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1 Introduction

Entanglement entropy of extended quantum systems has attracted a lot of interest during
the last decades and its importance is firmly established within different areas of theoretical
physics like condensed matter, quantum information and quantum gravity [1-3].

Given a quantum system in a state characterised by the density matrix p and whose
Hilbert space can be written as H = H 4 ®H p, the reduced density p4 matrix associated to
‘H 4 is obtained by taking the partial trace over Hp, namely p4 = Trpp. The entanglement
entropy is the von Neumann entropy of p4, i.e. S4 = —Tra(palogpa). When p is a pure
state, the entanglement entropy is a good measure of the entanglement associated to the
bipartition of the Hilbert space and S4 = Sp. One of the most important properties of this
quantity with respect to other measures of entanglement is the strong subadditivity [4, 5].
Here we will consider only geometric bipartitions, i.e. cases where A is a spatial part
of the whole system and B is its complement (notice that A can be the union of many
disjoint regions). For a quantum field theory in a d dimensional spacetime, the spatial
domain A is (d — 1) dimensional and the hypersurface 0A = OB separating A and B is
(d — 2) dimensional.

Among the quantum field theories, conformal field theories (CFTs) are the ones for
which the entanglement entropy has been mostly studied. In general, S4 can be written
as a series expansion in terms of the ultraviolet cutoff ¢ — 0 and the leading term is
Sa oc Area(0A)/e?2 4+ ..., where the dots denote subleading terms. This behaviour is
known as the area law of the entanglement entropy [6-8]. For two dimensional CFTs on
the infinite line at zero temperature, when A is an interval of length ¢ the famous formula
Sa = (¢/3)log(¢/e)+const holds, where ¢ is the central charge of the theory [9-12] (see [13]
for a review). In this manuscript we will employ the holographic prescription of [14, 15] to
compute the entanglement entropy for quantum field theories with a gravity dual (see [16]
for a review).

Extending the definition of the central charge also to non critical models, Zamolod-
chikov proved that the central charge decreases along a renormalization group (RG) flow
going from the ultraviolet to the infrared fixed point [17]. This result can be derived also
from the strong subadditivity of the entanglement entropy [18]. In higher dimensions,
important results have been obtained for spherical domains [19]. In particular, in 2 + 1
dimensions, it has been found that the constant term occurring in the ¢ — 0 expansion of
Sa for a disk decreases along an RG flow (F' theorem) [20-25]. Thus, in three spacetime
dimensions this quantity plays a role similar to the central charge ¢ in two dimensions.

In the context of quantum gravity, a remarkable progress in the comprehension of
entanglement has been done through the AdS/CFT correspondence. An important re-
sult is the holographic formula to compute the entanglement entropy of a d dimensional
CFT having a gravitational holographic dual characterised by an asymptotically AdSg11
background. For static backgrounds it is given by [14, 15]

_ A (1.1)
4G N

where G is the (d 4+ 1) dimensional gravitational Newton constant and A4 = A[9.] is

Sa

the area of the (d — 1) dimensional (codimension two) hypersurface 4. obtained from 0A



as follows. Given the hypersurface 0A on some constant time slice of the CFT living at
the boundary of the asymptotically AdS,4y1 background, one must consider all the spatial
hypersurfaces 4 in the bulk such that dv4 = dA. Among these hypersurfaces, we have to
find the one having minimal area, which will be denoted by 44. Since these hypersurfaces
reach the boundary of the asymptotically AdS;41 spacetime, which is located at z = 0
in some convenient system of coordinates, their area is infinite. The regularization of
this divergence is done by restricting to z > € > 0, where ¢ is a small quantity which
coincides with the ultraviolet cutoff of the dual CFT, according to the AdS/CFT dictionary.
Denoting by 4. the restriction of 44 to z > ¢, its area A[J:] can be written as a series
expansion for ¢ — 0 and the terms of this expansion can be compared with the ones
occurring in the expansion of S4 computed through CFT techniques. This prescription has
been derived through a generalization of the usual black hole entropy in [26]. The covariant
generalisation of (1.1), which allows to deal with time dependent gravitational backgrounds,
has been found in [27]. In this case the formula is formally identical to (1.1) but A4 is
evaluated by extremizing the area functional without forcing the spatial hypersurfaces y4
to live on some constant time slice.

The formula (1.1) has passed many consistency checks (e.g. it satisfies the strong
subadditivity property [28]) and nowadays it is a well established piece of information
within the holographic dictionary. When the dual CFT is at finite temperature, the dual
gravitational background is an asymptotically AdSzy; black hole and (1.1) provides the
corresponding holographic entanglement entropy. Let us remind that the entanglement
entropy is not a measure of entanglement when the whole system is in a mixed state. It
is important to remark that (1.1) holds for those regimes of the CFT parameters which
are described by classical gravity through the AdS/CFT correspondence. The corrections
coming from quantum effects have been discussed in [29].

The minimal area surface entering in the holographic formula (1.1) for the entangle-
ment entropy is difficult to find analytically for domains A which are not highly symmetric
because typically a partial differential equation must be solved. Numerical methods can
be employed, but for non trivial domains finding a convenient parameterisation of the sur-
face is already a non trivial task. The shape dependence of some subleading terms in the
expansion of A4 as e — 0 have been studied in various papers [30-37].

The holographic formula (1.1) can be employed also when A = U;A; is the union of
two or more disjoint spatial domains A;. In these cases, one can construct combinations
of entanglement entropies which are finite as ¢ — 0: the simplest case is the mutual
information I, a4, =S4, + 5S4, — Sa,u4a, when A = Ay U Ay. For two dimensional CFTs,
the mutual information or its generalizations to more than two intervals encode all the
CFT data of the model [38-46]. Some results for the mutual information are also known in
2 4 1 dimensions from the quantum field theory point of view, where the analysis is more
difficult because of the non local nature of dA [47-52]. As for the holographic analysis
for disjoint domains through (1.1), the main feature to deal with is the occurrence of two
or more local extrema of the area functional [43, 53-57]. Thus, the holographic mutual
information is zero when the two regions are distant enough (see [37] for the transition
curves of domains A; and Ay which are not disks).



The covariant prescription of [27] has been employed to study the behaviour of the
holographic entanglement entropy during a thermalization process. The simplest holo-
graphic models are provided by the Vaidya-AdS backgrounds [58, 59], which have been
largely studied during recent years [60-73].

In this paper we will consider only asymptotically AdS4 bulk spacetimes whose bound-
ary is the three dimensional Minkowski spacetime. Given a finite domain A delimited by a
finite and smooth boundary A (entangling curve), the expansion of the area of the surface
4. entering in the holographic entanglement entropy (1.1) reads

Al = T2~ Fat o), (12)

where P4 = length(0A) is the perimeter of the spatial region A (we set the AdS radius to
one). In order to find the O(1) term Fjy, the whole surface 44 is needed. Exact analytic
expressions of the F4 are known only for few cases which are highly symmetric like the
disk [53, 74] and the annulus for AdSy [54, 55, 75]. Among the infinite domains, namely the
ones elongated in one particular direction, the strip has been studied because its symmetry
makes it the simplest case to address from the analytical point of view [14, 15, 76]. In [37]
the interpolation between the disk and the elongated strip through various domains has
been considered.

In this paper, we derive closed expressions for F'4 in terms of the unit vectors normal
to 44 for both static and time dependent backgrounds. When the bulk spacetime is AdSy,
our formula for F4 becomes the Willmore energy [77-81] of the minimal area surface
44 viewed as a submanifold of R3, recovering the result of [82, 83]. The formulas for
some static backgrounds are checked numerically for regions delimited by ellipses and also
for non convex domains, while for the Vaidya-AdS spacetime only disks are employed as
benchmark of our results. The numerical analysis for generic entangling curves have been
performed by employing Surface Evolver [84, 85]. We will not consider spacetimes which
are asymptotically global AdS. In these cases the homology constraint in the holographic
prescription (1.1) plays a crucial role [28, 86-88].

The paper is organized as follows. In section 2 we find F4 for generic static backgrounds
which are conformally related to asymptotically flat spacetimes and then specialise the
formula to the explicit examples given by AdSy, asymptotically AdS, black holes [89-91]
and domain wall geometries [21, 92-96]. The latter spacetimes are simple holographic
models dual to RG flows in the boundary theory. In section 3 we extend the analysis to the
time dependent spacetimes, considering then the Vaidya-AdS backgrounds as special case.
In section 4 some particular domains are discussed for the above backgrounds, in order to
recover the known results for disks and strips and extend them through the formulas found
in the previous sections. Spatial regions delimited by ellipses and also a non convex domain
are considered. When the bulk geometry is AdS,, we also consider the infinite wedge [97],
which includes also a logarithmic divergence as e — 0 (see [98, 99] for recent developments
about entangling curves with corners). Some consequences for the holographic mutual
information are addressed in section 5 and concluding remarks are given in section 6. In
the appendices A, B, C, D and E we have collected technical details and some further
discussions related to issues occurred in the main text.



2 Static backgrounds

In this section we derive a formula for F4 in (1.2) for static backgrounds which are con-
formally related to asymptotically flat spacetimes whose boundary is the four dimensional
Minkowski space. The discussion for the general case is given in section 2.1, while in sec-
tion 2.2 we specify the result to some explicit backgrounds: AdS4, asymptotically AdS,
black holes and domain wall geometries.

2.1 General case

Let us consider the three dimensional Euclidean space M3 obtained by taking a constant
time slice of a static asymptotically AdS, background, namely

dsz‘tzconst = Juv datdz” . (2.1)

Given a two dimensional surface v embedded into Mg, let us denote by n, the spacelike
unit vector normal to v and by h,, = g, —nyun, the metric induced on «y (first fundamental
form). The trace of the induced metric is hy,g"" = hy,h*” = 2 and the tensor h#” allows
to project all the other tensors on . The extrinsic curvature (second fundamental form)
of v embedded in M3 is defined as

Ky =h,*h,’ Vang (2.2)

where V,, is the torsionless covariant derivative compatible with g,,,. We find it convenient
to introduce also the following traceless tensor constructed through the extrinsic curvature

TrK
IC/U/ = By — 9 hw, . (23)
An important identity to employ in our analysis is the following contracted Gauss-
Codazzi relation [100]

R — (TrK)* + TrK? = B*?h" 1 Ryppor , (2.4)

where R is the Ricci scalar, which provides the intrinsic curvature of v, and L R, =
hﬂc“h,,ﬁ hpﬂ’ho’\Raﬁw\ is the Riemann tensor of g,, projected on 7. Performing explicitly
the contractions, the r.h.s. of (2.4) reads

PR’ L Ryype = R —20Mn" Ry, = —20nM "G, , (2.5)

where G, is the Einstein tensor of g, .

At any given point of =, two principal curvatures k1 and ko can be introduced, which
are the eigenvalues of the extrinsic curvature. Thus, the mean curvature is given by (k1 +
Ke)/2 =TrK/2.

Many gravitational backgrounds occurring in the AdS/CFT correspondence are con-
formally related to asymptotically flat spacetimes (e.g. the asymptotic AdS, black holes
and the domain wall geometries that will be introduced in section 2.2). Motivated by this
fact, let us assume that the metric g, of the background space is conformal to g,,,,, namely

Juv = 624'0 g/u/ 5 (26)



where g, defines an Euclidean asymptotically flat space Mvg and ¢ is a function of the
coordinates. The surface « can be also seen as embedded into M 3 and therefore we can de-
fine the induced metric IEW and the extrinsic curvature K uv characterising this embedding
through g,, as above. Denoting by 7, the unit vector normal to the surface v C //\Zg7 we
have n, = e?fi,, (and therefore n# = e~#ii*), and this implies that h,, = e*?h,,,. Consid-
ering the determinants (restricted to the tangent vectors) h and h of the induced metrics,
we find that h = e%?h. This leads us to conclude that the area elements dA = VA dY and
dA = \/Z d¥ with d¥ = doydoy (we denoted by o; some local coordinates) are related
as dA = e2#dA. Being the metrics g, and g, conformally related, the corresponding
extrinsic curvatures K, and K v obey the following relation

K = €? (K + hyu 7 0) . (2.7)

From the transformation rules given above, it is not difficult to realise that the following
combination is Weyl invariant

Trk2 dA = (TrK2 - ;(TrK)2> dA. (2.8)

By employing the Gauss-Codazzi relation (2.4), together with (2.5) to eliminate TrK?
in (2.8), the Weyl invariance of the combination (2.8) can be recast as

< %(TrK)2 ~R - 2n“n”GW> dA = < %(T&"I?)Q ~R -2 ﬁ“ﬁ”é,ﬂ,> dA, (2.9)

where the tilded quantities refer to the asymptotically flat metric g,,. In the left and right
side of (2.9), the same surface 7 is embedded either in M3 or in Mj respectively. The
formulas for the change of R and G, under a Weyl transformation are given respectively by
R = e (R —2D%), (2.10)

G = CNJW — %Mﬁycp + %Mcp 6,,4,0 + gm,€2g0, (2.11)

where ﬁu is the covariant derivative constructed through EW and D? the corresponding

Laplacian operator. By first plugging (2.10) and (2.11) into (2.9) (using also that n* =
e ?n* and dA = ewdfi) and then integrating the resulting equation over -, we find

0= / (25% — V2o + kit VYV, — (t0ng)” — i(Trf{f) dA+ 31/ (TrK)* dA.
v v

(2.12)
Adding the area to both sides of this identity, it becomes
_ _ . 1, ~ _
ARl = / <D290 — V2 + €2 4 PRV Y, Ve — (00hg)? — 4(TrK)2> dA
gl
1
+ 4/ (TrK)QdA. (2.13)
¥

We remark that (2.13) holds for a generic two dimensional surface embedded into the
three dimensional Euclidean space given by (2.6). The first term is a total derivative and
therefore it vanishes if v is a closed surface without boundaries.



