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ABSTRACT: We show that, when compactified on a circle, N' = (2,0),d = 6 supergravity
coupled to 1 tensor multiplet and ny vector multiplets is dual to N' = (2,0),d = 6 su-
pergravity coupled to just np = ny + 1 tensor multiplets and no vector multiplets. Both
theories reduce to the same models of N’ = 2, d = 5 supergravity coupled to nys = ny + 2
vector fields. We derive Buscher rules that relate solutions of these theories (and of the
theory that one obtains by dualizing the 3-form field strength) admitting an isometry.
Since the relations between the fields of N' = 2,d = 5 supergravity and those of the 6-
dimensional theories are the same with or without gaugings, we construct supersymmetric
non-Abelian solutions of the 6-dimensional gauged theories by uplifting the recently found
5-dimensional supersymmetric non-Abelian black-hole solutions. The solutions describe
the usual superpositions of strings and waves supplemented by a BPST instanton in the
transverse directions, similar to the gauge dyonic string of Duff, Lii and Pope. One of the
solutions obtained interpolates smoothly between two AdSzx S? geometries with differ-
ent radii.
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Introduction. The supergravity theories with 8 real supercharges provide a very inter-
esting arena for the construction and study of supersymmetric solutions because they have
enough symmetry to be tractable and exhibit interesting properties such as the attractor
mechanism of their black-hole and black-string solutions [1-5] but not so much symmetry
that only a few models are permitted.’

Most of the work on these theories has been devoted to the 4-and 5-dimensional ones
for different reasons: for a given matter content many models are possible; they are the
effective theories of type 11 superstrings compactified on Calabi-Yau 3-folds (times a circle in
the 4-dimensional case); they have rich geometrical structures known as Special Geometry
(Kéhler in d = 4, real in d = 5); they admit supersymmetric black-hole solutions etc.
In fact, most of whose supersymmetric solutions have been classified in refs. [9-15] and
refs. [16-23] respectively.

'A general but deep review of all these theories can be found in ref. [6] and for the 4-dimensional
case, only, in ref. [7]. The 4- and 5-dimensional ones are also reviewed in ref. [8], with emphasis on the
supersymmetric bosonic solutions.



Much less work has been done in the 6-dimensional theories (often called N' = (2,0),d =
6 supergravities because they have chiral fermions), whose structure is not as rich and which
are not associated to Calabi-Yau compactifications. The pure supergravity theory, first con-
structed in ref. [24] by dimensional reduction from 11-dimensional supergravity [25] contains
the graviton, gravitino and a 2-form with anti-selfdual 3-form field strength and it does
not admit a covariant action, which makes it more complicated to work with. This theory
can be coupled to vector multiplets (which have no scalars), tensor multiplets (which have
real scalars which always parametrize the same symmetric space SO(1,ny)/SO(ny) and
2-forms whose 3-form field strengths are selfdual) and hypermultiplets (with scalars that
parametrize arbitrary quaternionic-Kéhler manifolds). One way to avoid the complications
of having to deal with chiral 2-forms? is to consider theories with just one tensor multiplet
so the two chiral 2-forms of opposite chiralities combine into one unconstrained 2-form.
These theories can describe the effective theory of the truncated, toroidally compactified
Heterotic String (metric, Kalb-Ramond 2-form and dilaton) and, coupled to vector multi-
plets and hypermultiplets were constructed in refs. [26-28]. The coupling to an arbitrary
number of tensor multiplets was described in ref. [29] and has attracted much less attention
because it has not been identified as the effective field theory of some string or M-theory
compactification yet and it cannot be gauged, at least in any conventional sense, because
it does not have vectors that can be used as gauge fields. The coupling to tensors, vectors
and hypermultiplets with some gaugings was described in ref. [30], which is the reference
that we are going to use here.

The supersymmetric solutions of most of these theories have not yet been classified
either. The only N' = (2,0),d = 6 supergravity theories considered have been the pure
supergravity theory in refs. [31, 32] and a theory with one tensor multiplet and a triplet of
vector multiplets with SU(2) and U(1) gaugings via Fayet-Iliopoulos terms in ref. [33].

In this paper we are going to study the often disregarded N' = (2,0), d = 6 supergravity
theories that have several tensor multiplets with or without vector multiplets as a prepara-
tion to classify their supersymmetric solutions and to study how these solutions are related
to the supersymmetric solutions of the N' = 2,d = 5 theories by dimensional reduction
on a circle [34]. We are also going to use these results to construct new supersymmetric
solutions of the N' = (2,0),d = 6 supergravity theories in absence of a classification.

Let us explain how we intend to achieve these goals.

In general, the supersymmetric solutions of theories related by dimensional reduc-
tion are also related: all the supersymmetric solutions of the lower-dimensional theory
can be uplifted to supersymmetric solutions of the higher-dimensional theory while all the
supersymmetric solutions of the higher-dimensional theory admitting translational isome-
tries [35]% can also be reduced along the associated directions to supersymmetric solutions

2That is: 2-form potentials with selfdual or anti-selfdual 3-form field strengths.

3In the case of toroidal compactification. The general condition is that the Killing spinors of the higher-
dimensional solutions can also be understood as spinors of the lower-dimensional theory. This requires
the spinors to have a particular dependence (or independence) on the coordinates of the compactification
manifold which, in turn, requires the solution to meet certain conditions. In toroidal compactifications the
isometries associated to the circles must act without fixed points (be translational isometries). In more



of the lower-dimensional theories. Thus, one can get new supersymmetric solutions of one
of the theories from known supersymmetric solutions of the other one.* The basic reason
for this correspondence is that the Killing spinor equations of the higher-dimensional the-
ory always give the Killing spinor equations of the lower-dimensional one and, if the latter
admit solutions, also do the former. As explained in the footnote, it may not be true the
other way around.

Two conditions have to be met in order to apply this simple solution-generating
technique:

1. One has to know which theories are related by dimensional reduction.

2. The detailed relation (“dictionary”) between the fields of the higher- and lower-
dimensional theories must also be known.

In our case it does not seem to be widely known which models of N' = 2,d = 5
supergravity are related by dimensional reduction to which models of N' = (2,0),d = 6
supergravity theories, actually. Thus, our first task (section 1) will be to perform the
dimensional reduction of a general, ungauged, N' = (2,0),d = 6 supergravity theory with
an arbitrary number of tensor and vector multiplets® to d = 5 and identify to which model
of N = 2,d = 5 supergravity. A careful identification of the 5-dimensional fields will
provide us with the dictionary we need to reduce and uplift solutions (section 2).

The identification of the 5-dimensional models leads to a surprise: there are two dif-
ferent families of models of N' = (2,0),d = 6 supergravity related to the same family of
models of N' = 2,d = 5 supergravity: the family of models with 1 tensor multiplet and
ny vector multiplets (that we are going to call N' = 2A, d = 6 theories)® and the family of
models with only np = ny + 1 tensor multiplets (that we are going to call N = 2B,d =6
theories) give exactly the same family of models of N' = 2,d = 5 supergravity coupled
to nys = ny + 2 vector multiplets with a symmetric tensor Crjrx with non-vanishing
components Cy,41s+1 = %ms with r,s =0, ,ny + 1 and (n,5) = (+— -+ —).

This situation is analogous to what happens when we dimensionally reduce the two
maximal 10-dimensional supergravities, N'=2A and N' = 2B, on a circle and we find the
same 9-dimensional maximal supergravity” [36]. In that case, this coincidence is interpreted
as a manifestation at the effective field theory level of the T-duality existing between the
two type II superstrings [37-39]. The relation between the fields of the two 10-dimensional

general cases the conditions have not been studied. Observe that this possible problem only arised in the
dimensional reduction and never in the oxidation because, by assuming the lower-dimensional solution to
be supersymmetric we are assuming the problem has not arisen in the reduction and the lower-dimensional
solution has been obtained from a supersymmetric higher-dimensional solution. From a more general
perspective: dimensional reduction can break symmetries but dimensional oxidation can never do that.

40f course, the same can be done with non-supersymmetric solutions.

5The hypermultiplets do not couple to the vector and tensor multiplets and, clearly, their reduction
leads to 5-dimensional hypermultiplets with exactly the same quaternionic-K&hler geometry.

5These are the theories related to the toroidal compactification and truncation of the Heterotic String.
We also consider the 6-dimensional theories obtained by dualizing the 3-form field strength, related to the
compactification of the type IIA superstring on K3. We call them N = 24*,d = 6 theories.

