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1 Introduction

In any theory with extra dimensions, a first step towards understanding its dynamics is to
construct a low energy, 4-dimensional effective theory. In such an effective description, the
dynamical degrees of freedom arise as particular fluctuations of the fields present in the
higher dimensions. As a classic example, 5-dimensional gravity on a circle gives rise at low
energies to a 4-dimensional effective theory with gravity, a U(1) gauge field, and a scalar,
all of which arise as fluctuations of the bulk 5-dimensional metric. In string theory, the
low energy limit of compactification also leads to a 4-dimensional effective theory in which
the 4-dimensional degrees of freedom arise from fluctuations of the original 10-dimensional
fields. These can include bulk fields such as the metric and p-form gauge fields, as well as
localized sources like branes. The details of the effective theory depend on the details of
the compact space and other fields of the higher-dimensional background, and much work
has gone into deriving these effective theories (see [1-4] for example). Typically, these
effective theories are derived by dimensionally reducing the higher dimensional action for
some particular ansatz of the higher dimensional fields (specifically a zero mode of the
appropriate differential operator on the extra dimensions). However, as we emphasize, care
must be taken that the ansatz chosen is a consistent solution to the higher-dimensional
equations of motion.

One set of essential ingredients in string compactifications are the dynamics of localized
sources such as D-branes. D-branes arise in string compactifications as sources of Standard-
Model-like fields [5], supersymmetry-breaking uplifiting [6], and sources of cosmic inflation
(as in [7]; see also the reviews [8, 9]). The 4-dimensional effective theory for D-branes
is commonly obtained by dimensional reduction of the localized Dirac-Born-Infeld and
Chern-Simons actions in the probe approximation. However, the probe approximation
cannot address several related conceptual problems.

As an example, consider a Dp-brane in an internal space described by the coordinates
{y™}, so that the brane spans 4-dimensional spacetime {z*} embedded with coordinates
Y. Let us write the D-brane embedding as a constant reference value plus a spacetime-
dependent fluctuation Y = Yy +0Y (z). In the probe approximation, the D-brane degrees of
freedom are described by the spacetime-dependent transverse coordinates d,Y = 0,0Y (x)
and are independent fluctuations in 10-dimensions. However, when the brane is coupled
to gravity it is always possible to make a spacetime-dependent coordinate redefinition
(diffeomorphism) of the transverse coordinates y — ¢,Y — Y so hypersurfaces of constant
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Figure 1. A spacetime-dependent fluctuation of a brane can be described by its transverse coordi-
nates (left). However, it is also possible to redefine the coordinates in a spacetime-dependent way,
so the brane fluctuation is “gauged away” (right). In this case, the brane fluctuation is “eaten” by
the metric.

g coincide with the worldvolume of the D-brane, as in figure 1. The brane embedding
coordinates no longer encode the D-brane degrees of freedom, since they are now, by
definition, spacetime-independent 8@7 = 0. The D-brane degrees of freedom have been
“eaten” by the metric, and the effective theory for the D-brane degrees of freedom now
arises not from the localized sources but from the dynamics of the metric. It is interesting
to note that this lack of diffeomorphism invariance of the D-brane transverse coordinates
implies that the true diffeomorphism invariant degrees of freedom describing the motion of
D-branes are a combination of the transverse coordinates and the metric — a combination
of open and closed string sectors.

One might think that the simplest resolution is just to fix the gauge such that all
of the degrees of freedom are found in the transverse coordinates and not in the metric.
Unfortunately, the linearized higher dimensional equations of motion (EOM) do not allow
one to choose a gauge with vanishing metric fluctuations. As an example, consider a scalar
field in a 4-dimensional homogeneous and isotropic cosmological background. Fluctuations
of the scalar field about a time-dependent background ¢ = ¢o(t) + dp(t, ) can be removed
by an appropriate time redefinition ¢ — £(¢,z) so that the true gauge-invariant degree of
freedom is a combination of scalar field and metric fluctuations [10]. It is not possible
to work in a fixed gauge in which the fluctuation only appears in the scalar field, setting
the metric fluctuations to zero, because there is a contribution to the off-diagonal Einstein
equations of the form

1 .
0= Go; — k3Tp; = —553 b0 00 . (1.1)

These off-diagonal Einstein equations act as non-dynamical constraints on the fluctuations,
and must be solved for a consistent dynamical description of the scalar perturbations, even
at linear order. As is well known, the correct ansatz for scalar cosmological perturbation
theory includes simultaneous fluctuations of the metric and scalar field, allowing one to



consistently solve the constraint equations. The metric fluctuations then play an important
role in determining the equation of motion for the dynamics of the scalar degree of freedom.

Similarly, there is no consistent gauge in which the metric does not contain any of
the degrees of freedom for the D-brane. In particular, an ansatz with a static metric but
spacetime-dependent D-brane fails in two ways even at linear order. First, the change
in brane position backreacts on the 10-dimensional metric (specifically the warp factor).
In addition, there is a contribution to the off-diagonal 10-dimensional Einstein equations
through the energy-momentum tensor of the form

0= Gum — K1gTym = —k1T30,Ym(2)0%(y,Y) . (1.2)

These constraints on the D-brane motion arise from the required gauge-fixing described
above, much like the Gauss law constraint of electromagnetism or the Hamiltonian and
momentum constraints of gravitation. As a result, the probe-brane effective theory based
on the D-brane degrees of freedom residing entirely in the localized transverse coordinates
is incomplete. The appropriate 10-dimensional ansatz will require including parts of the D-
brane degrees of freedom in both the metric and the transverse coordinates, as we will see.

One concern with moving beyond the probe approximation is that inserting the backre-
acted brane solution into the effective action could cause a “self-energy” problem in which
the effective action diverges. We explicitly show in section 3.3 that when one carefully per-
forms a dimensional reduction which solves the constraint equations the resulting effective
action does not contain any such divergent self-energy terms.

In this paper, as a test case and for concreteness, we will focus on the dynamics of
D3-branes in the type IIB backgrounds of the form given in [11-14] (commonly called GKP
compactifications). In these backgrounds, the positions of D3-branes (along with metric
Kéahler moduli and various axions) are moduli, and the effective theory is described by a
4D supergravity (possibly with spontaneous supersymmetry breaking). As a result, the
effective theory arises from a Kéahler potential (see for example [1, 7, 15]). One challenge
for the construction of an effective theory in GKP backgrounds is that the metric becomes
a warped product between the internal and external spaces, complicating the identification
of the degrees of freedom. The supersymmetry of the background along with the fact that
scaling the warp factor can be removed with a 10D diffeomorphism has allowed [16-19] to
derive many aspects of the effective theory without a direct dimensional reduction.

However, to work with generic warped compactifications without so much structure, it
is necessary to develop techniques for dimensional reduction in warped metrics. For exam-
ple, [20] showed that the dilaton and volume modulus are identified under diffeomorphisms
for warped backgrounds with a dilaton profile. Fortunately, work on warped effective field
theory (see [20-26]) has led to some useful formalisms [20, 23] for constructing and analyz-
ing fluctuations of these 10-dimensional backgrounds and their effective theories. In [25],
the effective theory for the universal volume modulus and its associated axion was derived
for GKP compactifications, while [26] improved and extended this analysis to include the

1

rest of the axion sector.” Our first-principles approach is to choose an ansatz in a fixed

'A recent analysis in [19] shows that the supersymmetric formalism [16-18] in fact agrees with direct
dimensional reduction [26] in detail for GKP compactifications.



gauge (for diffeomorphisms and the supergravity form fields) and ensure that it solves all
the constraints of the 10D theory even when the 4D fluctuation is off shell.

An initial attempt [27] to derive the effective theory for D3-branes in these backgrounds
was unable to solve the constraint equations coming from the higher-dimensional EOM
and was unable to derive the terms (including mixing terms) necessary to construct the
Kahler potential and effective theory. We will use the formalism and techniques developed
in [20, 26] to obtain an ansatz which does solve all of the higher dimensional EOM and to
derive all the necessary terms in the effective theory. It is not essential that the D3-brane
we study in this paper is localized in a strongly warped region: the effects discussed above
are inherent to the D-brane’s interaction with the background, and thus will be present
regardless of the strength of the warping at the location of the D3-brane.

In fact, we will present two calculations of this effective action. The self-duality of the
type IIB five-form causes the action to vanish if all the components of the 10D covariant
tensor are included. Following [14], we discard half the components of the five-form in
the dimensional reduction of the action. If we keep components with legs mostly along
the external dimensions, the D3-brane carries an electric charge for the five-form; keeping
the complementary set of components leads the D3-brane to carry magnetic monopole
charge. In the former case, axions of the 4D theory arise as 2-form degrees of freedom, and
cross terms between the brane position and axion descend from the brane’s Wess-Zumino
action. Meanwhile, in the latter case, we solve the nontrivial Bianchi identity by finding a
field redefinition that gives the 5-form field strength an explicit dependence on the brane
position, and cross terms in the kinetic action arise directly through backreaction of the
brane on the field strength. This procedure is related to Dirac’s original proposal for a
Lagrangian describing the coupling of magnetic monopoles and Maxwell fields [28]; the
relationship of our procedure to Dirac’s theory and its generalization to branes will appear
in a forthcoming paper [29].

The plan of our paper is as follows. In section 2, we review the background compacti-
fication, the procedure for dimensional reduction, and the EOM of type IIB supergravity
with D3-branes. We then give the dimensional reduction in the version of the theory in
which the D3-brane carries electric charge for the five-form in 3, followed by the analogous
calculation for the magnetically charged D3-brane in section 4. In these two sections, we
provide a short summary at the end of each subsection encapsulating the important results
as an aid to the reader. We close with a discussion; conventions and formalism are found
in the appendices.

2 Background and fluctuations

2.1 Flux compactifications

To set our conventions, we work in the bosonic sector of type IIB string theory as described
by the low-energy supergravity (SUGRA)

1 8M7'8M7" 1 Gs A\ *Gg 1~ ~
Sug = =5 [ d%av/=g (R - - / —F5 A*F}
1B 2K3, g < 2 (Im 7')2) 2K2, 12Im7 + PR
i _
CiNG3 NG S, 2.1
+4Im7‘ 4N\ Gs 3] + Oloc s (2.1)



where R is the ten-dimensional (10D) Ricci scalar, and 10 is the 10D Newton’s constant.
We have defined the axio-dilaton 7 = Cy + ie~?, combined the 3-forms Fy = dCs and
Hs = dB> into the complex 3-form G35 = F3 —7H3, and defined the five-form field strength
as F5 = dCy — C5 N\ Hs, which is constrained to be self-dual: F5 = *F5. Sloc 18 the action
for all the local objects, including D3-branes.

The background fields of GKP compactifications take the form

dsiy = 24 Wf,,, daetdz” + e 2A0W g - dymdy

B = ende*™” +3de 44" | 360 =G, (2.2)

where {z#} spans 4-dimensional (4D) spacetime and {y™} spans the internal dimensions.
The unwarped metrics 7., Jmn are respectively Minkowski and Calabi-Yau (CY). We
denote objects constructed with respect to 7, with a hat and those with respect to g
with a tilde. The three-form field strength is harmonic, and the background warp factor,
A©)(y), obeys a Poisson equation

- 2 -
v2€_4A(0) = —% GgO)’ - 2T3/‘€%056(y7 Y(0)> Ty (23)
where - - are other local sources including more D3-branes (which also contribute delta

function sources), D7-branes, and negative charge and tension orientifold O3- and O7-
planes. Although only a single D3-brane (located at Y) is considered here and throughout,
the extension to multiple, non-interacting branes of this type is trivial. Furthermore, we
work in the orientifold limit where four D7-branes are coincident with each O7-plane for
simplicity, although we expect our results to generalize straightforwardly to F-theory.

A nontrivial G:(,)O) also stabilizes moduli of the compactification, generically including all
the complex structure moduli of §,,,, and the axiodilaton 7. (See [26] for a more complete
review of the effects of the flux on moduli stabilization.) As a result, we assume that the
complex structure and 7 are constant. In addition, the background is supersymmetric at
the classical level when G:(,)O) is (2,1) in the CY complex coordinates;? if the flux breaks
supersymmetry, it does so spontaneously [21], and the effective theory can be described by
4D SUGRA.

With 7 assumed to be constant, we can write G = dA» in terms of a complex potential
Ay = By — 7C5. In this case, it is common to redefine Cy to set Fy = dCy + (1gs/4)(Aa A
G3 — Ay A G3). We will use this definition for F5 henceforth.

2.2 Dimensional reduction and the kinetic action

To determine the effective 4D theory, we must first decompose the 10D fields into orthog-
onal modes, each of which corresponds to a 4D degree of freedom. In a product space
compactification, these modes are simply the eigenfunctions of some second order differen-
tial operator on the compact space (for example, the Laplacian for a scalar or the Hodge-de
Rham operator for a form field). However, the constraints described in the introduction
complicate matters somewhat for warped compactifications. We are particularly interested

2 And primitive, which is automatically satisfied on a generic CY.



in clasically massless moduli, so we consider only those modes that satisfy the massless
Klein-Gordon equation in the external x# directions. The following sections will describe
the structure of these massless modes; here, we will outline the procedure of dimensionally
reducing the action once the linearized modes are known, following [26].

To find the two-derivative kinetic action in terms of a metric G4 (¢) on moduli space,
we need find only the action to quadratic order in fluctuations around the background —
as long as we expand the background around an arbitrary point ¢g in moduli space, we
recover the full dependence of the metric on the moduli. While our primary consideration
is D3-brane position moduli, we are interested in the metric on the Kahler moduli space of
the CY. We therefore also consider the universal volume modulus and axions descending
from the 4-form potential (which are partners of the Kéhler metric moduli). Because
the 4D effective theory is a SUGRA, the moduli space is naturally described in terms of
holomorphic coordinates, and the metric is defined in terms of a Kéahler potential.

This quadratic action can be written in terms of the first-order fluctuations and the
linearized EOM, as demonstrated in [26] (and used implicitly in [24]). Specifically, for type
IIB SUGRA, we can write

1 1 . o
P / a2 =g 39" N6 Bar + - [ (6C1 A 0Es + 2545 N 0Fy + %545 A 0Fy)
1K2, 4r2, 2 2

+% / %z /=g / d'¢ V= XY 5Ey;, (2.4)

where dFE,,, is the linearized Einstein equation, d Fg the linearized EOM for the 4-form,
dEg for the 2-form potential, and 6 E'y; for the D3-brane position. The EOM for the world-
volume metric 7,4, (as described below) are higher-order (and constraints), so they do not
contribute (though 74 should be evaluated on the solution). Note that we have labeled
the brane embedding coordinate X m (&) with a slashed index to indicate that tensors at
that point do not contract with tensors at a general point ™ in spacetime, and this term
is integrated over the brane worldvolume coordinates as well as spacetime. Furthermore,
these are the EOM as they directly arise from the variation of the action; in particular,
the equations of type IIB SUGRA are often reorganized to remove terms proportional to
FEg from Fg.