When v has a boundary (which could be made by many disjoint components), the first
term in (2.13) is a boundary term

Al = 55 b d5 — / (le(Trf{)z + V2 — ¥ — iV, Vo + (ﬁkawf) dA
2] v

1 2
+7 /7 (TrK)“ dA. (2.14)

In our case the three dimensional metric g, is asymptotically H3 and 0+ lies close to
the boundary. The three dimensional Euclidean hyperbolic space Hjs is characterised by
the metric ds? = 272(dz? +dz?), where z > 0 and dz? is the space element of R?. Thus, let
us consider a system of coordinates (z, ) in M3, where z > 0, the boundary of M3 is given
by z = 0 and « is the position vector in the z = 0 plane. The boundaries of the surfaces ~.
belong to the plane z = ¢. Taking ¢ = —log(z) + O(z%) with a > 1 when z — 0 in (2.6),
we have that g,, is asymptotically H3 while g,, is asymptotically flat. Considering the
surfaces . and this behaviour for ¢ in (2.14), we need to know b* at z = e. In section A.1
we report the analysis of [83, 101], which shows that b* = —1 + o(¢) as € — 0. We remark
that the latter condition holds also for a surface intersecting orthogonally the plane z = 0
which is not necessarily minimal. Thus, from (2.14) we have that the area of the surfaces

e reads

Al = % _ Fato(1), (2.15)

where the area law term comes from the boundary integral in (2.14) and the O(1) term is
given by
1. _ ~ o1
Fa = / ((TrK)2+(fL)‘8>\ap)2+V2ap — 2 — v“vy¢> dA -2 / (TrK)* dA.
va \4 4 )54
(2.16)

Let us specialize (2.16) to the minimal area surfaces 44 entering in the computation
of the holographic entanglement entropy [14, 15]. For minimal area surfaces we have

TTK =0 <« (TrK)®=4(7 0rp)?, (2.17)

where the right side of the equivalence comes from (2.7). Thus (2.15) becomes

P
ARe] = ?A —Fa+o(1), (2.18)
with
L _ _
Fy = / [Q(TrK)Q + Vi — ¥ — i V. Ve | dA, (2.19)
¥

where the first term of the integrand can be also written in terms of ¢ like the other ones
through (2.17). The formula (2.19) is the main result of this section. It is worth remarking
that it holds for any smooth entangling curve 0A, including the ones made by many disjoint
components.



A two dimensional surface can be defined implicitly as a real constraint C = 0, being
C a function of the three coordinates x#. The unit vector 7, normal to this surface is
obtained from this constraint as follows

fy = € (2.20)

H /3% 0,C05C
Since the global sign of C is unspecified, the orientation of the vector 7, is a matter of
choice as well. Notice that this sign does not change (2.19) because only quadratic terms
in n* occur.
In section B we briefly discuss the application of the method employed above to the
higher dimensional case.

2.2 Some static backgrounds

In this manuscript we will consider three examples of static asymptotically AdS4 metrics:
AdS,, asymptotically AdS, black holes and some domain wall geometries. We will not
consider geometries which are singular when z — co. For the backgrounds we are interested
in, (2.6) holds with ¢ = —log(z). Hence, the first and the last term of the integrand
in (2.19) become respectively

9 _ 4(ﬁz)2 o (ﬁz)2 1~

(TrK) N A + ZTZ Ak, (2.21)
z

22

where the first expression is obtained through (2.17) and ffw in the second expression are
some components of the Christoffel connection compatible with g,,. In the following we
specify (2.19) to these three backgrounds.

2.2.1 AdS4: the Willmore energy

The simplest bulk geometry to study is AdSy, which is given by

1
ds® = (- dt? + dz* + da?) (2.22)

where the AdS radius has been set to one and dx? is infinitesimal spacetime interval of
R? at z = 0. Comparing (2.22) with (2.1) and (2.6), we have that g, is the metric of Hj
and gy, is the flat metric of R3. The latter fact leads to important simplifications in the
general formulas given in section 2.1. Indeed, 624,0 — ¢ = 0 and all the components of
ffw vanish. Thus, for a generic surfaces 4 the expression (2.16) reduces to [82, 83]

1 - -
Fa=7 </ (TrK)*dA — / (TrK)? dA> . (2.23)
A\ Ju YA
For the minimal area surfaces 44, which satisfy the condition (2.17), it simplifies further to

(ﬁzf dA, (2.24)

z

Fy = / (TrK)*dA =
5

YA



Figure 1. Left: a minimal area surface 44 for AdS; whose boundary at z = 0 (entangling curve)
is given by the red curve. Right: the closed surface ’yf? embedded in R?, obtained from 44 by
attaching 44 (blue part) and its reflected copy '?X) (green part) along A (red curve), which is an

umbilic line for 45V [82].

which can be found also by specifying (2.19) to gu, = 0,,. Notice that (2.24) does not
depend on the choice of the coordinate system in the z = 0 plane but, for explicit compu-
tations, this coordinate system must be fixed in order to write 7% and dA (see section A).

Following [82], we find it convenient to introduce a closed surface 'Ayﬁf) embedded in R3
obtained by “doubling” 44. In particular, 'S/f) is the union ’yﬁf) = A2 U 'Ayf;), where 'Ayz) is
the surface with z < 0 obtained by reflecting the minimal surface 44 with respect to the

plane z = 0. The entangling curve 0A is a particular curve on the closed surface &S)

and
in [82] it has been found that the two principal curvatures are equal on this curve (i.e. 9A
is an umbilic line). The set of closed oriented compact surfaces given by 'Ayf) as A varies
within the set of domains with smooth 0A is strictly included into the set of the Riemann
surfaces embedded in R3. Indeed, they are symmetric with respect to the z = 0 plane and
their intersection with such plane is an umbilic closed curve. In figure 1 we show a minimal
surface 44 and the corresponding closed surface '}f:) (the red curve on ’yff) along which 44
and ’Ayz) match is an umbilic line). It is worth remarking that already among the connected
domains A one can find cases such that ﬁf? has genus two or higher.!

The formula in (2.24) tells us that Fj4 is related to the Willmore energy of 44 C R3.
Given an oriented, smooth and closed two dimensional surface ¥, with genus g embedded
in R3, the Willmore energy functional evaluated on 3, is defined as [77-81]

1 ~\2 =
WIS = § /E (TrK)“dA. (2.25)

g

In terms of the principal curvatures x; and k9 of the surface 3,4, the Willmore energy (2.25)
is the integral of [(k1 + k2)/2]? (i.e. the square of the mean curvature) over X,. The
Willmore energy of a round sphere with radius R is 47, independently of the radius.
Surfaces extremizing the functional (2.25) are called Willmore surfaces. It is possible to

We are grateful to Veronika Hubeny for pointing this issue out to us.



prove that, for a generic surface ¥, (see Theorem 7.2.2 in [81])
WIB,] > 4r, (2.26)

where the bound is saturated only by round spheres, for which every point is umbilic.
Considering domains A with the same perimeter, from (2.23) one can realise that the surface
4% is also a critical point of the functional (2.25) [82]. Among the large number of papers
in the mathematical literature about the Willmore functional, let us mention [102-110].

Given (2.24) and (2.25), one concludes that, when the bulk geometry is AdSy, the term
F4 is the Willmore energy of the surface 44 embedded in R? [82]. The surface 44 lies in
the part z > 0 of R3 and its boundary is at z = 0. Considering the closed surface 'Ayf? CR3
introduced above, it is straightforward to observe that

1
Fa= WAL (2.27)

From (2.27) and (2.26), it is straightforward to realise that for a simply connected
domain A we have
Fy 2 27, (2.28)

where the bound of 27 is saturated only when A is a disk. Thus, the disk maximises the
holographic entanglement entropy for AdS4 among the domains having the same perimeter
(the problem of finding the shape which maximises S4 in higher dimensions has been
addressed in [35]). We remark that the bound (2.26) applies also for A made by disjoint
domains (see section 5).

It is interesting to observe that, considering a domain A and another one A’ obtained
by rescaling A through a factor A keeping the same shape, i.e. the same ratios of the various
geometric parameters, we have that F4 = F4. Indeed, the minimal surface 44/ can be
found by rescaling 44 through the same factor A and in the integrand of (2.24) we have
that z — Az, dA — A2d A, while 7% remains invariant. Thus, Fy4 is obtained from Fy/
through a straightforward change of variables. Since this result comes from the fact that
(z,2,y) = A(z,z,y) is an isometry of Hs, it does not hold for the spacetimes occurring in
section 2.2.2 and section 2.2.3, which do not have this isometry.

A generalisation of the Willmore energy functional (2.25) is the Helfrich energy func-
tional [111], whose role is very important in the study of the cell membranes [112]. Con-
sidering the surfaces 4 intersecting the boundary z = 0 orthogonally, in section C we
have briefly discussed the surface ’yff) whose part restricted to z > ¢ has an area given
by (2.15) where the O(1) term of the expansion given in (2.23) is the Helfrich energy of
fAnylH) as surface embedded in R3.

2.2.2 Black holes

The asymptotically AdSy charged black hole (Reissner-Nordstrém-AdS black hole) [89-91]
is given by

dz? 2 3 2. 4
f(z)—i-da:>, flz)=1—Mz"+Q°2", (2.29)

ds® =

= (— f(z)dt® +

22

~10 -



Figure 2. Minimal area surface 44 for a Schwarzschild-AdS black hole. The entangling curve 9A
is an ellipse with semi-major axis R; and semi-minor axis Ry (the red curve is plotted at z = ¢).
Here ¢ = 0.01 and the grey plane corresponds to the horizon at z; = 1. Only half of the surface is
shown in order to highlight a section of the surface (green curve) which reaches the highest value
2z« < zp, of the coordinate z for the whole surface. In this case z, is the intersection between the
green curve and the z axis.

where M is the mass and @ is the charge of the black hole. The Hawking temperature
of this black hole vanishes in the extremal case, for which the two horizons coincide and
the emblacking function becomes f(z) = 1 — 4(z/z,)3 + 3(z/2,)*. The Schwarzschild-AdS
black hole corresponds to the uncharged case () = 0 and for this geometry the horizon is
zn =1/ M.

Comparing (2.6) and (2.29), we have that ¢ = —log(z) and g,, is provided by the
metric within the parenthesis in (2.29). In this case all the terms occurring in (2.19) are
non trivial. In particular, we get

fz) —2f"(z)/2 -1 S o (7°)? (1 _2f'(2)

T2, _ o2 — : ARV Y V0 =
L z2 VeV 22 2f(z)

) . (2.30)

where we recall that n* = f(z) n,. Combining these results with the expression for (T&"I? )2
in (2.21) we find that (2.19) becomes

Fy = L % [(1 v Z;g;) (72)% + f(2) — # - 1] dA. (2.31)

The choice of the system of coordinates in the z = 0 plane enters in the explicit expressions

of 7* and dA (see section A). In figure 2 we show a minimal area surface 44 for which the
entangling curve 0A is an ellipse and the bulk geometry is the Schwarzschild-AdS black
hole. Denoting by z, the highest value of the coordinate z reached by the points of 44, for
a static asymptotically AdS black hole we have that z, < zp, i.e. the minimal surface does
not penetrate the horizon [31, 113].

As first consistency check of (2.31), we observe that for f(z) = 1 identically the ex-
pression (2.24) for AdSy is recovered, as expected.

When the domain A is very large, we expect a minimal area surface 44 close to a

cylindrical surface ’Ay;yl whose horizontal cross section is A and having only one base at
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Figure 3. Minimal area surface 44 for the domain wall geometry (2.33) with @« = 2 and v = 1.
The yellow plane corresponds to zre = 1. The entangling curve JA is an ellipse whose semi axis
Ry < Ry (the red curve is plotted at z = ¢ and here € = 0.01). The green curve is a section whose
intersection with the z axis provides the highest value z, for the coordinate z on the surface. When
the domain A is very large z, > zrq and the deep IR region is probed, where the asymptotic
geometry is AdS, with radius Lig = 1/(1 + vya).

constant z = z, < 2. Hence, we expect that F is also close to the integral in (2.31)
evaluated on %Xl, that will be denoted by Fzyl. The latter quantity is the sum of two
contributions: the integral over the base and the one over the vertical part of the cylinder,
whose height is z, < 2. As for the former term, whose integration domain is horizontal,
we have n, = 1/4/f(2«) and therefore the integral turns out to be proportional to the area
of A. Instead, on the vertical part of ’yj{yl we have 1, = 0 and the corresponding integral is
proportional to P4. The sum of these terms reads
Zx /
F;‘yl _ Qf(zz*z)_l Area(A) + PA/ iz [f(z) _ ZfQ(Z) —1|dz, (2.32)
0

¥ z

where the term containing Area(A) dominates when A is large. Since z, is close to the
horizon, one easily finds that the leading term in (2.32) is F{' = — Area(A4)/z2 + ... (see
e.g. [56, 96, 113]).

2.2.3 Domain wall geometries

Asymptotically AdS, static backgrounds have been introduced also to provide a holo-
graphic dual description of a RG flow of the boundary theory [92-94]. The holographic
entanglement entropy for these geometries has been already studied in [21, 24, 61, 95, 96],
mainly for the infinite strip and for the disk.

The example that we are going to consider is given by the following four dimensional
bulk metric?

g = L — dt* + dx?

22 p(2)
where z > 0 and « > 0 to guarantee a well defined z — 0 behaviour. The background (2.33)

+ sz) , p(z) =[1+ (z/zRG)O‘]QV, (2.33)

has a crossover scale zgg separating the ultraviolet (UV) region z >> zpe from the infrared

2We are grateful to Rob Myers for addressing our attention to this metric and for useful discussions
about it.
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(IR) region z < zrg, where the metric (2.33) asymptotes to AdS, with different radii.
Indeed, when z/zze < 1 we easily recover AdS; with unit radius Lyy = 1, while for
2/zre > 1, by introducing the variable u/Lix = 217/ (236 Luv), we get AdS, with radius
Lz = 1/(14+~a). The null energy condition for the four dimensional metric gy n in (2.33)
specified to null vector M = (—/p(2), 1,0,0) provides the condition p[z p”+p']—2(p')% > 0,
which tells us that v > 0, once the explicit expression for p(z) in (2.33) is substituted. Thus,
since ya > 0, we have that Lz < Lyy. Plotting the Ricci scalar of (2.33) normalized by its
value at large z/zpq in terms of z/zgq, one observes that the smooth transition between
the two asymptotic AdSy is faster as « increases for a given 7.