It is unique.



supergravities and those of the 9-dimensional one leads to a direct relation between the 10-
dimensional fields of the two theories: the type II generalization of the Buscher T-duality
rules [40-42] that transform a solution of one of the 10-dimensional theories admitting one
isometry into another solution of the other theory (also admitting one isometry) [36].

In the present case it is not clear which is the superstring theory associated to the
N = 2B, d = 6 theories (if any), but the relation we have found leads to a new generalization
of the Buscher rules transforming 6-dimensional solutions of these theories admitting one
isometry (section 3).

In section 4, we are going to exploit the results of section 2 to construct new super-
symmetric solutions of the 6-dimensional theories we are discussing (N = 2A4,2A* 2B)
by uplifting solutions of the N' = 2,d = 5 theories they all reduced to. We are going to
add a new twist to this story, though. The relations between the fields of two ungauged
supergravity theories related by standard dimensional reduction do not change if we gauge
both of them in the same way. Thus, we can use the uplifting formulae of section 2 to
uplift supersymmetric solutions of the same models of N’ = 2, d = 5 supergravity but, now,
with non-Abelian gaugings.

The supersymmetric solutions of general models of gauged N’ = 2,d = 5 supergravity
were classified in refs. [22, 23], but the construction of explicit examples in the theories with
non-Abelian gaugings has only been successfully completed recently in refs. [46, 47]. The
method used was essentially the same we are going to use here: the uplifting of solutions
of the 4-dimensional non-Abelian gauged theories which are better understood [14, 48-52].
We are just going to consider the simplest solution in ref. [46] to illustrate the procedure,
but this will be enough to produce interesting 6-dimensional solutions.

The uplifting of non-Abelian solutions to the N = 2A4,2A* theories is well justified,
but, what is the justification for the N' = 2B case if these theories cannot be gauged? We
believe that a gauged N' = 2B,d = 6 theory can be defined at least when the theory is
compactified on a circle. The situation is analogous to that of several coincident M5-branes
which, at least when wrapped on a circle, must be described by a non-Abelian theory of
chiral 2-forms. We do not know how to write such a theory, but at the massless level, we
know it is effectively described by a standard non-Abelian theory of vector fields in one
dimension less (the theory of coincident D4-branes). We do not know how to describe the
non-Abelian N/ = 2B, d = 6 supergravity theory, which only has chiral 2-forms, but we
know that, when compactified on a circle, at the massless level, the theory is described by
a standard gauged theory of NV = 2,d = 5 supergravity with 1-forms as gauge fields. It is
in this limited sense that the non-Abelian solutions of N = 2B, d = 6 supergravity that we
are going to construct should be interpreted.

Finally, section 5 contains our conclusions and directions for future work.

1 From six to five dimensions

In this section we are going to consider the dimensional reduction of general theories of
ungauged N = (2,0),d = 6 supergravity coupled to ny tensor multiplets and ny vector
multiplets to five dimensions. We first review the bosonic sector of the theory explaining



our conventions.® As usual, we denote the 6-dimensional objects with hats. In particu-
lar, f,70,...=0,---,5 and a, (3, ...=0,---,5 are, respectively, 6-dimensional world and
tangent space indices. Our metric has mostly minus signature.

The bosonic fields of the ny vector multiplets, labeled by ¢,7,...=1,--- ,ny, are just
the 1-form fields A" = A?;di#. Their 2-form field strengths F' = L1F7,,dif A di¥ are
defined as

Fl=dA' & Fl;=20,A7, (1.1)
and are invariant under the gauge transformations

SA" = dA?, (1.2)

for arbitrary O-forms A’.

The bosonic fields of the supergravity multiplet are the Sechsbein édﬂ, and a 2-form
potential B = %BO ﬂl;dfcﬂ Adz” which satisfies an anti-selfduality constraint whose explicit
form depends on the couplings to the matter fields and will be given shortly.

The bosonic fields of the np tensor multiplets, labeled by «,3,... = 1,--- ,np, are
the 2-form potentials Be oo satisfying selfduality constraints whose explicit form will also
be given shortly, and the real scalars ¢%. These fields can be seen as coordinates in
the coset space SO(1,nr)/SO(nr). It is convenient to use as coset representative the

A

SO(1,np) matrix L,* r/s,... = 0,1,--- ,np and it is customary to use the following
notation: L, = (IZT, fLro‘) (that is, L, = f/TO). Then, by definition, these functions satisfy

Mes = MLy’ L = LiLs = L L™, mps = diag(+,— =+, ). (1.3)
Using 7,5 to raise and lower indices we find
L' =L"L,=1. (1.4)
Finally, we define the symmetric SO(1, ny) matrix
Mys = Sl L = 2L, L — s - (1.5)
An SO(1, ny)-symmetric o-model for the scalars ¢ can be constructed as usual:
Ly 03 L% L, LY, = —9,L" 9% L, , (1.6)

where we have used the above properties of the coset representative. A simple parametriza-
tion of the functions L” in terms of the physical scalars is provided by

I L P e

The matter and supergravity 2-forms are combined into a single SO(1,ny) vector
(B") = (B°, B), with 3-form field strengths H" = L H" 55 di" A di” A di? defined by

. 1 . . 3
H" =dB" + icrisz NA & Hrﬂ[,,; = Ba[ﬂBTﬁﬁ] + icrijFZ[ﬂﬁAzm , (1.8)

8They are, essentially, those of ref. [30].



where ¢";; is an array of constant positive-definite matrices. They are invariant under the
gauge transformations

SBT = dy — 5 A, (1.9)
for arbitrary 1-forms X", and they are constrained to satisfy the (anti-) selfduality constraint
Mg H® = —npg % H®, where 1,5 = diag(+, —, —, -+ ,—). (1.10)
Using this constraint in the Bianchi identity of the 3-form field strengths
dH" — %czjﬁi ANFI =0, (1.11)
one obtains the equation of motion of the 2-forms:
d (Mo 1) + %cmjﬁi NEI =0, (1.12)

It is convenient to work with the action of the theory but, in general, these theories
do not have a covariant action, due to (anti-) selfduality constraints satisfied by the 3-
forms [24]. Nevertheless, sometimes, it is possible to construct pseudoactions [53] which give
the correct equations of motion of the theory upon use of the (anti-) selfduality constraints
in the Euler-Lagrange equations that follow from them. The action of the dimensionally
reduced theory can then be derived by following these directions:

1. Dimensionally reduce the pseudoaction and the (anti-) selfduality constraints in the
standard way.

2. Poincaré-dualize the highest-rank potentials arising from the (anti-) selfdual poten-
tials in the dimensionally-reduced pseudoaction.

3. Identify the resulting potentials with the lowest-rank potentials arising from the
(anti-) selfdual potentials. This identification should be completely equivalent to
the use of the dimensionally reduced (anti-) selfduality constraint in the action.

A well-known example of this procedure is the dimensional reduction to d = 9 of the
N =2B,d = 10 supergravity theory [54-56] carried out in ref. [57]: in this case there is a
RR 4-form potential C® whose 5-form field strength GO is self-dual G®) = x;0GO) and
the equations of motion can be derived from the pseudoaction constructed in ref. [53] by
imposing a selfduality constraint. The dimensional reduction of the 4-form potential c®
gives rise to a 4- and a 3-form C®,C®) potentials whose 5- and 4-form field strengths
G®) and GW are related by the dimensionally reduced selfduality constraint G©®) ~ xG®).
Following the above recipe, in ref. [57] the pseudoaction and selfduality constraint were
reduced to d = 9 first. Then, the 9-dimensional 4-form potential C*) was Poincaré-
dualized into a 9-dimensional 3-form potential C'® in the pseudoaction. At this point the
theory has two different 3-form potentials C(®) and C® and the selfduality constraint takes
the form G®W = G@ indicating that the two 3-forms are one and the same C®) = C®).
Making this identification in the pseudoaction gives the correct 9-dimensional action.



In the case at hands, the bosonic equations of motion (in particular, eq. (1.12)) can be
found by varying the pseudoaction

G /d% El {R—aafzradfzﬁ-éMT»sﬁrdi,af{S aéa_zrcrijpiagﬁj aé_icT ijéaééiéféraéﬁiédﬁjéf} :

(1.13)
and imposing on the resulting Euler-Lagrange equations the (anti-) selfduality conditions
egs. (1.10). However, due to the Chern-Simons term, this action is gauge invariant if and
only if the following condition holds [58]

nrscri(jcskl) = 0, (114)

and we will assume this condition to hold through our work. Only then one gets consistent
five-dimensional theories.

