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1 Introduction

Fluxes play a crucial role in all phenomenological aspects of string theory, because their
presence in general induces a potential for the moduli, which can thus be suitably sta-
bilised [1-5] (for a review, see e.g. [6-8]). We are interested in orientifold type-II Calabi-
Yau compactifications with fluxes turned on, whose low-energy effective actions are N' =1
supergravity theories in four dimensions with a given superpotential determined by the
fluxes. In the case of IIB O3-orientifolds, only the NS-NS and RR 3-form fluxes Hs and
F3 can be turned on, and they generate the Gukov-Vafa-Witten superpotential [9]

Wisjo3 = /(F3 —iSH3) ANQY (1.1)

where 2 is the holomorphic 3-form of the Calabi-Yau manifold and S is the axion-dilaton.
For TTA O6-orientifolds, one can in general turn on all RR fluxes from Fy to Fg together
with the NS-NS 3-form flux and the metric flux f¢,, and the superpotential reads [10-15]

Wiia 06 = /[eJC ANFRr+ Qe A (Hs + f-Jo)] (1.2)

where with J. and ). one denotes the complexified Kéahler form and the holomorphic
3-form, and (f - Je)ape = 3ffgb(JC)c]d.

In this paper we will focus on the specific case of a T/[Zy x Zs] orientifold, of which we
now review the standard notation used in [13] (see also [10-12, 16-18]) in order to make the
analysis in the rest of the paper more clear. One factorises the 6-torus as 76 = ®?:1 T (Qi),
and the two Zs’s act as (—1,—1,1) and (1,—1,—1) respectively on the coordinates of
the three 2-tori. Denoting these coordinates as (z¢,y'), one defines the three 2-forms
w; = —dz® A dy® as the natural basis for closed 2-forms, while the basis for closed 4-forms



is given by the Hodge duals &; = *w;. The Kahler form J and the holomorphic 3-form €2
are given by the expressions

3
J = Z A;w; Q = (dz' + imdy') A (do? + imedy?) A (da® + imsdy®) (1.3)
i=1

where A; and 7; are the volumes and complex structure moduli of the three different tori.
The orientifold projection acts like Qp(—1)fZ o, where Qp is the world-sheet parity reversal,
Fp, is the world-sheet left-mover fermionic number and o is a space-time involution. In the
IIB case, the involution acts on the coordinates as

op(a’)=—2'  op(y)=—y , (1.4)

and the untwisted moduli! are the axion-dilaton S, the complex-structure moduli U; that
simply coincide with the toroidal complex structures, i.e. U; = 7;, and the complex Kéhler
moduli 7; which are given in terms of the K&hler form and the RR 4-form by the expression

7
— e _'E ' )
Je=Cy + 26 JANT =1 ' Tiw; . (1.5)

In the ITA O6-orientifold, instead, the action of the involution o4 is

oaly’) =y . (1.6)

This implies that the 7;’s are real. The real part of the S and U; moduli consists of the ;’s
and the dilaton, while their imaginary part consists of the RR 3-form C'5. The complexified
holomorphic 3-form has the expression

Q. = iS(da’ A da® A dx®) — iUy (dat A dy? A dy®)
— iUy (dy" A da® A dy?) —iUs(dy* A dy? A da®) (1.7)

which is therefore linear in both S and U;. In the IIA case, it is the B field that complexifies
the Kéhler form, so that the T; moduli are given by the expression

Je=B+iJ=i) Tw . (1.8)
(2
The two orientifold models are mapped into each other by performing three T-dualities
along the 2! directions, under which operation the moduli U; and 7T} are interchanged.
This operation corresponds to mirror symmetry for this specific orbifold [30].

If one turns on the RR fluxes, it can be easily seen from egs. (1.1) and (1.2) that one
generates a term in the superpotential which is a cubic polynomial in the U moduli from
the IIB perspective and in the T moduli from the ITA perspective. The RR fluxes are
related by T-duality as

Fapy .., Aoy Fy, b, (1.9)

One can construct freely acting Zs X Zsy orbifolds [19-24] such that the twisted sector does not contain
massless scalars. Orientifolds of freely-acting orbifolds have been constructed in e.g. [25-28]. For a review
on orientifold models, see e.g. [29].



RR flux 11IB ITA
—m Fx1x2x3 F
—q; Fyixjxk inyi
€; Fmiyjyk ijijkyk
—e€p Fy1y2y3 Fx1y1x2y2z3y3

Table 1. The RR fluxes in the IIB and ITA setup. In each row, the two fluxes are related by three
T-dualities along the x directions. The indices i, j, k denoting the three tori are always meant to
be different, and for the fluxes Fyi i » and Fyiyi,
order (i.e. for instance if ¢ = 1, then j = 2 and k = 3). These rules apply to all the other fluxes

» the indices are meant to be in the right cyclic

we will write down in this paper. In the first column we list the names with which we identify the
fluxes, following [13].

where with a and b we denote any of the internal directions. In IIB, only the 3-form flux
F3 is turned on, and performing three T-dualities along the x directions, this is mapped to
the various fluxes of ITA according to how many indices there are along the = directions.
The result is summarised in table 1. In other words, the IIA and IIB theory give rise to
the same model provided that the fluxes of the two theories are identified as in table 1.
The fluxes are precisely those that are allowed by the orientifold projection in each of the
two theories.

The situation is different when NS-NS geometric fluxes are turned on. In this case,
the H3 flux in (1.1) gives a term which is S times a cubic polynomial in the U moduli for
the IIB theory, while in the ITA theory the Hj flux in (1.2) gives a term linear in S and
one linear in U, while the f flux gives a term linear is ST and one linear in UT. Thus
obviously the two models cannot be identified by mirror symmetry. This is not surprising,
because indeed these fluxes are related to the non-geometric ¢Q and R fluxes by the chain

of T-dualities [10-13]

Te Ty

Hape <255 — fS, -5 —QUC <12y ROV (1.10)
In particular, in our model this implies that in IIB both the H and @ fluxes can be turned
on, and they are related by T-duality to the ITA fluxes as in table 2. The superpotential

for IIB then becomes [10-13]?

WiBjo3 = /(F3 —iSH3+Q-J)NQ (1.11)
while in ITA one has
WHA/OG:/[eJCAFRR+QC/\(H3+f-JC+Q-J§+R-Jf)] . (1.12)

This includes now a term proportional to T' times a cubic polynomial in U for the IIB
theory, and terms of the form ST?, ST, UT? and UT? for the IIA theory. This implies
that the two models are dual, where the duality exchanges the U and 7" moduli and maps
the fluxes as in table 2.

2The convention for the contraction of indices for the non-geometric fluxes will be given explicitly in
section 2.



NS-NS flux 1IB ITA
ho Hpi,2, | RT'20
—a; Hxiyjyk - ;jlyk
ho Hyiyjyk Hyiyjyk
—bi; ot S

g 7 yiak
_bz‘j Qi]yk ilz
| QU | ey

— ok j o,k
—bii QY QU

Table 2. The IIB NS-NS fluxes and their ITA duals. As in [13] we identify the fluxes with the
notation given in the first column. The conventions for the indices are explained in the caption of
table 1.