The metric (2.33) can be written also as ds?> = (~2[—dt? + dz? + d¢?/P(¢)] (see
e.g. [24, 96]), where ¢ = z+/p(z) and P({) = (1 + 2p/'(2)/[2p(2)])%. In terms of this
holographic coordinate the above null energy condition becomes simply P’(¢) > 0. Notice
that we cannot write z = z(() analytically for generic values of the parameters.

Denoting by z. the highest value of the coordinate z for the minimal area surface 44,
we have that 44 probes the UV regime when z, < zge and the IR regime when z, > zgg.

As for the term F4 of the holographic entanglement entropy given in (2.19) for this
gravitational background, by specifying (2.21) for the metric (2.33) we find

/ ~2\2 /
= P'(2) S S (7*)*  P(2) 2\2
V2 — 2 = , 1Y N,V = [1— } 2.34
2 e zp(z) nn pVvg 22 +2zp(z) (n) ( )
Notice that a coordinate system must be chosen to evaluate ffw = —%8257“,, and to im-

plement the normalisation condition for the vector n*. Nevertheless, the expressions we

give here hold for both cartesian and polar coordinate systems in the z = 0 plane. By
employing (2.34), the formula (2.19) for (2.33) becomes

1 2P (2)\ jney2 , 2P(R) ] 5

Fa = / [<1+ n*)" + dA. 2.35

72 (U2 ) P ) (2:39)

Let us restrict to o > 1 to guarantee the finiteness of (2.35). When p(z) = 1 identi-

cally (2.35) reduces to (2.24) for AdS4, as expected. In figure 3 we show a minimal surface

44 whose entangling curve 0A is an ellipse (the same one of figure 2) and for which the
bulk spacetime is the domain wall geometry (2.33). The parameters of the ellipse and the

scale zrq are such that z, > zgre.

3 Time dependent backgrounds

The holographic entanglement entropy can be computed also for asymptotically AdS time
dependent backgrounds by employing the prescription given in [27]. In these cases, the
area functional to extremize must be evaluated on a class of two dimensional surfaces
v4 (i.e. such that 9v4 = 0A) which is larger than the one occurring in the static case.
Indeed, the covariance of the proposal removes the restriction to the constant time slice,
that is natural in the static case. Thus, for the time dependent backgrounds the surfaces
Y4 to consider in the extremization process are embedded into the whole four dimensional
Lorentzian spacetime.

In this section we extend the analysis performed in section 2.1 to four dimensional
time dependent bulk spacetimes.
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3.1 General case

Consider a two dimensional spacelike surface v embedded in a four dimensional Lorentzian
spacetime My characterized by the metric gprn. Given two unit vectors n(® (with @ €
{1,2}) normal to v and orthogonal between them, the induced metric on v reads

hMN = GuN — Zeln]\i/[nN), (3.1)
=1

where ¢, = gun nWM (N g either —1 or +1. Notice that hpnvn®N = 0. For each
unit normal vector n(?, we can compute the corresponding extrinsic curvature and the
associated traceless combination, which are respectively

TrK @
2

K9 = nyfhEvan k0, = k0, - harw (3.2)
We recall that K( ) nON =0 for i € {1,2}.
In this case we need to consider the following Gauss-Codazzi equation [100]

2
hai*h®hrChsPRapep = Runrs — )€ [Kz(\?RKz(G)s - K](\j[)SK](\Zf)R] : (3-3)
=1
and, following the analysis done in section 2.1 for the static case, let us take the contraction
given by
2
R-> e [(TrK(i))2 - Tr(K(i))ﬂ = RMERNS | Ry rnrs . (3.4)
i=1
By employing (3.1), the r.h.s. of (3.4) can be expanded in terms of the orthogonal vectors
n e n? finding

2
WMERNS | Ryines = 2€rea R(nD n@) nM) n2)) — 2 Z 6 R(n® nM) + R, (3.5)

where, in order to avoid a proliferation of indices, we have adopted the notation such that a
scalar quantity with parenthesis stands for the contraction of the corresponding tensor with
the vectors within the parenthesis in the specified order. Let us rewrite the r.h.s. of (3.5)
by replacing the contraction involving the Riemann tensor with the same contraction of
the Weyl tensor according to the following formula?

e1ea W(nW 0@ nM @y = 16y R(W 0@ 0™ n2))— 1 Z € R(n(i),n(i))+§ . (3.6)

3We recall that, for a ¢ > 4 dimensional spacetime (in our case q¢ = 4), the Weyl tensor is defined as [114]

1

1
Wikem = Rikem — —— (RieGkm — Rimgre — RreGim + RikmGie) + ———~7——=¢
el St e

5 R(gitGem — gim@ne) -
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The reason to prefer the Weyl tensor to the Riemann tensor in our analysis is that the
former one changes in a nice way under conformal transformations [114]. Thus, (3.5)
becomes

2
PMERNS | Ryinps = 2e1es W (D n® nM p2)y - Zei G(n®,n) —
=1

| =

;o (37)

where we have also employed the definition of the Einstein tensor G sy of the metric gasn.

In order to follow the procedure discussed in section 2.1 for the static case, we need
to construct a Weyl invariant expression suggested by the contracted Gauss-Codazzi equa-
tion (3.4). From (2.7), we have that Tr(K())? dA is Weyl invariant. Hence, in this case we
need to consider

2
Y aTr(KD)?dA = e <TY(K®)2 - ;(TrK(i))2>dA (3.8a)

=1 i=

—_

2
5 > (Tek@)? — R 4 pMERNS LRMNRS} dA, (3.8b)
i=1

I
—
[t

where in the last step we have eliminated the ), ¢; Tr(K )2 by means of the contracted
Gauss-Codazzi equation (3.4). By employing (3.7), the Weyl invariant expression in (3.8b)
can be written as follows

2 2
1 i) 2 o @)y L
(2 E € (TrK( )) —R+2e1eo W (M, n?), n(l),n@))—;:1 e G(n n! ))_SR) dA. (3.9)

i=1

Let us first write explicitly the Weyl invariance of (3.9) and then integrate the resulting
equation on a surface v. Given the transformation property of the Weyl tensor, the two
terms containing it cancel in the equation provided by the Weyl invariance of (3.9). Then,
we need the following transformation rules for the four dimensional Ricci scalar and Einstein
tensor respectively

R =2 [fé — 6(D% + D% ﬁgcp)} , (3.10)
Gun = Gun — 2(DuDny — Dy Dng — gunD?9) + gunD%¢ Dsp,  (3.11)

where Dy is covariant derivative compatible with gyny. By employing (2.10), (3.10)
and (3.11) into the equation for the Weyl invariance of (3.9), one finds that

- 2
i=1

=1
+ 1 f:/ (TrK®)? (3.12)
4 =177 '

At this point, one adds the area A[y] to both sides of (3.12). Then, by specialising the
resulting expression to the class of surfaces given by ~. and using the divergence theorem
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(see also [83]) we find again the expansion A[y.| = Pa/e — Fa + o(1) with

2 2
Fa= / [411 Z € (Tr[N((i))2—|—52g0—62‘p—|—! Z € nOMp, @ON (]5M<p lNDNcp — EMENQO) }d/i
TA i=1 i=1
2

Z/ (TrK®)?dA. (3.13)

=1

.Jk\i—‘

We find it useful to give F4 also in terms of the energy-momentum tensor Tjsn of the

bulk metric gprn. By employing the traceless tensors ICE\/[)  in (3.2) and the expression (3.7),

the contracted Gauss-Codazzi equation (3.4) can be written as

2
1
eleQW(n(l),n() (2) +22161Tr IC(Z
1< s 1 1< 1
_ 1 . @2 _ L 2 Cn@ o0y _
= ;el(TrK) ;R QEQG(TL ) —c R, (314)

where the Lh.s. is Weyl invariant, once multiplied by the area element d.A. The Einstein
equations with negative cosmological constant for the bulk metric gysn relate its Einstein
tensor and the corresponding energy-momentum tensor as follows

Gun = 3gunN +Tun, (3.15)

where we have absorbed the factor 877Gy into the definition of the bulk energy-momentum
tensor. Taking the proper contractions of the Einstein equations (3.15), one finds that
the combination involving the Einstein tensor and the Ricci scalar occurring in the r.h.s.
of (3.14) can be written as

,Zel )+ = R—1+ Zez ).n —ET (3.16)

where T' is the trace of the energy-momentum tensor. By plugging (3.16) into (3.14),
integrating the resulting expression on a surface v and then exploiting the Weyl invariance
of the terms coming from the Lh.s. of (3.14), we find

1 1 1
Al = > [ RdA- - RdA+Z/ (K1) dA
2J5 2 /5 41:1 v
1< 1
- [ (G aTeOn) - fr)a
=1
1 22 I e -an 5]
_L [4;@(%}((’)) —Q;EiG(ﬁ(’),ﬁ(z))_GR dA, (3.17)

where A[7] originates from the first term in the r.h.s. of (3.16).
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When ~ has a boundary, the Gauss-Bonnet theorem allows us to simplify the first two
terms in the r.h.s. of (3.17) as follows

1 [~ ., 1 =
= | RdA— - | RdA = kds— @ kd§ = b"0,pds, (3.18)
2 2 g

gl gl Ay Ay Ay

where in the last step we have employed the transformation law for the geodesic curvature
under Weyl transformations, which reads

k=e ¥(k+ l;“aunp) . (3.19)

Restricting our analysis to the class of surfaces given by ., we can easily adapt to the time
dependent case the steps followed in the static backgrounds to obtain (2.15) from (2.13),
as done also above to write (3.13). The final result is (2.15) with the O(1) term given by

2
Fiu= / [1Zei(Trfz—<i>)2 SIS a @ a0y - 1§]m (3.20)
TA 4 i=1 2 i=1 6
13 o 1 13 .
+/ <ZeiT(n(Z),n(Z)) - T>d.A— Z/ ei(TrK(Z))Qd.A.
YA 2 i=1 6 4 =17 7A

By using (3.16), (3.10) and (3.11), it is not difficult to check that (3.13) is recovered
from (3.20).

It is worth recalling that (3.13) and (3.20) hold for a generic surface y4 ending orthog-
onally on the boundary at z = 0. For a given domain A, the extremal area surface 44 is
the solution of the following equations

TrK®D =0 <« (Trl?(i))2 = 4(ﬁ(i)M3Mg0)2 ; (3.21)

where the second expression comes from (2.7) properly adapted to the case we are consid-
ering. Specifying (3.13) and (3.20) to extremal area surfaces we find respectively

=1
1< . 1 ~ -\ -
—/ (Zez(TrK(Z))Z—ZEZG(ﬁ(l),ﬁ(Z))—R>d.A
A 41:1 21:1
13 1
L (@) ()Y
+/7A<2;€ZT(R ,n'\") 6T>d.A

In explicit computations, the vectors n(¥ must be chosen. Taking n(*) timelike and
n(?) spacelike, i.e. e, = —1 and ey = 1, the sums in (3.13) and (3.20) become differences of
two terms. Further simplifications occur if the following lightlike vectors are introduced

n® 4 @

0(E) —
V2

(3.23)
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Indeed, [T(n™M, nMW)~T(n® n?)]/2 = T(¢(-), ¢(+)) and a similar expression holds for the
terms involving the Einstein tensor. By employing that K ](Vj[[])\, = [I? ](\}[)Nif( 1(\?1\/] /\/2 are the
extrinsic curvatures defined through the null vectors in (3.23), one finds that (3.22) becomes

1~ _ o 1<\ - 1
FA:—/ <2TrK(_) TeK™M — G0 () + 6R>dA —/ <T(€(_),€(+)) + 6T> dA.
¥ i
(3.24)
In order to check the consistency of (3.13), let us recover the formula (2.16) for static

backgrounds.
A generic static asymptotically AdSy spacetime is given by

ds* = —N2dt* + g, datdz” (3.25)

where N and g, are functions of the space coordinates z* = (z,x), being @ the position
vector in the z = 0 plane. The three dimensional Euclidean metric g,, is conformally re-
lated to g, asin (2.6). In this case, the timelike and spacelike unit vectors mentioned above
are ng\}[) = (N,0,0,0) and ng\? = (0,n,) respectively, where n, is the three dimensional
spacelike unit vector introduced in section 2.1.

A direct computation tells us that K](\})N = 0 identically, which implies that the min-
imality equation for ng\lj) is trivially satisfied. Since ¢ is independent of time, we have
I?](\})N = 0 and fz(l)Mﬁ(l)NﬁMgo l~)N<p = 0. As for the Laplacian term, notice that 1524,0
specified to the static metric (3.25) provides %%p plus an extra term which is canceled by

(1)M

the remaining term containing n , namely

D>+ nWMyNDy Dy = V3. (3.26)

The spacelike vector 7(2) provides all the other terms in (2.16). Indeed, the terms

n@Mp@N Dy o Dy and nOMp@N Dy Dy in (3.13) for the static metric (3.25) be-
come (70xp)? and Atn” V.V, respectively. Finally, it is immediate to see that in K](\?[)N
only the spatial part K ,(5,) is non vanishing and therefore (TrK(?))?2 reduces to (TrK)? (the

same observation holds for IN(](\?N)

3.2 Vaidya-AdS backgrounds

In order to test the result of the section section 3.1, let us consider the dynamical back-
ground given by the Vaidya-AdS metric [58, 59]. In Poincaré coordinates, it reads

ds® = 1 (— f(v,2)dv® —2dvdz + dac2> , fv,2) =1-M(v)2*, (3.27)

52
where v is the outgoing Eddington-Filkenstein coordinate which becomes the time co-
ordinate ¢ of the boundary theory at z = 0. The metric (3.27) is a solution of the
Einstein equations (3.15) with an energy-momentum tensor 7jsny having only one non
vanishing component

Ty = 2°M'(v). (3.28)

The null energy condition (i.e. Trg N¥N® > 0 for any null vector N [114, 115]) imposes
that M’(v) > 0. Choosing M (v) such that M (v) — 0 when v — —oo and M (v) — M when
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v — +00, the metric (3.27) describes the formation of a black hole of mass M through the
gravitational collapse of a null shell of matter. For M(v) = M constant in time, a coor-
dinate transformation brings (3.27) into the usual metric of the Schwarzschild-AdS black
hole. These backgrounds provide the simplest examples of holographic thermalization.