There are also two subtleties to note. First, there is not actually a covariant action in
10D that respects the self-duality of the 5-form field strength,® so (2.4) includes only some
of the components of C4 and the corresponding EOM. We describe our approach to this
subtlety in section 2.3 below. Second, [26] arrives at the action (2.4) after an integration by
parts; in some cases, there are terms in the action which are quadratic in fluctuations but
contribute no terms to the linearized EOM (for example, the axionic coupling §F? where
the field strength is first order). These terms must be added separately to the quadratic
action, as we will see in section 3.3.

The action (2.4) should also be understood in a fixed gauge (for diffeomorphisms,
form gauge transformations, and worldvolume reparameterization). We choose a gauge in

3For the usual fields of ITB SUGRA; Sen [30] has recently (during preparation of this manuscript)
described a covariant action with different field content.



which the underlying CY metric G, of the internal directions does not fluctuate (and form
potential gauge as described below); for D3-branes with internal positions Y7 that vary
slowly over the external spacetime, we find it convenient to use a static gauge £¢ = 5;X 463

so that fluctuations of X# are gauged away (with |0,Y7| assumed to be small).

2.3 Equations of motion with D3-brane sources

In this section, we summarize the 10-dimensional EOM for type IIB supergravity with
D3-brane sources. The bulk SUGRA equations are well-known [31], but the brane sources
are less familiar. We therefore simply state the bulk terms but provide a brief derivation
of the D3 sources. As in section 2.2, we use slashed indices at the D3-brane position; the
parallel propagator A%(m,X ) (or its inverse) switches index type for fields evaluated at
coincidence (i.e. when multiplied by a delta function).

The variation of the action with respect to the metric, Eysp, is

1
Enn = RBun — 59uNR — (Thin + Tirn + Tirv + Th5) (2.5)

so that setting Fj;y = 0 gives the 10-dimensional Einstein equations. The contributions
to the energy-momentum from the 5-form flux (given 5-form self-duality) and background
3-form are
1 - - PQRS g PQA

Ton = mFMPQRSFN QRS Ty = f (G %Grypg — gun|GP?) . (2:6)
The D3-brane coupling to the metric enters in the Dirac-Born-Infeld (DBI) terms in the
brane action; if we ignore couplings to the 2-form potentials and world-volume gauge field
(justified below), we can replace the usual DBI action for the brane with a classically
equivalent Polyakov-like form

T

Sppr = —?3 dlolﬁ\/jg/d%\/j’Y [’Yabp(g)ab - 2] 5"z, X (€)), (2.7)

where v, is an independent worldvolume metric which equals the induced metric P(g)q =
Iy 9aX M Op X ¥ on shell. Regarding delta functions in curved spacetime, we refer the
reader to appendix B. The resulting energy-momentum from D3-branes is then

2K3, 05 a
gy = T / d*ev/ =7 7" AN AN 931 paxgaX P9 X 251 (2, X ().

(2.8)
A similar expression leads to the energy-momentum T]l\%v from localized sources other than

D3 _
Ty =~

the mobile D3-brane of interest. For notational convenience, we will often make the parallel
propagators implicit, writing for example g,,p = A%g Vip

Self-duality of F5 raises some complications for dimensional reduction at the level of the
action. Specifically, evaluating (2.1) on a self-dual 5-form leads to a vanishing kinetic term,
whether on or off shell. The prescription we follow is to replace (2.1) by a non-covariant
action, retaining only half the components of Fx and doubling the coefficient of the 5 A+Fs
term in the action. We will make two distinct choices for the sets of components to keep:



the “electric” set with 4 or 3 legs on z* and 1 or 2 respectively on y™, and the “magnetic”
set with 0 or 1 leg on z* and 5 or 4 on y™ (an equal number of components with 2 on
xz# and 3 on y™ fall in each set, but these all vanish for the moduli we consider). The
corresponding components of Cy for the electric set couple electrically to the D3-brane,
whereas the D3-brane is a magnetic source for the magnetic set.? It is worth noting that
the components in each set are Hodge dual to the components in the other set.

We begin by considering the theory for the electric components. In this case, the
Bianchi identity is trivial (dF5 = 0), and the source for d x F arises through the D3-brane
Wess-Zumino (WZ) action (again ignoring couplings to the 2-form potentials for now)

Swa = pa [ d%av/=g /5 P(C1)5" (2, X ()
= [ty [ Canve i X(6)). (2.9)

where €| is the push-forward of the antisymmetric world-volume tensor. We define the
push-forward as

€|]|WNP@ = EadeaaXM(?bXNacXPadX@ , (210)

and take parallel propagators to be implicit in the 10D Hodge star. As we will see below,
D3-branes which are mutually BPS with the background have charge equal to tension
w3 = T5. The resulting 5-form EOM, including contributions from the 3-form, is therefore

Eg = dx F5 — %Gg A Gs + 2H%OT3/d4§\/—’y * € 0% (z, X (€)), (2.11)

and vanishes on shell.® Since the 3-form has at most one leg in the external spacetime, G
contributes only to the EOM and not the Bianchi identity.

The EOM and Bianchi identity for the magnetic components of Fy are simply given by
exchanging Fy <> «F5 in the corresponding equations for the electric components. There-
fore, the EOM is Eg = d F5, while the Bianchi identity becomes

0=dFs— %Gg A Gs + 2%%0T3/d4§\/7—7 e 01 (z, X (€)). (2.12)

We will consider both (2.11), (2.12) in the static gauge later. As discussed in [21, 25, 26], the
nontrivial Bianchi identity (2.12) for the magnetic components means that perturbations of
Cy as defined in (2.1) and below are not globally defined on the CY manifold. Those refer-
ences studied the Bianchi identity in the absence of D3-branes and found a field redefinition

with a globally-defined 4-form potential. In terms of the new Cy (in the absence of axions
descending from Aj), perturbations of Fy are 6Fy = déCy + (igS/Q)((SAQGgO) - 5[12(15(,)0)).

4Technically, there is a WZ action coupling Cj to the brane, but it appears at higher order in spacetime
derivatives than we consider.

"There is one subtlety with factors of 2; when varying the covariant action (2.1), we replace uz — u3/2
in Sioc since the WZ term includes magnetic and electric couplings. This is equivalent to keeping only the
electric components of F5 and doubling the coefficient of the F5 * F‘s term as in [14].



We will review this field redefinition and demonstrate the additional redefinition needed
for the D3-brane contribution to the Bianchi identity in section 4.

The 3-form is somewhat simpler; the Bianchi identity is trivial dG3 = 0 for constant
axio-dilaton 7, and the EOM is

:d*G3+iG3/\<F5—|—*F5>+%A2/\E6+-", (213)

with either electric or magnetic components for 5. The coefficients of the last two terms
are given in keeping with our prescription to double the F kinetic term. The dots represent
brane source terms, which we ignore as discussed below. Since we do not consider axions
that descend from Aj or their backgrounds, the last term given explicitly in (2.13) will not
contribute.

Finally, we need to determine the 10-dimensional D3-brane EOM. Due to the different
couplings to the electric and magnetic components of the 5-form, these equations take
different forms depending on which version of the theory we consider. Here we present the
more familiar electric version and discuss the magnetic Version in section 4 below. Using
the normalization of (2.4), variation of (2.7), (2.9) gives®

By = {v ngaaxw 6T 2 el ppOs X 0 XPadX@>] (2.14)

[ Oy p0aX V"X 4 ‘Iﬂ?’ €9y Cy porda X ¥ 05X 70, X@adxﬂ } 510z, X).

This EOM allows us to set our sign convention for the D3-brane charge (since |us| = T3).
Consider a static D3-brane 9,Y”7 = 0 in static gauge in the background described above.
The N = j equation becomes Vg [(1 — p3/T3) 6'%(x, X)] = 0, while the ¥ = 71 equation
becomes —48,, A (1 — p3/T3) §'%(x, X) = 0. Both of these vanish for the choice uz = Ts.

We now justify ignoring the 2-form potential couplings in both the DBI and WZ
actions, despite the fact that they appear in the background with nontrivial Ggo)‘ The
main point is that the background potentials have completely internal legs and are pulled
back to the world volume by two powers of the small derivatives 9,Y”. Furthermore, in a
perturbative expansion of the DBI action, the pulled-back potential P(Bs) enters either at
second-order, or contracted with the world-volume field strength. These terms are 3rd and
4th order in fluctuations, so we ignore them. The WZ terms containing P(C3) and P(Bz2)
are similarly 3rd and 4th order and can also be ignored. Finally, we set the world-volume
field strength to zero, since we do not consider vector degrees of freedom.

3 Electric D3-brane couplings

As we discussed in section 2.3 above, because of the 10D self-duality of Fy, a D3-brane
can act as either an electric or magnetic source for Cy. In this section, we consider the
“electric” choice as defined above, namely, the choice to keep components of Fy with legs

5The Euler-Lagrange equations also apparently contain terms proportional to Oyro 10(w, X); however, in
the variation of the action, these terms vanish upon converting the X M derivative to an 2™ derivative and
integrating by parts. We therefore do not consider them to be part of the EOM.



mostly along the external spacetime. With this choice, a D3-brane has an electric coupling
to C4 through the WZ terms in its action.

We begin by first presenting our ansatz for fluctuations in the D3-brane position.
As discussed in the introduction, an ansatz for dimensional reduction must satisfy the
constraint equations arising from the 10D EOM (2.5), (2.11), (2.14). We will show how
our ansatz — which involves the presence of D3-brane degrees of freedom not only as
transverse coordinates but also in the metric and 4-form gauge potential — solves these
constraint equations and is thus the first known consistent ansatz for the dimensional
reduction of transverse D3-brane degrees of freedom. In order to compute the full effective
action of the D3-brane, we need to understand how it couples to the massless moduli, such
as the volume modulus and C4 axions. Dimensional reduction of the volume modulus and
axions in GKP compactifications has been studied previously in [25, 26]; however, those
articles worked with the other (magnetic) choice for components of Fs, which leads to a
slightly different ansatz for the linearized fluctuations. Thus, we briefly discuss the electric
form of linearized fluctuations of these moduli. We will then see that these moduli can all
be described by a common “electric” ansatz, which we use to carry out the dimensional
reduction of the action to a 4D effective theory.

3.1 D3-brane fluctuations in electric formalism

As discussed in section 2.2, we will consider a D3-brane with embedding coordinates
xM = {X ”,Y”“} with world volume parameterization in static gauge £% = 6;X% (so
that fluctuations in X# are gauged away) and take small, slowly varying fluctuations of
the transverse coordinates of the D3-brane Y7 (z) = YO 4 5Y7 ().

As discussed in the introduction, diffeomorphisms and the constraint equations couple
the D3-brane with the metric and 4-form Cy, forcing us to go beyond the probe limit for
the D3-brane. Thus, fluctuations of the D3-brane transverse position appear in the metric
at linear order through the ansatz

ds®= em(x)e“(x’y)ﬁwdm“dm” + QeQQ(I)eQA(x’y)auB%(x, y)dztdy™ + e 2@ g dy™dy™

(3.1)
which uses the same structure as [25, 26] for the volume modulus and axions. This is similar
to the background (2.2); the additions are spacetime-dependence in the warp factor A(z,y),
a “compensator” term containing a 1-form BY (z,v) needed to solve the constraints (and
which vanishes for spacetime-independent fluctuations), and a Weyl factor Q(z) defined by

1 ~
e 2@ = v /d6y Ve @Y with V = /de NGE (3.2)
The Weyl factor is required to diagonalize the 4D graviton and warped volume fluctua-
tions. We work in a diffeomorphism gauge in which the CY metric g, is fixed to its
background form.

Fluctuations of the D3-brane position also appear in the electric components of the
4-form potential C4 through the Weyl factor, warp factor, and compensator

Cy = e + *et5%dBY (3.3)
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with corresponding 5-form
Fy = e nde* +d ((34964’4%623}/)
+ |*de 4 + xd (e4Qe4A$<czB%/> — Xlem4A% (cZB%/ A de“)] . (3.4)

The terms of (3.4) in square brackets are required in the 10D description of the field
strength for self-duality (these are the magnetic components of Fy).

The constraints follow from inserting our ansatz (3.1), (3.2), (3.3), (3.4) into the 10D
EOM (2.5), (2.11), and (2.14). We will see that the constraints have specific solutions for
A(z,y), BY (x,y), and Q(z).

First, consider the constraints coming from the non-dynamical terms in the Einstein
equations (see appendix C.1). In particular, the (uv) component yields

- 3 _
V2l — GO o Ty, Y) - (3.5)
as well as
V'BY = Rl P S P L (3.6)

The first of these, (3.5), promotes the background Poisson equation for the warp factor (2.3)
to include first-order contributions from the D3-brane “instantaneously” (i.e., separately
at each point z# in spacetime):

e~ 1A W) _, —1AMY) = 262013 Gy, YO +6Y) + -
= 263,15 G(y, YV) + 263 T3 6Y"0,G(y,Y) + - -
= W 2R3 Ty 5Y0,G(y, ), (3.7)

where the - -+ represent the other contributions to the warp factor due to fluxes and other
localized sources (which are smooth at Y) and G(y,Y) is the biscalar Green’s function
on the internal CY.” In this sense, our diffeomorphism gauge choice is analogous to the
Coulomb gauge describing electromagnetic radiation. Equation (3.7) also shows that the
Weyl factor Q(z) is independent of the D3-brane moduli at linear order, since

5 —2Q_2K%0T36 7m d6 GO y __ZH%OT35 m dG ~N7 m __
ve M= =Y yV GGy, Y) = — oY yVaVaGy =0, (3.8)

via the relation (B.10) between scalar and tensor Green’s functions. Nevertheless, we
will keep the Weyl factor in our calculations since it is important for defining the 4D
Einstein frame.