1.1 Reduction of the fields

Having described the bosonic sector of the theories we want to study, we are now ready to
reduce them to d = 5.

We are going to follow the standard procedure proposed in ref. [59] with the particular
conventions of ref. [8]. Thus, we assume that none of the fields depends explicitly on the
compact coordinate, that we will call z, we split the world and tangent-space indices as
follows

n=pu,z, a=a,z, (1.15)

and we decompose the components of the Sechsbein basis (which we choose to be upper-
triangular) é%; into those of a Fiinfbein e?,, a (Kaluza-Klein (KK)) vector 4, and a KK
scalar k as follows:

(é%) _ (egu k?) , (@;ﬁ) - (eg“ ;f‘;) , (1.16)

where A, = e, A,

The scalars are the same z-independent functions in both dimensions. In particular,
L,=1L,.

The vector fields A? decompose into vector fields A and scalar fields I* as follows:

A, =4, & A, =A",+1A,, (1.17)
A, =k e A, =1, (1.18)
This leads to the following decomposition of the vector field strengths:
Filgy=Flap=Flogp+1Fy, (1.19)
Fio, = k719,00, (1.20)
where F? and F are the 5-dimensional field strengths

Fi=dA", F=dA. (1.21)



Each 2-form B” produces a 2- and 1-form in five dimensions (B” and A" respectively).
They will be related by the (anti-) selfduality constraints. It turns out that the following
definitions give potentials with good gauge transformation properties:

T r 1 Tt Ad
B/@EAM—FiC ijl Aj,u, (1.22)
BT”V = Brwj — A[MATV} — CrijA[uAiV]lj . (1.23)

The 3-form field strengths H” decompose as follows:

Hrabc = HTabC, (124)
. 1 .
H o = k'_lfrab =kt F" + CTZ']'ZZF] + §CrijlzljF , (1.25)
where
1 1 1 s .
HT:dBT—iF/\AT—§FT/\A+§CrrL'jFZ/\A‘], (126)
F" = dA". (1.27)

This completely fixes the reduction of fields and field strengths. Plugging these decom-
positions in the pseudoaction eq. (1.13) together with the decomposition of the Levi-Civita
symbol

éabcdez = eabcde’ (128)

we get in a straightforward manner the 5-dimensional pseudoaction

1 ) )
S = / x| g|k{R - Zk:2F2 — Oy L"O" Ly + 2k 2Ly 0, 1" 0"

1 o

+ 3 Moo HH = k2 MpsFTF® — Lyc" i F F (1.29)
ke o o o

+ ———crj [H (F'V —20I'A7) = 3F"F'A7] &,

where the indices are assumed to be contracted in the obvious way: F"F* = F",,F* ",
GHTCT ij (./_"zlj - 28l"Aj) = G#VPHUHTMW)CM']‘ (./."i,ialj - 28[KliAjg]), etc.

Finally, we make a rescaling of the metric in order to express the action in the “Einstein
frame” metric gg ., (minimal coupling to Ricci scalar) in the following way:

—2/3

Juv = k 9E v 5 (1.30)

and redefine the KK scalar k in order to give it a kinetic term with standard normalization

k=eV3/8, (1.31)



The result, up to total derivatives, is the pseudoaction
1 |
S = / &°x+/|gE| {RE + 5(8<;5)2 — O, L"OML, + 2e"V3/POL, "0, M — Ze\/8/3¢F2

— e VBN FTFS — Lo VO F T 4 %e\/ 230 M, H" H
by [HT (FIU =201 A7) — 3FTFIAT] )
6v/lgel
(1.32)

The reduction of the (anti-) selfduality constraints egs. (1.10) offers no problems and
becomes a duality relation between the 2- and 1-form potentials B", A"

MyoH® = —e V23 & F5 . (1.33)

The equations of motion of the 5-dimensional theory can be obtained by varying the
above pseudoaction and imposing the duality constraints. However, in order to identify
the 5-dimensional theories obtained with models of N = 2,d = 5 supergravity coupled to
vector multiplets it is convenient to eliminate this constraint. We carry out this task next.

1.2 Dualization

Following the procedure outlined at the beginning of this section, we are going to Poincaré
dualize the 2-forms B" into 1-forms A,. First, we are going replace the 2-forms B" by
their 3-form field strengths H" as variables of the pseudoaction eq. (1.32). This is possible
because the pseudoaction only depends on the 2-forms through their field strengths. How-
ever, we have to add a Lagrange-multiplier term to enforce the Bianchi identities of the
H", which have the form

A0y, H" po) + 6F" [ Fpp) — 3 i F [y F7 ) = 0. (1.34)

The Lagrange-multiplier term to be added to the pseudoaction to enforce the Bianchi
identity is (again, with the indices contracted in the obvious way)
€ 1 T 3 r 3 T I8l

A (OH" + -F"F — ZC ijF ), (135)

v 2

where the Lagrange multiplier is the 1-form field A, .
Adding this term to the pseudoaction and integrating it by parts we get

S = / dz/|gE| {RE + %(3@1))2 — O, L"O L, + 2e" V3L, ;0,1 011 — ie\/ 8/3¢ 2

— e VEBOMFTFS — Ly iie? VO FIFT 4 %e\/?/%MmHTHS

+ _ ¢ [CrinT(_/—-'ilj _ Qale]) . Scrz‘jfrfiAj
619z

35, (H" + SFA" + SF"A— 2cszZAJ)] } (1.36)



where
F.=dA,. (1.37)

Since in this pseudoaction H" is an independent field, we can compute its field equation,
which will relate it to F,.. It is given by

My H* = _%e—\/%ﬁ x [eriy (FIV =200 47) + 3F, ] (1.38)

This equation can be used to eliminate completely H" from the pseudoaction and from
the duality relation eq. (1.33). After this operation, the 2-forms B" have disappeared from
both, having been replaced by the dual 1-forms A,. We only write explicitly the constraint
after this replacement (and some massaging):

.9 . o
P, = g(msF +eriyd (A7) ), (1.39)

which implies the following algebraic relation between potentials

_ 9 1 o
Ay = gnrsAs + gcrileA] ) (140)

that we can use in the pseudoaction to eliminate completely A,. After this operation the 1-
forms A" are the only fields remaining from the reduction of the 2-forms B". Furthermore,
there are no constraints to be imposed and the pseudoaction is the standard action

1 ) )
S = / dSz\/ ygEy{RE + 5(aqs)? — O, L"O Ly + 2e"V3/2OL, ¢ ;0,1 011

B ie\/s/ig)qﬁFQ . 26_\/2/73¢MTS]:¢}'8 _ LTCT116¢/\/6Ff] (141)

Vgl

1.3 Identification with five-dimensional supergravity

+ 6(77TSFTFSA—CTijFiFjAT>}.

The next step is to identify the previous theory as a model of N' = 1,d = 5 supergrav-
ity coupled to nys vector multiplets. These theories? contain nys + 1 1-form fields Af,
I,J,...=0,1,--- ,nys and nys scalars ¢*, x,y,... = 1,--- ,nys, and their interactions (in
fact, the whole theory) are determined by the constant and completely symmetric tensor
Crsi. In particular, the scalar manifold is the nys-dimensional hypersurface in R™vs+1
defined by the cubic equation

Crixh' (#)h7 (¢)h" (¢) =1, (1.42)

the kinetic matrix of the vector fields aj;(¢) is given by

ary = —QC]JKhK+3h[hJ, (1.43)

9We use the conventions of refs. [60] and [21].

~10 -



where the hi(¢) are defined by

h[ = C[JKthK, (1.44)
and the o-model metric g,,(¢) is given by
oh! oh’ oh! on”’
=3 =-2C ——h". 1.45
Gy aIJaqu Dy IJK8¢x Dy ( )

The action is given by

S = /d% \g\{RJr = Gay0 ¢f“6“¢y—fazJFf Ty CUKFIFJAK}.

