amplitude in the field theory limit. It turns out that the computation

of the string amplitude is very convenient to obtain the one-loop potential, and in this way

we have therefore evaluated the contributions of all sectors of the model to the effective

potential.
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Notice, that in string theory, whenever the magnetic fluxes break supersymmetry, there

are NSNS tadpoles that generate divergences. These divergences, that are UV from the

loop viewpoint, are actually IR from the viewpoint of the tree-level gravitational exchange.

Their existence implies that the computation is not performed in the right vacuum, that

has to be redefined (see, for example, [26]), which is technically very challenging (for recent

progress, see, for example, [40]). This does not affect the Wilson-line potential, since the

divergence is independent of the Wilson lines. Our field theory approach with Pauli-Villars

regulators allowed us to analyze also the dependence of the potential on the volume moduli.

We find the expected instability of the perturbative vacuum. However, a more detailed

study is needed to obtain a definite result on the potential vacuum instability.

The one-loop Wilson-line potential in the Higgs sector is concave. There are no stable

extrema and the system is therefore driven to the tachyonic regime. We showed that for

vanishing Wilson lines tachyon condensation indeed takes place, and the corresponding

vacuum expectation value gives masses to all chiral fermions of the order of the compact-

ification scale. It is quite possible, however, that in other models some chirality remains

after tachyon condensation.

As we have seen, tachyon condensation in the Higgs sector restores supersymmetry.

It is important to extend the first analysis in this paper to all sectors of the model, since

the restoration of supersymmetry is closely related to the vacuum energy density and

the stability, or possibly metastability, of the model. Given the phenomenological virtues

of magnetic compactifications and intersecting D-brane models, it appears mandatory to

further pursue these questions.
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A Embedding U(N) into SO(2N)

In section 2 and section 3 we discussed an intersection D-brane model with gauge group

U(14) × U(1) × U(1) and a T-dual type I string compactification on a magnetized torus,

respectively. The connection becomes particularly transparent if one uses step generators

for the U(16) subgroup of SO(32). In this appendix we collect some formulae which extend

the step generators of a U(N) algebra to an SO(2N) algebra by adding generators that

transform as the antisymmetric complex representation of U(N).

The N2 generators of U(N) are given by matrices T̂αβ that transform as N ⊗N ,(
T̂αβ

)
α′β̄′

= δα′αδββ̄′ . (A.1)
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Note that the T̂αβ are not hermitian but satisfy the relation

T̂ Tαβ = T̂βα . (A.2)

The step generators are related to N(N + 1)/2 symmetric hermitean generators T̂ 1
αβ and

N(N − 1)/2 antisymmetric hermitian generators T̂ 2
αβ by

T̂ 1
αβ = T̂αβ + T̂βα , T̂ 2

αβ = i
(
T̂αβ − T̂βα

)
. (A.3)

Infinitesimal U(N) transformations of the fundamental representation ψ ∼ N read

δψ = i
(
εαβT̂αβ + ε∗αβT̂βα

)
ψ = i

(
ε1
αβT̂

1
αβ + ε2

αβT̂
2
αβ

)
ψ , (A.4)

where εαβ = ε1
αβ + iε2

αβ . Note that ε1
αβT̂

1
αβ and ε2

αβT̂
2
αβ are symmetric and antisymmetric

N × N matrices, respectively. An infinitesimal transformation of the complex conjugate

representation ψ ∼ N reads

δψ̄ = −i
(
ε∗αβT̂αβ + εαβT̂βα

)
ψ̄ = −i

(
ε1
αβT̂

1
αβ + ε2

αβT̂
2
αβ

)
ψ̄ . (A.5)

The step generators satisfy the commutator relations

[T̂αβ , T̂γδ] = δβγ T̂αδ − δδαT̂γβ , (A.6)

and are normalized as

tr
(
T̂αβ

)
= δαβ , tr

(
T̂ TαβT̂γδ

)
= δαγδβδ . (A.7)

The N ×N matrices T̂αβ and −T̂βα can be combined into 2N × 2N matrices

Tαβ =

(
T̂αβ 0

0 −T̂βα

)
=

(
T̂αβ 0

0 −T̂ T
αβ

)
, (A.8)

which act on the 2N -component vector

Ψ =

(
ψ

ψ̄

)
. (A.9)