Next, the mixed component of the Einstein equation gives a non-trivial constraint

1 1 ~ s~ N
—iauame*‘“‘ + 56296Mv"(d3}” Y + 63073 G0 Y 8%(y,Y) = 0 (3.9)

"See appendix B for definitions and properties of bitensor Green’s functions.
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as well as a copy of (3.5) multiplied by 9,BY.. Since V*(dB1)mn = —V?Bp + Vi VB,
on the Ricci flat CY, (3.6) and (3.9) yield

V2BY = 263, T3¢ *2Y,,,0(y,Y), where Yy, = Gy dY" . (3.10)
The compensator is given by the bivector Green’s function
By(z,y) = —2k1gTse > Grund Y PG (Y ). (3.11)

The Green’s function identity (B.10) implies that BY automatically satisfies (3.6).
The EOM for the 5-form flux (2.11), evaluated for this ansatz in (C.20) in detail, also
contributes a constraint equation. The source term for (2.11) in static gauge is

/ V= + € 60z, X () = w6y 0%y, Y (2) = — (¢ + 1) Sy, ¥), (312)

and the constraints are another copy of (3.5) and

d [;de*‘“‘ + 2B, — 262, T35Y135(y, Y)] = 0. (3.13)
Equation (3.13) is the 6-dimensional dual of (3.9) and is thus automatically satisfied.
The D3-brane EOM (2.14) contributes no new constraints; the M = jt component

vanishes identically (see (C.23)) as in the background, while the ¥ = 14 component (shown
below in (3.30)) contributes to the dynamical EOM only.

3.1.1 Summary

We have shown that the ansatz (3.1), (3.2), (3.3), (3.4) solves the constraints required to
describe the motion of a D3-brane in a GKP background beyond the probe limit. To first
order in the fluctuation of the brane position, the warp factor, metric and F5 compensator,
and Weyl factor are (repeating our earlier results)

e MA@y — AW 492 Ty 5V 7,,G(y,Y), (3.7)
BY(x,y) = 263 Ts¢ G 0YPG(y,Y), (3.11)
e = xlf / dByr/G e A0 W) = 20 (3.14)

To our knowledge, this is the first ansatz in the literature that describes the backreaction
of the D3-brane on the field strength and geometry and can be used to perform a consistent
dimensional reduction.

3.2 Kihler moduli in electric components

Having found an ansatz for the SUGRA fields for a moving D3-brane that solves all con-
straints, we can determine the dynamical EOM and dimensionally reduce the quadratic
action (2.4). However, the full structure of the effective action is apparent only when we
include the complete moduli space. In this paper, we consider the universal volume modu-
lus ¢, 2-form axions bé descending from Cy, and brane positions Y. Each of the axions is

- 12 —



associated with a harmonic 2-form wg on the unwarped CY manifold (where I =1,---hl!
runs over a basis). In principle, the holomorphic moduli of the 4D SUGRA should include
all the metric Kahler moduli as partners of the bé; so far, the constraints have only been
solved for the volume modulus. Some compactifications have additional axionic moduli
that descend from As. Solutions to the constraints have been presented in [26], and they
can be added to our analysis in a straightforward manner.

Here we present a brief description of the linearized fluctuations corresponding to all
these moduli and the constraint equations they must solve; more details are presented in
appendix C.1.

These moduli can all be described to linear order by a common metric

ds? = 62962Aﬁwdx“d:c” + 262Ae298MBmd:E“dym + e A G mdy™ dy" (3.15)
and electric C; components®
Cy = et 4+ e 5dB) + bl A wl (3.16)

The total compensator field is written as the sum from each moduli sector, so

dB, (z,y) = —dc(z) A dK (y) + e~ *Ydbb (z) A BY (y) + dBY (x,y) . (3.17)
Note that we have used a notational shorthand since d2B; # 0 (that is, dB; is not actually
an exterior derivative in spacetime) except when the axions are on shell. It is worth noting
that there is a gauge in which the volume modulus compensator field, K (y), appears in
the (pv) component of the metric; however, this is not possible for the other moduli,
since perturbations of b} and Y7 directly source T)ym. The C4 axions in the presence of

background Ggo) flux also source a compensator for the 2-form potential

§As = —e 2 5dbb A AL (3.18)
The field strengths for our ansatz are
Fs = e endet +d <64Q64A9<d31> + dbh A Wl (3.19)
+ |*de 44 — 2445 (cZBl A cie4A> + *d (64964A§<6231> + 6_29%265 A 6_4A;w£ ,

Gs = GO — e 22dxdbl A AL + e~ 2%db} A dAL . (3.20)
As in the previous subsection, the terms in square brackets on the second line of (3.19) are
the magnetic components dual to the electric components on the first line; the magnetic
components subsume the Chern-Simons terms (igs/ 2)((5A2G‘g0) - 5/_12Gé0)). This form for
Fy differs from the form presented in [25, 26] by terms proportional to the 4D dynamical
EOM %244 d%d By + e 4A%d%d* B . Therefore, both versions of the field strength represent

the same on-shell degrees of freedom with slightly different 4D field definitions, and the con-
straints for the volume modulus and axions remain unchanged. We summarize them below.

8In principle, there can be an additional compensator term —dby K associated with each axion, but we
show in the appendix that K; = 0.
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The constraints arising from the external components of the Einstein equation are,

as above,
. 2 x
VZem4Almy) = _QQi Gi(’)O)‘ — 263 T30%(y,Y) — -+, (3.21)
VB, = e 25 4 — 75720 (3.22)

Since the axions do not appear as sources for the warp factor in (3.21), the warp and Weyl
factors are independent of these degrees of freedom. However, the volume modulus appears
as a spacetime-dependent shift of the warp factor [25]

e MA@ — AW L o(z) 4 263 T36Y T (2) 0 Gy, V) - (3.23)
The Weyl factor is e=2? = 207 4 ¢(x) including the volume modulus. In addition
0 (3.6), (3.22) gives a Poisson equation for the volume modulus compensator
V2K (y) = e A0 ) _ (—20 (3.24)
and @ﬁBZ’I =0.
The mixed component of Ejsn gives a nontrivial constraint for all of the degrees of

freedom, namely

1 1 - ~
—564A8u0me_4’4 + 562%414auvn(dBl)mn + K305 Gy 0, Y65 (y, V)

_267296414(;(%5) *4‘4 (w2) A — Z'gs (*1 (JAl A G;(go))m - C.C->:| =0, (3'25)

as well as a copy of equation (3.21) multiplied by 0,B,,. We have already seen how this
equation is satisfied for fluctuations in D3-brane position; for the volume modulus, we note
that 8M8me_4‘4 = 0 and that its compensator is exact, so the constraint is automatically
satisfied. For the 2-form axions, (3.25) becomes

V2BY = deMA (wh),  9MA - (dAf NG - c.c.) , (3.26)

which we take to be the defining Poisson equatlon for the axion compensators, as in [26].
The constraints coming from the 5-form EOM (C.20) again include a copy of (3.21),
as well as % of (3.25). For the axions, we can further rewrite this constraint as

d [e—‘“‘ _zdphl 4 s (A’ ANGP — c.c.)} =0, (3.27)
which implies that
e~ 445wl + % (A{ AGY - c.c.> — %dBY =+l + dKl, (3.28)

where 'yi is harmonic and K3 is given by a Poisson-like equation (whose precise form will
be unimportant to us).

Finally, the constraint from the 3-form EOM (2.13) as given in (C.21) receives no
contribution from the volume or D3 position moduli. For the axions, it is

dxdAy +iwh NG =0 . (3.29)

The contribution Af for each axion takes the same form as in [26].
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3.2.1 Summary

We have shown that a generic “electric” ansatz, given by (3.15), (3.16), (3.17), (3.19), can be
used to describe the volume modulus, Cy axions, and D3-brane position. The warp factor,
Weyl factor, and compensators for each modulus can be determined by (3.23), (3.24), (3.26)
and (3.29) — along with corresponding expressions from section 3.1 — and are shown to
satisfy all of the 10D constraint equations. It is important to note that the constraints
require fluctuations in multiple 10D fields for each of the moduli separately.

3.3 4D effective action in electric formalism

As discussed in section 2.2, the quadratic effective action is obtained by multiplying the
fluctuations of the 10D fields with the first-order parts of the 10D dynamical EOM; in
this case, there is an additional contribution to the quadratic action described below that
takes a topological form and does not appear in the EOM. Integration over the compact
manifold projects onto the massless sector.

3.3.1 Contributions to effective action
As described above, the quadratic action is given by

1 1 ) g
S =15 [ A2 v=g8g" ™V 6Bun + 5 | (6C1 AOEs + L84 N 0Ey + %545 N 0Fy)
1K2, 12, 2 2

+ j;g/dwx\/—g /d4§\/—75XM5EM, (2.4)

where dgprn, 0Cy, 0 Ag are the first-order parts of (3.15), (3.16), (3.18). However, as noted
in section 2.2, there can generally be “topological” terms in the quadratic action, such as
the instanton density of 4D Yang-Mills theory, that do not appear in the linearized EOM.
We identify a contribution of this type below.

We begin with the contribution from the D3-brane sector. The dynamical part of the
D3-brane EOM is

OBy = e 440 (emgm%éz}”ﬂ + e4Ae4Q<§2Bm - €4A€4Q(§23m> o0z, X)
= e e 2,07V 160 (2, X) (3.30)
Note that the contribution to the EOM from the WZ action has cancelled with a term
proportional to g, in the DBI action in the first line of (3.30). We obtain the contribution

T N
S3 = ?3 / dz / A%y /G ¥ Gy Y P *Y 1 50y, Y) . (3.31)

There is no “self-energy” problem; the singular fields sourced by the D3-brane cancel out of
the effective action. Previous attempts at constructing the effective action for D3-branes
(such as [15, 27]) have only included this contribution from the DBI action on a fixed
warped background. However, as we have emphasized, there are, in principle, additional
contributions to the effective action arising from the presence of moduli dependence in the
metric and flux sectors.
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For example, the dynamical Einstein equations, given in (C.17), (C.18), (C.19), are

0By, = —2e4¢2%,, (0" A)02B, (3.32)
0Eum =0, (3.33)
0Emn = 0 [?(mBH) - gmeBg} e Mg, 0% (360 — 25A) . (3.34)

Inserting these into the expression for the gravity contribution to the effective action,
we obtain

1 o L
S — e d*z / dSy~/g e [16(5A+5Q)(&4A)823g — 10649*V*B,
K10

11267225452 (350 — 25A)} . (3.35)

Notice that (3.35) implies that there are contributions to the effective action for D3-brane
fluctuations from both the compensators and the fluctuations in the warp and Weyl factors.
These include complicated mixings with the volume modulus and Cj axions and depend
on the details of the solutions for the compensators from (3.24) and (3.26).

Next, we need to include the contribution to the effective action from the flux sectors.
The relevant? dynamic contributions to the 5-form EOM are

§Ee=d <e—4A;éQBl> + e 225dbE A (%{ +dK! ) . (3.36)

The 5-form contribution to the effective action is then

1 Ay ~ F 5 A
St = o [ d / dy/G e (464 +50) (82978, — 40' 40 B,)|
10
N / WA (3.37)
K10

We expand v{ = (O~ 57wl so [wly{ = 3V(C~1)!7 using the normalization of our
basis forms. Following [26],

(Yl = ;f {/64%5 A Fwd + % wh A (A{ NGO — R A Gg0>)} . (3.38)
which is the identity when the CY metric is formal, meaning that the wedge product of
harmonic forms is always harmonic. Meanwhile, the 3-form sector does not contribute to
the quadratic action!® because none of the components of §Eg have the correct legs to
wedge nontrivially with §As.

Finally, there is an additional contribution to the effective action that is not captured
by equation (2.4). Specifically, the WZ action (2.9) contains a term that is quadratic in

9There is an additional term of the form e~ **%dd? By, but it contributes only to higher-derivative terms.
We expect these to be modified by other corrections, such as threshold corrections. They are also ambiguous
because they change under field redefinitions of the form u — u + f(u)éZu. For both these reasons, we do
not consider them.

0Except at higher derivatives, which we ignore for the reasons stated in footnote 9.
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field fluctautions but does not give a contribution to the linearized EOM:!!

ax— T3 7 7
Soa—D3 — o) by A dY™ N dY ],y (3.39)

D3

This is analogous to the axion-photon coupling #F2, which contributes to the EOM only
at quadratic order in the fields but can nonetheless contribute to the action at quadratic
order in fluctuations if 6 has a background value. In infinite Minkowski space, a constant
background bs is gauge trivial, but there are nontrivial Wilson lines if the spatial dimensions
are compactified on a large torus, for example, so we must include this term. The terms in
the action with background by are topological in the sense that they are total derivatives,
also like the axion-photon coupling.

Adding all the contributions yields a series of cancellations. Specifically, all terms
proportional to 8£A32Bg cancel. Then the constraint equation for the compensator (3.22)
allows us to simplify the remaining terms involving 0 A, 62 to the form

S = 4% / d'z / dSy\/ge*4e*? (5A — 6Q2) 9*6 (3.40)
k1o

1 ~ A ~
T 42 d4x/d6y\/§ [649 (C + 2"3%0T35Ym87ﬁG(y; Y)) d*c+ 26696_4A0820] .
10

Since &ﬁé(y; Y) = —@négﬁ(y; Y'), the brane-volume cross-term integrates to zero. With
the definition of the Weyl factor, the remaining terms combine, yielding

Sert = S& + Sk + S + S4°

3V ; 3V . .
=—— d'z "o c(x)d,c(x) — — e 20 (C_l)U dbl A %dby
4k 4k
T3 [ 4 20 - i T3 N G T
- / d*z € Gy (V)OPY 0, Y + 3 /o by AdY" A dY Pl . (3.41)

This is the key result of this section: all of the complicated structures from the ansatz,
including compensators and Green’s functions, end up cancelling non-trivially in the final
effective action. This remarkable set of cancellations illustrates the necessity for a consistent
solution of the 10D constraint equations; the constraints, and their solutions, are essential
for simplifying the effective action. Note that the only contribution to the effective action
by the warp factor is through the axion field space metric (3.38), as was determined in [26].

3.3.2 Scalar axions and kinetic action

Since the 4D effective theory is a supergravity, ultimately the quantity of interest is the
Kahler potential, so we should write the kinetic action in terms of holomorphic scalar
coordinates. Here, we dualize the 2-form axions into scalars and find that using complex
coordinates y™ = (2%, 2') on the CY provides some simpification.

The CY coordinates appear explicitly in the action (3.41) through the brane positions
in the combinations §m¢8ﬂY7/‘8uY7/L and wé,dede’/‘. The first is trivially re-written

"The extra factor of 1/2 in (3.39) compared to the WZ form (2.9) follows from careful comparison of
combinatorial factors in a general 4-form versus a 2-form wedged with two 1-forms.
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in complex coordinates as 2§i]—6ﬂZi8MZJ_ (for legibility, we drop the slash on quantities
evaluated at the brane position in complex coordinates). However, we can re-organize the
second further; by the 99 lemma, the harmonic 2-forms are locally w! = i00k!(z, 2) in

terms of potentials k7 (when wy is the complex structure form Jo, k is the K&hler potential
of the CY), and

whdY " dY? = i0k1dZ'dZ7 — idk[dZ'd 77, k] =0k, Kl =0k" . (3.42)
Furthermore, since k is evaluated at the brane position, we have cZk]! = (%k]l A +6%k]l dz? ;

since partial derivatives commute, JkJ!cZZJ_ = 8ikjl dZidZi.

