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in an orthogonal Grassmannian with the novel property that the internal metric depends
on the external data. The result can be viewed as a central step towards developing an
amplituhedron formulation for ABJM amplitudes. Various properties of Grassmannian
integrals are examined, including boundary properties, pole structure, and a homological
interpretation of the global residue theorems for ' =4 SYM.
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1 Introduction

Recent years have brought remarkable progress in our understanding of the mathematical
structure of scattering amplitudes, especially in the planar limit of N' = 4 super Yang-
Mills theory (SYM). Among the new approaches are the Grassmannian formulations [1-3],
on-shell diagrams [4], and the geometrization of amplitudes in the “amplituhedron” [5-7].
Many of the ideas from planar N' = 4 SYM carry over to the superconformal 3d N’ = 6
Chern-Simons matter theory constructed by Aharony, Bergman, Jafferis and Maldacena
(ABJM) [8]; see also [9]. In this paper we study the Grassmannian descriptions of ampli-
tudes in both 4d N'=4 SYM and in 3d ABJM theory.

The Grassmannian G(k,n) is the set of all k-planes in n-dimensional space; in the
context of scattering amplitudes, n counts the number of external particles while k refers
to a classification of amplitudes. The Grassmannian description of amplitudes depends
on how the external data — particle momenta and type — are encoded. For n-particle
N*MHV amplitudes in 4d planar N’ = 4 SYM there are three formulations [1, 2]:

e The momentum space formulation uses the spinor helicity representation for the ex-
ternal momenta, e.g. p_; = AqAj. The relevant Grassmannian is G(k + 2,n).

e The twistor space formulation encodes the data via a half-Fourier transform of the
external momenta, i.e. a Fourier transform of A, but not \. This representation
makes the superconformal symmetry SU(2,2[4) manifest. As in momentum space,
the Grassmannian is G(k + 2, n).

e The momentum twistor formulation is applicable in the planar limit and makes
the dual superconformal symmetry SU(2,2|4) manifest. The relevant Grassmannian
is G(k,n).

In section 2, we provide a pedagogical review of these three representations of the 4d
external data and present the corresponding Grassmannian integrals explicitly.

The three Grassmannian descriptions are directly related. The relation between the
4d SYM twistor space and momentum space integrals was utilized already in the early
literature [1] on the subject. The momentum twistor Grassmannian was introduced shortly
after in [2]. Its relation to the two other formulations was given in [3] using a set of intricate
integral manipulations. In particular, the argument of [3] uses a gauge fixing that breaks



little group scaling and therefore results in very complicated Jacobians that are difficult to
write explicitly. In section 3, we present a new version of the proof, valid for all n and k,
that manifestly preserves the little group scaling at each step of the calculation and yields
all Jacobians as simple explicit expressions.

In section 4 we address how the Grassmannian integrals are evaluated as contour
integrals and demonstrate this with the explicit computation of the residues in the n-point
NMHYV sector using the momentum twistor Grassmannian integral. The results for the
individual residues are known to be the dual superconformal invariant building blocks of the
tree amplitudes, i.e. the “R-invariants” [10] or “5-brackets” [2]. These invariants obey a set
of linear relations, which in the Grassmannian formulation simply follow from global residue
theorems. We provide a homological interpretation of the residue theorems for the NMHV
residues. We then review the structure of physical versus spurious (unphysical) poles of
the residues and how this gives a specification of contours for which the Grassmannian
integral exactly produces the tree-level amplitudes. The results are then rephrased in the
context of on-shell diagrams and the positroid stratification of the Grassmannian, and we
show how the ‘boundary operation’ in the Grassmannian integral is related to both the
residue theorems and the pole structure.

In section 5, we turn to the Grassmannian descriptions of amplitudes in 3d ABJM
theory. We briefly review the momentum space spinor helicity formalism in 3d and the
associated Grassmannian integral for ABJM amplitudes, which was introduced previously
in [11-14]. It encodes the n=(2k+4)-point N°MHV amplitudes of ABJM theory as contour
integrals in the orthogonal Grassmannian OG(k+2,2k+4). The space OG(k,n) is equipped
with the metric g;; = di5, 7,7 = 1,2,...,n, and consists of k-dimensional null planes in C";
in other words, the k x n matrices B € OG(k,n) satisfy BgBT = 0.

A momentum twistor version of the ABJM Grassmannian integral has not previously
been constructed. We achieve this goal in section 5, which is an important first step
towards developing an amplituhedron for the ABJM theory. To this end, we first introduce
another formulation of the 3d spinor helicity formalism that facilitates the definition of 3d
momentum twistors. They are simply the 4d momentum twistors ZZA (A =1,2,3,4) subject
to the bi-local SO(2,3) ~ Sp(4)-invariant constraint ZfZﬁlQAB =0foralli=1,2,...,n.