The holographic entanglement entropy for the Vaidya-AdS backgrounds (3.27) must
be computed through the covariant prescription of [27]. The result depends also on the
boundary time coordinate t. Keeping the entangling curve 0A fixed, the expansion (1.2)
holds, where Fq = Fa(t).

In order to specify the result of section 3 for F'4 to this case, we find it more conve-
nient to consider the expression (3.24). Since g"¥ = 0, the trace of the energy-momentum
tensor vanishes. Moreover, R = 6z (v), while for the Einstein tensor we need to choose a
coordinate system in the z = 0 plane. For example, the only non vanishing components of
Gun are Gup = éyy = —3zM (v) in cartesian coordinates and C:’pp = é@g/pg = —3zM(v)
in polar coordinates. In order to simplify the term of (3.24) containing the extrinsic cur-
vatures, it is useful to employ first the extremal surface conditions (3.21) and then the
vectors (3.23). The final result reads

20(HzpH)z N .
Fy = —/ <2 — G0 0 42 M(v) + M (v) £<—>”£<+)”>d,4. (3.29)
A z
When M (v) is constant, this formula simplifies, providing (2.24) and (2.31) for M = 0 or
M > 0 respectively.
A simple mass profile M (v) satisfying the null energy condition reads

M(v) = %(1 + tanh(v/v0)) (3.30)

where the parameter vy determines the steepness of the transition between the two asymp-
totic regimes of AdSy (when v — —o0) and Schwarzschild-AdSy black hole with mass M
(when v — +00). Indeed, it parameterises the thickness of the shell falling along v = 0.
The holographic entanglement entropy for the Vaidya-AdS background (3.27) with the
mass profile (3.30) has been largely studied during the last years (see e.g. [60-73]). In
section 4.3.3, considering circular domains A, we check numerically that (3.29) reproduces
the same results already found by subtracting the most divergent term from the area of
the extremal surface (see figure 9). It would be interesting to find some analytic result
from (3.29) in the thin shell limit vy — 0, along the lines of [62, 63, 69, 70].

4 Some particular domains

After a brief explanation of the numerical methods employed in this manuscript, in this
section we test the formulas for F'4 given above by first considering some simple cases of
simply connected domains A which have been largely studied in the literature: the infinite
strip and the disk. Then, we extend the numerical analysis to the case of the elliptical
entangling curves. These domains belong to a large class of spatial regions A such that
the corresponding minimal surface 44 can be parameterised by z = z(x), where € A. In
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this section we will also study F4 for domains which do not belong to this class, since on
the corresponding 44 one can find pairs of distinct points having the same projection on
the z = 0 plane.

4.1 Numerical methods

The crucial numerical tool employed in this manuscript to study minimal surfaces 44 for
finite domains A different from disks is Surface Evolver [84, 85], a multipurpose shape
optimization program created by Ken Brakke [84] to address generic problems on energy
minimizing surfaces. In the context of AdS/CFT, it has been first employed in [37] to get
some numerical results about the shape dependence of the holographic mutual information
in AdS,. Here we extend its application to other backgrounds.

In Surface Evolver, a surface is implemented as a union of triangles (see e.g. fig-
ures 1, 2, 3 and 10). Given the background metric g,,,, the boundary curve JA in the plane
z = ¢ and an initial trial triangulated surface, the program evolves the surface towards
a local minimum of the area functional by employing a gradient descent method (see the
appendix B of [37] for a very brief discussion). The final stage of the evolution is a triangu-
lated surface close to 44. The approximation improves as the number of triangles increases.
For any triangulated surface, one can read off both the area of the whole surface and all the
unit normal vectors. Let us denote by 45" the best approximation of the minimal surface

44 found with Surface Evolver. Given the corresponding area A°® and unit vectors n,°,
we can numerically compute the following two quantities
FSE = —(AS® — PyJe), F{® = False (4.1)
A

where F5F is obtained from the analytic expression (2.19) evaluated on the triangulated
SE
e
limit ¢ — 0. Verifying that both the quantities in (4.1) give the same values provides

surface 457 through its unit normal vector n Both these expressions are finite in the
a strong check of the analytic formula (2.19). Indeed, from the series expansion of the
holographic entanglement entropy, we expect that ]ﬁzE — F5B| = o(1) as € — 0. Examples
will be provided involving both the black hole and the domain wall geometry introduced
in section 2.2 (see [37] for AdSy).

We perform the numerical analysis through Surface Evolver whenever the partial dif-
ferential equation defining 44 cannot be simplified (e.g. for the elliptic domains in fig-
ures 4, 5, 6, 7 and for the non convex domains of figure 11). For highly symmetric regions
A, the corresponding minimal area equation simplifies to an ordinary differential equation
in one variable. This happens for the infinite strip (section 4.2), the disk (section 4.3) and
the annulus (section E). For these domains, more standard softwares (e.g. Mathematica)
can be employed to study numerically the corresponding ordinary differential equations.

4.2 Strip

When A is an elongated strip with sides having lengths ¢ and L with ¢ < L, it is con-
venient to adopt cartesian coordinates {z,x,y} which can be always chosen such that
A={(z,y);|x] <¢/2,|y] < L/2}. Since L > ¢, we can assume that z = z(z) and there-
fore z, = 0 and ny, = 0. Moreover, the symmetry of the domain with respect to the the y
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allows us to consider 0 < z < ¢/2 only. In [37] a numerical analysis through Surface Evolver
has been done where the elongated strip is approximated through various smooth domains.

4.2.1 Black holes

Let us first address the case of the black holes characterised by the metric (2.29), which
includes AdS, as special case when f(z) = 1 identically.
The area functional evaluated for the class of surfaces given by 7. reads [14, 15]

£/2—w 22
=2L — /1 L d 4.2
Apd=2r [ Gy [ s e (12)
where f(z) is the emblacking factor in (2.29) and the parameter w is defined by z(¢/2—w) =
e. Since the integrand of (4.2) does not depend on x explicitly, we can simplify the problem

of finding the extremum of (4.2) by writing the following first integral

2
R 2(0) = 24, .

being z, the highest value reached from the minimal surface along the holographic direction.

z 1+

The expression (4.3) is a first order ordinary differential equation and therefore much easier
to solve with respect to the equation of motion coming from (4.2). By isolating z, in (4.3)
(we recall that z; < 0), the first order differential equation becomes

I =—7()

22 ’

(4.4)

Zpe — —

which can be solved through separation of the variables, getting the relation between ¢ and
Z«, Namely

Zx 2
£ / : dz. (4.5)
2= VE -G
As for the finite term F4 of the holographic entanglement entropy for the strip in
this black hole background, it is obtained simply by specifying (2.31) to this case. By
using (A.13) and (A.16) for the vector 7* and the area element d.A respectively, one finds

FAZQL/OW 1 [<f(z)+zf'(z)> 1 +f(z)_zf’(z)_1] R

22 2 ) 14 22/f(2) 2 f(2)
(4.6a)
2L [ zf'(z) 22 zf'(z)
=z [f(z)—i— —|—Z4<f(z)—2—1>] dz (4.6b)

2
_ ng/oz [f(z) N zf;(z) +ﬁ (f(z) B zf;(z) . 1)} = _Z;)f(z) dz,  (4.6¢)

where (4.6b) and (4.6¢) has been obtained by employing (4.3) and (4.4) respectively. Thus
F4/L is a complicated function of ¢ that could be found by first performing the inte-
gral (4.6¢) explicitly and then by finding z,(¢) from (4.5).
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A major simplification occurs for AdS,. Indeed, when f(z) = 1 identically the inte-
grand in (4.6b) becomes equal to 1. Moreover, also the integral (4.5) can be performed
explicitly in this case. Thus, for AdS4 we have that

¢ JrT(3) Lt 2yrT(3)L

AdSy: =YW, g, o2t VTR A7
o2t AT r(1)z (4.7)

which is the result of [15, 116, 117].

4.2.2 Domain wall geometries

When the bulk geometry is (2.33) and the domain A in the boundary is the elongated strip
described above, the area functional for the class of surfaces v, reads

0/2—w
Apd =2 | / Vljﬂ (4.8)
2% p(2)

where w has been already introduced below (4.2). Since the metric (2.33) on a constant
time slice can be written like a black hole metric at ¢ = const with a proper f(z), one could
employ the results of section 4.2.1. Nevertheless, we find instructive to provide explicitly

the analysis also in this coordinates.
Since the integrand in (4.8) does not depend explicitly on =, we can write the following

conserved quantity

2p(I+ 2p(2) = 22p(=.) (4.9)

which allows us to find z, (we recall that z, < 0)

VAP = PP

22 p(z)

(4.10)

Zr — —

By separating the variables in this first order differential equation, one finds the relation

(Z)
/ NETENEETCE dz . (4.11)

The finite term F4 in the holographic entanglement entropy for these domain wall

between ¢ and z,

geometries with A given by the elongated strip is obtained by specializing (2.35) to this
domain. By employing (A.18) and (A.21) for the vector 7 and the area element d.A
respectively, one gets

Fu = 2L/OZ/2 KH Zp/((z))> SR AC ] v 1+z2 ) da (4.12a)

_ Zzifz*)/j/z [14— 22;(()) ( ¥ Z*f)] . (4.12D)
_ 2L /OZ* [1+ P(2) <1+z s p(24)? )] 2% p(2) dr. (4120)

2 p(z+) 2p(2) Vaip(a)? = 24 p(2)?

where (4.12b) and (4.12¢) have been found through (4.9) and (4.10) respectively.
From (4.12b) it is straightforward to check that the AdS4 result for F4 in (4.7) is recovered
when p(z) = 1 identically.
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4.2.3 Vaidya-AdS backgrounds

Let us consider the elongated strip and the gravitational background in the bulk given by
the Vaidya-AdS metric (3.27). Choosing the cartesian coordinate system in the boundary
as explained in the beginning of section 4.2, the profile of the surfaces v4 can be described
by the two functions z(x) and v(x). In this case, the area functional to extremize reads

.A['Ya] = 2L /Z/z_w \/1 — ' — f(’l)7 Z)(U/)Q

0 22

dx . (4.13)

In order to apply the formula (3.29), we need the vectors and the area element dis-
cussed in section A.3. Considering the explicit expression f(v,z) = 1 — M(v)2?, the
formula (3.29) becomes

€,

Fy 2202 (BM—2) =2 ((v))2=1)=2(2")2 =23 [(zM'+23M?—3M ) (v')?+4M |
2L _/o 22 /1-20"2" — (1 — Mz3)(v')?

(4.14)
where M = M (v). As consistency check of (4.14), we notice that (4.6a) can be recovered
in the special case of M (v) constant.

4.3 Disk

When A is a disk of radius R, it is convenient to adopt the cylindrical coordinates {z, p, 0},
with the origin of the polar coordinates {p, 8} in the z = 0 plane given by the center of
the disk. The symmetry of the domain tells us that z = z(p). This means that zp = 0
and ng = 0. The disk is more complicated than the strip considered in section 4.2 because
the coordinate p is not cyclic and therefore the ordinary differential equation to study is a
second order one.

4.3.1 Black holes

Let us consider the black hole metric (2.29) at constant time slice with polar coordinates
{p,0} in the z = 0 plane. Given the ansatz z = z(p), the area functional for the surfaces
7. reads

B R—w p 22
Al = 27 /0 L1+ 75 (4.15)

where w is defined by the condition z(R —w) = . As already remarked, in this case the
integrand explicitly depends on p and therefore we cannot write a first integral as done for
the strip. The equation of motion is a second order ordinary differential equation and its
analytic solution is not known for a non trivial f(z).

As for the finite term F4 in the holographic entanglement entropy, by employing
the proper expressions in (A.13) and (A.16) for the vector 7% and the area element d.A
respectively, (2.31) becomes

_oe [T f'(2)\_f(2) ORISR
Fa = 27r/o 22 Kf<z)+ 2 > f(z) + 22 1) 2 1] NP PC(ZP- |
4.16
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10

Figure 4. The quantity F4 for a Schwarzschild-AdS black hole when the entangling curve 9A is an
ellipse with semi-major axis R; and semi-minor axis Ry. The computations have been done with
Surface Evolver (here € = 0.01) through the two ways given in (4.1) (solid and dashed colored lines
respectively). For the disks (bottom curve) the expression (4.16) holds and it can be analyzed with
Mathematica (solid black line).

This expression holds for both the Schwarzschild-AdS black hole and the charged black
hole. It can be employed only once the solution z(p) of the extremal area equation is
known. In (4.16) the profile z(p) satisfies the boundary condition z(R) = 0. Since the
second order ordinary differential equation providing z(p) is quite complicated for non
trivial f(z), we have to rely on numerical methods.

An important special case of (4.16) is AdSy, for which f(z) = 1 identically. In this
case the profile z(p) is known analytically and it is given by the hemisphere. By simplify-
ing (4.16) first and then employing the explicit solution for the profile, the result of [14, 15]

is recovered, namely

d
Fy =2 /ﬁ _rer 2(p) = V/RZ — p2. (4.17)
221/1%—22

Let us restrict to the Schwarzschild-AdS black hole, i.e. f(2) = 1 — (z/24)3, where 2,
the position of the event horizon, and perform the following rescaling

p=L 2= (4.18)

), where f/(2) =

5), we have that

In terms of p and 2, we have f(z) = 1 — 23 = f(2) and z f'(2) = 2 f

(2
8Zf(2) Moreover, z, = %, and, denoting by L the integrand of (4.15
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0 2 4 6 8
Figure 5. The quantity F's for the extremal black hole with the entangling curves 0A given by
ellipses with semi-axis Ry > Ry. The computations have been done with Surface Evolver (here

e =0.01) in the two ways given in (4.1) (solid and dashed colored lines respectively). For the disks
also the expression (4.20), which can be studied with Mathematica, is shown (solid black line).