Now the kinetic action for the axions can be written as

N ) A . S
Saxion = —% e~ XYY dbl A db] + 153 / bl A (dk{ ANdAZY — dkI A le)
10
3‘7 —2Q —1N\IJ j3.1 ~ g J Sy I
= - [e (C~HY Gk A xdbd — inydbd A K } (3.43)
10

where we have defined k! = k:JI dzi — k‘JICZZj and v = 2x3,T3/3V. To define the scalar
axion, we re-write the action (3.43) in terms of the field strength hl = dbé and enforce the
Bianchi identity (fh?{ = 0 by introducing a Lagrange multiplier bé, SO

3V ) )
Saxion = ~ - (e*m((fl)” hi A*hi —iyhd A k] — 2b5dh§) : (3.44)
10
The classical EOM implies
hl = 22014 (dbg + i%ﬁf) . (3.45)

Substituting this into (3.44) and simplifying gives the action in terms of the scalar axions as

3‘7 Q A Y ~ {3 Y
Suion =~ 201 (dbg + 15@ Ak (dbg n 155{) . (3.46)
With the brane coordinates written in terms of complex variables and the axions
dualized to the conventional scalars, the effective action (3.41) becomes
Sut = =V [ i [9900ct,0 1 2962 (2, 200 210,27 + 22O
eﬂ—_ﬁ%o x|e coyc+ 2ve gzj( s ) s’ +e

il o plgngi _ )l gzt T i g 7i i kly 77
x(ab +idlklonZ' —ilklo Z)(aub k)02 szjauz)}. (3.47)

This effective action for the volume modulus, Cj axions, and D3-brane positions is the
primary result of this paper. Compared to the action found in [1], which does not account
for the effects of the warp factor or flux in kinetic terms, our result is similar, but we find
that a nontrivial warp factor and flux appear through the Weyl factor (which corresponds
to shifting the expectation value of the volume modulus) and the metric C!”, as in [25, 26].
In fact, our result matches that derived in [18] using methods from 4D conformal SUGRA
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and corrected by flux dependence on metric moduli [19]; the contribution from the flux
background to C!7 already appeared in direct dimensional reduction in [26].

In the case that the CY metric g, is formal or that we restrict to the universal axion
clJ — 20517

(wy = Jp, the almost complex structure), . With a single axion b, then the

effective action (3.47) follows from the Kéhler potential
K =-3In[—i(p—p) —vk(Z,Z)] (3.48)
and holomorphic coordinate
p=Dby+i (6—29 + %k(Z, Z)) , (3.49)

as we show in appendix D. This takes the form proposed in [7, 15] for D3-branes in warped
compactifications when restricted to a single Kahler modulus.

3.3.3 Summary

Starting with the ansatz of the previous subsection for the 10D SUGRA fields, we have
performed a consistent dimensional reduction beyond the probe limit of the effective ac-
tion of a mobile D3-brane, the volume modulus, and 4-form axions in a warped GKP
background. A number of critical cancellations occur because the 10D fields satisfy their
constraint equations.

The effective action is

4 4 [ 4040 2= (o naiiin 77 L 221
Sep = g | ' [e 0"cOyc + 42 (2, )01 210,77 + €22

il YV plap i 0 1an Y Va7
X (8%1 +iklonZ - z§k{aﬂz) (8Mb‘] +i2k] 0,27 - 151@!8“23)} . (3.47)
where the flux and warp factor appear through the metric

1 73 _ _
(CcH! = v {/6_4Aw§ A Fwi + % wh A (A{ NG — A A Ggo))} . (3.38)
There is no known explicit form for the corresponding Kéahler potential, though it reduces
to the DeWolfe-Giddings [7, 15] form when the CY has only a single Kédhler modulus.

4 Magnetic D3-brane couplings

We can also carry out the dimensional reduction in the version of type IIB SUGRA in which
we keep the mostly internal components of Fy. In this version of the theory, a D3-brane
does not couple to Cy in the action,'? but rather through a nontrivial Bianchi identity.
To describe the SUGRA in this way will require a new, but equivalent, expression for the
field strength ansatz which differs from (3.4) by terms that are proportional to equations of
motion. Since it is identical on shell, this ansatz describes the same 4D degrees of freedom
as (3.4); off shell, the 4D effective action will differ only in higher-derivative terms, which

12Except at higher order in spacetime derivatives than we consider.
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are ambiguous as they can be changed by a 4D field redefinition. We start this section by
demonstrating that the new ansatz satisfies the same constraints as required in the electric
description of the D3-brane.

At the same time, we will notice that the fluctuation in F5 decomposes into an exact
term (the contribution of a globally-defined 4-form potential) and a delta-function sup-
ported term with an explicit dependence on the brane position. This motivates us to
divide Fj in the presence of magnetic charges into an exact piece and terms that depend
explicitly on brane position; the field redefinition yields a 4-form potential without a Dirac
string singularity, much as a field redefinition can be used to create a 4-form potential that
is invariant under 2-form gauge transformations needed to describe a background 3-form
field strength. We discuss this field redefinition in section 4.2.

A puzzle that arises when treating the D3-brane as a magnetic charge is how the
no-force condition in our background arises, since there is no WZ coupling between the
brane and Cy. As it turns out, the field redefinition described above solves this puzzle,
since the explicit dependence of F5 on the brane position modifies the D3-brane EOM.
In section 4.2.3, we find the modified equation of motion for the brane and demonstrate
that a static D3-brane feels no force in backgrounds that are mutually BPS with the brane
(including GKP backgrounds).

Finally, after reviewing the results of [25, 26] in a “magnetic” description, we present
a unified ansatz for the volume modulus, C4 axions, and brane position at linear order.
Using this ansatz, we solve the constraints and integrate the quadratic action over the
internal manifold to find the 4D effective action for all moduli.

4.1 D3-brane fluctuations in magnetic formalism

Clearly, to represent the same 4D degree of freedom, the self-dual F5 must be the same
on shell whether we choose to describe IIB SUGRA using the electric or magnetic compo-
nents. However, the magnetic components of Fj in the ansatz (3.4) (which we used for the
electrically-coupled D3-brane) are not easily described in terms of a 4-form potential with
the magnetic set of components. Fortunately, it is possible to describe the same on-shell
solution of the 10D theory by adding terms proportional to the 4D dynamical EOM to Fy;
some of these combine with other magnetic components to take the form dCy, as we will
see below. Specifically, we take

g — pelee _ AL IBY — e~ ALdidiBY

= kde A — 22 (xdBY ) + [e4ﬂ€ Adet? — 6493%{62(64143%/)] , (4.1)

where Fg’lec is given by (3.4). In the second line, the first two terms are the magnetic
components of ﬁ'5m % while the terms in brackets are the electric components. Through-
out the remainder of this section, we consider only an % and therefore we suppress the
superscript. Our ansatz for the metric remains the same.

Since it differs from the ansatz in the electric formalism only by terms that are second
order in spacetime derivatives, this modified ansatz for Fy leaves the constraint equations
unchanged, so it is still a valid ansatz for dimensional reduction. The additional terms
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in (4.1) lead to higher-derivative terms in the dynamical EOM, which in fact vanish on
shell and do not affect our analysis. We verify that the constraints are unchanged by
explicit calculation in appendix C.2.

We can now address our claim that the magnetic components of this ansatz are simply
written in terms of a 4-form potential. The key is the constraint (3.13), which can be

written as

*doe™ 4 + e®Uxd By — 263, T57Y16%(y,Y) = 0. (4.2)
As a result, the fluctuation in the magnetic components is

5F5 = *doe 4 — e*%5ddBY
—d (em;JB}” ) 42k T3R80 (y, V) . (4.3)

In other words, 65 = doC + S5, where C} is a globally-defined potential (ie, has no Dirac
string singularity and can therefore be defined with a single gauge patch) and Ss is the
explicit dependence on the brane position required to solve the Bianchi identity. This is a
(non-local) field redefinition of the potential which apparently gives the 5-form an explicit
dependence on the brane position. We will explore this field redefinition in more detail
in the following subsection, including an analogy to the well-known Chern-Simons terms
involving Ay and G3 in F.
4.1.1 Summary

The ansatz for 10D fields is somewhat modified in order to write the magnetic components
of F5 in terms of a 4-form potential. The metric and 5-form are given by

ds® = eQQezAﬁde“da:” + 262962A8H3%dx“dym + e 24 Gmndy™dy™ (3.1)
Fy = &de 4 — 2Y(3dBY ) + |e*e A de*? — *4dd (e BY)| | (4.1)
where the magnetic components are the first two terms. We have found that the magnetic
components of the field strength can be written as Fg, = S5 + dC}, where S5 contains

explicit dependence on the brane position and is described by a potential with a Dirac
string singularity. The redefined potential C is globally defined and has fluctuation §C} =

_ 207 TRY
e“*xdBj .
This ansatz satisfies the same constraints as the ansatz we proposed in the electric
formalism. Therefore, we still have e*? = em(o),
et A@Y) = 1400 | 942 Ty 5Y"9,,G(y,Y), and (3.7)
B (2,y) = —2r3T3e > Gpnn SYPC(y,Y) . (3.11)

4.2 Non-trivial Bianchi identities, field redefintions, and EOM

We recall from equation (2.12) that the Bianchi identity for the magnetic components of
Fg, is

_ igs ~
dFs = %Gg NERS LY /d4§\/—7 x e 8102, X(€)), (4.4)
D3/03
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which has both distributed (G3) and local sources. The meaning of the distributed sources
is well-understood — the gauge-invariant field strength contains both an exact term and
Chern-Simons terms involving both the potential and field strength for another SUGRA
degree of freedom. As a result, the 4-form potential Cy (even at first order in pertur-
bations) has a nontrivial gauge patching in a background Gg; [21, 25, 26] demonstrated
that this gauge transformation can be removed from perturbations of Cy by a simple field
redefinition, so the perturbation in Fj decomposes into an exact term and a (somewhat
altered) Chern-Simons term.

Similarly, the presence of a local magnetic source implies that C4; must be defined
on at least two patches glued together with a nontrivial gauge transformation (to remove
the Dirac-string-like singularity). We show here that, as in the case of distributed sources,
there is a field redefinition of the potential that allows the perturbation in the field strength
to be written as dCj plus an analog of Chern-Simons terms with delta-function support.
Our approach is to make a formal expansion of the source terms around an arbitrary fixed
point; the nontrivial gauge patching can then be relegated to a background potential that
creates the zeroth order term in the expansion, while the spacetime-dependent terms in
the field strength are separated into an explicit dependence on the brane position and the
exterior derivative of an exact potential. This explicit dependence of the field strength on
the D3-brane position in turn modifies the EOM for the brane’s motion. These techniques
are similar to Dirac’s original proposal for magnetic monopoles in 4D Maxwell theory [28];
the relationship of our work to Dirac’s and the extension of Dirac’s formalism to general
branes is the subject of an upcoming companion paper by two of us [29].

The key point in both cases is two-fold: the original C4 is not suitable for dimensional
reduction because it is not globally defined (and cannot be integrated over the CY in the
usual way, for example) and is not an entirely independent degree of freedom because its
nontrivial gauge patching depends on the values of other fields. The field redefinitions we
discuss below resolve both of these difficulties.

We begin with a brief review of the field redefinition in the case of a background Gs,
largely following [26]. We then demonstrate how to re-write Fs with explicit dependence
on the brane position in a generic background, working in static gauge. The cases of
distributed and local magnetic sources are independent, so we discuss them separately. We
close with a discussion of the modified D3-brane EOM in section 4.2.3.

4.2.1 Field redefinition in background 3-Form

Ignoring local sources, the 5-form Bianchi identity can be written as dFy = (igs/2)G3 A
G3 = (igs/4)d(As A Gz — Ay A G3).'3 This, of course, leads to the well-known expression
Fy = dCy+(igs/4)(As AG3— Ay AG3) with Chern-Simons terms acounting for the nontrivial
Bianchi identity. The appearance of the 2-form potentials requires Cy to vary nontrivially
under gauge transformations of As. This is the usual definition of the 4-form potential in
IIB SUGRA (one of the two common definitions, to be precise).

13When the axio-dilaton is constant; this discussion must be modified somewhat in a general F theory
background.
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However, if G3 has a harmonic background value Géo) (as in GKP compactifications),

Ag is defined only on coordinate patches, so Cy, including its fluctuation, must also be
defined only in patches. Defining G = Ggo) + 0G3 with G35 = dd Ay exact, we have

dﬁ5 = % [Ggo) A Ggo) +dG3 A Géo) + Géo) A 0G5 + 0G5 A (5@3} . (4.5)

Similarly splitting Fy = Féo) + §F, where Féo) satisfies the Bianchi identity for G = Ggo),
d6F5 = 52 [543 N GYY =045 N G| + 2 [543 1 6Gy — 04 1 6Ga] . (46)
This suggests writing

6F5 = ddC) + 52 |04 NG = 643 A GE| + 2 [045 1 0Gy — 645 N 3Ga] . (4.7)
It is important to note, however, that 6C is not the fluctuation of Cy as defined above but
is shifted from that fluctuation by a wedge product of § A2 and the patched 2-form potential
that describes the background Ggo)_ It is clear from (4.7) that 6C is a globally-defined
form; [21, 25, 26] demonstrated this fact using the explicit field redefinition and the gauge
transformations of the SUGRA fields.

Using the variables §C},As, §As rather than §Cy4,dAs, §As serves two purposes: it
removes the background gauge transformations from the first-order potential and clarifies
the dependence of §F5 on 6 As, §As. Since dCY is globally-defined, it is the appropriate vari-
able to describe fluctuations in moduli (such as 4-form axions) or compensators. However,
because the explicit dependence of §Fy on A, changes, the field redefinition from 6Cy to
dC} also modifies the 10D EOM for §As compared to the usual result from the SUGRA
(while leaving the 4-form EOM unchanged). As can be determined either by direct varia-
tion (at linear order) or by plugging the explicit field redefinition into (2.4), the change to
the linearized form of (2.13) is to ensure that As in the last term of that equation is the
globally defined dAs (which may have a background value). Henceforth, we will use this
modified potential and correspondingly modified EOM.