The IIB superpotential of eq. (1.1) possesses the nice property that it transforms
correctly under S-duality. This property is not shared by the superpotential in eq. (1.11)
where the @ flux is included. In [13] it was shown that one has to add the flux P, which
is the S-dual of the @ flux. This leads to the superpotential

Wisjo3 = /([F3 —iSH;3] +[(Q —iSP) - Tels) N2, (1.13)

and the additional term SP - 7. A€} generates a term linear in ST times a cubic polynomial
in U. Although adding this P flux allows one to recover S-duality invariance, the duality
with the ITA model is spoiled. In [31] the most general form for the superpotential of the
IIB theory was written down using generalised geometry techniques® in a general case of a
Calabi-Yau O3-orientifold. This superpotential includes naturally fluxes that are related to
the P’ flux by perturbative duality transformations. In terms of the S, 7' and U moduli,
this gives a general expression which is at most linear in S while it is a cubic polynomial in
both T and U. Anyway, an explicit T-duality transformation for the P flux, analogous to
the ones in egs. (1.9) and (1.10), was not given, and therefore the IIA-equivalent expression
for the superpotential was not derived.

One of the aims of this paper is precisely to perform this additional step. We will
first determine how in general the ch flux transforms under T-duality, making use of the
results of [33], where the complete family of P fluxes was determined in any dimensions.
We will then apply these new T-duality rules to build the terms of the superpotential
that include all the allowed P fluxes both in IIB and IIA theories. This produces an
explicit polynomial form for the superpotential with an additional term proportional to
T? times a cubic polynomial in U in the IIB theory, while in ITA one generates a term

3For a discussion on the superpotential in generalised geometry see [32].



proportional to SU and one proportional to U?, both times cubic polynomials in 7. As a
result, the expression for the resulting superpotential of each theory is mapped to the one
of the other theory provided that the moduli U and T are interchanged and the P fluxes
in the two theories are identified according to our rule, which amounts to the statement
that the duality between the IIB and ITA model is restored. The IIB expression for the
superpotential coincides with the expression of [31] as far as the P fluxes are concerned.

Turning on fluxes in general modifies the Bianchi identities for the field strengths of
the various potentials in the theory in such a way to produce an effective charge for these
potentials which is given by the integral in the internal directions of a quadratic term in
the fluxes. In particular, the absence of NS branes leads to a set of quadratic constraints
for all the NS-NS fluxes [10-13, 34-38]. By using our T-duality rules, we will manage to
show how these constraints are modified by the inclusion of terms containing both RR
and P fluxes. The RR Bianchi identities, instead, can give a non-vanishing contribution
to the effective number of D-branes, which has to be taken into account in the tadpole
cancellation condition. In IIB, turning on the P’ flux leads to a new tadpole that is
cancelled by the addition of a proper number of 7-branes which are the S-duals of the D7-
branes [13]. By turning on more general P fluxes, one then expects that additional branes,
which are related by suitable T-duality transformations to the S-dual of the D7-brane, can
be included.

In a series of papers [39—44], all the 1/2-BPS branes that are present in string theory in
any dimension have been classified according to their properties with respect to the duality
symmetry group of the theory. By carefully analysing this classification, we will manage to
determine a universal T-duality transformation rule for all the branes in string theory. This
will be the second main result of this paper. This rule will allow us to write down all the
branes that are sourced by the P fluxes, and thus all possible tadpole conditions that have
to be imposed. In general, by duality a brane in a given dimension can be mapped to a so
called exotic brane, which is an object that in the higher-dimensional theory is a generalised
KK-monopole, i.e. an object well-defined only in the presence of isometries [45-51]. This
is precisely the case for all the branes that are related by T-duality to the S-dual of the
D7-brane, and as a consequence the tadpole conditions that we find require in general the
inclusion of exotic branes.

The paper is organised as follows. In section 2 we will first review the results of [33] by
writing down all the P fluxes in both the IIB and IIA theories, and then we will derive a
universal T-duality rule for such fluxes which will allow us to write down the most general
form for the superpotential in both the IIB and ITA theories. In section 3 we will derive
a universal T-duality rule for all the branes in string theory, and we will determine all
the exotic branes that can be included in the orientifold model together to the S-dual of
the D7-brane. In section 4 we will apply our T-duality rules to determine how the P
fluxes modify the NS-NS Bianchi identities, and then to derive how they give rise to new
tadpole conditions for the exotic branes discussed in section 3. Finally, section 5 contains
our conclusions.



2 P fluxes and the superpotential

The aim of this section is to derive the expression of the superpotential containing all the
allowed P fluxes for the IIB and ITA orientifold models discussed in the introduction. We
will first review the results of [33], where the complete family of P fluxes was derived in all
dimensions. We will then derive the rule to transform each of these fluxes under T-duality,
and finally we will use this result to write down the superpotential. In [31] (see also [18])
the most general form of the superpotential generated by geometric and non-geometric
fluxes in IIB was derived. We will show that the T-duality rules that we find reproduce
the same P flux contribution for IIB, and we will also show how the same superpotential
can be written in terms of the ITA fluxes. The inclusion of P fluxes has been considered in
the literature in various contexts, see e.g. [52-55].

From the point of view of the four-dimensional effective action, fluxes give rise to
gaugings, and the way in which a particular flux transforms by the action of the dual-
ity symmetry of the ungauged theory is encoded in the so-called ‘embedding tensor’ [56].
We will consider the embedding tensor of the maximal supergravity theory, and then we
will take into account only the components that survive in the N/ = 1 model. The rep-
resentations of the global symmetry group of any maximal supergravity theory to which
the embedding tensor belongs were derived in a series of papers [57-60]. In particular,
in four dimensions the embedding tensor belongs to the 912 of E7(7). One is then inter-
ested in decomposing this representation in terms of the perturbative symmetry SO(6,6)
of the global symmetry group. Considering the embedding E77y D SO(6,6) x SL(2,R),
this representation decomposes as

912 = (32,3) @ (220,2) @ (12,2) & (352,1) . (2.1)

The SL(2,R) symmetry is the one that transforms non-linearly the complex scalar made
of the four-dimensional dilaton and the axion dual to the NS-NS 2-form. By further
decomposing SL(2,R) D RT, one therefore associates the R™ weight with the dilaton
weight. In particular one has

(32,3) = 322 © 320 © 32
(220,2) = 2207 & 220_, (2.2)
(12,2) =12, ®12_;

where the subscript denotes the R™ weight. The representation 325 corresponds to the
RR fluxes, the 2207 corresponds to the NS-NS fluxes and the 352¢ corresponds to the P
fluxes. This can be seen by decomposing each of the SO(6,6) representations in terms of
GL(6,R), which we do in detail now.

It is straightforward to see how this decomposition works for the case of the RR fluxes.
The 32 is the spinorial representation 6, of SO(6,6), and according to the convention that
one chooses for the chirality of this spinor, one has the two possible decompositions

Fa Fabc Fabcde (HB)
- , (2.3)
F Fab Fabcd Fabcdef (HA)



corresponding to the RR fluxes of odd rank in the IIB theory and of even rank in the ITA
theory. Obviously this representation contains only geometric fluxes. The T-duality rule
given in eq. (1.9) maps a given flux in one theory to a flux in the other theory. All the
components in eq. (2.3) are connected by chains of T-duality transformations.

The next representation is the 220, which is the representation 6,y p of SO(6,6) with
three antisymmetrised vector indices. This corresponds to the NS-NS fluxes, and indeed
the embedding tensor decomposes under GL(6,R) as

QMNP — Habc fgb QZC Rabc . (2.4)

The T-duality rule given in eq. (1.10) connects the different components in the equation
above, but in this case not all the components can be reached by chains of T-dualities
starting for instance from a given Hs flux. More precisely, the components that are not
connected by T-duality to a given Hj3 flux are f¢ and Q2 (with indices not summed). Tt
is common procedure in the literature not to consider these fluxes, and we will also not
consider them in this paper.