12f\/\3
(1.46)

In order to identify the models corresponding to the theories we have obtained by
dimensional reduction, we start by rescaling the vector fields

1 1 ) 1 )
A— —A, AT — — A" At — —— A, 1.47
V12 V12 V12 ( )

so that the action becomes

S = /d5 \/|9E|{RE+ (9¢)? — 0, L"O" Ly 4 2¢~ V320 o Ol OM

1 1 . . . .
- weVE - ELTJU@W*/@(FW I F)(F7, + 1 F,,)

1 1
— e VoM. F < v+ Gl I, 4 3¢ zjWFW>

o 1 iy
x <F5W + I, + 2csijlzl]FW)

1 o
msF”FSA—cMF’FJA’") . (1.48)
12[\/ l9E| < 2 "

Comparing this theory with eq. (1.46) we first see that nys = np + ny + 1 (there
is a total of np + ny + 2 1-forms). We can decompose the 5-dimensional index I as

I =0,7+1,i+np+ 1 where the indices take the values r =0,...,np, 1 =1,...,ny and
identify

AO — A AI:r+1 — A" AI:i+nT+1 — Az (149)
where the fields in the 1.h.s.’s are those of eq. (1.46) and the fields in the r.h.s.’s are those
of eq. (1.48).

We can also identify the components of the C7jx tensor that characterizes the model
of N = 2,d = 5 supergravity
1
Corgist1 = 3y/rs > Crilitnr+ljtnp+l = —3Cris - (1.50)

We will discuss later the properties of these models, picking two particular subfamilies.
Now, knowing Cr i and the expected forms of a;; and g;,, we can identify the scalar
fields of eq. (1.48) with the scalar functions k! and the physical scalars ¢°.
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The components of ayy in eq. (1.48) are

apy = 1 [e20/v6 + 2Lr£r€_¢/\/g]2,

12
1 —/
agr+1 = gM'r’sgse 2/3¢;
1 .
A0 i+np+1 = §chrijljei¢/\/6 <€2¢/\/6 =+ 2L5§Sei¢/\/6>a
2 \/2/3¢M

Ar41s+1 = 56_

2 \/2/3¢M l

- s
Qr41itnp+1 = ge rsC ij 7,

(1.51)

T8y

2 _ /373 1

Gitng+1j+nr+1 = 3€ 2139 Mysc”ine® ul*1 + §€¢/\/6chrijv

where £ = crijlilj and we have made some simplifications by using the properties L™ L, = 1,
e =0, §’"cmjli = 0 and M,s = 2L.Ls — 1. Finally, if we use as physical scalar
fields (¢%) = (¢!, -+, g HnTHly = (p 2 1), we see from (1.48) that only the diagonal
components of g, are non-vanishing:

g1 =1,
gg—i—l@-i—l = _2agLraﬁLra (1.52)

Gitnr+1j4+np+1 = 4€V 3/2¢chrij :

Comparing these expressions with the formulae eqgs. (1.43) and (1.45) for the theories
with symmetric tensor given by eq. (1.50) we conclude that the scalar functions h! are
given by

B0 = 9¢=26/V6 W= L"e?/V6 4 ¢re=20/VE hi = —9e=20/Voi (1.53)

For the sake of convenience we also give the hy:

1 p 2 .
ho = 6(62¢/V5+2§TL’“6*¢N6> . hy = gLreﬂWé . hi= ge*Wﬁcrijmﬂ. (1.54)

We are interested in two particular cases which correspond to models of the same
family characterized by the symmetric tensor with non-vanishing components Cyqp = %nab
with (n.) = diag(+ —---—) and a,b = 1,--- ,n for some value of n that depends on the
model: n = np for ny = 0 and n = ny + 1 for np = 1. These models can be identified
with the Riemannian symmetric spaces SO(1,1) x SO(1,n)/SO(n) by simple inspection
of the metric in eqs. (1.52). However, it is not difficult to see that the scalar manifold
is, topologically, the symmetric space SO(2,n)/SO(1,n), which is that of AdS,41: this
manifold can be identified with the hypersurface

(X0 + (X1 = (x2)? = = (X2 =1, (1.55)
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in R"*2. Any change of coordinates such that!’

1 1 1
(X0)2—|— (X1)2 _ §h0 (h1)2 : <X2)2 _ 5hO(hQ)Q’ (Xn)2 _ 5h0<hn)27 (156)
brings the above definition of the hypersurface to the cubic form
1
SMabhhh” =1, (L.57)

that characterizes the models under discussion. It is also easy to see in this cubic form
that the conformal transformations of 7, (the group SO(2,n)), compensated by rescalings
of hY, leave invariant the definition.

Although the scalar manifold is the same manifold of AdS,,+1, as metric spaces they are
totally different because the metric in R"*2 is not the SO(2,n)-symmetric one, but ay;.
Furthermore, observe that only the subgroup SO(1,1) x SO(1,n) C SO(2,n) is linearly
realized on the h! coordinates of the Real Special Geometry.

1.3.1 Case ny =0

If we begin with a six-dimensional theory with an arbitrary number nr of tensor multiplets
and no vector multiplets, we arrive to the model with ny5 = np + 1 characterized by

Cors = 5771"37 (158)
and with the parametrization

KO = 2¢~20'/VE W= e /Vorr, (1.59)

with L™ = L"(¢?,--- ,¢"7H1).

The nys = np + 1 scalars of these models parametrize the coset
SO(1,1)xSO(1,n7)/SO(nr). Upon dimensional reduction one obtains an ST'[2, ny + 1]
model of N' = 2,d = 4 supergravity coupled to nys = nys + 1 = ny + 2 vector multiplets

parametrizing the coset space S;&f;) X SO?Z(?%%T(:TDH)'

1.3.2 Case np =1

Let us start from a six-dimensional theory with ny = 1 and an arbitrary number of vector
multiplets ny and let us choose the coefficients ¢, ;; to be

COij = Clij = (Sij N (1.60)

which is a particularly simple solution of the constraint eq. (1.14). These theories contain
two 2-forms of opposite selfduality that can be combined into a single, unconstrained,
2-form that can be identified with the Kalb-Ramond field, a single scalar that can be
identified with the dilaton field and a set of Abelian vector fields. These theories can be
obtained by toroidal compactification to 6 dimensions and subsequent truncation of the

0These n + 1 relations need to be suplemented by another one such as, for instance, Xl/X0 =h'to
have the change of coordinates completely defined.
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Heterotic String theory, assuming that the number of Abelian vectors does not exceed 16.
We will show later how to rewrite it in the standard form. Now we just want to show that,
after dimensional reduction, these theories also belong to the same family as those of the
ny = 0 case.

With the above choice of coefficients, the parametrization of i’ is given by'!

ho = 26_2¢/\/67 hl = [0e#/V6 4 l26_2¢/\/6,
(1.61)
B2 = [led/Vo _ l26_2¢/‘/6, hi = —2e=20/V0]i
These functions satisfy the equation
L= Cryrcht WA = 50 (1) (i) = 5 (R + #2) i (1.62)
5 5 . .

However, we are free to make linear transformations of the h! and A’ in order to
obtain equivalent theories. In particular, if we perform the transformation (h°, ht, h?, h') —
(RO, AT, with r = 1,2,7 + 2, given by

A0 = hl + B2,

-1

hlzf(h0+h1*h2),

2 (1.63)
W= (B =kt 4 0%),

Bi = pit2

we find that the new variables satisfy
1 1o 1
1= 5ho((hl)2 — (h?)? — hT2piT2) = 5h%?"hsn,«s = Cryh'h/ i, (1.64)

so these models are equivalent to those with Cy,s = %ﬁr&

We conclude that ' = (2,0), d = 6 supergravity coupled to ny tensor multiplets gives
the same five-dimensional supergravity model as N’ = (2,0),d = 6 supergravity coupled
to just 1 tensor multiplet and and ny = ny — 1 vector multiplets. Furthermore, the 5-
dimensional theory that one obtains by dimensional reduction of those two 6-dimensional
theories can be embedded in Heterotic String theory.

These two 6-dimensional supergravity theories, dimensionally reduced on a circle, are
dual in the same sense in which the 10-dimensional A" = 24 and N = 2B supergravity
theories are T-dual [36], a fact related to the T-duality of the type IIA and IIB superstring
theories compactified on circles of dual radii [37-39]. Before we can interpret this duality
between supergravity theories in the context of superstring theory as a large-small radii
or coupling constant duality (for instance) we need to find the dictionary that relates the
fields of both 6-dimensional theories. This dictionary will be the analogous of the Buscher
rules for T-duality [36, 40-42, 61] and it will allow us to transform any solution of one of
these theories admitting one isometry into a solution of the dual theory.

1YWe are going to denote the objects of these theories with tildes.
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The initial step to derive this dictionary will be to find out how each solution of the 5-
dimensional theory can be oxidized to two different solutions of two different 6-dimensional
theories: one which only contains chiral 2-forms and one with a non-chiral 2-form and
vector fields.