4.2.2 Field redefinition for D3-brane source

We can take a parallel approach for dynamical local sources; considering only a single
D3-brane, the Bianchi identity (2.12) is

dFy = —2k3, T / ey e 61902, X (€)). (48)

which we evaluate in the static gauge 9,X* = §,. With this gauge choice, the integral
reduces to

. 1 . .
/d4£\/—7 *e) 60z, X(€)) = — <*L —*1dYi+ 5 xy (dAdY) + ) 8 (y, Y (x))
(4.9)
following from the definition (2.10). Remarkably, all factors of the metric cancel on both
sides of (4.9), so we can take x; and 6i to depend on an arbitrary 6D metric gy, on

~ 93 -



the y™. For now we will leave this metric arbitrary, making an advantageous choice later.
Because we can use an arbitrary 6D metric, our procedure does not rely on factorizability
of the 10D metric. Note that explicit factors of parallel propagators contracting dY have
been suppressed since they become Kronecker deltas at coincidence (as enforced by the
delta function). Notationally, we continue to define d = Opdzx*, d = O,,dy™ rather than
introduce dj,d .

Our approach, as when considering a fluctuating 3-form source in 4.2.1 above, is to
demonstrate that terms containing spacetime derivatives of the brane position are exact.
Then Fj can be written as the exterior derivative of a (redefined) potential plus delta-
function-supported terms making explicit the entire dependence of F on the brane position
Y (x). To separate out the the dynamics of the brane position, we formally expand the
right-hand side of (4.9) around a fixed arbitrary point Y;™; note that this is not necessarily
the background value of the D3-brane position. The proper expansion quantity is Synge’s
worldfunction o(Y;,Y) (half the square geodesic distance between Y™ and Y*).1* The
derivatives 0y, = 90 (Y, Y) lie tangent to the geodesic from Y7 to Y™ in TM; as

m

illustrated in figure 2. By taking further partial derivatives, we can see that A#LOMY’ﬁ =
—A70u0™, so we can replace dY; — —doy in equation (4.9) above.
In carrying out this formal expansion, we note that

1
5ﬁ_(y7 Y) - 6?_ (y7 Y*) - Um@méﬁ_ (yv Y*) + 50mdﬂvmaﬂéi(y, Y:k) + 0(03> . (410)
Order by order in o, then, we find
APy =235 Ts {165 (1, Va) — €10™ 00 (3, Va) — d %1 (0165 (3, Y2) (4.11)

1 N 1 A .
—l—ielamaﬂvmaﬂéﬁ(y, Y,) + (d %1 01)0™0,,05 (y,Ya) — 3 %L (doy A dey)dS (y, Y;)} .

Using (B.5), and the fact that o™ is function of Y;,Y and not the position y where Fj is
evaluated, we can rewrite

020,08 (y,Ys) = =V (amAgéi(y, Y,)) = > d* (0165 (y,Y2)) . (4.12)

We immediately see that the second and third terms of (4.11) combine into a total derivative
—d(x10165 (y, Y4)).

We wish to write the second order terms also as 10D total derivatives. We start by
noting that similarly

* 100"V 0008 (4, V) = d [(x101)0™ 00 (y, V)] (4.13)
and also

w1 (doy A do)dS (y,Ys) = d [ﬂ(al A do1)88 (y, Y*)} . (4.14)

MFor additional details, see appendix B.
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The remaining term in (4.11) can be re-written in two ways; the first is given by the simple
differentiation

4 [(x101)0™ 0% (4, Y2)] = (d 51 01)0™0p0% (y, Vo) — (k101)d0™0,,00 (3. Y2) . (4.15)

While the left-hand side of (4.15) looks like the complement to (4.13) that we desire, it
enters (4.11) with an incorrect coefficient, and the third term of (4.15) is not a derivative.
As it turns out, the complement of (4.14) is

d |x1 (o1 A 6201)53(.%5/*)] = —d(x101)0™008 (y, Ya) — (x101)do™0p 08 (v, Ys), (4.16)

where we have remembered to differentiate the parallel propagators Aj; in the definition
of o1. All told,
d(x101)0™ 0% (y, Ys) =

d [(x101)0™00% (1, Y2)] — =d [n(al Aczalai(y,y*)} . (4.17)

N | —
N —

S0, to second order in the formal expansion,
. 1
dFs = 2r1,Ty {ﬁﬁi(y,}’*) —d [x1010% (y,Y2)] + 24 [(x101)0™0n 8 (y, V)]
1 5 _\56
—5d [*L(al A do1)8 (y, Y*)} : (4.18)

While we do not carry out this calculation to higher order, we conjecture that all terms
in the Bianchi identity at first or higher order in the formal ¢ expansion can be organized
into total derivatives, as we have shown at first and second order. It is important to note
that the source terms are actually independent of Y, when all orders of the expansion are
included, since they are simply a way of re-writing a function of Y (x).

Since the source for the Bianchi identity is a static delta function plus a series of total
derivatives according to our conjecture, F5 can be written in terms of a patched-together
potential for a static magnetic monopole located at Y, a globally-defined potential, and
additional terms that translate the Dirac string from Y™ to Y7 as

N 1
&:ﬁHMHZ%RPmﬁWWJHMW%ﬁmm
1 .
+§ * | (alAdol)éi(y,Y*)—i-"l . (4.19)

Note that the static monopole potential S satisfies d?S; = 2k3,T5 1 68 (y, Ys), which is
allowed since it is not globally defined and is singular at y = Y;. Of course, F5 and all
physically meaningful quantities must be independent of the arbitrarily chosen Y, so the
equation 9F5/0Y:™ = 0 will result in a system of relations among different orders of the
expansion similar to renormalization group flow.

We emphasize that (4.19) is not our ansatz for D3-brane motion. Rather, any 5-form
field strength with a monopole source can be written in this form, as we have done for
our ansatz in (4.3). Specifically, 6F5 in that expression is the first order term of Fj in
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the fluctuation of the brane position; to make contact with that expression, we should
take Y, to be the fixed background brane position, Y the actual brane position including
fluctuations, and ¢, ,n = Gmn. Then dS; + dCj is the background 5-form, and o1 — —371.
Then (4.19) is identically (4.3) to first order.

Just as in section 4.2.1, the field redefinition from Cy; — C serves a dual purpose.
First, it is clear that dzC’f1 = 0, so, unlike the original 4-form, the redefined potential is
now globally defined and is suitable for dimensional reduction. Therefore, the Cy compen-
sators and axion moduli appear in the redefined Cj. Further, the field redefinition cleanly
separates Fj into a contribution from the independent 4-form potential (' and an explicit
contribution from the D3-brane degrees of freedom (which is required by the Bianchi iden-
tity). As for other moduli, the explicit dependence of the field strength on Y (x) must
be supplemented by the appearance of compensators, which are necessary to satisfy the
constraints. In addition, since Fj explicitly depends on the brane position when written
in terms of C, the D3-brane EOM is not simply given by the DBI and WZ actions, as we
discuss below.

4.2.3 The brane EOM in the magnetic picture

As we have noted previously, in the magnetic version of IIB SUGRA, D3-branes couple to
Fy only through the nontrivial Bianchi identity; there is no WZ coupling between C4 and
a static D3-brane. This naively presents a puzzle, since the brane is mutually BPS with
a GKP background (or the background of other static D3-branes) and should therefore
feel no force. The DBI action provides a gravitational force, but there is apparently no
counter-balancing force from the 5-form, unlike in the electric formulation of the theory!

The resolution of the puzzle lies in the redefinition of Fj in (4.19). While the redefini-
tion leaves the Fg) EOM FEs unchanged because C) enters Fg, in the same way as C4 does,
the new explicit dependence of F5 on the brane position Y7 through om (Ys,Y) modifies
the D3-brane’s EOM, just as the SUGRA Chern-Simons terms in Fj contribute to the
EOM for Ay. We show here that the delta-function-supported terms in equation (4.19)
introduce two new contributions to the brane EOM: a force, which resolves the puzzle
described above, and terms proportional to the 5-form EOM Ejg, which vanish on shell but
will contribute to off-shell quantities including the effective action.

In the magnetic description, the D3-brane position degrees of freedom appear in the
DBI action (2.7) and the F5 kinetic terms, which are

1 1 1 - -
S5 = /dwxv -9 <2> () FyinporEMNPRE : (4.20)

2/{%0 5!

where the subscript mag indicates that the sum is over only the magnetic components of
F5 (which are defined with indices lowered). Note that the indices are raised with the full
10D metric g™, In the static gauge, the pullback of the metric is

P(g);w = gul/(x’ Y) + 29;”/1(1:’ Y)éuyvt + gmyt(l“, Y)é,uyma/y% ; (4'21)

the EOM for v,, also enforce v,, = P(g)u, but we impose that constraint only after
varying S with respect to Y. The DBI part of the action, as previously, contributes
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terms equal to the EOM (2.14) with Cy;ypg = 0 and all indices XM restricted to Y in
static gauge.
We now determine the variation of the 5-form kinetic action with respect to the brane

position. To first order in the ¢ expansion,

OF pnmar i 1, 1., em
O — T e {300, Y2)~ 32088 (1Y) | - S 302050000 0, }

= 263, Ty (€ )mnpars { A0 (3, V) + A3AL 00,008 (3, V2 } (4.22)
8F mn; r
— LR — 130T (e L ) mnpars Al AS 9, Y10 (. Y2) | (4.23)
oy
aﬁumnpq 2 6
Zopmnpd 12 U5 (€1 Ymmpgrs A0 ™A% 86 (y, Y2 . 4.24
8(&,1”71) K1043 M(GJ-) g m? 1y, Ys) ( )

We have used the relationship do™/0Y " = —A% as well as the expansion (4.10) for the
delta function.

For the most part, the EOM can be evaluated using the typical Euler-Lagrange formula.
However, the contribution from the second term of (4.22) deserves special consideration.
In the variation of the action, we can integrate by parts to remove the derivative from the

delta function:

655 =Ty /dw S0V LT [V Dmpars F2 A3 AL AL 68 (3, ¥2) + -}, (4.25)

where V1 is the covariant derivative compatible with the as yet arbitrary metric ¢ mn-
With the antisymmetrization of the s, m indices, the derivative appears to be d* | Fj; how-
ever, the presence of the 10D metric requires a more delicate interpretation. As we expect
that the brane EOM will contain terms proportional to the F5 EOM, we are motivated to

re-write
51 V[t [\/ <6J_)\mnpqr\ }anpqr] At AS = \/ \/gJ_(*Wd * F)mﬁ R (426)

where x, is the 4D Hodge star for the induced metric; this combination is ultimately
independent of ny.15 Note that only certain components of F appear in (xyd * F)ts.
Similarly, the 0,,(0£/0(0,Y)) term of the Euler-Lagrange equation contains

1
Iau [V _g(ﬂ_)mnpqrsFumnqus =V =VVIL *y d Fmﬁ (4.27)
(with a slight abuse of notation). These terms in fact add together to give a contribution

proportional to the EOM FEg.

15Recall that gvn and vy, are independent variables until the 7v,, EOM is enforced.
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All told, the variation of the action with respect to the brane position (in static gauge) is

1
0S = —T3/d10$ J?géYm { <2> /d4£\/j'7 |:,YMV (amguy(x’y) + 20mg¢(“81/)y¢
+0yGyp0uY " 0, Y ! ) -2V, (7“”97/1%8% + v“”gmﬁ)] 51z, X)

1 npqrs 1 vV —YvVI9L ~ n
- |:5!(6L)77‘mpqrsF Pa (53(3/,}/) - 2\/_7\27(*7d*F5)mﬁ06ﬁ(ya}/*)

1 n TS
+5(6L>7ﬂ7ﬁpqrsFMpq 3NY¢5ﬁ(y7Y*)] } . (428)

We need to make several comments. First, we have worked only to the first subleading order
in the formal o expansion. It is reasonable to conjecture that the sole effect of the higher
order terms in o is to replace 6§ (y, Vi) — 0% (y,Y) and perhaps to add new contributions
to the EOM which do not contribute at first order in the D3-brane velocity (like the last
term of (4.28)). We will primarily assume that this is the case in our discussion of the
dimensionally reduced action below but also comment on the possibility that the conjecture
is false (we leave a check of the conjecture to [29]). Next, we note the appearance of several
different metrics in (4.28) including the (as yet) arbitrary metric ¢ ,n. As we mentioned
above, this formalism has allowed us to include geometries in which gpsn does not factorize
into 4D and 6D metrics. Finally, we recall from equations (2.4), (2.14) our convention that
the EOM should be defined as (in static gauge)

68 =Ty / dz\/—g / d*¢\/=78Y " Ey, with Ey, o 6'%(z, X) . (4.29)

Some of the terms in (4.28) manifestly take this form, but others do not. However, con-
sider that

[ %av=g [ 6/ 116w X) = [ dy VT fe YIS . Y) (130)

for any function f(z,y,Y). Furthermore, we have the identities \/—7,/g leﬁ”’\p €A pmnpars

= _4!\/ _g(eJ_)mnpqrs and vV = gJ_eg)\paﬁy)\pcrmnpqrs = _6V_955(6J_)mnpqrs- Therefore,
we can re-write (4.28) as the EOM

4 4 1 14
Ey = {VZ (’7” Grpp O Y 4 A gmﬁ) - 5’7“ (@ﬁguy + 204,940 Y "

0030y POYP) — 2 (*Wd*Ffs) Alg™

n

- ((*7*F5)m + (g * ) Mauyﬂ)}a (2, X) . (4.31)

Note that the final result depends only on the 10D metric and the induced metric on
the worldvolume, not the arbitrary metric g ,,,; this is physically necessary but occurs
through nontrivial cancellations. The field redefinition Cy — C which showed the explicit
dependence of F5 on Y has introduced several new terms in the D3-brane EOM. The last
two terms represent the “electromagnetic Lorentz” force of Fy on the brane and, at least to
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the order we have calculated in o, they are independent of the arbitrary reference point Y5,
as any physical quantity should be. Higher orders in the ¢ expansion can contribute terms
with higher powers of 8MY’7“ as necessary for the 5-form version of the Lorentz force. The
remaining term, proportional to Eg = d F5, is somewhat more puzzling because it contains
o™. This term vanishes on shell, so it does not affect the physically meaningful brane EOM,
but it does contribute to the (off-shell) quadratic action that we wish to calculate. We will
discuss this contribution in more detail when we calculate the quadratic action below. For
now, we simply note that we can replace (% g )n,nAj 0™ = (*’YEG)#LVLU% using properties of
the Synge world function (see appendix B).

We can now return to the puzzle we raised earlier — how does a static magnetically-
charged brane feel a BPS-like no-force condition even though it has no direct coupling
to the 5-form? We have recognized that the nontrivial Bianchi identity for Fy modifies
the D3-brane EOM as above. Consider a D3-brane in the background (2.2) at a constant
position Y. In this case, Vv = Guv = eQAﬁW. Then the brane EOM becomes

1 -
Ey = —?y‘“’@mg,w + (x4 * F5)op 510z, X)
= [—267214877@6214 - 676A610Aam67414] 0z, X)=0. (4.32)
In other words, the new contributions to the brane EOM due to the Fj field redefinition
precisely restore the no-force condition for the brane.