We then move to the representation of the P fluxes, which is the 352 of SO(6,6).
This is the vector-spinor (i.e. ‘gravitino’) representation 6,74. By decomposing the whole
representation under GL(6,R) one gets [33]

Pa Pé)lbg Pé)l"'b4 Pal?l.“bﬁ Pa,b1b2 Pa,bl.“b4 Pa,bl...bg (IIB)
Orra — , (2.5)
Pg Pg1b2b3 Pgl...bg, Pa,b Pa,blbgbg Pa,bl...b5 (IIA)
where the convention for each of the two decompositions is fixed by the corresponding
convention of the spinor, which is given in eq. (2.3). The flux P?%2, which is the second flux
in the IIB decomposition, is the S-dual of the () flux. In all the fluxes, the indices by ... b, are
completely antisymmetrised, and the representations with all upstairs indices a, b; ... b, are
irreducible with vanishing completely antisymmetric part, while the representations with
the a index downstairs and some b indices upstairs are reducible, with the condition that
the singlet is always removed [33].

To conjecture how a single T-duality transformation should act on a given P flux
within the set of fluxes in eq. (2.5), we simply observe that in the embedding tensor 64
the vector index transforms as it should, namely a lower index in a given direction is raised
if one performs a T-duality in that direction, while the spinor index decomposes in the set
of all even or odd antisymmetric indices, and T-duality should remove or add an index
according to whether it is already there or not. As a consequence, one derives the following
T-duality rules

P(i)l...bp Ta Pa,bl...bpa

T
porbe vy phiebp (2.6)

Ty
a,by...b P a,by...bp—
P 1 P ¢ 3 P 1 p—1 ,

which simply summarise the statements above, that is under the action of T;, a downstairs a
index is raised and vice versa, while in the set of antisymmetric indices the rule is precisely
as for the RR fluxes.



P flux I1B ITA

ko.j i
£ ome P
I
7 v K Y ko jak
= Yy zted ztyly
—9ii Pyz'k ’ Pyi .
ga | P P
x
Trei Pyj T le axtxdyl
x
_ ok S )
_fi Py;y Pm’,m’x]xkyﬂ y*
x
7]0'/ Pa:i,ariazj:ckyi f)yZ
(2 x?
/ at xiad yiyP y'zhy
ki P Pxi
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Table 3. Table containing all the P fluxes that can be turned on in the A/ = 1 orientifold model
for both IIB and ITA. The convention for the indices is explained in the caption of table 1. In the
first column we list the notation that we use to identify each of the fluxes in both theories.

The components of the flux Pglb? that one considers are such that b; and by are different
from a, precisely as for the @ flux. Therefore, by applying the T-duality rules in eq. (2.6),
one finds that by performing any chain of T-dualities one always ends up with components
such that if the a index is down, then it is different from any of the b indices, while if it is
up it has to be parallel to the b indices. It is for this reason that in eq. (2.6) we have not
included the rule that maps the flux P,fl"'b” “ to P%b1-% ynder T,: both these components
are not connected by T-duality transformations to the components of the flux P’1%2 we
are considering.? It should also be appreciated that all these rules actually apply to any
dimension, although in this paper we are only interested in the four-dimensional case.

We can now apply these rules to determine all the P fluxes that can be included in the
four-dimensional T /[Zy x Zs] orientifold model. In the case of the O3-orientifold of IIB,
as we have already reviewed in the introduction all the fluxes P’ with each of the three
indices along a direction of each of the three different tori can be turned on [13]. Using
the T-duality rules of eq. (2.6), we can then apply three T-duality transformations along
the three x directions to determine the corresponding fluxes from the ITA perspective. The
result is listed in the upper half of table 3. As can be seen from the table, in the ITA
picture one turns on some components of all the P fluxes of the ITA theory that are listed
in eq. (2.5).

It is straightforward to deduce the rule for the P fluxes that survive the orientifold
projection in the ITA theory. With respect to Qp(—1)%, the fluxes P®? Pb1b2bs and

4For the same reason, the flux P21-% of the IIB theory will not be considered in our four-dimensional
model because in this case the index a cannot be different from all the indices b.



Pab1-b5 are even, while the fluxes P?, P@15263 and PP1-+b5 are odd. For the fluxes that are
even, one must have an even number of z and an even number of y indices, while for the
fluxes that are odd both the number of z and y indices have to be odd. The indices of the
fluxes P,fl""bp are always grouped in pairs of indices belonging to a given torus, while for
the fluxes P®%1-+b» there is always one index (the a index) which is always an x index and
it is repeated, while again the other indices are grouped in pairs belonging to a given torus.

The a index in the fluxes Pgl"'bp in the ITA upper half of table 3 is in all cases a y
index, but by analogy with table 2 we assume that it can also be x, provided that again all
indices are grouped in pairs as before. This leads to the first three fluxes in the lower half
of table 3. Now, by performing again three T-dualities along the x directions and using
the T-duality rules of eq. (2.6) we see that in the IIB theory these fluxes are mapped to
P®br-ba Tn particular, the a index is « and it is repeated, while the other three indices are
each on a different torus. Given that in the IIB theory the orientifold projection acts in
the same way on the x and y indices, we include the last three fluxes in the IIB side of the
lower half of table 3, which are mapped in the ITA setting to the fluxes P%%1% where now
the repeated index is a y index and all the others are again grouped pairwise as before.

We can now write down the superpotential which contains all the P fluxes compatible
with the orientifold for both the IIB and ITA theory. We start by considering the IIB
superpotential with the P’ flux turned on, which is given in eq. (1.13). Performing three
T-dualities along the x directions and using the T-duality rules given in eq. (2.6) we find a
T-dual ITA expression which contains all the ITA P fluxes in the upper half of table 3. We
then extend this to include also the ITA fluxes in the lower half of the table. Collecting all
the terms in a compact notation, we arrive at the expression

Wiia 06 = /e‘JCAFRR-I-Qc/\(H3+f-Jc+Q-J§+R-J§’—P11-QC

+(PY = P) Qe Je— (PP + P) - Q- J2 —P1’5'Qc'=]§’)

(2.7)
In this equation, the contraction rules for the NS fluxes are [10-13]
(f - Je)abe = 3f{ap(Je)dja
(@ 2)ase = S (T e (23)

1
(R ' ch)abc = ngef(Jg)abcdef )

while the rules for the P fluxes are

3
(Pll . Qc)abc = ip[i(Qc)bc]d

3
(P11 - Qe Je)abe = 5 P () afan(Je)ga

1/3 3
(P13 L - JC)abc =5 (Pdld2d3 (QC)bc]dl(JC)dzd:; — Sphidads (QC)|d1dgb(']C)c]d3>

2\4 o 9" [a
1/3 . 3 .
(P10 e = 5 (5P Qata P = P4 )t s



171 1
(PF - Qe+ J)ave = 5 (wp[il"'d5 (2)oclay (TE)ds..s + P " (V) dsdads (I s e

1
_ ZP[flzl"'ds (Qc)|d1d2|b(‘]c2)c]d3d4d5>
(1 gder o L Sdder...c
(P1’5 Q- Jg)abc _ g <8Pd,d 1... 4(Qc)deleg(Jc3)d63€4abC —+ ipd’d Lo 4(Qc)del[a(J03)bc]d626364
1 € [S
B Epd,d 1o 4(Qc)d[ab(¢]§)c]d61._e4> . (2.9)

Performing again three T-dualities along the = directions on eq. (2.7), we come back to the
IIB superpotential with all P fluxes allowed by the projections. Namely, we find

Witnjos = [[(Fa = iSHy) + (Q - iSP}) - Jo— P4 JAAQ . (210)
where the contractions for Q and P? are [10-13]

3 €
(Q . jc)abc - iQfla (jc)bc]de
3 €
(P12 . jc)abc = §P[i (xjc)bc]de ) (211)
while the last contraction is defined as

3
(P1,4 . \7(:2)abc —_ 1})d,d€182€3 (jc)del[ab(‘%)C]dE%X’, , (212)

which is the only non-vanishing contraction we can introduce consistently with
the orientifold.