To simplify the discussions, in what follows we are going to call the 6-dimensional
supergravity theories with just one tensor multiplet and ny vector multiplets and ¢y ;; =
c1ij = 0ij, N = 2A theories and the dual theories with nr = ny + 1 tensor multiplets and
no vector multiplets, N' = 2B theories.

Now we will focus on the 5-dimensional theories with nys = ny + 2 vector multiplets
which have these two possible 6-dimensional origins.

2 Uplifting solutions to six dimensions

Let us consider the family of N' = 2,d = 5 theories coupled to nys = ny + 2 vector

multiplets and symmetric tensor Cryi, I =0, -+ ,ny + 2 given by Cyry1s+1 = %7’]7‘4,134,17
rs,... =0,---,ny + 1. The scalar functions h! can be parametrized in terms of the
physical scalars by
Bo — 2672¢1/\/6 Bl — Lre¢1/\/6’ (2.1)
where the functions L" only depend on the scalars ¢2,--- , ¢V 12, and satisfy
L'LPn.s=1. (2.2)

The action can be written in terms of these functions and the scalar ¢' and takes
the form

S = / dx \g\{R + %(%1)2 — 9, L"O"L, — %&WV@FOFO — ée’wl/‘/é/\/lrsF”“FS“

€
—_ FT+1FS+1A0 7 2.3
NN (2.3)

where
L, =nysL®, and M;s=2L,Ls— 5. (2.4)

For our purposes, though, it is convenient to express everything in terms of the h':

hyy1hs
L' =ntt/ho/2, Ly = hyt1/\/hO/2, M,s = 4% — s (2.5)

According to our previous discussion, this theory can be uplifted to two different 6-
dimensional theories.

2.1 Uplift to N = 2B, d = 6 supergravity

N = 2B,d = 6 supergravity is the name that we have given to the theories of N' =
(2,0),d = 6 supergravity coupled to np = ny + 1 tensor multiplets only. The equations of
motion of this theory can be obtained form the pseudoaction

S = / d®z+/19] {R = OaL"0 Ly + S My I 3y 1 abC} , (2.6)
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supplemented by the (anti-) selfduality conditions
My H = —npg + H* . (2.7)

Then, according to the results in section 1, the 6-dimensional fields of this theory can
be expressed in terms of those of the 5-dimensional theory eq. (2.3) as follows:

Scalars. The physical scalars ¢%, and the functions L', witha = 1,--- ,ny +1 and
r=0,---,ny + 1, are given by

o = gotl,
A (2.8)
Lr((pg) _ hr+l(h0/2)1/2 )
Metric. The 6-dimensional metric components are the following
. -3/2
9zz = _(ho/z) / )
A 1 0 -3/2 ,0
Gpz = /12 (n°/2) A (2.9)
. 1 -3/2
Guv = (ho/z)l/zguv 19 (h0/2) / AOMAO%
or, equivalently
/ Lol /
ds* = —(h°/2)7?/? [dz—i— AO} + (h/2)Y2ds* . 2.10
(h"/2) Nib (h"/2) (2.10)

2-forms. We only need to know the component B uz of the 2-forms, because the rest of
components are determined through the duality relations eqgs. (2.7). We have

- 1
B, = ﬁflmu- (2.11)
It can also be useful to have the expression of the 3-form field strengths in the Viel-
bein basis: .
V12
1

f{rabc — _ﬁ<h0/2>Mrs€abcder+l de 7

where one has to take into account that F*T! 9 and e peqe are five-dimensional quantities.

IA{Tabz = (hO/Q)QFT+1ab7

(2.12)

2.2 Uplift to N = 2A,d = 6 supergravity

N = 2A,d = 6 supergravity is the name that we have given to the theories of N' =
(2,0),d = 6 supergravity coupled to ny = 1 tensor multiplets and ny vector multiplets
with cg 4 = ¢1 45 = 6;5 with ¢ = 1,--- ,ny. Since in this case the two 2-forms have opposite
chirality, they can be combined into a single, unrestricted, 2-form that we are going to
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denote by B (no indices) and there is a covariant action from which one can derive directly
the equations of motion. It takes the form

S = /d% 1] {R + %(895)2 + %eﬁ%{? - esﬁ/ﬁﬁﬁi} , (2.13)

where now we are using tildes instead of hats in order to distinguish these fields from the
previous ones and from the 5-dimensional ones. In this action, ¢ = 1,--- ,ny and the
3-form field strength is defined as

H=dB+F'NA. (2.14)

This theory is obtained when we parametrize the functions ir, r=20,1as
L% = cosh (@/\/E) , L' =sinh (@/\@) , (2.15)

and H and B are related to the fields H” and B” (which appear in (1.13)) by
B=B"-B', H=H"—H'. (2.16)

This theory can be obtained from the compactification of N' = 1,d = 10 supergrav-
ity coupled to vector multiplets (the effective field theory of the Heterotic String) on T4
followed by a truncation. In particular, the scalar ¢ is related to the dilaton field of the
Heterotic String by

5= V2 et (2.17)

Now, as we have seen, this theory, also gives (2.3) when reduced to five dimensions. In
order to find the relations among the fields, we have to use the linear transformation (1.63).
This gives us directly the transformation of vector fields. Also, on taking into account the
parametrizations (2.1) and (1.61) we get the relation between the different scalar fields.
This leads to the following expressions for the 6-dimensional fields in terms of the 5-
dimensional ones:

Scalar. The dilaton is related to the five-dimensional scalars by
PIVE = 97120 (p1 4 p2)2 (2.18)
Metric. The KK scalar ¢ and the KK vector A, are given by

1 1
o 20/V6 _ 5 (ht + h?) A, = 7 (AL + Ai) , (2.19)

and, therefore, the metric is given by
Gow = _93/2 (hl + hz)—3/2 ,
- -3/2
Gue = —/2/3 (W +12) 7 (41, 4 42,) (2.20)

. 1 1/2 1 —3/2

= 5 (W' 1?) % Gy — 5 (0 + 1) AL+ 4% (A1 + A7),
or, equivalently, by

2

—3/2 L (A' + 4%) | +2712 (n! + 1)

V12

1/2

d3? = —2%% (' + n?) dz + ds®.  (2.21)
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Vectors. The 1-form potentials are given by

= hi+2
2T T p20
{L +h (2.22)
Zu = E {AHzﬂ + A, (Alu + Azu)} J
or, equivalently, by
qi L it h'+? [ 1 1 2 ]
b= A — dz + A"+ A7) . 2.23
V12 L+ 12 V12 ( ) ( )
2-form. The components Bug can be easily found to be
~ 1
By, =—= (A", —A%) . (2.24)

V12

Now the components B, are independent and have to be explicitly given. They do
not have a simple expression, though, and we must content ourselves with the field strength
components instead:

ﬁuuz _ \}g (hl + h2)*1 { [hl _ [ho (hl + hg)rl} Flw

_ [;ﬂ + [0 (h' + h2)]*1} F?,+ hiFiW} . i>3, (2.25)
t 1 —92€uvpaf o \/§ ~
H.U«VP = = Tﬁ(ho) 2#7\/??’170 ? + T(Al[p + A2[p)H,u1/]g :

2.3 Uplift to N = 24*,d = 6 supergravity

The theory that we have called N = 2A,d = 6 supergravity is not uniquely defined. One
can obtain another theory that we are going to call N' = 2A* d = 6 supergravity by
dualizing the field strength H into another field strength H given by!?

H=—e"??%H. (2.26)
It turns out that this new field strength is an exact 3-form:
H=dB, (2.27)

and H and B are related to H” and B” in the theory of eq. (1.13) with ny = 1, arbitrary
ny and Coij = Clij = 5ij by13

H=H"+H"', B=B"+B'. (2.28)

The action for this theory is

o o 1 1 o o U VR
S = /d% |§|{R + §(a¢)2 e VP2 V2R GHFZAZ} . (2:29)

3 3/l

1211 the Einstein frame this is the only field which is modified in this transformation. We will denote all

the field of this theory with ~ accents anyway.
130bserve that the absence of Chern-Simons term in H is due to the cancellation of those in H° and H*

and not to the vanishing of the constants c";.
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This theory can be obtained from the effective field theory of the type ITA superstrings
compactified on K3 [39, 62-65] followed by a truncation. In particular, the scalar ¢ (which
is equal to @), is related to the dilaton of that superstring theory by

G=vV2¢r14. (2.30)

The different coupling of the dilaton field to the vector fields (comparing with the
N = 2A case) is mainly due to the fact that they are RR fields in this case instead of
NSNS fields.