Note that

tr (Tαβ) = 0 , tr
(
Tαβ

†Tγδ

)
= 2δαγδβδ . (A.10)

The generators Tαβ satisfy the same algebra as the generators T̂αβ ,

[Tαβ , Tγδ] = δβγTαδ − δδαTγβ , (A.11)

and the corresponding SO(2N) transformations read

δΨ = i
(
ε1
αβT

1
αβ + ε2

αβT
2
αβ

)
Ψ . (A.12)

– 40 –



J
H
E
P
1
2
(
2
0
1
9
)
0
2
2

The generators of SO(2N)/U(N) form a complex antisymmetric tensor of U(N). They

can be chosen as

X+
γδ =

(
0 X̂γδ

0 0

)
, X−γδ =

(
0 0

−X̂γδ 0

)
, (A.13)

where

(X̂γδ)γ′δ′ = δγγ′δδδ′ − δγδ′δδγ′ , (A.14)

with

X̂γδ = −X̂T
γδ = −X̂†γδ = −X̂δγ . (A.15)

The generators X±γδ satisfy the relations

X+
γδ
†
X−ερ = X−γδ

†
X+
ερ = 0 , (A.16)

and are normalized as

tr
(
X±γδ

†
X±ερ

)
= 2(δγεδδρ − δγρδδε) . (A.17)

Together with Tαβ they form a closed algebra,

[Tαβ , X
+
γδ] = δβγX

+
αδ + δβδX

+
γα ,

[Tαβ , X
−
γδ] = −δαγX−βδ − δαδX−γβ ,

[X+
γδ, X

+
ερ] = [X−γδ, X

−
ερ] = 0 ,

[X+
γδ, X

−
ερ] = δγεTδρ − δδεTγρ + δδρTγε − δγρTδε .

(A.18)

The corresponding SO(2N) transformations read

δΨ = i
(
ε̃γδX

+
γδ + ε̃∗γδX

−
γδ

)
Ψ = i

(
ε̃1
γδX

1
γδ + ε̃2

γδX
2
γδ

)
Ψ , (A.19)

where ε̃γδ = ε̃1
γδ + iε̃2

γδ and

X1
γδ = X+

γδ +X−γδ =

(
0 X̂γδ

−X̂γδ 0

)
,

X2
γδ = i

(
X+
γδ −X−γδ

)
= i

(
0 X̂γδ

X̂γδ 0

)
.

(A.20)

From eqs. (A.12) and (A.19) one concludes that a general SO(2N) transformation is

given by the 2N × 2N matrix

X =

(
S + iA3 A1 + iA2

−A1 + iA2 −S + iA3

)
. (A.21)

Here S = ε1
αβT̂

1
αβ is a real symmetric N × N matrix, and A3 = −iε2

αβT̂
2
αβ , A1 = ε̃1

γδX̂γδ

and A2 = ε̃2
γδX̂γδ are real antisymmetric N × N matrices. This can be compared to the

standard form of SO(2N) generators [41]

λ = −i
(
η1 ρ

−ρT η2

)
= −λT , (A.22)
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where η1 and η2 are antisymmetric real N ×N matrices and ρ is an arbitrary real N ×N
matrix. After a unitary transformation,

U =
1√
2

(
I −iI
I iI

)
, (A.23)

one obtains

λ′ = UλU † =
1

2

(
ρ+ ρT − i(η1 + η2) −(ρ− ρT )− i(η1 − η2)

(ρ− ρT )− i(η1 − η2) −(ρ+ ρT )− i(η1 + η2)

)
. (A.24)

This expression for λ′ agrees with the one for X in eq. (A.21) with S = (ρ + ρT )/2,

A3 = −(η1 + η2)/2, A1 = −(ρ− ρT )/2 and A2 = −(η1 − η2)/2.