The I1IB/O3 superpotential we find coincides with the one derived in [31] on the basis
of generalised geometry considerations, and this is a positive test in favour of our T-duality
rules for P fluxes. As far as the IIA/O6 result is concerned, our expression is valid for
the specific orbifold model we are considering, but it would be interesting to investigate
whether the same superpotential can be derived for more general orientifolds and whether
it has a natural explanation in the context of generalised geometry.

We now want to derive the explicit form of the superpotential in terms of the S, 7T, U
moduli. We use for the fluxes the conventions defined in the first column of tables 1, 2 and 3.
Following [13], we consider the simpler case of three equivalent tori, i.e. the isotropic case.
This greatly simplifies the explicit expressions for the superpotentials in both the IIB and
ITA theory. We consistently remove the indices from all the fluxes ¢;, e;, a;, bij, hi, fi, gij
and from the corresponding primed and/or barred fluxes in tables 1, 2 and 3. We rename
bi; and g;; as B and ~, and similarly for the equivalent primed and/or barred fluxes [13].
The IIB/O3 superpotential in eq. (2.10) leads to

Wisjos = €0 + 3ieU — 3qU? + imU?
+ S(iho — 3aU + 3iaU? — hoU?)
+37( —ih — (2b+ B)U +1i(2b + B)U? + hU?)

,10,



+3ST(— f+i(29+7)U + (25 + 3)U* — i fU?)
= 3T%(f +i(2d ++)U - (29 +7"\U* —if'U?) , (2.13)

and it can be shown that the ITA /O6 superpotential in eq. (2.7) gives the same expression
with U and T interchanged.

3 T-duality rules and exotic branes

In the IIB T /[Zg x Zs3] O3 orientifold setup the only non-vanishing NS-NS and RR fluxes
are Hs, () and F3. These fluxes induce RR tadpoles, which have to be cancelled by the
addition of D-branes. In particular, the D-branes that survive the projections are D3-
branes and O3-planes, together with D7-branes, which wrap two of the three tori. The D3
and D7-brane charges are induced by the (generalised) Chern-Simons terms

/C4/\H3/\F3 /Cg/\Q~F3 s (3.1)

where Cy and Cg are the 4-form and 8-form RR potentials. In the equivalent ITA/O6
description only DG6-branes spanning either the three z directions or one x and two y
directions, each on a different torus, survive the projections. In this case the charge induced
by the flux results from the generalised Chern-Simons term

/07/\(—H3F0+f'F2—Q-F4+R'F6) . (3.2)

The IIB and ITA tadpole conditions are mapped into each other by performing three T-
dualities along the x directions. In particular the D3/03 tadpole condition is mapped to
the condition arising from D6/06 wrapping the three x directions, while the three D7-brane
conditions are mapped to the ones of the other three D6 branes [13].

In the IIB theory, one can study how each of the two tadpole conditions transform
under S-duality. While the D3 tadpole condition is S-duality invariant, the D7 brane is
mapped to its S-dual, whose tadpole is generated by [13]

/&Aﬁwﬁ, (3.3)

where the potential Eg is the S-dual of Cg [61-63]. Our aim is to determine the ITA
equivalent of this expression. In order to do this, in this section we will determine how
this 7-brane transforms under T-duality. In a series of papers, the full classification of 1/2-
BPS branes in type-II string theory compactified on a torus was achieved by analysing the
supersymmetry of the corresponding brane effective action [39-41, 44], while the connection
of this analysis with specific group theory properties of such branes was shown in [42, 43].
This classification was also extended to theories with less supersymmetry in [64—67]. In the
following, we will first review the basic results of this classification and we will then derive
a universal T-duality transformation rule for any brane in string theory, which will give in
particular the ITA branes that are related by duality to the S-dual of the D7-brane in our
model, together with additional branes in IIB that must be included for consistency. In the
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next section, these rules will then be used to determine the full set of tadpole conditions
for these branes.

Following [39, 40], we introduce the non-positive integer number a occurring in the
expression T' ~ gg that says how the tension of a given brane scales with respect to the
string coupling gg. For example, in ten dimensions one has the fundamental string with
«a = 0, the D-branes with @ = —1, the NS5-brane with @ = —2 and in the IIB theory
one also has the S-dual of the D7-brane which has o = —3. By studying the branes with
different values of « in lower dimensions, what one finds is that apart from the branes that
arise as dimensional reductions of the branes in ten dimensions, there are additional branes
that have no higher dimensional origin. An example of a brane of this type is the o = —2
brane that is obtained by performing two T-dualities in two directions transverse to the
NS5-brane [48, 49]. The corresponding solution describes a metric that in these directions
in not globally defined, i.e. a T-fold [68], and as such it can be considered as a well-defined
geometric solution only in eight dimensions. In [47], the D-dimensional brane solutions
with two transverse directions (so-called defect branes) obtained by performing U-dualities
on brane solutions that arise from ten dimensions have been classified. Typically, from the
point of view of the ten-dimensional theory these solutions are locally well-defined only
in the presence of isometries, and are dubbed ‘exotic branes’ in the literature [45, 46].
Denoting with p 4+ 1 the world-volume directions and with n the number of isometries,
such branes are commonly dubbed p” -branes. So the o = —2 brane with two isometries
of [48, 49] is a 53-brane.

In the brane classification of [39-41, 44|, the non-geometric nature of a particular brane
corresponds to the fact that the brane is charged with respect to a mixed-symmetry poten-
tial.> In particular, denoting with Ap g.r.... & ten-dimensional mixed-symmetry potential in
a representation such that p,q,r,... (with p > ¢ > r...) denote the length of each column
of its Young tableau, this corresponds to a brane if some of the indices p are isometries and
contain all the indices ¢, which themselves contain all the indices r and so on. In partic-
ular, the exotic defect branes discussed in [47] correspond to mixed-symmetry potentials
with p = 8 [71], but the analysis of [39-41, 44] is more general because it includes domain
walls and space-filling branes by also including mixed-symmetry potentials with p = 9 and
p = 10.

The D-branes, i.e. the a = —1 branes, are special because they always arise from
D-branes of the ten-dimensional theory. This means that the corresponding potentials are
forms, which are indeed the RR forms of the ten-dimensional theory and their duals, to-
gether with the 10-form C1g associated to the D9-brane in IIB and the 9-form Cy associated
to the D8-brane in ITA. In total one gets

C, Cy Cs Cs Cy (IIB)
Ci C3 Cs Cp Cy (IIA) . (3.4)

®The mixed-symmetry potentials of the ten-dimensional theories are determined from the infinite-
dimensional Kac-Moody algebra E11 [69]. In [70] it was shown that by dimensionally reducing such poten-
tials one obtains the full spectrum of forms compatible with the gauge and supersymmetry algebras of the
maximal theory in any dimension.
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A single T-duality along the a direction acts on the RR fields in the obvious way: if an n-
form potential C, of one theory has no index parallel to a, it is mapped to the (n+ 1)-form
Cht1 of the other theory where the extra index is a, and vice versa. It is clear that one
obtains all components of all the RR fields listed in eq. (3.4) starting from any particular
field and performing repeated T-dualities in all directions.