Next, our streamlined proof of the relation between the 4d Grassmannian integral
representations in section 3 allows us to derive the desired momentum twistor version of
the Grassmannian integral for ABJM theory. Just like the momentum space Grassmannian
integral, the new integral has an orthogonality constraint, but a novel feature is that the
k-dimensional planes are now null with respect to a metric defined by Sp(4)-invariant inner
products of the momentum twistors, Zl-AZ jB QuapB.

Orthogonal Grassmannians defined by non-trivial metrics for Grassmannians have been
encountered previously in the mathematics literature in the context of electrical networks
and related combinatorics [15, 16]. However, the dependence of the metric on external data
appears to be a new property that would be exciting to explore further. In particular, it
plays a crucial role for the boundary properties needed for the physical poles of the 6-point
ABJM tree-amplitude, as we discuss in some detail.

We end in section 6 with a brief outlook to Grassmannians beyond the NMHV level
and open questions. A few technical results are relegated to appendices.



2 N =4 SYM and the Grassmannian

This section is intended as a short review of the Grassmannian formulation of amplitudes
in planar N/ = 4 SYM. Sections 2.1 and 2.2 introduce the basic definitions and concepts
needed for (super)amplitudes in A/ = 4 and present the three different forms of the external
data: momentum space, twistor space, and momentum twistor space. See (2.11) for an
overview. Section 2.3 presents the Grassmannian integrals. FExperts can skip ahead to
section 3.

2.1 External data: momentum space and superamplitudes

The external data for an amplitude encodes the information about the initial and final
state particles in the scattering process; practically we take all states to be outgoing. We
are here considering only amplitudes in N/ = 4 SYM, so each of the n external particles
— labeled ¢ = 1,2,...,n — is specified by a null momentum p;, i.e. p? = 0, along with a
specification of the particle type (e.g. gluon, gluino, or scalar). The scattering amplitude
A, takes this external data as input and returns a complex number on the support of a
delta function that enforces momentum conservation 6*(p; + ... + py).

In 4d, a null vector p!' is conveniently written as a 2 x 2 matrix p?“ with vanishing
determinant. Because it has rank 1, the matrix can be expressed as a product of two
2-component vectors:' p?a = AoNG, Thus, for an n-particle amplitude with n external
massless particles, the on-shell momenta p; with p? = 0 are specified as ()\i, 5\1) For the
purpose of exploring the mathematical properties of amplitudes, it is useful to work with
complex-valued momenta. In that case, \; and \; are independent. (Alternatively, we can
keep p; real and work with a metric with signature (—, —, +,+).)

The scattering amplitudes are built from Lorentz-invariant contractions of the spinors,
such as the angle bracket

(if) = eabA} A7, (2.1)
constructed with the help of the antisymmetric Levi-Civita symbol, here €2 = —¢?! =1 =

—e€12 = €91, of the SL(2) subgroup of the 4d Lorentz group SO(3,1). Lorentz indices are
often suppressed in our presentation.

The physical spectrum of A' = 4 SYM consists of 16 massless particles: the gluon
g* with helicity states h = =+1, four gluinos A4 and A4 with h = +1, and six scalars
SAB with h = 0; A,B = 1,2,3,4. The helicity h states transform in rank r = 2—2h
fully antisymmetric representations of the global SU(4) R-symmetry of N' = 4 SYM. It
is very convenient to encode the states using anticommuting Grassmann variables 7;4,
with fundamental SU(4) index A = 1,2, 3,4 and particle label ¢ = 1,2,...,n; Grassmann
monomials are in one-to-one correspondence with the states, e.g. 731733734 means that
particle 3 is a negative helicity gluino A% ~ A.

The n-point component amplitudes A,, combine into superamplitudes AEIQMHV (or
more generally A,), which are polynomials of degree 4(k + 2) in the Grassmann vari-
ables. R-symmetry requires 4, to be an SU(4) singlet, hence the Grassmann degree

The spinor helicity conventions used in this paper are chosen to conform with much of the literature
on Grassmannians. They differ from those used in the recent review [17].



of each term must be a multiple of 4. The label N'MHV stands for (Next-to)* Max-
imally Helicity Violating — this sector of amplitudes consists of all gluon amplitudes
with k& + 2 negative helicity gluons and n — k — 2 positive helicity gluons, as well as
all amplitudes related to those via supersymmetry. The sector with & = 0 is simply
called MHV. The coefficient of a given Grassmann monomial in A4,, is a component am-
plitude whose external states are those dictated by the Grassmann variables; for example,
the coefficient of the monomial (711712713714) (723724 ) (741742) is the component amplitude
Anlg (1) S (p2)g ™t (3)S2(pa)g™ (p5) - - - 9™ (p)].

The SU(N) gauge group of N’ =4 SYM dresses the amplitudes with a color-structure
that factorizes from the kinematic information. Amplitudes in the planar theory have a
single trace of SU(NNV) generators,? and as a result the planar n-particle superamplitudes
are invariant under cyclic permutations of the external labels, i.e. under i — ¢ + 1 mod n.