All the fields have the same relation with the five-dimensional ones as the tilded ones,

except for the 2-form B , whose components pz now are given by

o 1
B,,=—A%,. 2.31
HZ \/ﬁ M ( )
The 3-form field strength is given by
o 1
Hl'“/é == ﬁFOMV 5
s 1 €pvpa -1
H Vo = _7(h0)2(h1+h2) uvpaf |:h1 _ ho h1+h2 :|Flozﬂ
Hyp 8\@ \/m [ ( )}

— 124 [B0 (bt 4 12)] ] 208 4 h"FWﬁ} + \f (A + A%) Hyge, 123,
(2.32)

3 Maps between six-dimensional theories

Putting together all our results we can write the following generalization of the Buscher
rules between the N = 2A4,2A* and 2B theories:

From N = 2B to N = 2A.
V2o — o (ﬁo + ﬁl) [0z
A ~a\ —3/
Gup = — 232 (LO i L1>

. Ny A
s = _ 93/2 <L0+L1> 1G] 1/2 (BO+Bl) ’
pz

2
|gﬁ|_1/27

. _ c0 . 21\ Y24 . ~—1/24 A
Juv = 2 1/2 (LO + Ll) [|gﬁ|1/29;w + |gﬁ| 1/2g,uggug]
. A\ —3/2 . . . .
_93/2 (LO +L1> IQQI_I/Q (BO _|_Bl) (BO +B1> :
vz
Az‘é: sy (ﬁo+ﬁ1) :

At = Bt [ <B0 +B1)“z/ <£0 +£1> ’

pz

B = (B~ Bﬂ)M .
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From N = 2A to N = 2B.

&

G = 273 ‘gﬁ{% e2vz (guv - guzgvz/gg) + 236_27\3/5@ |§z‘_%

0 _3 ¢, 1 18 -1 L
10 = 278e 3 ] 27Hen [ T (14 ATAT)

1 £

s 1 -3 A A

r—1 ,,,_22’

3.1 From N =2B to N = 2A*

6\/§¢: —2(ﬁ0+ﬁ1)/gz,

) o e\
Gzz = — 23/2 (LO + Ll) |g@| 1/2’

. o\ —3/2 . .
Guo = — 93/2 (LO —|—L1) ‘gﬁ‘—lﬂ (BO +Bl>

(BO + B!

r>1,

r>1,

)

nz

y _ - S\Y2 7. . Y —1/24
Juv = 2 1/2 (LO + Ll) [|gﬁ|1/29/w + |gz| 1/29;@91@]

. ~ o\ —3/2 . . . .
_ 93/2 (LO —|—L1) / ‘g%‘—uz (BO +Bl> (BO +31)
nz

A= iy (D041

Al = B, — [ (BO +]_@1) /@o +ﬁ1> 7
nz

v

Buz = gu&/gﬁ :

—90 —

vz

i

(3.3)



From N = 2A4* to N = 2B.

_3_% _1
}gzz‘ _236_2 2% “i‘ 2
__3 3 _1 o
gl@:_Q%e 2 2"0‘“2 ‘ 2B,
R _1. 1 @ o o . 3 _L@ o _1 o o
gm/:2 2 gzz‘262\/§ (g,ul/_guggug/gﬁ)‘i‘QQe 2v2 j‘ QBp,gBugy
~0 3 __P_ 1 1 @ _1
L' =2"2¢ 2v2 \922\2 2—§ezﬁ\vl\ 2(1+A’”ZA’"Z , r>1,
r1 -3 2. |3 L e -3 roAT
L' =—-272¢ 2v2 gzz|2+2 2¢2v2 i‘ 2(1—AZA§>, r>1, (3.4)
~ _1 P o
T—_\2 gﬁ] 262¢2A2_1, r>2,
. 1/~ o 5
Bouzz ) (Buz“‘gug/gﬁ) )
Bl = 2 (B + G/
Hz T g izt Guz/ 02z ) 5
Bruz = Arilu - Arilgvuz/viza r>2.

4 Applications

We are now ready to exploit the relations between 5- and 6-dimensional theories that we
have uncovered. There is one more twist that we can add to them, though: observe that if
we had dimensionally reduced the gauged N = 2A,d = 6 theory we would have obtained
a gauged N = 2,d = 5 supergravity theory and the relation between the physical fields of
these two gauged theories would be exactly the same we have obtained in the ungauged
case. This is true as long as the gauge group does not change in the process of dimensional
reduction (as in the case of generalized dimensional reduction [59]). Then, we can use
the formulae we have obtained to uplift solutions of the 5-dimensional gauged theories to
solutions of the 6-dimensional gauged theories and vice-versa.

There are some points to be discussed and clarified before carrying out this program.

First of all we must discuss the possible gaugings of these theories. The N =2A,d =6
theories can be gauged in essentially two ways:

1. We could just gauge a subgroup of the SO(ny) group that rotates the vector fields
among themselves. The only fermion fields this global symmetry acts on are the
gaugini, which carry the same indices as the vector fields and an Sp(1) ~ SU(2)
R-symmetry index which remains inert under these transformations. Observe that
the only scalar of the theory, the dilaton, is also inert.

2. We can gauge the whole R-symmetry group, SO(3) or a SO(2) subgroup of it using
Fayet-Iliopoulos terms.'* Observe that one needs vectors transforming in the same
fashion. Thus, in this case one would be gauging SO(3) or a SO(2) subgroup of
SO(ny) which, on top of acting on some the SO(ny) indices of the vectors and
gaugini, would also act on the R-symmetry indices of all the fermions of the theory,
which would now be charged.

This is the theory considered in ref. [33], for instance.
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The dimensional reduction of these gauged 6-dimensional theories would be the models
of N' = 1,d = 5 supergravity that we have found, characterized by the C i tensor with
non-vanishing indices Coyrs = %nrs, with exactly the same kind of gaugings (with our
without Fayet-Iliopoulos terms). The main difference with the 6-dimensional theories is
that, in the non-Abelian case, the gauge group acts on the scalars that originate in the 6th
component of the 6-dimensional vector fields and these transformations are isometries of
the o-model metric. The relations between 5- and 6-dimensional fields can be used directly
in the gauged case but we must take into account that in order to get the C7 i tensor in
the form Cy,s = %nrs we had to make linear combinations of several different vector fields.
This can only be done if they have the same transformation properties under the group to
be gauged, which is not the case. Thus, we only must gauge vector fields not involved in
these redefinitions.

The N = 2B, d = 6 theories cannot be gauged, at least in a conventional way. However,
it is believed that there are 6-dimensional gauge theories based on chiral 2-forms associated
to coincident M5-branes. The main reason is that, when compactified on a circle, M5-branes
behave as D4-branes and the Born-Infeld fields of coincident D4-branes are non-Abelian.
This means that, at least, the non-Abelian theory of 2-forms exists when one of the 6
dimensions is compactified on a circle and, in those conditions, the massless modes are
essentially non-Abelian 1-forms. Actually, there have been several proposals of non-Abelian
theories of 2-forms in 6 dimensions [43-45] and, in general, they consider that one of the 6
dimensions is compactified.

The situation we are facing here is similar and, probably, directly related to the world-
volume theories of the M5-branes. It is clear that, when these theories are compactified
on a circle, at least the massless part of the spectrum (1-forms in d = 5) can be gauged.
We do not know how to formulate the gauging using chiral 2-forms directly in 6 uncom-
pactified dimensions but we do know that, at lowest order, the relation between the 6- and
5-dimensional non-Abelian fields is the same as between the Abelian ones. We can, there-
fore, use the uplifting formulae to construct non-Abelian solutions of a “SO(3)-gauged”
N = 2B,d = 6 theory whose exact 6-dimensional formulation we do not know. Actually,
we can use this relation as a lowest-order formulation of that theory which probably only
exists anyway when one of the 6 dimensions is compactified on a circle.

4.1 Solutions of the SO(3)-gauged N = 2A* d = 6 theory

The supersymmetric solutions of the gauged N' = 2A,d = 6 theory with Fayet-Iliopoulos
(FI) terms were classified in ref. [33], where some interesting examples were also con-
structed. We can dimensionally reduce them to 5 dimensions using our results but we
prefer to construct supersymmetric solutions of the SO(3)-gauged N = 24, d = 6 theory
without FI terms by uplifting some of the supersymmetric solutions of the similarly gauged
(no FI terms) N = 2,d = 5 supergravity with no hypermultiplets'® recently constructed in

'5These theories are the simplest supersymmetrization of the Einstein-Yang-Mills (EYM) theory and
have been called N' = 2,d = 5 Super-Einstein-Yang-Mills (SEYM) theories in ref. [46]. They are related by
dimensional reduction to the N' = 2,d = 4 SEYM theories [14, 48-52]. The same relation applies to the 4-
and 5-dimensional solutions.
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ref. [46]. In particular, we are going to uplift an extremal black hole sourced by a BPST
instanton [66].