The a = —2 branes arise from the ten-dimensional mixed-symmetry potentials [41, 72]

D¢ D71 Dgo D93 Digs (3.5)

which are the same for the IIB and the ITA theory. The potential Dg obviously corre-
sponds to the NS5-brane, while the mixed-symmetry potential D71 corresponds to the
KK-monopole and the potential Dgo corresponds to the T-fold of [48, 49]. These latter
two are solutions with one and two isometric directions respectively, and denoting with a
and b these directions one obtains that the potentials corresponding to these solutions are
the 6-forms Dgqq and Dggpqp. The KK-monopole solution is obtained by performing a
T-duality on the NS5-brane solution along the direction a transverse to the brane, while
the T-fold solution is obtained by T-dualising the KK-monopole solution along the further
isometry b. By generalising this, one finds that in terms of the & = —2 potentials T-duality
acts as follows: if the potential of one theory has no indices along a, then T, maps it to a
potential of the other theory with a added on both the first and the second set of indices,
while if the potential of one theory has an index a only along the first set of indices, it
is mapped to the same potential of the other theory. It can easily be shown that these
rules map the NS5-brane to all the other branes corresponding to the mixed-symmetry
potentials in eq. (3.5) by chains of T-dualities.

We now move to the a = —3 branes, whose corresponding mixed-symmetry potentials
are [73]

Es Ego Ega FEg21 Ese E9u1 Eirop22 Eioa2 Eioee (1IB)
Eg1 Egz Eg11 FEss Fgszi1 Egs1 FEi032 Fios2 (ITA) (3.6)

and one can recognise in the IIB list the field Eg which is the S-dual of the RR field Cs.
We find that the T-duality rule for these potentials is the following: if the potential of one
theory has no indices along a, then T, maps it to a potential of the other theory with a
added on three sets of indices, while if the potential of one theory has an index a only
along the first set of indices, it is mapped to a potential of the other theory with a added
on the first and the second set of indices. Therefore, for instance the IIB potential Fg
with no indices along a is mapped to the IIA potential Eg 11 where the index a is present
on all three sets of indices. If instead Eg has one index a, then it is mapped to the ITA
potential Fg1 where a appears on both sets of indices. The reader can appreciate that by
performing repeated T-dualities one can map the S-dual of the D7-brane (which we denote
as the 73-brane) to all the exotic branes corresponding to the mixed-symmetry potentials
in eq. (3.6).

The rule we find actually generalises to all the other branes with more-negative o that
occur in string theory. Given a brane with & = —n such that in the corresponding potential
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the a index occurs p times (in p different sets of antisymmetric indices), that this is mapped
by T-duality along a to the brane associated to the potential in which the a index occurs
n — p times. Schematically, we write

Ta
a=-n : Ay Ay ..., 0 & a0y ..., 0 . (3.7)
—_——— —_——
P n—p
For instance, the list of the potentials associated to the & = —4 branes can be found in [64],

and by looking at equations 3.6 and 3.7 and tables 9 and 10 of that paper one can show
that the potentials associated to these branes are precisely related by our T-duality rules
for « = —4 in eq. (3.7). Similarly, in the same paper one can find the list of the & = —5
potentials in tables 11 and 12 (ITA) and 13 and 14 (IIB), and again the components of
these potentials that correspond to branes are nicely related by our T-duality rules for
a = =5 in eq. (3.7). Finally, the potentials for the & = —6 branes are given in [64] in
table 14 and equation 3.16, and the reader can check that our rule for & = —6 in eq. (3.7)
works again. We have checked that the rule also works for all the other branes with more
negative value of a.. In four dimensions, the lowest value of o is —7, while it is —11 in three
dimensions [44].

We can now move back to the T°/[Zy x Zs] orientifold, and apply the rules we have
found to determine where the Chern-Simons term in eq. (3.3) is mapped to in the ITA
theory. The 73-branes correspond to the three components Ey yiyiyi,; (With i # j) of the 8-
form potential Eg. By performing three T-dualities along the x directions, this is mapped to
the three components Fy yiyiyiyizk pigigk o+ (With i, 7, k all different) of the potential g 31
of the ITA theory, which corresponds to a 5§’I—b1rane.6 This component has two y indices,
and by requiring that every component should have an even number of y indices we find the
additional components of Fg 31 that are listed in table 4. By mapping these components
from IIA back to IIB, we find that in the latter theory one can include also the potentials
Eg 4, E9 21 and Eqg 4,2, corresponding to 3% 6%;1 and 53’2—branes, and by including all these
branes in the IIB orientifold and mapping them back to the IIA theory we arrive at a fully
consistent picture in which also the allowed components of the potentials Fg 1 and E1g 5.2,
corresponding to 65 and 43’2-branes, are included. The whole set of allowed potentials is
summarised in table 4.

In the next section, we will show how the inclusion of the P fluxes gives rise to gener-
alised Bianchi identities, and in particular how these give rise to specific tadpole conditions
precisely for the branes that we have listed in table 4. This analysis will also show how
various Bianchi identities that have already been considered in the literature have to be
modified by the inclusion of P fluxes.

4 P fluxes, Bianchi identities and tadpoles

In this section we analyse how the P fluxes modify the various Bianchi identities and
tadpole conditions in our model. In particular, in the first subsection we will show how the

5The 2,1 denotes the fact that two isometries correspond to an index repeated twice and one isometry
corresponds to an index repeated three times.
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1IB IIA
potential component component potential
Eg E4 xiyixdyl E4a:iyia:jijk,mi:cj:c’“,mk E9:371
Eg 4 Ey giyiziyi giyiaiyi By giyiziyick yiyizh ok Ey31
Ey giyigiyk giyiziyk Ey giyigiyhah yiykzk gk
E4xiyixjxk’xiyixjxk E4xiyixjxk’yi Eg 1
E, wiyiydyk wiyiyiyk E4miyimjijkykyixjijkyk7mjmk Eio5,2
Eg21 By giyiziyiyk giyk zi By yigiyickyk zighyk ok Ey31
E4xiyi$jyj$k7yimk7yi E, siyiziyich giyici yi
E4xiyixjijk,xixk,xi E4zixjijk,xj E&l
By yiggigiyi g yiyk yi Ey yiyigiyizhyb giyizighyk yizk | F1052
Ei0,4,2 E4$1ylx2y2x3y3’xiyixjyj’Iiyi E4yixjijkyk’yiijk’yi Ey31
E4$1y1$2y2x3y3,xiyjmkyk,miyj E, yiaiyiahyk piyiyk yk
E4x1y1x2y2m3y3,miyixjxk,xjxk E4 xiyiyiyk yt E&l
E4wly1x2y2x3y37xiyiyjyk’yjyk E4m1y1w2y2x3y37yimjijkyk7yjyk Eio5,2

Table 4. The o = —3 branes that can be included in order to cancel the tadpoles generated by
the P fluxes. In all terms, the indices 4, j, k are always meant to be all different.