It is also worth discussing the relationship of (4.31) to the D3-brane EOM in the
electric formalism as given in (2.14). In static gauge,'© this is

v y 1 .,
1 1
+8mg¢,,auy7ﬁa,,y;¢) + Gg/mpvg <6C77“’Ap + 50,7,1%{,31,3/% + .. >
v 1 1
% (10uChna t g0sCand Y 1o ) [0 x) . (a

where the --- include higher powers of 8NY77‘, which we did not calculate in the magnetic
framework. The first terms, which involve the metric and its derivatives, are manifestly
identical in the electric and magnetic formalisms, so we are left to compare the terms
involving the potential /flux. With some rearrangement,

1 1 A 1
éenggqﬁw = —ﬂegw(dagwm + éegwaﬂowpauw : (4.34)

the first term combines with the first term of the third line of (4.33) to give —(*713‘5)771 in
terms of the electric components. We add the remainder to the other terms from (4.33)
and find

1 1 _
— 3O Copag Y ™ + S VI Crping Y = = (e B0, Y -, (4.35)

16 And excluding terms proportional to derivatives of the delta function as in footnote 6.
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after remembering the no-torsion condition for derivatives of scalars. As when deriving the
D3-brane EOM originally, we have assumed that the 2-form potentials and 3-form fluxes
do not contribute to the electric components of Fy. Now we see that the D3-brane EOM
in the electric and magnetic formalisms are equivalent (at least the terms we consider) if

~ ~ elec ~ ~ mag
(g 5 ) + (*Vps)#,ﬁ%ayyﬂ - [(*,y  Bs)p + (o % Fs)pm@ Y| (4.36)

which is simply the relation of the electric and magnetic components of the fieldstrength
to each other.

4.2.4 Summary

In the presence of a nontrivial Bianchi identity, the potential Cy4 as usually defined contains
both an independent degree of freedom in the 10D SUGRA (which contributes both to the
4-form axions and compensators of other moduli in dimensional reduction) and also a direct
dependence on the D3-brane position. This potential carries a Dirac string singularity
which moves with the brane (alternately described as gauge patching); because of the non-
standard periodicity conditions, Cy is not appropriate to describe moduli or compensators
in dimensional reduction, and it also does not accurately reflect the contribution of the
brane position to the action.

As we describe in section 4.2.1, this situation is similar to the case of background
3-form flux; we reviewed a field transformation previously described by [21, 25, 26] to a
globally defined 4-form C) which also makes explicit the dependence of Fs on fluctuations
in As. We then found that it is similarly possible to write F5 in the presence of a D3-brane
monopole as

N 1
F5 =dS; +dC) — QK%OTg [*Laltsﬁ(y, Yi) — g(vmal)am@méﬁ(g/, Y.)

1 .
+§ * | (JlAdal)éi(y,Y;)—i—--l (4.19)

in terms of a new potential C’, which is globally defined and an independent degree of
freedom.

The explicit dependence of F5 on the brane position contributes to the brane EOM,
as derived in (4.28). The modified EOM satisfies the no-force condition on a static D3-
brane in a GKP background, which would otherwise be a mystery due to the lack of a WZ
coupling to the magnetic 4-form.

4.3 4D effective action in magnetic formalism

In this section, we calculate the 4D effective action in the magnetic formulation of the
SUGRA. We begin by reviewing the ansétze for the D3-brane positions, volume modulus,
and axions, and then we compute the quadratic action and integrate over the internal
manifold. Appendix C.2 contains details of the calculation.
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4.3.1 Kahler moduli in magnetic components

The 10D ansétze (and solutions to the constraints) for the volume modulus and Cy4 axions
in terms of the magnetic components of F5 were presented in [25, 26]. We review those
results here in concert with the ansatz for D3-brane motion as given in section 4.1.

All these moduli are described by the same metric ansatz (3.15) as in the electric
formulation, including a compensator field

By = —c(a)dK (y) + bh() B (y) + B (2,) . (4.37)
The 4-form perturbation is
3C} = by(x)*wy (y) — dby K3 (y) — *P%dBY (,y) ; (4.38)

note that the volume modulus does not appear in the magnetic components of C, even
through its compensator. There is an additional compensator for the axions in the 2-form
potential, Ay = —cibé (z)Al(y), which is nontrivial only in the presence of a background
3-form flux. Altogether, the field strengths are

Fy = %de %4 — eQQd(;JBf) + cfbé A <§w§ + JKé — % (A{ A C_?:(SO) — J_\{ A Géo)))
+ ¥ A de*! — e 5dd(e* By) + eXYdbl A *yﬂ and (4.39)

Gs = GO +dby A dAL . (4.40)
The field strength Fj is not the background plus doCy because F includes extra terms as
in (4.7), (4.19).

The compensators and warp factor are given by equations (3.23), (3.24), (3.11), as in
the electric formulation, along with

VAL = _1gO) L Grpl 20 gagan %; (dA{ NG — c.c.) (4.41)

5 Y,
9 ~mnp mn m

for the axions. The new form 74 in (4.39), (4.41) is harmonic (with the CY metric )
satisfying

N = et [w% + % (JK; — % (JA{ A Géo) — c.c.)) + emczB{} =Clw . (4.42)

The matrix O is defined as in (3.38); see [26] for more details of the axion degrees of
freedom. The final constraint can be written conveniently as

VB, = e Blge 4 — e7445e722 (4.43)

for the total compensator (4.37) including the variations due to all the moduli; the com-
pensator B{ for the axions is divergenceless.
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4.3.2 Effective action

The contribution to the quadratic action from the Einstein equations is only through the
(mn) component. By contracting the first-order parts of

5 Eppn = O [48(mABn) 2P ABy + VB — pe g, (4.44)
with
Sg™ = §(e*gmn) = —%emde*“‘gmn, (4.45)
we arrive at
S = _8&1%0 d4:r/d6y gett [—656_4’4320 + 264’487;‘56_4’432&4 (4.46)

after integration by parts and use of (4.43). Note that de=2* = ¢(x), the volume modulus.
The first term of (4.46) is proportional to

/de\/ﬁée_d‘A = Ve(x) (4.47)

because the brane motion does not change the warped volume per (3.8). Therefore,
1 - _ .
Sh — PN dix et [3‘/0820— /dﬁy getomse 41928, | . (4.48)
k1o

Next, we examine the contribution from the 5-form EOM. The first-order parts of Eg
include the dynamical EOM for the axion as well as a contribution from the compensator
for all moduli:

6B = e didbl A ~E — *Ydidd(e* By) . (4.49)

As in (2.4), we wedge this with 6C from (4.38) (which is globally defined and represents
an independent 10D degree of freedom). After integration by parts and some cancellation,
we see that

1 A -~ Aa

S5 = yren { / d**bl A dxdb] / Fwl A yd — / St dzdBY Ad;dBl} . (4.50)
K10

We can simplify this further using the 2-form inner product and the constraint (3.13) to find

1 ~ ~ - ~
Se5ff _ 472 d4l‘ |:3vclJ€QQb(I]abef + /d6y g 64964A8m66—4A823m:|
K10

—23/d4x/dﬁy\/§56(y,Y)emeﬁ‘A(SY’ﬁA%ézBm . (4.51)

The linearized 3-form EOM {§ Eg is non-trivial but does not contribute to the quadratic
action since d A5 has the wrong legs to give a non-vanishing wedge product with it.

Finally, the contribution to the action from the brane sector is determined by contract-
ing the dynamical part of the brane EOM with the fluctuation in brane position. As there
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is no WZ term, there is no cancellation between terms involving g, and Cj. Instead,
given that the induced metric is g, to linear order, the linearized EOM is

SEy, = [e—me—“g,ﬁ%é?aw + 8By, — 26_496_4A(§6E6)m¢0¢] 50z, X) . (4.52)
Therefore, the quadratic action as in (2.4) is
ngS = ?/d‘lx/d(jy\/ggfj(y, Y)5Y7ﬁ [emgm%é%w + %219’ B
1 29(9%0 Vi ¢+ Loog (4A31)m¢a¢] . (4.53)

The second term will cancel with a similar term in S% (4.51). As in section 3.3.2, we have
f],ﬁ%a“Y’ﬁ(?ﬂYﬂ = 2§l-]—8uZi8ﬂ27 ; here and in the following we drop slashes on complex
indices for legibility whenever the context is clear.

We are now forced to confront the terms that depend explicitly on the arbitrary ref-
erence point through the appearance of 0. We begin with the term proportional to the
harmonic (1,1)-form ~,. In complex coordinates, we can write

Y™yl o =t/ (5Ziw;]jaj + 62%)%07;) . (4.54)

We know from our earlier calculation in the electric formulation that this term should
contain derivatives of the (locally-defined) Ké&hler potential for the 2-form defined via

I _k

Zj = i0;07k", so we consider the derivative 0; (w0 ) = w; + (Ofwij)o k. Because their

derivatives are the same, we replace w; JJ — —zk‘I wﬂa — zkj to lowest order in the formal
o expansion. If, instead, our conJectured replacement 69 (y, Y ) — 0% (y,Y) is incorrect, we
should evaluate this term as 7,1,”11\77%07( %). Since we can set both k(Z, Z) and k;(Z, Z) to
zero at Y, by a Kihler transformation, we se that v/ A;a] ctw JA;U] C'Uk;](Y). In
fact, this is essentially the approximation used in [1] for these kinetic terms. Presumably,
higher order terms in the o expansion would make this approximation exact. In either

case, we are led to replace
2 0Pbiy 0V ot — —ie*?C1 0%, (K627 — k6 27) (4.55)

in precise agreement with (3.47).

The other term, proportional to J(eA‘ABl), is somewhat more subtle because both
e~*4 and B; contain Green’s functions evaluated at the singular coincidence limit of their
arguments. Specifically, e* — 0 at at D3-brane, so the volume modulus and axion com-
pensators do not contribute to (4.53), while the divergence of B can lead a priori to a

finite contribution for the D3-brane.!” It is possible to show for any 1-form v; that

By ((d1) ™) = (o) — %aﬂw (dvps) (4.56)

"The compensators K and B{ do in fact solve Poisson equations with singular sources (given by G(y,Y)),

but the subsequent convolution against another Green’s function ensures the compensators themselves are
smooth.
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so it seems reasonable at lowest order in the formal o expansion to replace

P
5Yme4gaécz(e4ABl)m¢UVt — (5Y7ﬁ6498264ABm — —eXY 925y hm (Amgmp(zb((y;i/))
y,Y)

(4.57)
in the coincidence limit for the warp factor (3.7) and compensator (3.11). This term has the
same general structure as the final term in (3.47), as it provides a not-necessarily-Hermitian
contribution to the field space metric for the brane positions. However, the precise form
is puzzling. Consistency with the calculation in the electric formalism suggests that we
can identify the Green’s function form of (4.57) with derivatives of Kéahler potentials in
combinations proportional to C! Jk:l[ k:}l , etc. However, while it would be interesting to
conjecture that the Green’s functions may be related to the Kahler potentials in a similar
way, the Green’s functions know only about the unwarped CY metric and not the global
warp factor or flux information contained in C!Y. Possibly, higher order terms in the
formal o expansion contain this information; we leave it to future work [29] to determine
if that is true.

Alternately, we can recall that we assumed that the ¢ function in the last term of (4.53)
should be evaluated at Y rather than Y,. Evaluating it at Y, regulates the Green’s functions
in e*4B;. Since the effective action cannot depend on the arbitrary point Y;, one way to
remove the Y, dependence is to average Y, over the CY. This certainly contains global
information about the warp factor and flux. Ultimately, a resolution of these issues will
require carrying the o expansion to higher (or all) orders. One approach, which we will
not pursue here, may be to note that physical quantities like Fy are independent of Y,
leading to relations between terms at different orders in the o expansion. These relations
may help resum the series in a manner similar to renormalization group flow.

Collecting the effective actions from each sector, we can construct the total effective
action. Once again, there is significant cancellation between the different sectors. The total
remaining action is

St = — 3V [ iy (¢*%0uc()0c(x) + 2201 0, b0
4%10

~Ty / dix [emgm—(Y)auZi@ﬂZj - iC”@ub{) (kjor2! — k]o"27)

1 Gh(y,Y) A
— -G (in 0,0y sy (4.58)

2 G(y,Y)

assuming we use the replacements (4.55), (4.57).

Our final result (4.58) is not manifestly equal to the effective action (3.47) found using
the electric formalism for IIB SUGRA, and the two actions may not be equal at all. While a
proper treatment must yield the same effective action whether we take electric or magnetic
components for Fy, (4.58) relies on two conjectured replacements (4.55), (4.57) as well as a
D3-brane EOM truncated at second order in a formal expansion; we have not yet been able
to verify all our assumptions. As a result, it is unsurprising that we do not have precise
agreement with the complete derivation of (3.47). However, the agreement of the general
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form of the action is striking: in the magnetic formalism, backreaction of the D3-brane
on F5 induces a dbydZ cross term of the correct form (and correct coefficient, if (4.55) is
correct) as well as non-Hermitian 0Y 0Y kinetic terms. The possibility that higher orders
in the formal ¢ expansion will lead to a relation between the derivatives of the CY Kahler
potential and Green’s functions is intriguing, but we leave that to the future.

4.3.3 Summary

We provided a unified ansatz for fluctuations of the volume modulus, Cy axions, and
D3-brane position in the magnetic formalism and performed a dimensional reduction on
this ansatz. Interestingly, the D3-brane EOM as modified according to the results of the
previous subsection contains terms of the form i9bk;0Z +c.c. and additional Y 9Y kinetic
terms. In the electric formalism, these terms had appeared due to the WZ action, which
does not exist in the magnetic formalism. Although we have not been able to give a
full interpretation of these terms in the magnetic formalism — there are possibly more
contributions from higher orders in the formal o expansion — it is important to note that
these crucial “cross terms” in the kinetic action arise due to the backreaction of the brane

motion on the 5-form.

5 Discussion

D-branes are important ingredients in flux compactifications, and their dynamics are es-
sential for understanding the structure of the Kéhler moduli of the low energy effective
theory as well as applications in string phenomenology and cosmology. For instance, sev-
eral models of inflation in string theory explicitly use the motion of D-branes in warped
regions in their construction (see [7, 32]), so a correct description of D-brane dynamics is
not of idle interest.