Thus, let us consider the N' = 2,d = 5 SEYM theory with ny5 = 5 vectors labeled
by x = 1,---,5 or x = 1,2, A where A, B,... label the three directions gauged with
the group SO(3) and with non-vanishing components of Crjx given by Cogy = %nzy,
n = diag(+ — — — ——). The solution that we are going to uplift was obtained in a
model with one vector multiplet less but, here, for the reasons explained above, we cannot
gauge the first vector multiplets and so we add one more (x = 2) whose fields will vanish
identically.

The metric is static and spherically symmetric
ds? = f2dt> — £ (dp2 + p2dQ§3)) : (4.1)

where the metric function f is given by

-1 -1/3 ) 72 9 A g N
fl=3.2 L2 LO—QgQ(p+4ﬂ> » (4.2)

where Ly and L; are two spherically symmetric harmonic functions'® on R*
Loi = ao1+qo1/p°, (4.3)

ap,1 being integration constants and g1 being electric charges. The integration constants
are constrained by the normalization of the metric at infinity, but we are are not going to
impose this condition in 5 dimensions.

There is only one non-trivial scalar that we can write as h'/h°, for instance. In terms
of the scalar functions h! we have

2/3
L
RO = 271/3 ! . (4.4)
2
Lo — % (,0 + ATP?’)
~1/3
L
ht = 9%/ - : (4.5)
2
Lo — % (p + /\ng’)
h=hnt=0, (4.6)
and
2 —2
. Lo — % (,0 + /\Tﬂg)

Pl =2 . (4.7)

Ly

6Not to be confused with the 6-dimensional scalar functions ﬁr.
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Finally, the vector fields of the solution are given by

-1
1 9 A2\ 2
A= —— Ly — = —t dt
2
A= ——_r7lae,
V3! (4.8)
A2 =0,
1 A2 N\t
AL = —5 <1 + 4;02> 'UALa

where the v are the left-invariant Maurer-Cartan 1-forms of the Lie group SU(2), given
in our conventions in the appendix of ref. [52]. A4 is the potential of the BPST instanton
and g is the 5-dimensional gauge coupling constant.

It is now straightforward to uplift this solution to a solution of the N' = 2A4,d = 6
theory with np = 1 (by definition) and ny = nys — 2 = 3 (one of the six 5-dimensional
vectors is the KK vector and the other two come from the non-chiral 2-form) and the 3
vectors are the gauge field of the SO(3) gauge group'”

Using eqs. (2.18), (2.21), (2.23) and (2.24), we find the following 6-dimensional fields:!®

d§2 — Qfdu |:d’l)/ . S(Ll o al)du} _ f_l <dp2 —+ p2dQ%3)) ’

_ -1/2
RN S
0 992 P 4p )

3
~1
.1 2 A2\ 7
eﬂ‘p=2 1 LO_TQQ (P+ 4P3) ] 5 (4.10)
» 1 A2 L\
A 2 A
= —— 1 E—
124 ( + 4P> VL,

-1

o 1 3
H:—gdv'/\du/\d +§qlw3,

2 Az G\ 7
Lo — — 3

and where ws is the volume form of the round 3-sphere of unit radius whose metric is df2

2
3)
If, for instance, we use the Euler coordinates (6, ¢, 1) such that

2 _

_ i [(dip + cos 6do)? + d6” + sin” 6de?] | (4.11)

17Globally, the instanton solution requires the group to be SU(2).

18We have renamed the coordinates z and ¢ as w and v, respectively, since they are conjugate null
coordinates in 6 dimensions. Then, we have shifted one of them v = v’ + %alu. The null coordinates © and
v’ can be expressed in terms of time (7) and space (y) coordinate as

u=—=(T+y), v=—(T—y). (4.9)

<[~
Nis
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then w3 = %sin 0dO A do A dip, and the 2-form B can be written in this coordinate patch,
up to gauge transformations, as

.1 2 A2\ 7 , 3
B:_é L0—7 p+—p dv /\du—|—1—6q1cosﬁdw/\d¢. (4.12)

Observe that now A4 carries a factor of 1 /v/12 with respect to the potential of the
BPST instanton. The reason behind this apparent inconsistency is that the rescaling of the
potentials is harmless in the Abelian case but brings the non-Abelian 2-form field strength
to an unconventional form. To bring it back to the standard form we just have to rescale
the coupling constant. Thus, the 6-dimensional coupling constant is given in terms of the
5-dimensional one by

g=12g. (4.13)

The metric d5? is typical that of a superposition of a string lying in the z direction
and a wave with momentum ~ ¢; in the same direction. The 3-form field strength H
indicates that the string is dyonic, with electric and magnetic charges ~ ¢qg,q1. This kind
of solutions are very well known as they are particular cases of 3-charge configurations dual
to the DID6W one.!” The additional ingredient here is the BPST instanton that modifies
the metric function f . The string part of this solution is also clearly related to the “gauge
dyonic string” solution of the Heterotic string effective action compactified to 6 dimensions
constructed in ref. [67] by adding Yang-Mills instantons in the transverse directions to the
dyonic string found in ref. [68] (see also ref. [69]).

We have left intentionally undetermined the integration constants ag, a1 because differ-
ent choices can leave, as we are going to see, to physically inequivalent solutions, depending
on whether we demand asymptotic flatness or not.

Asymptotic limit. Let us first consider the p — oo limit. There are two possibilities:

1. If we choose the two integration constants in the harmonic functions Lg 1 to be non-
vanishing, aga; > 0

V23 Vi _ 01 ) P 1

= d Hyyy~——=. 4.14
Jaoar 240’ an pv'u 3a2 P ( )

f

First of all, we see that the metric is asymptotically flat. The normalization f =1
fixes the integration constants in terms of just @so:

1 4 2 .
ag = —e P=V2, a; = ZetP=V2, (4.15)

3 3

This solution describes the superposition of the dyonic string and pp-wave mentioned
above. The charges of the string can be easily computed and are given by

1 7\/535 - ]. ~ 3
=_—_ H=-3 P=— | H=%q. 4.16
53 /S e * q0 22 Jgs 501 (4.16)

3
oo

90nly two out of the three different charges are independent in this solution. This is necessary to have
a consistent truncation to minimal supergravity.

— 95—



The instanton field falls too fast at infinity to give any contributions to charges,
masses or momenta.

2. If both integration constants vanish ag = a1 = 0,0 as long as ¢ (qo — %) f remains
always finite and strictly real and positive for all finite values of p and the whole metric
is regular. In the p — oo limit the fields behave as

v ql 9]
V2P — —, and Hpy, ~ —

v p2
[y _ —, 4.17
RZ, 2qo 300" (417)

where we have defined the constant

Yq0q1

2
Roo 9

(4.18)

which depends on the charges but not on the modulus ¢, and the metric takes a
direct product form

d 2
ds$?. = R%, <2du'dv”p2 — 3qudu’? — p@) — R3O , (4.19)

where u = R% u' and v = R2_v".
The transverse part of the metric is that of a round 3-sphere of radius Rs.. The rest
turns out to be the metric of an AdS3 space of radius R, as well: computing its

Riemann tensor we find 5
3)  _ 3) (3)
wa)pa - _RT gu[pgg]y . (420)
o0

Thus, the second choice of integration constants gives a solution which is asymptoti-
cally AdSs3 x S2 with radii equal to Rs. Observe that, in the Abelian case (which we
can always recover by eliminating the instanton field) the solution would be globally,
and not just asymptotically, AdS3 x S3. In the p — oo limit we recover essentially this
Abelian solution because the instanton field vanishes and, in particular, the 3-form
field strength H takes the form

. 3
H = th [—7’[‘3 +W3] , (421)

where 73 and w3 are the volume forms of unit-radii AdSs and S2, respectively. In

the coordinates we are using, the first is given by

73 = pdp A dv” A du' . (4.22)

Now we are interested in studying the near-horizon (p — 0) limits of these two

solutions.