T-duality rules for the P fluxes in eq. (2.6) modify the Bianchi identities for the NS-NS
fluxes, we will determine all the constraints that arise from these Bianchi identities and
will comment on their solution. In the second subsection, we will then move to consider
how the P fluxes lead to tadpole conditions for the e = —3 branes listed in table 4.

4.1 P fluxes and NS-NS Bianchi identities

In the absence of sources and P fluxes, the NS-NS fluxes satisfy the quadratic constraints

fﬁlecd]e =0

Qﬁ)eHcd]e + fﬁ)cf(g]e = O

4Q{Z|e|f§]]e + fcedQ(elb + RabeHcde =0 (41)

R[ab|e|f§]e + lealengc} —0

Rlavleledl —
which arise from their Bianchi identities [10-13, 34-38|. By S-duality, the @ flux is mapped
to P, and in [13] it was indeed shown that the second constraint in eq. (4.1) is modified
by the addition of the term —P[‘ée cdje; While the fourth constraint, which is the only other

one that is relevant in the case of the O3 orbifold, is mapped to an equivalent quadratic
constraint for P?. We now determine how the full set of quadratic constraints in eq. (4.1)
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is modified by the inclusion of all the P fluxes in the general case, and then we will analyse
the particular case of the IIB/O3 and IIA/O6 models.

Our method is as follows: we first write down all the possible terms of the form F'- P to
the first equation in (4.1). These terms can only be F3 A Py and P} - F5 in 1IB, and P} - F}
in ITA. Then we consider particular components of these constraints and we act on them
with all possible T-dualities using egs. (1.9), (1.10) and (2.6). Requiring closure under
T-duality fixes all the coefficients of all the possible terms of the form F' - P that can be
added to all the NS-NS quadratic constraints. Finally, we write the resulting expressions
in covariant notation. The final result is that the Bianchi identities become

6 i Hed)e + 4FjanePay + 2P Fyeapey = 0

1
3@&6 cdle + 3fﬁ)cf:{l]e - 3P[(ge cdle — Paﬂercdae + ip[zengcd]Efg =0
_ ng Ced _ 4Q[a\e|f§]]e _ RabeHcde + QF[CP(%IJ + Pa,abFCda + Pb,achdb

le

1 1
+ PO Fyep+ o R oF P! Fogpe = 0 (4.2)

?)R[ab|e|f§}e + 3@([3(117@2]6 + P;bceFe _ Pa,abceFade _ Pb,abcerde _ Pc,abceFCde

1 1 1
PO g+ PP By g 4 PO gy = 0
6R[ab|e|ch] +F pa.abed + Fbe,abcd +F poabed + Fde’ade + lpa,bcdaefF ¥
¢ s ) ae
2
1 1 1
+ §Pb,bcdaebeef + 5PC,bcdaefF’cef + QPd’deaedeef =0
in the IIB case, and
6.5, Hede + 4P Fyeae = 0
1 3
3Qt[1be cdle + 3fﬁ)cf§‘]e — 3P[%ch} — PY°Fyege + §Pa’aebecdaef + ip[%echd]ef =0
b
- ngfced - 4Q{Z‘e‘fd]]e - Rabeﬂcde + 2P[(ébeFd]e — poobe cdae — Pb’abchdbe
1 1 1
Pabengd}efg + 6Pa’abengcdaef9 + pr’abengCdbefg =0 (4.3)

37l
?’R[ab|€|f§13 + 3Q[eabQ§]€ + FPgbc . Pa,abCFad o Pb,achbd o PC,achcd

. %PczlzbcefFef _ %Pa,bcaedeaef _ %Pb,bcaedebef o %Pc,bcaedecef -0
6R[ab|e|di] o FdePd,abcde o Fcepc,abcde - FbePb,abcde o Faepa,abcde =0
in the ITA case.
The NS-NS quadratic constraints can be relaxed by the inclusion of sources [37, 74].
This obviously also applies to the constraints modified by the inclusion of P fluxes in
egs. (4.2) and (4.3). In particular, relaxing the first constraints (that we schematically

write as (flux - flux), = 0) in both equations induces a charge for the NS5-brane coming
from the generalised Chern-Simons term

/D6 A (flux - flux)s . (4.4)
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As we have discussed in section 3, if we now consider a particular component for Dg, and
we perform a T-duality T, in a direction whose index a is not contained in Dg, this is
mapped to Dgq, which is a component of the mixed-symmetry potential D7 1. Similarly,
the quadratic term in the fluxes (flux - flux)s is mapped to the component (flux - flux)§
from the second line of the quadratic constraints in eqs. (4.2) and (4.3), so that the full
Chern-Simons term is mapped to

/DGa,a A (flux - flux)s . (4.5)

In this expression, the a index of the potential after the comma in meant to be contracted
with the upstairs index of the flux term, while the other ten indices are all different.
Therefore, the three downstairs indices of the flux term are not along a, and in general
by T-duality starting from the first Bianchi identity one can only reach components such
that the upstairs indices are all different from the downstairs ones. This means that the
constraints of egs. (4.2) and (4.3) (as well as the ones in eq. (4.1)) are actually more than
what ones gets by simply starting with the first constraints and applying T-dualities. As
we will see, this point turns out to be crucial when we discuss the solutions of the quadratic
constraints in the IIB and ITA orientifold models.”

We can now study the solutions to the constraints in egs. (4.2) and (4.3) for the IIB/O3
and ITA/O6 orientifolds. In the IIB/O3 case, only the second and fourth equations in (4.2)
are non-trivial, and can be schematically written as

(QHs — P{ - F3)jg =0 (4.6)

and

(Q-Q—P . F)%=0 . (4.7)
The relevant components of eq. (4.6) with a different from b, ¢, d are (Q - Hs — PZ - Fg)ifyiyj
and (Q - Hy — P? - Fg)zzy%j, which would induce a charge for the KK-monopoles (i.e. 53-

branes) associated to the components Dy ki i and Dy kykyi 5 of the mixed-symmetry

yhyd
potential D7 1. By substituting the symbols given in the first columns of tables 1, 2 and 3

(and considering for simplicity the isotropic case), one gets the equations
a(b+ B) —ha — fe+bhg+gm —q(g+7) =0
a(b+B) +e(y+g) +bho —ah+eg+ fa=0 , (4.8)

where the notation for the isotropic fluxes is as in eq. (2.13). Similarly, eq. (4.7), with

WL

the index d different from a,b,c, leads to the two components (Q - Q — PY* - Fg)giyjm
o

and (Q-Q — PY*. Fg)ziyjy , which would induce a charge for the 53-branes associated to

yjmk and D4 Lt

the components D, . y+ of the mixed-symmetry potential

yladylak, xi yladylyk xiyl

Dy 3. In the isotropic case these constraints are
~b(b+B) +h(b+B) — fla+eld +7) —Feo =0
b(b+B) —h(b+5) —q(¥ +7)—gm+ fe=0 . (4.9)

"In our model we do not relax the NS-NS Bianchi identities because including o@ = —2 branes would not

be compatible with A" = 1 supersymmetry.
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In the ITA/OG6 case, the non-trivial constraints in eq. (4.3) are the second, the third and the
fourth, but actually only the second and the fourth are relevant for the components such
that the upstairs indices are different from the downstairs ones. The second constraint is

(Q-Hy+f-f+P - F—PY F,+P} Fy+ PP F)i,=0 |, (4.10)

which again would induce a charge for the 5}-branes associated to the same D7 compo-
nents as in IIB. The constraints in this case are the second equation in (4.8) and the first
in (4.9). The other non-trivial constraint is

(R-f+Q-Q+PFy— P - F—P)-F,—PY.F)¥=0 |, (4.11)

which would induce a charge for the same 53-branes as in the IIB case, leading to the first
equation in (4.8) and the second in (4.9). We therefore have perfect match between the
IIB and the ITA result.