We have shown that a consistent dimensional reduction of 10D supergravity in the
presence of a D3-brane requires the inclusion of fluctuations in the 10D metric and 5-
form gauge potential, in addition to the degrees of freedom of the transverse motion of
the D3-brane. The D3-brane can couple to the 4-form as either an electric or magnetic
source, and we presented for both cases the first consistent set of fluctuations that solve the
10D constraint equations. For a D3-brane coupling as a magnetic source, we find a novel
field redefinition of the magnetic 4-form potential that allows the 5-form field strength to
be written in terms of a globally-defined 4-form plus delta-function-supported terms that
make the dependence of F5 on the D3-brane position explicit. The field redefinition leads
to additional terms in the D3-brane equation of motion from Fj, which resolve a puzzle
involving the no-force condition on a D3-brane in the magnetic description, as well as
contributing important terms to the effective action.

Combining our consistent 10D description of transverse D3-brane degrees of freedom
with existing descriptions for the volume modulus [25] and Cy axions [26], we performed
a careful dimensional reduction to obtain the 4D effective action. The resulting effective
action contains important contributions due to flux and warping, as previously seen in the
axion sector in [26]. The calculation involves a remarkable set of cancellations between
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the compensators and Green’s functions, demonstrating the importance of a consistent
10D solution of the constraint equations. We also explicitly demonstrated that there is no
“self-energy” problem for the dynamical effective action which might arise from inserting
the backreacted brane solution into the brane effective action. The kinetic action includes
the expected brane-axion cross-terms as well as kinetic terms for transverse brane motion
in addition to the manifest kinetic term in the DBI action. When treating the brane as an
electric source, these terms arise from the Hodge dualization of the axions from 2-forms to
scalars in the presence of the brane WZ action. When the underlying CY manifold has only
a single Kéhler modulus, the Kéhler potential agrees with the proposal of [7, 15]. In the
dimensional reduction treating the brane as a magnetic source, these additional terms arise
from the explicit dependence of F5 on the brane position along with the backreaction of
the brane on the 5-form. While we have not reproduced the precise form of the additional
D3-brane kinetic terms, there are intriguing hints that these terms could be related to
Green’s functions on the internal space.

Many cancellations in the dimensional reduction likely occur because of the high degree
of structure of the background, including supersymmetry and no-scale structure. An effec-
tive action for D3-branes in a more general warped background with interesting applications
will likely be more complex, and the techniques developed here can play an important role
in the necessary calculation. Moving beyond the probe approximation, which we have ar-
gued is necessary, it would be interesting to see if there are modifications to the kinetic part
of the effective action arising from the interaction of the D3-brane with the 10D fields. As
another example, the dynamics of D3-branes in warped flux backgrounds [33] beyond the
probe approximation should also include perturbations to the 10D fields in the effective
description. We leave a detailed investigation of these and other applications to future
work. Nevertheless, we have seen the importance of a consistent 10D description, solving
the constraint equations, for constructing a 4D effective action from dimensional reduction.
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A Conventions

Here we summarize our conventions and notational shorthand. External, noncompact
spacetime coordinates denoted x*, while internal, compact dimension coordinates are y™;
when used, 2™ include all coordinates. Brane worldvolume coordinates are £, and the
embedding of the worldvolume into spacetime is denoted X M (&) (with & dependence some-
times suppressed). The slashed index indicates that the coordinate transforms under dif-
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feomorphisms as the position of the brane as opposed to the spacetime point ™ where
SUGRA fields are evaluated (see appendix B on bitensors).

Quantities with a hat”are associated with the 4D metric 7, such as raised or lowered
indices, the antisymmetric tensor €,,), (or volume form €). Similarly, any quantity with
a tilde " is associated with the unwarped CY metric g,,,. However, as partial derivatives
are metric-independent, we do not accent them (ie, we write 0,,0,,) except for raised
indices. However, for appearance, we accent the derivatives rather than the square in
Laplacians/d’Alembertians, writing 9% and V2 rather than 92 and V2. Ten-dimensional
quantities have capital indices but no accents. A superscript (0) with parentheses indicates
a background value.

Two other metrics appear in this paper, the worldvolume metric 7, and an arbitrary
metric g;- . Indices a, b denote quantities associated with 7,; in static gauge V), is also the
covariant derivative associated with the worldvolume metric. Quantities associated with
g are denoted with a L sub- or superscript.

We work with a mostly + metric and define the antisymmetric symbol € as a tensor.
Similarly, delta functions are defined as scalars, so € and § implicitly carry \/m factors.
Combinatorial factors for differential forms are defined as in appendix B of [34]. The wedge
symbol in a wedge product may be omitted in in-line mathematics.

Harmonic 2-forms are written in terms of a basis {wl} on the CY manifold, so any
harmonic form can be written as e/w! for constant coefficients e!. This is not the basis of
harmonic forms at a single point; if hq; is greater than the 2nd Betti number of 75, the wg
are not all linearly independent at any given point, only as functions. We orthonormalize
the basis with respect to the inner product

/ wh A kw] = 375 (A1)

This normalization allows us to choose the Kéhler form as wj = J, since J* = 6¢ and
*J = J? /2. (Strictly speaking, in this paper we only consider 2-forms with positive parity
under the orientifold involution, but similar considerations would apply for those with
negative parity.)

B Bitensors, expansions, and Green’s functions

As we have noted previously, any attempt to describe the influence of D-branes on SUGRA
fields necessarily involves (at least) two points in spacetime: the position where the SUGRA
fields are evaluated and the position of the localized brane source (respectively y™ and Y7
in static gauge). The SUGRA fields are generally functions of both of these positions.
We also must consider both positions when evaluating the 10D EOM, as there are bulk
equations evaluated at ™ and brane equations involving fields evaluated at Y. At some
points, we also introduce a fixed reference point Y;". As diffeomorphisms in general act
differently at different points, we use distinct markings to indicate which transformation
acts on a given tensor index (ie, unmarked, slashed, or underlined). Here we give a very brief
review of the properties of tensor functions of two spacetime points, known as bitensors,
following [35].
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A bitensor is a tensorial function of two points in spacetime, which may have indices
marked for either of the two points. As an example, the 5-form Fj has 5 indices associated
with the evaluation point y but also depends on the brane position Y, ie, anpqr(y, Y). A
key example for us is the 6-dimensional biscalar Dirac distribution (delta function) 6°(y,Y")
(for some metric g,,) defined by

/ By /o) f (1), V) = F(Y / Y g5 Y) = fiy) . (B)

Note that the Dirac distribution integrates as a scalar in both coordinates, so it implicitly
includes a factor of 1/,/g. (In the main text, we will consider Dirac distributions for metrics
Gmn and grer)

To understand the coincidence limit of a bitensor as well as the expansion of a tensor
around a fixed point, we consider the Synge world function. This is a biscalar function of
y, Y defined by

A1
o(,Y) = 5(0 — o) A Grn ()N, (B.2)
0
where 2™ () describes a geodesic with z(A\g) = y and z(A;) = Y as depicted in figure 2. For
affine parameter A, t™ is tangent to the geodesic, and o(y,Y") is half the squared geodesic
distance between y and Y. The derivatives o, = Opp0 and o, = 0,40 are tangent to the
geodesic at the respective endpoint and directed outward, as in the figure. It can be shown
that o,,0™ = oma’ﬁ = 20. A covariantly constant vector A™ can be parallel transported
from y to Y along the geodesic via the parallel propagator AZL as AT(Y) = A? (y, Y)A™(y),
with the corresponding generalization for covariantly constant tensors. At coincidence
y=Y, A? = 5,T , S0 any bitensor (with any distribution of indices) satisfies

Tty o, P05, ) (Aﬁ% . ) (Agi ) 5(y,Y)
= Tml---manl~--nl,plmqulmqlC (ya y)(s(.% Y): (Bg)

etc.

There are several useful identities among the Dirac distribution, parallel propagator,
and derivatives of the worldfunction. First, because ¢ o t"", the tangent to the geodesic,
we have

op = —Aj'om and op = —AZIJE. (B.4)

Next, in the coincidence limit, parallel propagators are covariantly constant with respect
to either endpoint. Finally, the Dirac distribution and the parallel propagator satisfy the
identities

Vi (A Y)0(5,Y)) = =003, ) Vi (AL (5. Y)0W.Y)) = =0u6(3,Y)  (B5)

in any dimensionality.
Of course, it is often useful to evaluate a tensor as a series expansion around a fixed
reference point, preferably in a manifestly covariant manner. One possible application is to
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z(A)
ym

Figure 2. The geodesic z()\) connects y™ to Y. o™, 0" are outgoing tangents to the geodesic at
the endpoints with length equal to the geodesic distance.

consider the expansion of a bitensor Loy oy (y,Y) around coincidence y = Y’; in covariant
form, this is an expansion in powers of ™ (or alternately a’ﬁ) [35]. Another application is
the expansion of a tensor as a function of Y7 near a reference point Y. As an example,
the expansion of a scalar is

A(Y) = A(Y) — 0, A(Yo)o™ + %VmaﬁA(Y*)Umaﬂ been (B.6)

where the dots represent terms higher order in ¢™. In the main text, we use this to expand
Sﬁ(y,Y) around Y = Y, taking y as a constant, so the delta function is just a scalar
function of Y.

Finally, let us discuss the behavior of Green’s functions on curved space. Consider
a minimally coupled massless scalar ® and a vector field A™ which satisfy the Poisson
equations

V20 = —pu(y), VA" =—j"(y), (B.7)

where p, j™ are sources. We can write the solutions in terms of the biscalar and bitensor
Green’s functions G(y,y') and G (y,y') as

By) = [ Y VeI G Y) ulY). A7) = [ 4V Val¥)GRuny) 1Y) (B
(in any dimensionality). The Green’s functions are defined to satisfy
V2G(y,Y) = =8(y,Y), V2Gp(y,Y)=—AJd(y,Y). (B.9)
The scalar and tensor Green’s functions are related by
VG (y,Y) = =0G(y,Y) (B.10)

and vice-versa. We are mostly concerned with the 6D metric g, and corresponding
Green’s functions G(y,Y) and é%(y, Y).
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C Linearized equations of motion

In this appendix, we assemble all the linearized 10D EOM for the 10D SUGRA fields;
these are the Einstein equations, 5-form and 3-form flux equations, and D3-brane position
equations. We will identify how the EOM divide into constraints and dynamical EOM; the
electric form of the equations are listed first, followed by the magnetic form.

C.1 Electric formalism equations of motion
Here we provide the EOM for the electric formalism for D3-brane motion. For reference,
our ansatz for the SUGRA fields is
ds? = 62962Aﬁuydaz“dx” + 262962A8uBm($, y)dzHdy™ + e 24 Gmndy™dy™ | (3.15)
Fy = e nde* +d (64964‘44(6531) + dbb A wi (3.19)
+ |Fde ™ — 2145 (dBl A J64A> +*d (64964’4%6231) + e 2%dbk N e M50l
Gs = GV — e 22adbh A AT + e 2%%dbh A dAT (3.20)
along with Y7 (2) = Y(©7 4 §Y"(2). As in the main text, the components of F5 in square
brackets are the magnetic components provided for reference as xF5 of the electric compo-

nents. Above, and throughout, the metric compensator By (x,y) is the total compensator
for all the moduli

dB (z,y) = —dc(z) A dK (y) + e~ *X%dbb (z) A BY (y) + dBY (z,vy) . (3.17)
This is clearly an abuse of notation; for reference, d*dB; = —dxdcdK +C?*)A<CZB%/ and d2B; =
6_496&'(&)53?1 to first order. Furthermore, the warp and Weyl factors include first-order
contributions, ie A = A(z,y) and Q@ = Q(z). Finally, to allow for the presence of a
compensator 0Cy ~ —chéK I we do not yet require that wf be harmonic (though it must
be closed to avoid terms in F5 ~ bbdw}). A number of the results in this appendix follow
from calculations in [26].

C.1.1 Einstein equations

The components of the Ricci tensor to first order are

Ry = 0,0,(4A = 20) = 7, 0 (A + Q) + €46 (9 462 B, — V* A, + 0,0,V B )

(C.1)
Ry =20,0mA — 80, A A + €42 (8,V (Y, By) = VA9, By + 40" A0, By )
(C.2)
Runn = 8%V (4 By + 401 AD? By — 0" AD® By + V2 A + €4 7220 A
— 89 ADp A + Ry . (C.3)

We note for later that we did not need to use d2B; = 0, which is not true off shell for (3.17).
Here, Ry is the Ricci tensor of Gmn; for the CY metrics we consider here, it vanishes, so
we set Rmn = 0 henceforth.
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Using these, we can calculate the Ricci curvature, R, to first order
R = 6e 2 2252(A — Q) 4 2624 (526535 + AP B,y + VA - 48‘7A85A> . (C.4)
and the Einstein tensor, whose components are
G = (0,0, — 71, 0?) (4A — 20+ 64%29@‘73@) + 2642, (zaangA - @M) , (C.5)
Grum = 20,0mA — 89, A0 A + Me220), (VN By + 40 AV, By
12B,,(207 A9, A — @%4)) : (C.6)
Gonn = OV (1 By — 0>V Byiynn + 40 AD* B,y — 20" AD* Byiioun — 80, AD, A
40P ADy Ay + e~ 44625, 0% (30 — 24) . (C.7)

Next, we determine the stress-energy tensor. We remind the reader that the contribu-
tions of the Ramond-Ramond fluxes to the energy-momentum are

1 - ~ g _
Tyn = MFMPQRSFNPQRsv Ty = f (GG rypg — gun|GP?) . (2.6)

The resulting energy-momentum tensor for the 5-form (3.19), including terms up to first-
order, has components

TSU = 264‘46297}#,, (8214323( — 2(9@146@4) , (C.8)
T3, = 46462 (040, By — 0 40,40, By, ) — 26 (3dbg) om0 A, (C.9)
T3, = 40" AOGA G — 80m ADy A + 40, AD* By — 20° AD* By - (C.10)

The resulting energy-momentum tensor for the 3-form (3.20), including terms up to first-
order, has components

Js 0 éA
T = =™ ‘Gé )‘ A » (C.11)
) o 5
T3, = _% [ie—me“(;dbgm (dA{ NGO c.c.)m + 22849, B, \Ggm\ ] . (C.12)
- 5
T3 = % <e4A(G(0>)mW(G<°>)npq - \Ggm\ ) ~0. (C.13)

We have used the imaginary self-duality of the background flux, ie ;Ggo) = iGgO), to
simplify (C.12), (C.13).

The energy-momentum tensor for our mobile D3-brane comes from
Tk = —ioTs / A=A AN A Gy poygOa X PO X R0 (2, X (). (28)

We will use slashed indicies XY to refer to the embedding coordinates of the D3-brane
and will work in static gauge £* = 5;X #(€). The D3-brane energy-momentum tensor, up
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to first order, has components

T;g?) = _51 T368A QQan56(y> )7 (0.14)
T3 = —k3g T30, Brnd® (3, Y) — T34 5,0, Y (2)6° (3, Y) (C.15)
T = 0. (C.16)

Other localized sources (such as other D3-branes and O3-planes) also contribute an energy
momentum tensor 7194, identical in form to (C.14), (C.15), (C.16), with the exception
that Tfﬁfl does not contain the term with explicit dependence on the single mobile brane’s
position, 8#1”7”.