20Tf only one of them vanished, the dilaton would not be well defined.
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Near-horizon limit. For any values of the integration constants ag,a; (that is: for
the two different solutions identified above), in the limit p — 0, the Ricci scalar and
the Kretschmann invariant of the full metric remain finite. Thus, we expect to have a
well-defined p — 0 metric which in the asymptotically-flat case will be interpreted as a
near-horizon metric. In both cases we have the the following asymptotic expansions:

Loa~ B 00), [ = /R +00), (4.23)

where?!

RZ = \/9(11(610 —28/(35?2)) ’ (4.24)

which is well defined as long as q1(qo —8/(33?)) > 0 (in particular, q; # 0). We will assume
that this condition holds. Then, rescaling the null coordinates as u = R2u/, v/ = R3v” the
metric takes the same form we found above
) 2 2 g0 o dp? 2 1002

dsy, = Ry, | 2p°du'dv” — 3qidu’~ — ) Ry dS2sy (4.25)
which is that of AdS3 x S% with radii equal to R},. The fact that this near-horizon limit
is the same as in the case of the pure dyonic string solutions (with no pp-wave) [70] is
somewhat surprising.

In this limit the dilaton takes a constant and finite value,

AT S (4.26)
T

while the vectors are simply proportional to the left-invariant Maurer-Cartan 1-forms AA =
%UA 1. Recalling the definition of the left-invariant Maurer-Cartan forms V = VAT, =
—u~tdu for the SU(2) group representative u and the su(2) generators T4, we conclude
that the gauge fields are proportional to a pure gauge configuration, i.e. they describe a
meron field, analogous to the one found in ref. [33]. Finally, in the p — 0 limit the 3-form
field strength H takes exactly the same form as in the p — oo limit eq. (4.21), but we
should notice that the coordinates we are using in the AdSs are different.

Summarizing, we have found two solutions:

1. The first solution, which is asymptotically flat and has a regular horizon. Asymp-
totically it cannot be distinguished from the well-known dyonic string solution (plus
pp-wave) that one can obtain by eliminating the instanton field. This behaviour is
similar to that of the colored black holes constructed in refs. [46, 49, 50]. In the
near-horizon limit it has an AdSz x S? metric with radius R}, whose value, given in
eq. (4.24) does have a contribution from the instanton field.

2. The second solution is a globally regular metric that interpolates between two AdS3 x
S3 solutions with radii R, and Ry, given, respectively, in eq. (4.18) and eq. (4.24).

We will discuss these solutions further in the Conclusions section.

2! Compare this expression with eq. (4.18).
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4.2 Solutions of the SO(3)-gauged N = 2A4,d = 6 theory

Dualizing the 3-form field strength of the N = 2A4*, d = 6 theory solutions we just obtained
according to eq. (2.26) we can get very similar solutions of the N’ = 2A, d = 6 theory which
will have, however, very different string-frame metrics and (possibly) Kalb-Ramond field.

-1 3 2 A2\
H= —gdv A du N del — §p36p [Lo " 92 (,0 + 4p3> ] w3 . (4.27)
Since, in this case, the 3- and 2-form field strengths are defined as
B =B+ FANAN 4 Sigeancd® A AP A AC, (4.28)
FA = dA* — %ggf“ pcAP N AC (4.29)

and the gauge fields are those of the BPS instanton

~ 1 1
AA = —jﬁ?}AL, (430)
gl + TP
we find that .
dB = —gdv AduAdLTY + 3qows (4.31)

and using the Euler coordinates as in eq. (4.12), we obtain the 2-form field

- 1. 4 3

B = —ng dv A du + gdo cos Ody Ndg, (4.32)
which has no non-Abelian contributions.

4.3 Solutions of the “SO(3)-gauged” N = 2B,d = 6 theory

As we have already mentioned, there is no possible gauging in any conventional sense of
the N'= 2B, d = 6 supergravity theory because it has no vector fields. However, it can be
argued that, at least when the theory is compactified in a circle, a gauged N = 2B,d = 6
supergravity theory exists whose massless (in the 5-dimensional sense) sector is given by a
gauged N' = 2,d = 5 theory related to the former by dimensional reduction in the Abelian
case.

We have also stressed that the relation between the fields of two gauged supergravities is
the same as in the ungauged case, as long as their gauge groups are identical. Then, we can
use the formulae obtained in the dimensional reduction of the standard N' = 2B,d = 6 to
ungauged N = 2, d = 5 supergravity to uplift solutions of the SO(3)-gauged 5-dimensional
theory to this conjectured SO(3)- gauged N' = 2B,d = 6 supergravity. We are going
to apply this idea to the non-Abelian black-hole solution we have uplifted to the gauged
N =2A and N = 2A* d = 6 theories. Eliminating the BPST instanton from the solution
we obtain a solution of the standard (ungauged) N = 2B, d = 6 theory.
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Thus, using egs. (2.8), (2.10), (2.11), calling u and v the coordinates z and ¢ and
shifting v' = v 4 3apu we get the following solution

-2
ds? = l 2du < dv' —3 (Lo — ap) — l p+ )ﬁp?’ du
3L1 992 4

) (32L1>_1 (a0 + a0ty )

4.
e (4.33)
. 1.
Bluv’ = ng ! 5
A 1
BAuudx“ = A

— —F 0 .
2v6g "

This solution has the typical form of a solution describing the superposition of a
self-dual string with charge ~ ¢; and a pp-wave with momentum ~ ¢gg but there is a
non-conventional non-Abelian contribution to this wave which can be interpreted as an
instanton expressed in 2-form variables. This non-Abelian contribution, as in the previous
cases, falls off too fast at infinity to give a contribution to the wave’s momentum and,
therefore, the solution has the same asymptotic behaviour as the standard solution with
no non-Abelian contribution. It also seems to be regular everywhere as long as Ly # 0
(but we always choose a; and ¢; with equal signs).

In this solution the string charge and the pp-wave momentum are independent and can
be set to zero independently.Setting both to zero gives a non-standard, purely non-Abelian
pp-wave solution.

Asymptotic limit. There are two possible choices of the integration constant a; which

give physically inequivalent solutions:*?

1. a3 = 1 gives an asymptotically (p — oo limit) flat metric with the string-plus-wave
interpretation mentioned above.

2. a; = 0 gives a metric that, with the usual rescaling of u and v’, takes the form

) 2 A2\ 2 dp?
ds? = R? { 2du/?dv” p* — 3 (qg — 92 <1 + 4p2) > du' — ? — dQé) .

(4.34)
In the p — oo limit this metric is that of AdS3xS? with radii

R%? =3¢,/2, (4.35)

but, for all finite values of p it is different from it, except when the non-Abelian
contribution is eliminated.

22Observe that ag has disappeared from the solution.
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Near-horizon limit. For the two solutions a; = 1,0 one obtains the same metric in the
p — 0 (near-horizon) limit: an AdS3xS? with radii R given by eq. (4.35). The difference
between this metric and the one obtained in the p — oo limit for the second solution is
that in the near-horizon limit there is a non-Abelian contribution in the g,, component,
although this does not affect the value of the radii of the factor spaces.

5 Conclusions

We have found a very interesting relation between two families of models of N' = (2,0),d =
6 supergravity that can be used to transform solutions of one of them admitting one
isometry into solutions of the other. The relation is based on the fact that they reduce
to the same family of models of N = 2,d = 5 supergravity, a fact that we have used to
construct new 6-dimensional supersymmetric non-Abelian solutions by uplifting a known
5-dimensional solution.

It is natural to expect that the relation between 6-dimensional supergravities is related
to a string duality, but more work is necessary in order to identify the string compactifica-
tions that produce the 6-dimensional theories that only have chiral 2-forms.

We have only uplifted the simplest non-Abelian 5-dimensional solution (a black hole),
but one should consider more possibilities like the non-Abelian black ring or rotating black
hole of ref. [47]. As in the 5- and 4-dimensional cases, the non-Abelian does not contribute
to any of the quantities one can measure at infinity, like the mass, but it does modify
the near-horizon geometry, with a negative contribution to the entropy. This means that,
for the same asymptotic data there are several black-body configurations with different
entropies and the non-Abelian one, having the least entropy, should be unstable. An
intriguing possibility is that the solution that interpolates between two different AdS3zxSs
geometries is somehow related to an instanton associated to that instability. Work in this
direction is underway [71].

Finally, a long-standing problem that remains unsolved as yet is the microscopical
interpretation of the entropy of all the black objects with non-Abelian fields found so far.
We believe that the work presented here will help to find the embedding of these solutions
in a string theory, providing the first step to solve it.
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