The situation is different if one considers the additional non-trivial constraints that

survive the orientifold projection but are not such that the upstairs and downstairs indices
are all different. In the IIB case, from eq. (4.6) one gets the components (Q-H: 3—P12-F3)§Zyixj
and (Q- H3 — P} ~F3)g;yiyj, which in eq. (4.5) are associated to the components D, ,
and Dy gkykyi 45 Of the mixed-symmetry potential D71, and similarly from eq. (4.7). In
the ITA case, neither eq. (4.10) nor eq. (4.11) lead to additional relations, while the non-

trivial relations come from the third constraint in eq. (4.3), which after the orientifold

ykyd @i

projection becomes
(-Q-f—R-Hs+ P} - F, —PY . F,— P} - F;+ P - Fp)l =0 . (4.12)

What one finds is that the IIB and ITA constraints that one gets do not match, unless the
additional constraints

qlg+v)+ge— fm+gg+e(@+%) +ef=0 (4.13)
—mf' —q(d +7)+Ge—gq+eld+7)— fleo=0 (4.14)

are satisfied.

In order to understand and solve this mismatch, we remember that the fields listed
in eq. (3.5), that are associated to the & = —2 branes, in the four-dimensional theory
belong to representations of SO(6,6). In particular, the space-filling branes correspond to
a 4-form potential Dy psnpg in the 495 representation [41]. This representation not only
contains the fields in eq. (3.5), but also the potentials Dg, Dg 1, Dig and Digz2 [41]. The
components of the mixed-symmetry potentials in (3.5) with indices after the comma that
are not parallel to any of the other indices are related by T-duality to these additional
potentials.® In particular, the 8-form field Dg is the one that together to Cg and Eg forms

8In a group-theoretic language, all these components correspond to shorter weights of the 495 represen-
tation of SO(6,6) with respect to the components considered in section 3 [43].
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the triplet of SL(2,R) [61-63]. In the IIB/O3 setup, the tadpole induced by the fluxes to
this potential was already considered in [13] and arises from the Chern-Simons term

/D8 AQ - Hz+ P?-F3)y . (4.15)
By imposing absence of sources for this potential, this leads to the quadratic constraint
QfY Hyjea + P Fijea =0 . (4.16)

By analysing this constraint, one finds that it implies exactly eq. (4.13). In IIB/O3 the
constraints from Dg; and Djg identically vanish, while the constraint arising from the
D12 potential in 1IB is

(P174 . F3)ab = Pa’adeFacd + Pb’adeFbcd =0 , (4.17)

which leads exactly to the condition (4.14). In the IIA/O6 model, the only non-trival
constraint comes from Dy 1, and again it can be shown that it is perfectly compatible with
all the IIB constraints.

What this analysis shows is that when the P fluxes are included, one can consistently
impose all the NS-NS constraints, but this also imposes for consistency that the quadratic
constraints arising from the Dg and D1g2 potentials in IIB have to vanish. On the other
hand, in the previous section we have shown that the P fluxes also induce charges for
the & = —3 branes that can be different from zero. We now want to analyse the tadpole
conditions for these branes.

4.2 P fluxes and tadpoles

Using the T-duality rules for the P fluxes and the F potentials that we have found in this
paper, one can determine, starting from eq. (3.3), all the tadpole conditions for the o = —3
branes listed in table 4 in the presence of P fluxes. In the IIB/O3 theory, there are three
T3-branes, each orthogonal to one of the three tori T, (Qi), corresponding to the components
Ey 4iyighyr of the potential Eg. Denoting the number of each of these branes as N7,),,
from eq. (3.3) one gets [13]

1 5T _ _
Nzy), + 5[—h0fi +hofi +ajgj —a;jgiu] =0 (4.18)

where it is understood that the index j is summed. In the IIA theory, these condi-
tions are mapped to the conditions for the 55’1—branes associated to the components
E4xi
for these components the constraints coming from the generalised Chern-Simons term

.+ of the potential Eg 3 (see table 4). This can be shown by evaluating

yixdyizk zizizk

1
5 /Eg’abc’a X (flux - ﬂuX)Cfbc’a , (4.19)
where the (flux - flux) term is given by
(ﬂllX i ﬂux)gbc,a — 2Pa,a[b\e|f§]3 + fézch,abc + fézde,abc + Pa,aQZc + Q?lepeabc

1 1
— 2B QU 4 S P g+ PERYC 4 SP Hyp . (4.20)
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As we have discussed in the previous subsection, since the 53’1—branes correspond to the
components of the potentials such that the indices abc have to be inside the first 9 indices,
this implies that for these components the index d in eq. (4.20) differs from a,b,c. In

i g ek .k
ok couple to the terms (flux - ﬂux)zkxjx -

particular, the components Ej yiyiziyizgk pigigk,
which lead precisely to the tadpole conditions equivalent to eq. (4.18).

In section 3 we have seen that the additional 53’1-branes that can be included in the
ITA/O6 theory are mapped in the IIB/O3 theory to the 3§, 6:1))’1 and 5%’2-branes associ-
ated to the potentials Eg 4, Fg21 and Ejg42 respectively. The tadpole conditions for all
these branes can be easily determined using our rules. We write schematically the flux

contributions to the tadpole conditions for all these branes as

P12 . H3 +—Fg
P} -Q«—FEg4,Bo2) (4.21)
P Q «—FEip42

Similarly, one can compute the tadpole conditions for the 65 and 4§’Q-branes in the
ITA/O6 theory.

As an interesting application of our results, we now consider the IIB/O3 theory for
the particular case in which P* = 0, and look at all the constraints related to P?-Q
in the presence of exotic branes. From eq. (4.21) one can see that the potential E10,4,2
does not couple to P12, and therefore we only have to consider, apart from FEg (giving the
constraint (4.18)), the potentials Eg4 and Ego 1. The generalised Chern-Simons term for
E874 is

b [ Ban@t-of (422)

with (P? - Q)“;’fd 12P[abQCd] We denote with (Oabed the isometry directions. We find
the constraints

1 = _ _
N34(Ol’jy 2PyP) + Z1giibii — Gribri + fihi — Gjibji — fihi + gjibji — Giibii + gribri) = 0

2
1
N34(Oy Yy mkyk) - i[gkz fzbk] + gkj f]blm] =

1 - _
N34 (Qy ol k k) 5 [—gz’z’bjj + g‘}jibij + gjjbii — g,'jbji] =0
o 1
Naa (Oa'a’ ") + o fibkj = grilj — grshi + fibu] =0 . (4.23)