At the end of the day, we obtain the 10D Einstein equations Eyy = Guy — (T]{’/[N +
T3 n +TH3 +Tl9%) explicitly in terms of our ansatz (through first order in fluctuations):

~ - - 2
E,, = et [2(4a€AaeA — V2A) 4+ T3e*455(y, Y) + ﬁe‘“‘ ]Gg@\ + ] Ty
(0,0, — 7w d?)(AA — 20 + A2V B,) — 26442, 0 4628, , (C.17)
5 - - 2
Epm = ¢*%¢"9,B,, [2(4aangA - V2A) 4w Tae 0y, v) + Lt |Gl - ]

+20,0m A — 89, A0 A + €*Ae220, VIV 1, By + Ty G0, Y ()8 (3, Y)

+2e~ 2% (bl , [ —4A,T GiA gs ; (dAf AGY — cec. )} , (C.18)
By = 07 (?(mBn) - gmNng) e M2 52(30 — 24) (C.19)
where --- denotes the contributions due to local sources other than our mobile D3-brane,

whose precise forms are unimportant. The Finstein equations contain both constraints and
dynamical EOM For example, the (uv) and (um) components both contain the Poisson
equation (3.21) that determines the warp factor to be (3.23), which now must be satisfied to
first order point-by-point on the external spacetime (in this way, our choice of coordinates is
similar to the Coulomb gauge of Maxwell theory). The (ur) component (C.17) also contains
a constraint proportional to 9,0, —77W32 (vielding (3.22)) and a dynamical EOM in the last
term, while the remainder of the (um) component (C.18) is a constraint (3.25) determining
the contribution of each modulus to By, (this gives both (3.11), (3.26)). Finally, E,,, is
entirely second-order in external spacetime derivatives and contributes a dynamical EOM.

C.1.2 Form flux EOM

In addition to the 10D Einstein equations, we also have 10D EOM from the 5-form and
3-form fluxes, given by

Eg=dx F5 — %Gg A Gs + QK%OTg/leg\/—’y e 60z, X(€)), (2.11)

Es =dxGs+iGs A <F5+*F5> —i—%Ag/\EG. (2.13)

— 492 —



Using the ansatz (3.15), (3.19), (3.20), the 5-form EOM becomes
Eg = dide 4 — %Gé‘” NG — 22 Tye 85 (y, V) + d (e*‘“‘;é?Bl)
+d [;Je*‘“‘ + 2 xdB) — 2m§0T3;17156(y, Y)+ e*“‘é?;Bl}
20 5T A | —4Ax 19s (\1 0)
e 2%db A d [ 7k 4! (A A G c.c.)]
+e 22d5db) A [e“;wg — %dB + %(A{ NGO — C.c.)} . (C.20)

Each component of Fg leads to a distinct constraint or dynamical EOM. The constraints
largely repeat those from the Einstein equations: the first three terms of (C.20) are once
again the instantaneous Poisson equation for the warp factor. For reasons explained in foot-
note 9, we ignore the dd?%B; term, so the (1,5) components of Fg nearly reproduce (C.18)
(up to a Hodge star). They differ only by a term proportional to d?kw% ; therefore, we see
that wl must be harmonic or alternately that any compensator dby K1 in Cy must van-
ish. The dynamical EOM include (0,6) and (2,4) components and yield (3.36) once the
definition (3.28) is taken into account.
Meanwhile, the 3-form EOM becomes

By = —dbb A |dxdAL + iwh A G| + e 2% 44 (drdidbl) A FA!
+e 22 (Gdidbl) A d(e M FAD) + ie 2 dxdbE A Gde MY AN L (C.21)
The first term (in square brackets) gives (3.29), the constraint determining A{. The remain-
der of the terms give the dynamical EOM FEg, but do not contribute to the 2-derivative

quadratic action because they either have the wrong legs to wedge with §As, contribute
only at higher derivative order, or both.

C.1.3 Brane EOM
Finally, the D3-brane EOM is

EM = Va [(gMNaaXN 6 T3 adeC’MNP@abX]xf&) XpadX@> (510(.%' X):| (2.14)

N aa P
|: OMgMPOX 0°X 4'T

Seabedg CxpordaX V0,X 70, X@&iXR] 6%z, X).

As noted in the main text, we have ignored terms proportional to the derivative of the
delta function, as they vanish in the variation of the action upon integration by parts.

We evaluate these EOM in the static gauge using the 4-form background corresponding
o (3.19), ie

Cy = e 4 et 5d By + b AWl (C.22)

Then the Y = jt component of the D3-brane EOM becomes (again, dropping terms pro-
portional to the derivative of the delta function)

By = - 26—2A—298¢ (62A+29) _ 6—4A—4Qa% (64A+4Q)} 50z, X) =0, (C.23)
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which is a trivial constraint. The M = 1A component gives a dynamical EOM

By = e e 22, (821/%) 50z, X) . (3.30)
The second line of (2.14) vanishes identically, and the terms in the first line containing Gipyh
and C?ﬁl/imb’ both of which include the B; compensator, cancel each other.

C.2 DMagnetic equations of motion

In this section, we will compute the 10D EOM for the gravity, 5-form flux, 3-form flux,
and local sources for the magnetic form. The ansatz for all moduli is

ds® = *e QAA ydztdz” + 2¢*e 2’46 B (z,y)daztdy™ + e 24 G dy™dy"™ (3.15)
Fy = %de™* — 2%(xdBY ) + db} A <*w2 +dKl - 2 (M AGY - AiA Gg0>)>
+ [ e A de*t — e %dd(e* By) + e*Hidbl A 72} ,
Gs = GO+ dbl A dA]
plus Y7 (z) = YO7 4§y (z). In the main text, we also consider the relation of Y”(x) to

reference point Y;™; they are connected by a geodesic which has outward-pointing tangents
o™ o' at the endpoints. The metric compensator and (redefined) 4-form perturbation are

By = —c(x)dK (y) + b (=) Bi(y) + B} (2,y), (4.37)
5Ch = bl (x)*wd (y) — dbi KL (y) — e*¥%dBY (x,y) . (4.38)

As before, Q(z), A(z,y) contain both background and first-order parts. Here, wl is har-
monic, and there is an explicit compensator K. é for the axions. The form ~Z is shorthand for

v = et [w + % <dK3 _ 19 (dAI A G( ) c.c.)) + ezQJB{] =CcMuwy, (4.42)

which we will motivate from the constraints below; as we will also see that v must be
harmonic, C7” is a change-of-basis matrix defined as in (3.38), which can depend on the
background values of the moduli in general. Again, many of the following results are
adapted from [26].

C.2.1 Einstein equations

The metric is the same in the magnetic formalism as the electric formalism, with the
exception that the B,, compensator takes a somewhat different form. However, the Einstein
tensor is independent of the particular form of B,,, so the Einstein tensor is still given by
equations (C.5), (C.6), (C.7).

The energy-momentum tensors are similar to the electric formalism but not quite
identical. We find

T}, = ~4c*%M (97 A0,A) iy (C.24)
5, = —1e2%eM (aan A) 0B + 262249, (AB) mn™ A — 20,071, 97 A, (C.25)
T5 = 40" A0y Aimn — 80m AD, A (C.26)
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for the 5-form contribution based on [26]. Since the only compensator in Gj is for the
axions, its contribution to the energy-momentum tensor is identical to [26]:

g 02,
o, = —7pe*e ‘G;(), )‘ v (C.27)

4
T3, =0. (C.29)

m

~ _ 2
e [—ie4Aaub5; (A AGY —cc) +e%e¥,B, |GY)| } . (C28)

In static gauge, the energy-momentum tensor for the D3-brane is still given
by (C.14), (C.15), (C.16) since it is unaffected by the ansatz for the flux.
In the end, the Einstein equations through first order are
= - . 2
B = 2% [2(4@%@%1 - V2A) + T4 50(y, v) + Lt 6|+ - ] i
(0,0, — A d?)(AA — 2Q + 4422001 B,) (C.30)
~ - - 2
Epm = e2%449,B,, {2(485146@4 — V2A) + k2 T3 5 (y, V) + %e‘m ng@y . ]
+20,0m A — 80, A0 A + €420,V IV, By + Ty G0, Y ()86 (3, Y)
+2e149,b [6—414%{%3%4 + %; (JA{ AGY - c.c.)] : (C.31)
By = 2 (@(mBn) + OmABy) — V' B — zgmﬁfABe) et 52 (30— 24) .

(C.32)

As before, (C.30) contains the instantaneous version of the Poisson equation determining
the warp factor, which yields (3.23), along with the constraint (3.22) for V*B,, (includ-
ing (3.24) for K, the volume modulus compensator). The off-diagonal Einstein equa-
tion (C.31) also includes the Poisson equation for the warp factor, along with a Poisson
equation (3.10) for BY (which is satisfied by (3.11)), and the Poisson equation

V2Bl = —e % gie4A _ %% (JA{ A ééo) — c.c.) . (C.33)
m

The internal component (C.19) is once again a dynamical EOM only, and we can simplify
it to the form (4.44) using (3.22).

C.2.2 Form flux EOM

Because the magnetic ansatz (4.39) for Fy differs considerably from the electric case, the
EOM for F5 and G also differ significantly from the electric formalism.

The first thing to note is that neither the 3-form or D3-brane source terms have the
correct components to contribute to Eg in the magnetic formalism; Eg = dxF5, as explained
in section 2.3. Therefore, the EOM becomes

Eg = —e'didd(e* By) + 2 didb] A~ + e®¥dbl A dryd (C.34)
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The first two terms contribute to the dynamical EOM, while the last term is a constraint
requiring that 721 , defined in terms of the moduli and compensators as (4.42), be closed.
Meanwhile, the Bianchi identity is now the constraint

dﬁ5 — %Gg A G’g + Qﬁ%OTg/d4§\/—’y * €| (510(33, X(f)) =0. (2.12)

Written as in (4.39), Fy automatically satisfies the Bianchi identity as long as Bf is given
by (3.11). However, in terms of the shorthand variable 75 , the magnetic components of Fj
are Fy = de 4 — ®¥d(%dBy) + ¢*Pe~*Adbl#L. Like the (um) component of the Einstein
equation, the constraint from the Bianchi identity in these variables leads to (3.10) for BY
and (C.33) if and only if J;WQI = 0, which implies that ~Z is harmonic.

The 3-form EOM is

Es = X2didbl A %dAL — e22%dbl A dxdAL + ie* e dxdBy A G — ie23dbi A vE A G
(C.35)

The first and third terms contribute to the dynamical EOM, while the second and fourth,
when acted on by %, give the Poisson equation (4.41) for Af.

C.2.3 Brane EOM

As noted in the main text, the D3-brane action has no WZ term through second order in
dY in the magnetic formalism because C4 has the wrong legs. However, as we discussed
extensively, we should properly think of Fy as depending explicitly on the brane position
because of the nontrivial Bianchi identity, much as it depends on As and G3. As a result,
the F5 kinetic action contributes to the D3-brane EOM, which we derived in section 4.2.3.
With some conjectures about higher-order terms in a formal expansion, the EOM in static
gauge comes out to

v v 1
E?ﬁ = {VZ ("}/M g,ﬁ¢&,Y¢ +AH gwﬁ) — 5’)/“ (&ﬁQ#y + 26,7@.9%(“8,/)1/% + 87ﬁg¢p8uY¢&,Y?’)

1 [ n n v—g 1 [mpqrs [oHpqTs 7
9 (*’yd*F5>mﬁ Aﬂa + \/_7,_}/ i 51 ((6L)7)‘mpqrsF + (Q.)?fm/ipqrsF 8,uY )

x 010z, X) . (4.31)

We recall that v, is the (independent) worldvolume metric, g| .y, is an arbitrary metric
on the y™ coordinates, and ¢™ is the tangent to a geodesic from the brane position Y7
to an arbitrary reference point Yi* at Y;*. As usual, the EOM for Yuv sets it equal to
the pullback of gysn to the brane worldvolume, but +,, has no first-order fluctuation. For
convenience, we take g ;n = Gmn-

In (4.31), the background terms involving Oy and (€1 - 155)77@ cancel each other; this
is the no-force condition on the D3-brane in the magnetic formalism. A number of terms
enter at second order, leaving a first-order dynamical EOM of

20 44~ A - 1 40 —4a,s
SEy, = |e e 445,,0°0Y" + 0°B,;, — 5€ e A (S Bg ) ppo™ | 602, X) . (4.52)
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D Kahler potential and kinetic action

As is well-known, GKP compactifications have N' = 1 SUGRA (possibly with sponta-
neously broken supersymmetry) as their 4D effective theory. As a result, the metric on
moduli space must be Kéhler, meaning that moduli space is complex and that the her-
mitean metric on moduli space is Kéhler G ; = 0,0;K. Here we consider the kinetic
Lagrangian £ = Gal;a#gb“@“ggg for the Kéhler potential

K = —3log [~i(p— p) —vk(Z,Z)] , (D.1)

which is appropriate for the case that hA! = 1. In relation to the variables of the 10D
SUGRA fields, p = b+ i(c + vk(Z,Z)/2), and k(Z,Z) is the Kihler potential of the
underlying CY manifold.

The kinetic Lagrangian for these moduli takes the form

L = 8,0,K 8pdp + 8,07K 0pdZ + 8;0,K 0pdZ + 8,07,K 0207 . (D.2)

Using (D.1), each term is:

3

005K 0p0p = 5 ((0b)% + (9¢)? + ~0c(07k 0Z + 04k 0Z)
2
+%(azk 0Z + 97k azf) , (D.3)
- 3v0zk , Y _ _
0,07K 9p0Z = i1 (ab + i+ i (97k 07 + Ozk 82)) 07, (D.4)
0,07K 0p07 = —1'37425 K (ab ~ide — i%(@zk 87 + dzk aZ)) YA (D.5)
040,K 0707 — ‘Z—Z (8282k + W) 0207 . (D.6)

Adding everything together gives

3

3y = 3y =
2 2 _ _
2
f% <62k382k 0207 — 20,k07k DZOZ + D7k 7k azaz) . (D.7)

Based on the form of (D.7), what we anticipate seeing in the quadratic action are
separate quadratic terms for the scalar axion, volume modulus, and the D3-brane; a
second-derivative of the internal Kéhler potential; sets of derivatives (holomorphic, an-
tiholomorphic, and mixed) acting on k; and a coupling between the axion and D3-brane
moduli.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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