Notice that the transformation (A.23) is also diagonalizing the magnetic flux. Indeed,

in the SO(2N) basis, the magnetic flux is of the type

〈F 〉 =

(
0 I

−I 0

)
. (A.25)

After the unitary transformation, the flux becomes

U〈F 〉U † =

(
iI 0

0 −iI

)
. (A.26)

B Commutators

In sections 2–5 we have considered the groups G = SO(2(N + 2)) ⊃ U(N)×U(1)×U(1) =

H, and in eqs. (3.11), (3.12) and (3.13) we have expanded vector, chiral and anti-chiral

superfields in terms of SO(2(N + 2)) generators, with the identifications (cf. (3.6)),

H0 =
1√
N
Tαα, H1 = TN+1,N+1, H2 = TN+2,N+2, Tαβ = T̃αβ +

1√
N
δαβH0 (B.1)

for generators of H and

T−0
α = Tα,N+1, T 0−

α = Tα,N+2, T+0
α = TN+1,α, T 0+

α = TN+2,α, T+− = TN+1,N+2,

T−+ = TN+2,N+1, X+0
α = X+

α,N+1 = −X+
N+1,α, X0+

α = X+
α,N+2 = −X+

N+2,α,

X−0
α = X−N+1,α = −X−α,N+1, X0−

α = X−N+2,α = −X−α,N+2,

X++ = X+
N+1,N+2 = −X+

N+2,N+1, X−− = X−N+2,N+1 = −X−N+1,N+2 , (B.2)

for generators of G/H.

Non-vanishing commutators needed in sections 3–5 include

[H0, T
∓0
α ] = ± 1√

N
T∓0
α , [H1, T

∓0
α ] = ∓T∓0

α , [T−0
α , T+0

β ] = Tαβ − δαβH1, (B.3)

[H0, T
0∓
α ] = ± 1√

N
T 0∓
α , [H2, T

0∓
α ] = ∓T 0∓

α , [T 0−
α , T 0+

β ] = Tαβ − δαβH2, (B.4)
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[H0, X
±0
α ] = ± 1√

N
X±0
α , [H1, X

±0
α ] = ±X±0

α , [X+0
α , X−0

β ] = −Tαβ − δαβH1, (B.5)

[H0, X
0±
α ] = ± 1√

N
X0±
α , [H2, X

0±
α ] = ±X0±

α , [X0+
α , X0−

β ] = −Tαβ − δαβH2, (B.6)

[H0, X
±
αβ ] = ± 2√

N
X±αβ , [X+

αβ , X
−
γδ] = δαγTβδ − δβγTαδ + δβδTαγ − δαδTβγ , (B.7)

[H1, T
±∓] = ±T±∓, [H2, T

±∓] = ∓T±∓, [T+−, T−+] = H1 −H2, (B.8)

[H1, X
±±] = ±X±±, [H2, X

±±] = ±X±±, [X++, X−−] = H1 +H2, (B.9)

[T−0
α , T 0+

β ] = −δαβT−+, [T−0
α , T+−] = T 0−

α , [T−0
α , X−βγ ] = −δαβX−0

γ + δαγX
−0
β ,

(B.10)

[T−0
α , X+0

β ] = −X+
αβ , [T−0

α , X0−
β ] = −δαβX−−, [T−0

α , X++] = X0+
α , (B.11)

[T 0−
α , T+0

β ] = −δαβT+−, [T 0−
α , T−+] = T−0

α , [T 0−
α , X−βγ ] = −δαβX0−

γ + δαγX
0−
β ,

(B.12)

[T 0−
α , X0+

β ] = −X+
αβ , [T 0−

α , X−0
β ] = δαβX

−−, [T 0−
α , X++] = −X+0

α , (B.13)

[T+0
α , T−+] = −T 0+

α , [T+0
α , X+

βγ ] = δαγX
+0
β − δαβX+0

γ , [T+0
α , X0+

β ] = δαβX
++,

(B.14)

[T+0
α , X−0

β ] = −X−αβ , [T+0
α , X−−] = −X0−

α , (B.15)

[T 0+
α , T+−] = −T+0

α , [T 0+
α , X+

βγ ] = δαγX
0+
β − δαβX0+

γ , [T 0+
α , X+0

β ] = −δαβX++,

(B.16)

[T 0+
α , X0−

β ] = −X−αβ , [T 0+
α , X−−] = X−0

α , (B.17)

[T+−, X0+
α ] = X+0

α , [T+−, X−0
α ] = −X0−

α , (B.18)

[T−+, X+0
α ] = X0+

α , [T−+, X0−
α ] = −X−0

α , (B.19)

[X+0
α , X−βγ ] = δαβT

+0
γ − δαγT+0

β , [X+0
α , X0−

β ] = −δαβT+−, [X+0
α , X−−] = T 0−

α ,

(B.20)