As we have already discussed in the previous subsection for the NS-NS fluxes, eq. (4.22)
gives quadratic constraints also for the components that do not correspond to branes, i.e.
components in which some on the downstairs indices are equal to some of the upstairs ones.
These constraints are

giil_%'j - gjibjj gz]bu + 95; l_)] 0
—Gribij + fibj; + Gijbri — gj5hi =0
giibrj — gjihj — grjbii + fibji =0
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—gkibkj + fihj + gjbki — fihi =0 (4.24)
gkz 7 fz ij gjjgki +gij71' =0

gjzbk] =+ guh =+ gkj ji fj i = 0

9jibjj — Giibij — Gjjbji + gijbii = 0

For the Ey 1 potential, the generalised Chern-Simons term has the form
1
2 /E9,2,1 APE-QT (4.25)

with (P?- Q)§" = §(~PRQue - 2P§Qm — PeQ2 + QP + QY P¢ + 2Q PY). The
exotic branes are the Gé’l—branes, and denoting with //abc the internal directions wrapped
by the branes, and with (Od, Oe the isometries corresponding to the index d repeated twice
and the index e repeated three times, the constraints are

N(;;l(//xjyjyi, OzF,Oz') — 1[fkbjj — girhj — higjj +brfi] =0

Nﬁlﬂl(//fﬂifijj, Oz*, Qy’) — 1 [gzkbk] — Gkkbij — bikGrj + brrgij) = 0

Ngua(//y' 27y, OyF, Ox') + 1[ grkbij + Gikbrj + bergij — birgrs] = 0

Nya(/ /a2y, OnF, Oyf) + 1[ Gy + by + by — ) =0 . (4.26)

As in the previous case, we must also consider the quadratic constraints that do not cor-
respond to branes. These are

9kkbrj — Gikbij — Gjrbjj + fxhj — bikgrj + birgij + bjrgj; — haf; =0
—frhj + gikbjs + girbij — Grerbrj + hifj — 0jrgss — bikGij + brrgrs = 0
—gkkhj + Gikbjj + Gixbis — Febrj + ik fi — biegjj — bjrgij + higr; = 0
Trbrj — gjkbij — girbis + Grrhy — hidj + bixgij + birgss — brnf; =0
—2G;kbjj + 2fihj — grebrj + Gikbij + bergrg — bixgis + 2bjegj; — 2haf; =0
29ikbij — 2Gkkbrj + frhj — gikbij — Pafi + bjnds; — 2binGij + 20kkgr; =
29;kbij — 2fkbrj + grnhj — Girbjj — birf + bigjj — 20j1Gij + 2higr; = 0
—29ikbjj + 2Gkrhj — fubrj + gikbij + Padr; — bikgij + 20igj; — 2bkrf; =0
gkkbij — Gikhj — brrgjj + binf; = 0
jkbrj — frbij — bjrgrj + higij =0
— frbij + 9jkbrj + higij — bjrgr; =
—gijﬁj + g_]kkl_)jj + bikfj — Bkkgjj = . (4.27)
Exactly as we have discussed in the previous subsection, what we have determined
is not yet the full set of constraints. Indeed, the four-dimensional o = —3 space-filling

branes correspond to the 4-form potential Fy4 prng belonging to the ‘tensor-spinor’ 1728
representation of SO(6,6). Together with the potentials in eq. (3.6) that are associated to
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the branes, there are additional potentials that must be included in order to generate the
whole four-dimensional representation. Focusing on the IIB/O3 model, it turns out that
in order to get all the possible constraints for P? - Q one has to introduce also the fields
Eg 3 and E1g2. These potentials occur in the IIB decomposition of F1; and correspond to
roots with zero and negative squared length respectively [75]. In [42] it was shown that
only the F1; roots with positive squared length are associated to branes.

The constraint corresponding to Ey 3 is

Qv pde 4 plevgde — ¢ (4.28)
and has already been proposed in [13]. In components one gets

—bjjGjk + brjgrn + i fr. — bijgir. — gjibik + Fihk + Grjbrk — gijbix = 0

bijgir — P e — bjGrk + bijgsn + Gijbir — gribrk — Fibw + gjibje = 0

—bjjgir. + bij fr. + gk — bijgj — gjjbix + fibrx + Gjhi — gijbjx = 0
bijGjk — hjgik — i Sk + bjiGik + Gijbjk — grjhi — Fibrk + Gjibi =0 . (4.29)
From the multiplicity analysis of E1; one can show that there are actually three independent
E\02 potentials [75]: with respect to the SL(2, R) symmetry of the IIB theory, one belongs
to the triplet that also contains D12, while the other two are singlets. If only P? and Q
fluxes are turned on, the constraint arising from the triplet vanishes, while from the two

singlets one gets
QPN =0 (4.30)

which in components gives
— bikgrj + hifj + bikgij — bjnGjj — bijgin + Iy fr. + bijgix — brjgrn
+ bjkgjj — birGij — hifj + bkrgrj + brjger — bijgie — hjfi + bjjg =0 . (4.31)

One can solve the whole set of equations that we have determined. In particular, in
the isotropic case and without localised sources, a simple solution is

g=g=y=y=f=f and b=b=B=B=h=h . (4.32)

A further investigation of the solutions that one can find, as well as a more general analysis
of the constraints when all the allowed fluxes and branes are turned on, is beyond the scope
of this paper.

5 Conclusions

In this paper we have derived the T-duality transformation rules for the P fluxes, and this
allowed us to write their contribution to the superpotential for the 7°/[Zy x Zs] 1IB/O3
and ITA/OG6 orientifold models. The IIB/O3 orientifold result reproduces the general ex-
pression found in [31] as far as these fluxes are concerned. The P flux contribution to
the superpotential in the IIB/O3 case amounts to a term proportional to ST and a term
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proportional to T2, both multiplying cubic polynomial in U. The IIA/O6 superpotential
has the same expression with U and T interchanged. The P fluxes also modify the Bianchi
identities for the NS-NS fluxes, and generate tadpoles for the a = —3 branes. To compute
the tadpole conditions, one has to determine how these branes transform under T-duality,
and we have achieved this in this paper by determining a universal T-duality rule for all
the branes in string theory.

The expressions for the NS-NS Bianchi identities with P fluxes included are given in
egs. (4.2) and (4.3). These conditions are only compatible with the duality between the
IIB/03 and the ITA/O6 theory if additional constraints are imposed, which in particular
would imply that a source for the Dg potential that is dual to the dilaton can not be
included.? As far as the Bianchi identities for the P fluxes are concerned, we claim that
they can be consistently relaxed for all the components that generate charges for the exotic
branes listed in table 4, while they are still satisfied for the other components. We have
used the brane classification carried out in [39-41, 44, 73], and in particular we associate
specific components of mixed-symmetry potentials to exotic branes.

This analysis can be extended in different directions. First of all, one can study in
more detail the solutions of the tadpole conditions that we find, and plug them in the
superpotential in order to minimise the scalar potential. Moreover, one can complete the
analysis by including all the possible fluxes and branes in the model, both in the IIB and
the ITA setup. This would generally lead to a superpotential which is cubic in both the U
and T moduli [13], with more general tadpole conditions than what we find in this paper.
This would be of interest in the context of moduli stabilisation and more generally for
phenomenological applications.

The superpotential of the ITA/O6 theory given in eq. (2.7) was obtained in this paper
by simply requiring the matching with IIB using the mapping dictated by the T-duality
transformation rules that we have found. It would be interesting to understand whether
this expression has a validity for generic ITA/O6 Calabi-Yau compactifications. This would
give the equivalent to the analysis carried out in [31] for ITA as far as P fluxes are concerned.
One could then try to extend this analysis for all the fluxes of the ITA theory.

Obviously, it would be of extreme interest to get any understanding of the dynamics
of the exotic branes that according to our analysis can be consistently introduced to cancel
the charges induced by the P fluxes. We hope that this work could in principle shed some
light on this crucial issue.
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