L = L]z, where

L

(4.19)

I

R RS
—_
+

It is straightforward to observe that the equation of motion d% (375) = %—f can be written
P

dip(gf) = gf Thus, the profile of the minimal area
o

surface is given by 2 = 2(p). As for the boundary conditions for this differential equation,

from z(R) = 0 and (4.18) one finds that Z2(R/z,) = 0. By employing these observations

and performing the rescaling (4.18), we can conclude that (4.16) for the Schwarzschild-AdS

as the equation of motion for £, i.e.

black hole can be written as

Bl 2o\ e N IHE 1(2)+2
o Kf(éHf())f(f() ) — f()_llApﬁdpg

2

(4.20)
From this expression we read that F4 = F4(R/zp), which is given by the bottom curve in
figure 4.

For the extremal black hole, where f(2) = 1 — 4(2/z,)® + 3(z/z,)* and the inner
and outer horizons coincide, one can repeat the same reasoning finding again that Fy4 =
F(R/zp) given by (4.20) with f(2) = 1 — 423 + 32% (see the bottom curve in figure 5). In
the non extremal case the analysis can be done in the same way but the outcome is slightly
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Figure 6. The quantity F for the domain wall geometry (2.33) with @ = 2 and v = 1. The
entangling curves 0A are ellipses with semi-axis R; > Rs. The computations have been done with
Surface Evolver (here ¢ = 0.01) in the two ways given in (4.1) (solid and dashed colored lines
respectively). For the disks (bottom curve), the expression (4.22) holds, which can be studied
with Mathematica (solid black line). In the inset we show the highest point z. of the surfaces
corresponding to all the points in the main plot, with the same colour code.

different because of the occurrence of two independent parameters. Indeed, by performing
the rescaling p = VM p and 2 = /M z, and repeating the steps explained above, one
finds that Fy = Fo(RV/M,Q3/M?), whose explicit expression is given by (4.20) properly
adapted to the rescaling entering in this case.

4.3.2 Domain wall geometries

Given a disk A in the z = 0 plane with radius R, in this subsection we consider the
background (2.33). Since z = z(p), the area functional evaluated on the class of surfaces
7. associated to the disk is given by

R—w p
Alve] = 277/ 1+ 22p(z)dp. (4.21)
: 0 22 p(z) P

As already remarked above, also in this case we can observe that, since the integrand
depends explicitly on p, we cannot write a first integral. The equation of motion to solve
remains an ordinary differential equation of the second order and its analytic solution is
not known for a non trivial p(z).

The finite term F4 for the holographic entanglement entropy of a disk can be obtained
from (2.35). Indeed, by employing the proper expressions for the vector n* and the area
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Figure 7. The quantity Fa for the domain wall geometry (2.33) with & = 4 and v = 1. The
entangling curves 0A are ellipses with semi-axis R; > Rs. The computations have been done with
Surface Evolver (here € = 0.01) in the two ways given in (4.1) (solid and dashed colored lines
respectively). For the disks (bottom curve), also the expression (4.22) is shown (solid black line),
which can be studied with Mathematica. In the inset we provide the highest point z, of the surfaces
corresponding to all the points in the main plot, by adopting the same colour code.

element dA given in (A.18) and (A.21) respectively, one finds that (2.35) becomes

B R 2p/(2) 1 2p/(2) 1+ ng(z)
Fa= o | K“ 2p<z>> T 220() 2p<z>} o) P U2

This expression needs the explicit form of z(p), which can be found by solving numerically
the second order ordinary differential equation coming from the variation of (4.21). In
order to check the consistency of this expression, notice that for R/zze < 1 we have that
p(z) = 1 (i.e. p'(z) — 0) and in this limit (4.22) becomes (4.17) for AdSy, as expected.
An analysis similar to the one made for the black hole in section 4.3.1 leads us to
observe that Fy = F4(R/zrc). In particular, one first introduces the following rescaling

Lo s= 2 (4.23)

ZRG ZRG

P

in terms of which p(z) = (1 + 2%)® = p(2). Then, we also have zp'(z) = 25'(2), where
P'(2) = 0:p(2), and z, = 2;. The differential equation obtained by extremizing (4.21) gives
5 = 2(p). Indeed, denoting by £ the integrand of (4.21), we have that £ = £/zpq, where

A 0 VR
L= 2500 1/1—1—2%]9(2). (4.24)
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Figure 8. The quantity F4 of a disk for the domain wall geometry (2.33) with various « and . Top:
plot with larger values of R with respect to figures 6 and 7. Bottom: the function 4Gy C from (4.26)
in terms of R/zrg. In the UV regime 4G yCyv = 27 and in the IR regime 4G nCig = 27/(1 + ay)?
(dashed lines). In the inset we show a zoom of the main plot for small values of R/zrq. These data
correspond to zrg = 1 but they have been checked also through other values of zrq.
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The equation of motion for £ can be written as the equation of motion for £ and the
boundary condition is 2(R/zrq) = 0, as one can see from z(R) = 0 and (4.23). These
observations allow us to write (4.22) in terms of (4.23), finding

~ A/ ~ A~

Zp (z)> 1 z
14+ —= S T S
( 2p(2) ) 1+23p(2)  2p(2)

which tells us that Fy = F4(R/zrc).
The bottom curves in figures 6 and 7 provide a check of the expressions (4.22) and (4.25)
against numerical results obtained through Surface Evolver (coloured lines) and Mathemat-
ica (black line). Further observations can be made from these curves. In particular, an
interesting quantity to compute is C' = —(1— R dr)S4 when A is a disk of radius R because
for 24 1 dimensional field theories it plays a role similar to the one of the central charge in
141 dimensions [24, 25]. Tt is straightforward to observe that the leading term proportional

to R giving the area law in (1.2) does not contribute to C' and therefore we have
1

= 4(1;N (1 — Rrc Orpe)Fa,  Rgo = :G. (4.26)

When Rg; < 1 the minimal surface probes AdS4 with radius equal to one and therefore
4G N Cyy = 27. In order to probe the IR regime very large values of Rpe must be consid-
ered. In figure 8 we have performed a numerical analysis of F4 and of the C' function (4.26)
in terms of Ry (reported in the top panel and in the bottom panel respectively) by taking
values of Rpq much larger than the ones explored in figures 6 and 7, finding that the latter
ones do not allow us to capture the correct IR behaviour. Indeed, in the IR regime a linear
behaviour occurs Fa = aRpg+27/(1+av)?+. .., where the dots correspond to subleading
terms [96]. Thus 4Gy Cir = 27/(1 + ay)? = 27 L2, and therefore Cjr < Cyy. Let us stress
that, despite the fact that already for the values of Ry in figures 6 and 7 a linear behaviour
seems to arise, it is not enough to get the expected value for Ci, as one can appreciate
by means of a comparison with the plot shown in the bottom panel of figure 8. While Ciy
depends only on the product oy (the asymptotic values are highlighted by the horizontal
dashed lines in the bottom panel of figure 8), the slope a of the linear behaviour in the IR
regime depends on these parameters separately, as one can observe from the top panel of
figure 8.

4.3.3 Vaidya-AdS backgrounds

When the bulk background is the Vaidya-AdS metric (3.27) and A is a disk of radius R,
the rotational symmetry allows to describe the profile of 74 in terms of two functions, z(p)
and v(p), once the polar coordinates (¢, p,6) have been chosen for the Minkowski space
at z =0.

The area functional for 7, in this case reads

R—w \/1 — 202" — f(v,2)(v')?

i = pdp. (4.27)

-Ahs] =27
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Considering the explicit expression f(v,z) = 1 — M(v)z® and by employing the results
discussed in section A.3 for the unit vectors and the area element, the formula (3.29) for
the finite term becomes

Fa  [R20/2(2PM—2)=2((0))?—1) =2(2')* = 2*[(v/)? (:M'+M (2°M —3))+4M | p
2m _/o 221 =22 — (1 — Mz3)(v')? per:
(4.28)

where M = M (v). Notice that (4.28) reproduces (4.16) when M (v) is constant.
Choosing the mass profile (3.30), in figure 9 we plot F4 found in two ways: through
our formula (4.28) (solid coloured lines) or through the usual method of subtracting the
divergence from the area of the extremal surface. The good agreement of these results

provides an important check for (4.28).

4.4 Other domains

In the previous discussions we have considered domains A which are highly symmetric
because their symmetry usually allows to treat the problem of the minimal area surface
analytically up to some point.

In order to study analytically the minimal area surface 44 associated to a generic
domain A, the first problem to address is the parameterisation of the class of surfaces 4.
Then, one has to solve the differential equation coming from the extremal area condition
to get 44 and finally compute the area of 4.. For simply connected domains A with
smooth boundary which do not have any particular symmetry, already the first step could
be very difficult (see e.g. figure 10). Assuming that a convenient parameterisation for the
surface has been found, the differential equation coming from the extremal area condition
is usually a second order partial differential equation very difficult to solve. The main
simplification introduced by highly symmetric domains (e.g. strips, disks and annuli) is that
this differential equation reduces to an ordinary differential equation. The latter one could
be difficult to solve anyway (e.g. for the black holes or for the domain wall geometries), but
ordinary differential equations are much easier to study than partial differential equations,
even from the numerical point of view.

The formulas for F4 discussed in section 2.1 and section 3.1 hold for a generic domain
A with smooth boundary, including the ones made by disjoint components. In the latter
case two or more local minima occur and the holographic prescription (1.1) requires to
choose the global minimum, as we will discuss in section 5 for the case of two regions.
Nevertheless, the formulas for F4 discussed in section 2.1 and section 3.1 involve the unit
normal vector n and therefore one should know the analytic solution for 44 in order to
find it. For instance, when 44 can be parameterised as z = z(x,y), the expression for TtK
contains all possible first and second order partial derivatives in a complicated way that
we do not find interesting to report here.

The big advantage of the numerical analysis with Surface Evolver [84, 85] is that
the minimal area surface is obtained without going through this procedure of finding the
convenient parameterisation first and then solving the differential equation (see section 4.1).
Moreover, as already remarked in section 4.1, besides the area of the surface, also its unit
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Figure 9. The quantity F4 for Vaidya-AdS backgrounds (3.27) with mass profile (3.30) as function
of the boundary time ¢ when A are disks of radius R. Here ¢ = 107% and these computations have
been done with Mathematica. The solid coloured lines correspond to the formula (4.28) while the
dashed ones have been obtained by subtracting the term 27 R/e from the area. Top: vy = 1073

fixed. Bottom: R =1 fixed.
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Figure 10. Minimal area surfaces 44 for the domain wall geometry (2.33) with a = 2, v = 1. The
yellow plane corresponds to z = zrg. The entangling curves JA (blu curve in the top panel and
red curve in the bottom panel), which belong to the z = 0 plane, are constructed by joining arcs of
circumferences and they delimit two non convex domains. The centers of the circumferences (the
outer one has radius R = 3 and the inner one R/3) form an opening angle of 7 (top) and 1.547
(bottom). Here zzg = 0.5. Only half of the surfaces 44 are shown in order to highlight the section
(magenta curve in the top panel and cyan curve in the bottom panel) reaching the highest value z,
along the holographic direction.

normal vector n can be found and this allows us to check the formulas found in section 2.2
for non trivial domains.

Besides the cases of disks and strips discussed in section 4.2 and section 4.3, we have
considered F4 also for more complicated simply connected domains, both convex and non
convex. In particular we have studied regions A delimited by ellipses for all the static
backgrounds of section 2.2. For the domain wall geometries, we have considered also the
non convex domains delimited by the blue and the red curves in figure 10. Once the shape
and all the relative ratios between the various geometrical parameters have been fixed, we
have computed F4 changing the total size of the region A. The numerical analysis has
been done as explained in section 4.1. The area A4 for domains A delimited by ellipses as
small perturbations of circumferences has been already considered through the standard
approach e.g. in [31, 36] and by employing the interesting method of [82, 118-120] (which
is based on the solution of the cosh-Gordon equation in terms of algebraic curves) in [121].
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Figure 11. The quantity F4 for the domain wall geometry (2.33) with « = 2 and v = 1. The
entangling curves are the blue and the red ones in the bottom right part of the plot, which are
obtained by joining arcs of circumferences whose centers provide an opening angle given by m and
1.54m respectively. The radius of the external circumference is R and the radius of the internal one
is R/3 (see figure 10 for two examples of minimal surfaces 44 anchored to these entangling curves).
The numerical analysis has been done with Surface Evolver by taking ¢ = 0.03, R = 3 and moving
zre in the interval (0.5, 70). Solid and dashed lines correspond respectively to the two ways to find
F4 given in (4.1). In the inset we show z./zrq in terms of R/zrq corresponding to all the points
in the main plot.

When the bulk geometry is AdS,, this rescaling of A does not change F4 because the
Willmore energy is invariant, as already discussed in section 2.2.1. On the other hand, for
asymptotically AdSy black holes and domain wall geometries this invariance is broken and
a non trivial behaviour is found under rescaling of A.

In figure 4 and figure 5 we study this rescaling for the Schwarzschild-AdS black hole
and the extremal Reissner-Nordstrom-AdS black hole respectively by employing both the
formula (2.31) and the usual way to get F)4 by subtracting the area law divergence, as
explained in section 4.1. We show F4 for A given by disks or domains delimited by ellipses
with semi-axis R; > Rs having two different eccentricity. Let us remind that the perimeter
P, of an ellipse with semi-axis R; > R is P4 = 4R E(1— R% / R%), where E is the complete
elliptic integral of the second kind,* and its area is Area(A) = mR1Rs. For the disks we
have employed also the simpler formula (4.16), which can be evaluated numerically by
using Mathematica. The plots in figure 4 and figure 5 show that F4 is a function of R;/z,
for a given eccentricity. It would be helpful to have data for large ellipses in order to check
the behaviour Fy = — Area(A)/z2 + ... expected from (2.32).