[X0+
α , X−βγ ] = δαβT

0+
γ − δαγT 0+

β , [X0+
α , X−0

β ] = −δαβT−+, [X0+
α , X−−] = −T−0

α ,

(B.21)

[X−0
α , X+

βγ ] = δαβT
−0
γ − δαγT−0

β , [X−0
α , X++] = −T 0+

α , (B.22)

[X0−
α , X+

βγ ] = δαβT
0−
γ − δαγT 0−

β , [X0−
α , X++] = T+0

α . (B.23)

C Superfield components

For N = 1 superfields we use the conventions of Wess and Bagger [32]. In the following

we list a couple of formulae for charged superfields10 that are frequently needed in the

10Note, that we use the notation λ
+

= λ+, etc.
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derivation of the 4d effective Lagrangian:

V ± = −θσµθA±µ + iθθθλ
∓ − iθθθλ± +

1

2
θθθθD± , (C.1)

φ± = φ± +
√

2θψ± + iθσµθ∂µφ
± + . . . (C.2)

V +V − = −1

2
θθθθA+

µA
−µ + . . . , (C.3)

W+W− = θθD+D− + . . . , (C.4)

V +φ− =
i

2
θθθθA+

µ ∂
µφ− +

i√
2
θθθθλ+ψ− +

1

2
θθθθD+φ− + . . . , (C.5)

V +φ̄+ = − i
2
θθθθA+

µ ∂
µφ̄+ − i√

2
θθθθλ

−
ψ̄+ +

1

2
θθθθD+φ̄+ + . . . . (C.6)

D Jacobi functions

For the reader’s convenience we collect in this appendix the definitions, transformation

properties and some identities among the modular functions that are used in the text. The

Dedekind function is defined by the usual product formula (with q = e2πiτ )

η(τ) = q
1
24

∞∏
n=1

(1− qn) , (D.1)

whereas the Jacobi θ-functions with general characteristic and arguments are

θ

[
α

β

]
(z|τ) =

∑
n∈Z

eiπτ(n−α)2e2πi(z−β)(n−α) . (D.2)

We give also the product formulae for the four special θ-functions

θ1(z|τ) ≡ θ
[

1
2
1
2

]
(z|τ) = 2q1/8sinπz

∞∏
n=1

(1− qn)(1− qne2πiz)(1− qne−2πiz) ,

θ2(z|τ) ≡ θ
[

1
2

0

]
(z|τ) = 2q1/8cosπz

∞∏
n=1

(1− qn)(1 + qne2πiz)(1 + qne−2πiz) ,

θ3(z|τ) ≡ θ
[

0

0

]
(z|τ) =

∞∏
n=1

(1− qn)(1 + qn−1/2e2πiz)(1 + qn−1/2e−2πiz) ,

θ4(z|τ) ≡ θ
[

0
1
2

]
(z|τ) =

∞∏
n=1

(1− qn)(1− qn−1/2e2πiz)(1− qn−1/2e−2πiz) . (D.3)

The modular properties of these functions are described by

η(τ + 1) = eiπ/12η(τ) , θ

[
α

β

]
(z|τ + 1) = e−iπα(α−1)θ

[
α

α+ β − 1
2

]
(z|τ)

η(−1/τ) =
√
−iτ η(τ) , θ

[
α

β

](
z

τ

∣∣∣ −1

τ

)
=
√
−iτ e2iπαβ+iπz2/τ θ

[
β

−α

]
(z|τ) . (D.4)
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A useful identity for theta functions is the Jacobi identity

∑
α,β=0,1/2

(−1)2α+2β+4αβ
4∏
i=1

θ

[
α

β

]
(zi|τ) =

−2θ1

(−z1 + z2 + z3 + z4

2

∣∣∣∣ τ) θ1

(
z1 − z2 + z3 + z4

2

∣∣∣∣ τ)
×θ1

(
z1 + z2 − z3 + z4

2

∣∣∣∣ τ) θ1

(
z1 + z2 + z3 − z4

2

∣∣∣∣ τ) . (D.5)

In computing partition functions, it is useful to define SO(2n) characters. Of particular

relevance for us are

V8(ziτ |τ) =

∏4
i=1 θ3(ziτ |τ)−∏4

i=1 θ4(ziτ |τ)

2η4
,

S8(ziτ |τ) =

∏4
i=1 θ2(ziτ |τ) +

∏4
i=1 θ1(ziτ |τ)

2η4
. (D.6)
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