4We adopt the convention of Mathematica for the arguments of the elliptic integrals.
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As for the domain wall geometry (2.33), in figures 6 and figure 7 we have considered
the domains A just mentioned having elliptical entangling curves for two different sets
of parameters for the background ((«,v) = (2,1) and (a,7y) = (4,1) respectively). The
expression of F4 for the domain wall geometry is (2.35) and the numerical analysis has
been done as mentioned above and explained in section 4.1. As the size of A changes, the
qualitative behaviour of F4 for the domains delimited by ellipses is the same one found for
the disks. In particular, F)4 has a finite limit when A is very small (z, < zgrg). Nevertheless,
we remark that the values of Ry explored in figures 6 and figure 7 are too small to capture
the correct IR behaviour, as we have seen in figure 8 for the disks.

The similarity between F4 for the disk and the ones corresponding to domains delimited
by ellipses observed in figures 6 and figure 7 motivated us to explore also the case of non
convex domains. In particular, we have considered the non convex domains delimited by
the red and blue curves in figure 10. For both these cases the domains A have the same
shape and only one geometrical parameter (the opening angle) distinguishes them. It is
worth remarking that, for these domains, finding a parameterisation for v, is not easy,
as one can immediately understand from figure 10, where the minimal area surfaces 44
obtained with Surface Evolver are shown.

In figure 11 we show the results for F4 corresponding to these non convex domains.
Interestingly, the qualitative behaviour of F4 is again the same one observed for the disk,
which led to the definition (4.26) of the C' function. This suggests that it could be worth
generalising the definition (4.26) introduced for the disks by interpreting R as a global pa-
rameter of A and exploring better whether proper C functions can be defined from domains
which are not disks [24, 96]. We remark that in our numerical analysis for domains which
are not disks we have not considered domains large enough to capture the IR behaviour
of F4. Indeed, from the case of the disk, whose relevant plots are shown in figure 8, we
have learned that the values of Ry explored in figures 6, 7 and 11 are too small to probe
the deep IR regime. We should push our numerical analysis to much higher values of Ry
but, unfortunately, our present code is numerically unstable. We hope to overcome this
technical obstacle in the near future.

As for the time dependent backgrounds, it would be very interesting to check (3.29)
by considering finite regions with smooth non circular boundaries. This would be helpful
to have a better understanding of the tsunami picture introduced in [69, 70].

4.5 Infinite wedge

An important class of domains A to study is given by the ones whose boundary 0 A contains
some corners. In these cases, the entanglement entropy has also a logarithmic divergence
besides the area law term. The simplest example to address is the infinite wedge for the
gravitational background given by AdS4, whose corresponding minimal area surface has
been first studied in [97] and its area has been computed. The aim of this section is to
show how the analytic result of [97] can be recovered through the formula (2.24). Here
we give only the main expressions to understand the result, but all the technical details
of this computation have been reported in section D). It is worth recalling that (2.24) has
been obtained by assuming smooth entangling curves for A and, under this hypothesis, it
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provides a finite result as € — 0. Nevertheless, we find it interesting and non trivial that
the Willmore energy (2.24) provides the expected logarithmic divergence for non smooth
entangling curves.

Choosing polar coordinates {p,6} in the z = 0 plane such that the origin coincides
with the tip of the wedge, the domain that we are going to consider is A = {(p,0), 0| <
Q/2,p < L}, where Q is the opening angle of the wedge and L > 1 its length along the
edges. Since L > 1, we can employ the following ansatz for the minimal surface 44 [97]

2= (4.29)

q(6)
where the function ¢(#) can be found by imposing the extremal area condition.
Considering the boundary of 4., part of this curve lies at z = ¢, which will be denoted
by afyl', and the remaining part 99> belongs to a vertical cylinder. From the projection
of 8&! on the z = 0 plane, one finds that the range of the radial coordinate of 4. is
Prmin S P < Prmax, Where

pmin pmax
g = y

E= ———
qo q(2/2 — w)
being w ~ 07 the angle between the edge of A and the straight line connecting the tip of

L = poaxcOSw, (4.30)

the wedge to the intersection point between the circumference p = p,., and the projection
of 8&! on the z = 0 plane.
In section D we show that for the wedge we are considering the formula (2.24) gives

Fa = 2b(Q)log(L/e) + O(1), (4.31)

where b(2) is the function found in [97]

™ CAg2+1 ) E(@) - (1-a@)K(g3)
o [T (1o [S2) S HD B,

being 2 = ¢3/(1 + 2¢2) € [0,1/2] and the functions K and E are the complete elliptic
integrals of the first and second kind respectively.

As for the contribution of 09, to the holographic entanglement entropy, it is given
by the contour integral in the r.h.s. of (2.14), whose integrand is b*/z in our case. Such

contour integral is the sum of two contributions: the line integral over afy‘gl and the line

integral over 95%. Along 8’)/1:' we have b* ~ —1 for the parts of the curve close to the edges
of A, while it significantly deviates from —1 for the part of 99. close to the tip of the wedge
(i.e. at p ~ pnm) without becoming infinitesimal. Instead, along 8&5 we have b* ~ 0 close
to the boundary and becomes finite around 8 = 0, which is also the point of 44 with the
highest value of z. Considering these two contributions together and using that L > 1,

one finds that B
b* 2L
/ s = -2 o). (4.33)
e €

Thus, while the area term for the infinite wedge comes from the boundary integral (4.33),
the subleading logarithmic divergence (4.31) is encoded into the Willmore energy (2.24)
with the expected coefficient.
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5 Holographic mutual information

In this section we briefly discuss the holographic mutual information and, in the case of
AdSy, some straightforward consequences of the formula (2.24).

Given two disjoint spatial domains A; and As in the boundary, one can consider the
entanglement entropy Sa,u4,, which measures the entanglement between A; U A and its
complement. A very useful quantity to introduce is the mutual information

Tay,a, = Say + 84, — Sajua, - (5.1)

Since the divergent terms of the entanglement entropy S depend on the entangling surface
0A, they cancel in this combination and the mutual information (5.1) is UV finite.

For the two disjoint domains A; and As, the subadditivity property of the entanglement
entropy reads

SAl + SAQ P SA1UA2 ) (52)

which means that the mutual information (5.1) is non negative 14, 4, > 0.
When A; and As have a non vanishing intersection, the strong subadditivity property
of the entanglement entropy holds [4, 5]

SA:[ + SAQ > SA]_UA2 + SAlﬂAQ 9 (53)

which tells us the mutual information increases as one of the two disjoint domains is
enlarged

IA1UA0,A2 2 IAl,AQ . (54)

The holographic entanglement entropy formula (1.1) of [14, 15] can be applied also for
disjoint domains and the strong subadditivity property for the holographic prescription has
been proven in [28]. For two disjoint regions A; and Ag, let us introduce Z4, 4, as follows

Tay a0, = —7—. (5.5)

As already remarked above, the mutual information is UV finite and, from (1.2), we
have that

IAl,AQ == FAlUAQ - FA1 - FA2 + 0(1) 9 (56)

where F4,u4, is found by taking the global minimum 44,4, of the area functional among
all the surfaces v4,04, such that 0v4,u4, = 0(4; U Ay) = 0A; U OAz. In this computa-
tion, it is well known that typically two local minima occur: a connected surface YAy A
joining 0A; and 0Ay through the bulk and a disconnected configuration 44, U 44, made
by the two disjoint surfaces found for the holographic entanglement entropy of A; and A,
separately [43, 53, 54, 56].

L, con

Since 452" 4, and 94, U 44, have the same boundary, from (1.1) and (1.2) one gets

Faua, = max(Fa, a,, Fa, + Fa,), (5.7)
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where Fp, 4, is defined as the O(1) term in (1.2) when the global minimum is provided by
the connected surface 437 4,. In (5.7) the max occurs because F4 enters with a minus sign
in the expansion of Sy4.

When the two disjoint domains A; and A are very close, the connected surface ’yjflf As
is the global minimum and Z4, 4, > 0, while, when the distance between the domains is
large enough, the configuration made by the union of the two disconnected surfaces 44,
and 94, becomes the global minimum and Z4, 4, = 0. The transition between these two
regimes occurs when

FA17A2:FA1—|—FA2. (5.8)

Keeping the shapes of 0A; and JAs and their relative orientation fixed, one can change
the relative distance and find where (3.24) holds. This is difficult for shapes which are not
highly symmetric like disks or infinite strips (see [37] for a numerical analysis). One could
employ the expressions discussed in the previous sections to find some further results for
the solution of (5.8) in terms of the shapes of the domains.

It is worth remarking that, while the disconnected configuration 44, U 44, can be
found for every distance between JA; and 0As, the connected one does not exist for
distances larger than a critical one, which is obviously bigger than the distance defined
by (5.8) [37, 54, 55, 122].

Given the disjoint domains A; and As, let us enlarge A; getting A; U Ay and consider
the corresponding extremal area surfaces occurring in the computation of the holographic
mutual information. Plugging the holographic formula (5.5) into the strong subadditivity
property (5.4), one finds that Z4,0u4,,4, = Z4,,4, and, from (5.6), this tells us that

FA1UA0UA2 - FA1UA2 2 FA1UA0 - FAI . (59)

Notice that, while in the lL.h.s. of this inequality disjoint domains occur and therefore
the maximisation in (5.7) must be performed for both terms, in the r.h.s. only connected
domains are involved. When A;UAg and A are sufficiently far from Ao, i.e. their distances
are such that Z4,u4,,4, = 0 and Zx, 4, = 0, in (5.9) we have Fa,u4,04, = Fa,ua, + Fa,
and F4,0u4, = Fla, + Fa, and the inequality is trivially saturated.

Let us restrict to the part of the space of configurations where Z4,,4,,4, > 0 and
Ta,y,4, > 0, where y57 Ao, As and 'ijﬁf 4, are the global minima to consider for the holo-
graphic entanglement entropy Sa,u4,u4, and Sa,ua, respectively. In this case (5.9)
becomes

Fay0a0,4, — Fay 4, = Fayua, — Fa, - (5.10)

Considering a domain Ag very small with respect to A;, we can interpret the enlarging of
A; by Ap as a small perturbation of A;. For this case, (5.10) tells us that the variation of
F under such perturbation is bigger when Ay occurs. The inequality (5.10) is a non trivial
property of the formulas for F'4 discussed in the previous sections.

5.1 AdS4

When the gravitational background is AdS4, we have that 2F4 is the Willmore energy of
the closed surface 'Ayff) embedded in R3, as stated in (2.27). We can employ some known
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results on the Willmore functional to find some properties of Fy, as done in section 2.2.1
for connected domains A. For A = A; U A2 made by two disjoint domains, the surface ’Ayff)
introduced in section 2.2.1 is connected when Z 4, 4, > 0 and disconnected when Z4, 4, = 0.

In the former case we will denote the corresponding closed surface by ’AY;;TX;)» while in the

latter case the two surfaces &ffl) U'Ayf;; occur. When 74, 4, > 0, the genus of ﬁ;‘f;ﬁg) isg>1,
depending on the shape of the entangling curve.
For domains A; and As such that ﬁ(j) has genus one, we can apply the fact that for

any g = 1 closed surface embedded in R?, we have (see Theorem 7.2.4 in [81])
W] > 272, (5.11)

where the bound is saturated by a regular torus whose ratio between its radii is v/2, which
is known as the Clifford torus. This claim has been conjectured by Willmore [79, 80] and
proved only recently [108].

Considering two disjoint disks for A; and Ao, if ”yjf’lrj’X;) were the Clifford torus, then
the holographic mutual information would be Fa,ua, — Fa, — Fa, = 7% — 47 < 0. Thus,
the Clifford torus does not occur among the genus one closed surfaces ‘y;c’l‘:ﬁé) providing the
holographic mutual information of some configuration of two disks, which is always non
negative. Nevertheless, it is reasonable to ask whether the Clifford torus occurs anyway as
local minimum of the area functional which is not a global one. For two disjoint disks it
has been found that F4, 4, — Fa, — Fa, > —0.7886 > w2 —4x [37, 54, 55, 122]. Thus, half
of the Clifford torus never occurs among the surfaces v4 C Hs which are extremal points
of the area functional. This happens because not all the genus one surfaces can be spanned
by considering 71(? with varying A, but only those ones which are symmetric with respect
to the plane z = 0 and such that the curve 0A is umbilic. For regular tori, i.e. the ones
obtained from two circumferences at fixed radii (and the Clifford torus is among them),
the latter condition is not satisfied.

An interesting observation about AdSy that we find it worth remarking here concerns
the strong subadditivity condition (5.9) for the holographic prescription. Choosing Ag such
that A; U Agp has the same shape of A;, namely A; U Ag is a rescaling of A; by a factor
greater than one, by employing the observation made in the last paragraph of section 2.2.1,
we have that the r.h.s. of (5.9) vanishes. This does not happen for the black holes and the
domain wall geometries, where the invariance under scale transformations is broken by the
occurrence of a scale.

Finding the minimal area surface 44 such that A is made by two equal disjoint disks
is equivalent to obtain 44 when A is an annulus [37, 122]. In section E we consider the
latter domain, showing that the formula (2.24) specified to this case provides the analytic
expression already found in through a direct computation of the area [54, 55, 75].

6 Conclusions

In this paper we have studied the holographic entanglement entropy (1.1) in the context of
AdS,/CFTj for domains A having generic shapes. When the entangling curve is smooth,
the first non trivial term in the expansion € — 0 of the holographic entanglement entropy
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is the constant term F4 (see (1.2)). This term is interesting because it depends on the
whole minimal surface and, therefore, it allows to probe the IR part of the geometry when
the corresponding domain A is sufficiently large.

Our main results are (2.19) and (3.22), where Fy4 is given in terms of the unit vectors
normal to the extremal area surface 44 respectively for static and time dependent back-
grounds which are conformally related to asymptotically flat spacetimes. These formulas
has been applied for explicit backgrounds: among the static ones we have considered AdSy,
asymptotically AdS4 black holes and domain wall geometries. The latter ones provide an
example of holographic RG flow. In the simplest case of AdSy4 one finds that F4 is given
by the Willmore energy of 44 viewed as surface embedded in R3 [82, 83]. This allows us
to easily prove that the disk maximises S4 among the domains with the same perimeter.
Among the time dependent spacetimes, we have considered the Vaidya-AdS metrics.

We have checked that our results reproduce the well known ones for highly symmetric
domains like strips, disks and annuli. As for less symmetric domains A, which are more
difficult to treat (e.g. the ones delimited by ellipses or some non convex domains), our for-
mulas have been tested numerically by employing Surface Evolver [84, 85]. An interesting
outcome is obtained from the domain wall geometries. Indeed, from the holographic anal-
ysis of F4 for the domains different from the disk, we have observed the same qualitative
behaviour of F4 for the disk, which provides the holographic C' function. Unfortunately
our numerics does not allow to probe the deep IR regime and therefore we cannot give
conclusive statements. We hope that our analysis will be improved in the near future.

Among other open issues that would be interesting to address in the future, let us
mention the higher dimensional case, where the expansion of the entanglement entropy
as € — 0 has more divergent terms whose coefficients depend on the geometry of A
(see [35, 123] for recent papers where the properties of the Willmore energy of 0A in d = 4
have been employed to get some insights on entanglement entropy).

As for the time evolution of the holographic entanglement entropy through the Vaidya-
AdS backgrounds, the result found here could lead to some deeper understanding of the
entanglement tsunami picture [69, 70]. It would be also interesting to perform a numerical
study of this time evolution for finite domains which are not disks, like the ones considered
in this manuscript for static backgrounds.
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A Unit normal vectors and area elements

In this appendix we discuss some issues about the unit vectors and the area elements
occurring in the main text. In particular, in section A.1 we consider the construction of
the vector b introduced in section 2.1 and its behaviour as ¢ — 0. In section A.2 we provide
the explicit expressions of the unit vectors normal to the surfaces and of the area elements
for the explicit backgrounds studied in the main text (see section 2.2 and section 3.2).

A.1 Vector on 97, for smooth entangling curves

In this subsection, following [83, 101], we discuss the construction and the properties of the
vector b* for the surfaces v4 occurring in section 2.1. We are interested in the behaviour
of 74 near the boundary z = 0.

By adopting the Cartesian coordinate system in the z = 0 plane, the entangling curve
0A can be written as (z,z,y) = (0,z(0),y(0)) € 0A in parametric form. Let us introduce
the following vectors

~ ~ 1 / /
(0:2) = (2,000, 3(0) s 10) = e (0.4/(0), /(). (A)

where 7* defines the vertical cylinder above dA for z > 0, while ¢* is the unit vector normal
to OA. Notice that ¢* cannot be defined at the vertices of a non smooth entangling curve.

We can employ (A.1) to parameterize the surfaces 74 near the boundary at z = 0.
Indeed, the coordinates of a point belonging to the region of 4 close to z = 0 can be

written as
(0, 2) = (0, 2) + u(o,2) (o)

— (2 2o y' (o) u(o, 2) 5 — z'(0) u(o, 2)
= (st oty f@P+M®J’ (42)

where u(o, z) € R is an arbitrary function. Thus, 74 close to the boundary is described by

its displacement from the vertical cylinder over JA. The requirement dv4 = 0A becomes
u(o,0) = 0. Different functions u provide different surfaces v4. From (A.2) we can easily
find the following vectors tangent to the surface

P /
O = 0, (0, 2) = (O, (1 - ke’ + —=Ze (1 = Ru)y — —

/ /
Sn _ g s _ yu: T
m Zp (O—? Z) <1 Y \/x/2 + y/2 Y \/x/2 + y/2 ) (A4)

). (a3)
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where k(o) is the geodesic curvature of the entangling curve JA, namely

z'y! — 'y

Given the tangent vectors (A.3) and (A.3), the determinant of induced metric hy, reads

det h = %detﬁ,
z
deth = det(mPm) = (1 - wu)® (o2 +y?) (1 +u?) +u2, ije{1,2}. (A6)

Another consistency condition to impose is the requirement that det hatz=0 provides
the square of the line element of the entangling curve, i.e. (deth)|,—o = 22 + y2. By
employing (A.6) and u(c,0) = us(0,0) = 0, this condition implies that

u:(0,0) =0, (A7)

which tells us that 4 intersects orthogonally the z = 0 plane. Notice that m™) - m(2 =
usuy # 0 for z £ 0.

Considering the surface 4. obtained by restricting y4 to z > ¢ > 0, since mH? = 0
the vector m(HH belongs to the plane z = ¢. Thus, the vector b* introduced in section 2.1
can be constructed as the linear combination of mMW* and m®* which is orthogonal to
mWE namely

b= 2 )

(A.8)

where we have neglected the normalization and the global sign. Combining (A.3), (A.4)
and (A.7) into (A.8), at z = ¢ one finds the following vector

/ /
T P 5  EU2y _ cuwpw 3
bt = (1 2ug e”, i R +0(e”), (A.9)
where u = ua(0) 22/2 + O(2?) is the first term of the expansion of u as z — 0. The
vector (A.9) has unit norm up to O(g?) terms. In particular, b* — (—1,0,0) when & — 0.
Taking the vector product of b* and mMH, we can easily find the unit vector normal to .
at z = €, namely

/ /
it = (5 up, — \/x/er = Jx'2x+ y’2> +0(e?), (A.10)
which tells us that n* = O(¢) when ugy is non vanishing.

From (A.6) it is straightforward to write the differential equation providing the ex-
tremal area condition, which turns out to be quite complicated. Nevertheless, by plugging
the expansion u = uz(c) 22/2 + O(23) into it and expanding the result as z — 0, the first
non trivial order leads to

ug(o) = k(o). (A.11)

As discussed in [82, 83], this condition tells us that 994 is un umbilic line, i.e. for any of
its points the two principal curvatures coincide and therefore, locally, the surface looks like
a sphere.
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A.2 Black holes and domain wall geometries

In this subsection we give explicit expressions for the unit vectors and for the area elements
that are needed in the computation of F4 for specific domains.

For static backgrounds, let us consider surfaces parameterised either by z = z(z,y)
if cartesian coordinates {z,y} have been chosen for the z = 0 plane or by z = z(p,0) for
polar coordinates {p, 8} in the z = 0 plane.

Black holes. Let us consider first the black hole metric (2.29), which includes the special
case of AdS; when f(z) = 1 identically. Choosing the order {z,z,y} or {z,p,0}, by
employing (2.20), for the unit normal vector we have

1 1
ny, = (1,—z$,—zy), ny = (1,—zp,—29),
f(2) + 22 + 2] \/f(z)+zg+zg/p2
(A.12)
and, raising the index, the corresponding vectors read
it = (f(2)fs, g, iy ), = (f(2) Rz, 7y, fg/p°) . (A.13)
As for the induced metric on X, it is given by
1
d§2‘2 = 7 [(zi + f(z))al:v2 + (ZZ + f(,z))dy2 + 22,2y dxdy] , (A.14)
1
d§2‘2 = 7 [(zg + f(z))dp2 + (zg + p2f(z))d02 + 22,29 d,od@} . (A.15)
Computing the determinant coming from induced metric ds?|s, one gets the area element
VO R @+
dA = dxdy , dA = pdpdf . (A.16)
f(2) /()

The above expressions for the unit vectors and the area elements have been employed in
section 4.2.1 and section 4.3.1 to write F4 for strips and disks from the general formulas
given in section 2.2.1 and section 2.2.2. However, they can be used for a much larger class
of domains.

Domain wall geometries. A similar analysis can be performed when the background
metric is (2.33). From (2.20), one finds

ny, = (1,—z$,—zy), ny = ! (1,—zp,—29),
\/1 +p(z)[22 + 2] \/1 +p(2)[22 + 23/ p?]

(A.17)
and we find it useful also to give the same unit vectors obtained by raising the index,
namely

it = (R, p(2) R, p(2) Ty ), A= (s, p(2) 7, , p(2) fig/p?) . (A.18)
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The two dimensional metric induced on the surface ¥ reads

1 1

W@ = (o) e (S g ) 0 vzsnden, @
1 2

dg?|y, = <zg + p(z)) dp? + (zg + p’(’z)) d6? + 2 2,29 dpdf (A.20)

and the corresponding area elements are given respectively by

- S1epa) 2+ 2
dA =
p(2)

1+ () [+ 23/p?]
p(2)

dedy,  dA = pdpdd.  (A.21)
The above expressions (A.18) and (A.21) have been used in section 4.2.2 and section 4.3.2
to specify Fy for the strips and the disks starting from the general formulas given in
section 2.2; but they can be employed also for other domains.

A.3 Vaidya-AdS backgrounds

The analysis of section A.2 can be performed also for the Vaidya-AdS backgrounds (3.27).

Let us consider first the case where the spatial part of the boundary at z = 0 is param-
eterized by Cartesian coordinates. Assuming that the surface 4 described by the functions
v =wv(z,y) and z = z(x,y), the vectors m% = (vg, 2z, 1,0) and mg) = (vy, 2y,0,1) are
tangent to such surface (the order of the components is given by (v, z,x,y)). From these
vectors, one can construct two unit vectors n% normal to v4 such that n%l) = —1, né) =1,
n%n M) = 0 and mé‘f)n Mm(j) = 0. Moreover, we also require that né\f) reproduce the ones
introduced in section A.2 for the static cases. By employing the notation v’ = (v, v,) and

z' = (24, 2y), the unit vectors nf\f) read

WMo, (1 —v' 2 2 f0,2)V 2 2+ f(0,2)vp 4 20 A2 2+ f(v,2)vy — zzv’/\z/)
W VIF(0,2) + 22][1 — 20 - 2 — (0 A 2)% — (v, 2)v"] ’
(A.22)
1, — X
né‘g) =—z (L —f(0.2), 2, 2) , (A.23)
fv,2)+ 2"

where v+ 2" = vp2, +vy2zy, VA2 = vp2y —vy2z, and 2% =22+ 25. Then, it is not difficult
to find that the two dimensional metric induced on the surface v4 reads

1 < 1= 2vp2, — f(v,2)0]  —f(v, 2)ve0y — vyze — Uny) (A.24)
_f ’ |

22 (v, 2)VpVy — VyZy — U2y 1 —2vy2y — f(v, z)vz

and its determinant provides the following area element

V1=2v-2 — (v A2)2 — f(v,2)v
2

2
dA = dzdy . (A.25)

z

The previous expressions in the simpler case of v = v(x) and z = z(x) have been employed
in section 4.2.3, where the strip has been considered.
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For completeness, let us repeat the above analysis when polar coordinates are adopted
for the spatial part of the boundary at z = 0. Ordering the coordinates as (v, z, p, 0)
and restricting our attention to the surfaces y4 given by v = v(p,0) and z = z(p,0), one
first construct the tangent vectors mé‘f) = (vp, 2p, 1,0) and mf\g) = (vg, 29,0,1). Then, by
adopting the notation v’ = (v,,ve/p) and 2’ = (z,, z9/p), we can construct the unit vectors

n% such that n%l) =-1, ”%2) =1 and nf\f[)nM(g) = 0 as above. They read
oM (1 —v' 2 2P fu, )2 2+ f(v,2)v, + Z;"v'/\z’, %" + %’f(v,z) — zpv'/\z’)
. VIFw.2) + 22 [1- 20 2 — (v A 2)2 — f(v,2)07] ’
(A.26)
17 —J\v, 3 y &
né‘g) =—z ( f(0.2), 29, 20) . (A.27)
flv,2) + 27
The two dimensional metric induced on the surface v4 reads
2
1 1 —2v,2, — f(v, 2)v; —f(QU, 2)VgU, — VgZp — ’UQPZQ ’ (A.28)
22\ —f(v,2)vgv, — vz, — Vpzg  p* — 2ugzg — f(v, 2)vg
and therefore for the corresponding area element we have
1—2v 2" — (VA 22— f(v,z)v"?
dA = v 5 pdpdf . (A.29)

z

In section 4.3.3, where A is a disk, we have employed these expressions in the special case
of v =v(p) and z = z(p).

B On the higher dimensional cases

In this appendix we briefly discuss the construction of the Weyl invariant expressions that
occur in a natural way as one tries to generalize the construction of section 2.1 to static
backgrounds which are asymptotically AdSgy1.

Given the (d—1) dimensional spatial surface v embedded into a spatial time slice of the
bulk spacetime, the induced metric and the extrinsic curvature are defined as in section 2.1
but in this case the greek indices assume d integer values. The trace of the induced metric
is hyw gt = hy W = d — 1 and the traceless tensor to consider is

Ky = K — % huw (B.1)
which becomes (2.3) when d = 3.

From (2.7) it is straightforward to find that, under Weyl transformations, Tr K changes

as follows
Tk = ¥ (Trf( +(d—1) maw) . (B.2)

Combining this expression with (2.7), one finds the following simple transformation rule

KW = e K. (B.3)
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Then, considering the determinants h and h of the induced metrics, they are related
as h = e2d=1D9h  This implies that for the area elements dA;_1 = VhdY4_; and
dfld_l = \/Zdi]d_l, where dX4_1 = H?;ll do;, being o; some local coordinates, we have
that dAg_1 = el V¢dA, ;.

Thus, from (B.2) and the transformation rule of the area element, we can easily con-
struct Weyl invariant expressions as follows

[ (k)% dAgy, > niai=d-1, n;>2, ai>1, (B.4)

)

where the case n; = 1 is excluded because Tr/C = 0. Notice that (B.4) are defined only for
d>3.

When d = 3 only the pair (n,a) = (2,1) is allowed and, similarly, when d = 4 one
finds only the pair (n,a) = (3,1). Instead, for d = 5 we can construct two terms of the
form (B.4) with a single term in the product: one having (n,a) = (4,1) and (n,a) = (2, 2).
Any linear combination of these two terms is Weyl invariant but let us mention that also
other Weyl invariant terms different from (B.4) can be constructed [124].

C A comment from the Helfrich energy

The holographic entanglement entropy (1.1) for a two dimensional spatial domain A is
given by the area of the surface 44 which minimises the area functional within the class of
surfaces 4 such that 9y4 = 0A, once the cutoff z > € > 0 has been introduced. In section 2
it has been shown that, for smooth entangling curves and when the bulk spacetime is AdSy,
the O(1) term in the ¢ — 0 expansion is given by the Willmore energy of the surface 44
embedded in R3 (see (2.24)) [82, 83].

Given an oriented, smooth and closed surface ¥, C R3 of genus ¢, an interesting
generalization of the Willmore functional is the Helfrich functional, which is defined as
follows [111]

%[zg]:/zg [(Tfﬁfo>2+2ﬁ]dfi, 1)

where I'NI() and \ are two constants. The functional (C.1) plays a very important role
in the study of the cell membranes [112]. The last term in (C.1) is topological and the
Gauss-Bonnet theorem tells us that it is proportional to (1 — g).

In section 2.1 it has been shown that, when the bulk geometry is AdS4 and considering
the surfaces v4 intersecting orthogonally the boundary z = 0, the area of v4 restricted
to z > € is (2.15), where the O(1) term is given by (2.23). A natural question to ask is
whether exists a surface 4" within this class of surfaces whose part having z > ¢ (denoted
by 4¢") has an area given by (2.15) with the O(1) term given by the Helfrich energy of

?yfp embedded in R3. Thus, for the surface %H) we have

AR = A B 4 o), (©2)

where

1, .
F{ = 5%[75{"‘”}, (C.3)
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being ,)/1(4}1,(1> = fAyff) U ’yff’r) the closed smooth surface in R3 obtained by introducing the

reflected surface ’yf‘r) in the half space z < 0, as explained in section 2.2.1 (see figure 1 an
example of this construction involving the minimal area surface 44).

By employing the transformation properties of the extrinsic curvature and of the Ricci

~ (H)

scalar introduced in section 3.1, from the integrands in (C.1) and (2.23) we find that
is defined by the following equation

~ ~ ~ A~ o~
(TrK)2 + (ﬁ“aﬂgp — HO)TrK + (ﬁ#@l“p)? + 5724— Hg =0, (C.4)

NG

which is written through the curvature of &ff) embedded in R3. In terms of the curvature

of @ff) as surface in Hg, it reads

(TrK)? = Hye ?[(TrK — 2@"d,p) — Hye ¥] — S (R +2D%p) . (C.5)

> =
DO | M

As a simple consistency check, one observes that, by setting I;To =0and A =0 in (C.5),
the minimal area condition TrK = 0 is recovered. Thus, the surface 'Ayff) C Hs, which is
characterised by the parameters Hy and A, reduces to the minimal area surface 44 occurring
in the holographic entanglement entropy formula when Hy=A=0.

It would be interesting to find a CFT quantity related in some way to the surface ’yf).
Such quantity should depend on the parameters ﬁo and 5\, and reduce to the entanglement
entropy when they both vanish. Moreover, it should have the same leading divergence of
the entanglement entropy as € — 0, as it can be seen from (C.2). Thus, the Rényi entropies

are excluded.

D Some technical details for the infinite wedge

In this appendix we discuss the computations leading to the results presented in sec-
tion 4.5 for the holographic entanglement entropy of the infinite wedge when the bulk
geometry is AdSy.

For the surfaces 4 characterised by the ansatz (4.29), the area of the part having
z > € reads [97]

Al7e] :/ q%\/q’2+q2+q4d9dp- (D.1)

Since the integrand does not depend explicitly on 6, we have that (¢*4¢%)/+/(¢')2 + ¢* + ¢2
is independent of #. Then, since for § = 0 we have ¢(0) = gy and ¢’(0) = 0 (see (4.30)), the
first order differential equation providing ¢(6) reads

(@) = (@ +dY <q2 aa 1) - (D.2)

@+qd

By employing (2.20) for AdS4 and the ansatz (4.29), one finds that the unit normal vector

1
T 2 /
At = q4+q2+(q,)2(q ,—a.4/p)- (D.3)
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Taking the component 7* of this vector, the integrand of (2.24) is given by

(7*)* _ ¢° _ (@ + %) (D.4)
22 pQ [q4 + q2 + (q/)2:| p2 (q2 + 1)2
while the area element can be easily computed from (4.29), finding
~ = 1\2 4 2 2 1
dA = Vidpds = YO TCTT  apdy = \/q%pdpd& (D.5)
4y T 45

Putting (D.4) and (D.5) together into the expression (2.24) for F4 and changing the angular
integration variable from 6 to ¢, we get

. 2/""““ dp/"/gdq %+ a3 q° Q/pmax/gdﬁ/ﬁ PRV L
A = — = —~ )
min p q0 (q2 + 1)q/ Pmin/e P Pmm/E (q2 + 1)q/ E
(D.6)
where p,;, and p,... have been defined in (4.30). Now, by exchanging the order of integra-

tion first and then performing the integration over p, we find

Pmax/E 2 pmax/a dﬁ
Fp=2 d — D.7
R e A (DT

mln/E
pmax pmax/5 q2 prnax/5 q2 log q

=21/ + ¢} | log / —————dq— —————dqg | . (D.7b
0 0 pmin/E (q2 + 1)q, pmin/E (q2 + 1)q/ ( )
Thus, a logarithmic divergence when ¢ — 0 is obtained from the first term in (D.7b),

namely
Fa = 2b(Q)log(pmax/e) + O(1), (D.8)

where

=1/ % +q0/ dq . (D.9)

From (4.30), it is straightforward to observe that the (D.8) can be written in the form (4.31),
but the two expressions (4.32) and (D.9) for b(€2) look quite different. Nevertheless, one can
show that they coincide through some manipulations. Starting from (4.32) and perform
an integration by parts, we get

_ ¢ +gqo*+1
o= Cc( V@+m¢u>“
o) q342

= d¢ (D.10a)

0 VT @FI1(+2¢2+1)%?
[ a¢ d< 1 )dg
0 V2 Hgp+1 dC\\/(?+2g5 +1

% @+ 4

dg,
0 V(@ +1)"

(D.10b)
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where in (D.10b) another integration by parts has been performed. Now, by first intro-
ducing the variable ¢ as ¢ = y/q? — ¢3 and then employing (D.2), the expression (D.9)
is recovered.

As for the contribution of the boundary 94., in section 4.5 we discussed that it is given
by two terms, according to the decomposition of 99, = 6’7! U 04+. The curve of 8&! is

(see also (4.30))

oAl {zp,0y ={e,eq(0),0}, 10| <Q2—w. (D.11)

The unit vector o* tangent to 8'7! can be easily found from (D.11), while (D.3) provides

the unit normal vector n*. They read respectively
- 1 . 1
W= ——rn—u1(0,eq,1), nt = (q2, —q,4q/(eq)). (D.12)

c /q2_|_(ql)2 q4_|_q2_|_(q/)2

The unit vector 5# which is normal to the boundary curve 99. and also tangent to the

minimal surface is obtained by taking the wedge product of the two vectors in (D.12), i.e.
by = peuwan” @* (we recall that, since we are using cylindrical coordinates for R?, a factor
Vg = p occurs). The result is
~ 1
by = — (®+(d)?, ¢, —ed®d). (D.13)
@+ (@) (@ +¢* + (0)?)

Then, since b* = b, and by employing the line element along 93, i.e. d§ = \/(p/)2 + p2 df

with p = € ¢, for the boundary integral along (“)'Ay! we get

7z Q/2—w 2 2
/ Y= o Ll (O
o3l 2 0 Vit + ¢+ (¢)?
L/e 1 N2 _ 2 A4
_ a[(1+¢%)° — @ — a) da. (D.14)

w VOI+EPP @)1+ @+ )

where we have changed the integration variable to ¢ first and then used (D.2). Since the
integrand converges to 1 for ¢ — oo, the integral is linearly divergent for L/e — oco. By
adding +1 and —1 to the integrand of the last expression in (D.14), we get

q0

S 2L E(g) — (1 - ¢@)K(g) .
—di= -y +o(1), =N D15
fo : NI Y 7 A

Notice that this boundary contribution does not provide any log e divergence.
The line integral along the boundary 99+ can be addressed in the same way. The
curve 997 is given by

8’761_ : {Z7 p? 0} = {pmaX/Q(9)7 pmax7 9} ’ |0‘ g Q/2 —w. (D16)
Then, the unit vector which are tangent and normal to B'ij are respectively
1 1

~u _ - ] 2 S 2 /
o q4+((1’)2( 0,4 pnmc), R q4+q2+(q/)2(q> 05 0/ Pusa ) -
(D.17)

48 —



The wedge product of these vector provides the unit vector I~)M normal to 99 and tangent
to the minimal surface at 94

~ 1
b,u = (q3 I q4 + (ql)2 Y pmax qq/) . (D18)
VIa'+ (@)1 +a* + (@)
In this case the invariant measure is ds = \/(2’)2 + p? df specified to (D.16). Thus, for the
contribution of the boundary integral along 952 to the holographic entanglement entropy

of the wedge we obtain

Bz 2
/ ~ds = a do
oqL % - VvVt + ¢+ ()2

=2 / et (1 +93)%a5 dg (D.19)
% avVI+2P3 (P -1 +q@+q%

where (D.2) has been employed. Notice that for p,../¢ — oo the integral is convergent.

Thus, we get

iz 2\ (1 _ 972 =2\ _ =2 _ =2 =2
/ gdg _ QE(%) (1 —2¢5)K(g5) — g5 111 — 5, %) (D.20)
19}

G- 2 V1-24 ’

where ¢y has been defined in (D.15).

Thus, in this case the boundary integral along 99. occurring in (2.14) is the sum
of (D.15) and (D.20). The result is given in (4.33): it contains the expected area law
divergence but a logarithmic divergence does not occur.

E Annulus

In this appendix we apply (2.24) for the annulus, recovering the minimal surface 44 dis-
cussed in [54, 55, 75].

When A is an annulus delimited by two concentric circumferences with radii R_ < R4
and the gravitational background is AdS,4, the global minimum of the area functional
among the surfaces v4 which provides the holographic entanglement entropy depends on
the ratio n = R_/Ry € (0,1).

In particular, for n > 0.367 there are two topologically different local minima of the
area functional: one is the union of the two disjoint hemispheres 44, U44,, while the other
one is a surface Y474, connecting the two boundaries of the annulus through the bulk (there
are two of them having the same 7, but we consider only the one having minimal area). For
a thin annulus n ~ 1 and 437", is the global minimum. At 1. = 0.419 the transition occurs
and for n < 7. the global minimum is given by the two disjoint hemispheres. For n < 7,
the solution 4374, does not exist and only 44, U 74, remains as extremal area surface.

Choosing polar coordinates (p, ) in the z = 0 plane centered in the origin, the expres-

sion for 437" 4, can be written in a parametric form as the union of two branches
k)

2i(t) = Rete =0 pi(t) = Ree O 1€ [0t (E.1)
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where t,,,, is a function of  coming from the matching condition of the two branches and
the functions f4(¢) are given in terms of the incomplete elliptic functions of the first kind
F and of the third kind II as follows
t

toax \/ 1R (b — 1)

(E.2)
being k = /(1 +t2_)/(2 +t2,). The boundary condition at ¢ = t,,, provides a relation
between k and 7. Indeed, by imposing the joining of the two branches, i.e. zy () =

1
fe(t) = 5log(1+t2):i:/<tmax[F(w|/€2)—H(l—/{2,w\/@2)], sinw =

Z_(tmax), one finds
logn = f-(tmax) — fo(tmax) = 2K max [K(KJQ) —II(1 - K2, /@2)] ) (E.3)

The Willmore energy (2.24) of 447", can be found by summing the contributions of
the two branches

tmax ~ ~
Fy = g / (\/det hy (TeK1)? + \/det h_(TrK_)Q) dt (E.4)
0

where the determinants of the induced metric are given by
det ha = po(8)" (1= 2t fu(t) + (1 + ) fa(1)?) (E.5)

and TrK for a surface with cylindrical symmetry given by z = z(t) and p = p(t) reads

Tr_f{/ _ Zl B Z/p” _ p/Z” . E6
Pl + @ (02 + ()4 o

Plugging the solution (E.1) into (E.6), for the two branches we find that
fe) = A+ 20 fe()° + L+ ) fa ()’ — fL (1)

TrK. = 7 (E.7)
pa(t)[1 —2tfa(t) + (1 +¢2) fo(t)?]
Thus, from (E.5) and (E.7), the Willmore energy (E.4) of 43>, becomes
tmax t2 _ t2 t t2 -
FA — 47T/ ( max max)( max max) dt (E8a)
0 (L+)22 /(2 — 2, ) + 12,/ + 2D +12,)

T+

— 27‘(‘ /ymax 1 + ymax / a - Tmax)(a - max) da (E8b)

(14 Ymax)? /(1 — @) (@ + 1/[1 + Yuus])
E(k?) — (1 — KQ)K(IQQ)
2k2 — 1

) (E.8¢)

where for the integration variables we employed y = t2 and & = ¥/ymax, introducing also
the following notation

Ti — yr2nax + ymax + 1 :|: \/y?nax + 6y§\ax + 7y12nax + 2ymax + 1
mee 2ymax (]- + ymax) .

Thus, the general expression (2.24) for F4 written through the Willmore energy reproduces

(E.9)

the result for the annulus already found by computing the explicitly the area of 457" 4,
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