The MHYV sector is the simplest. The tree-level MHV superamplitude is given by the
supersymmetrization of the Parke-Taylor gluon amplitude [18, 19]:

AMHV _ 54(2?:1 Ai:\i) ) ( 22;1 )‘iﬁi)
" (12)(23) - - - (n1) '

(2.2)

The four bosonic delta functions in (2.2) encode momentum conservation via p; = /\iS\i,
while the Grassmann delta function,® defined as

n 4 n

5 (Zm) = 2% LI > G fianja, (2:3)
i=1 A=1i,j=1

ensures conservation of N' = 4 supermomentum, g;4 := \;i7;a. The superamplitude (2.2)

clearly has cyclic symmetry.

To summarize, for n-particle superamplitudes in N' = 4 SYM, the external data is
specified in terms of the set ()\i, i |f]iA) fort =1,2,...,n. We call this the momentum
space representation of the external data (or sometimes ‘on-shell superspace’).

The momentum space external data has a redundancy known as little group scaling:

N = tihi, A= tz-_lj\m i — i, (2.4)

for each i = 1,2,...,n. A component amplitude scales homogeneously under little group
scaling with weight t;%i, where h; is the helicity of the i*" particle. The scaling of the
Grassmann variables ensures uniform weight for all external states in a superamplitude:

A, —t72 A, (2.5)

2For further details, see section 2.5 of the review [17].

3The bosonic delta functions are defined as standard in distribution theory [20], i.e. they have the
property that [, d"zdé™(x — x0) f(x) = f(zo) for any suitable test function f. Similarly, we use
Jdm™zd y " (g(x,y))f(m,y) = [d"z Zg(z,y):O f(x,y)/ det(dg/dy). The Grassmann delta functions are
defined by the same property, [ dn W (n —no) f(n) = f(no), but using the Berezin integral Jdnn=1and
[dn1=0. Thus, the Grassmann delta function is simply §*) (1) = 1 and 6(2)(21. i) = %Z” (i3)nin;-
The superscript on the Grassmann delta-function indicates its polynomial Grassmann degree. Delta func-
tions with twistorial arguments will also appear in this paper; see Section 3.1 of [21] for an introduction to
distributions on twistor space.



for each i = 1,2,...,n. Little group scaling plays a key role in several explorations of
scattering amplitudes, including the work we present in this paper.

2.2 External data: twistor space and momentum twistor space

In addition to the momentum space representation, we will be using two other formulations
for the 4d external data, namely twistor space and momentum twistor space. We describe
each in turn.

Twistor space is obtained from momentum space via a Fourier transform of \;, for-
mally via

/d% exp(—ififAja) @, (2.6)

for each j = 1,2,...,n. The bullet indicates the expression that is Fourier transformed.
(We are ignoring factors of 27 in all Fourier transforms here and henceforth as these
only amount to overall normalizations.) The external data is then encoded in the 4-
component twistor W; = (ﬂi,j\i) and its companion, the supertwistor W, = (ﬂi,S\i | 77;)-
Under little group scaling (2.4), we have ji; — t; 'ji;, so the (super)twistor scales uni-
formly, e.g. W; — ti_lVVZ-. The measure in the integral (2.6) scales as t?, so this exactly
compensates the little group scaling of the superamplitude (2.5). Thus, after the half-
Fourier transformation for all j = 1,2,...,n, the superamplitude is invariant under little
group scaling. In other words, the superamplitude in twistor space is defined projectively,
and the twistors W; and supertwistors WV; are homogeneous coordinates of projective space,
CP? and CP?!*, respectively.

The third description of the external data uses the 4-component momentum twistors
Zi = (N, i) [22] and their momentum supertwistor extensions Z; = (A;, ;| 1;). The

2-component spinors p; are defined via incidence relations?

i = Nl = ANilig1 (2.7)

where the dual space coordinates y; are defined in terms of the momenta as

Pi = Yi — Yit1- (2.8)

The second relation in (2.7) follows from the Weyl equation, p;\; = 0. The definition (2.8)
makes momentum conservation automatic via the identification y,+1 = y1. The on-shell
condition p? = 0 requires ‘adjacent’ points y; and y;41 to be null separated. Dual conformal
symmetry acts on the dual space variables y; in the familiar way, e.g. under dual inversion
we have y; — y;/y2.

The geometric interpretation of the incidence relations (2.7) is that a point Z; = (s, ;)
in momentum twistor space corresponds to a null line defined by the points y; and y;41 in
dual space. Similarly, the line defined by Z;_1 and Z; in momentum twistor space maps to

a point in dual space via
Aifti—1 — Ni—1Hi
(1 —1,1)

Yi = (2.9)

4For a more comprehensive review of dual space and momentum twistors, see section 5.4 of [17].



This follows from (2.7).
In our applications, we need to be able to map directly from momentum space variables
(Xiy Ai | ;) to momentum twistor variables Z; = (A;, i | 7;). This is done via the relations

i (i + 1,8 i1 + (3,5 — Dyppr + (6 — 1,0+ 1)y
‘ (i —1,i)(i,i + 1) ’
(i +10mi1a+ (60— mipra+ (0 — 1,0+ 1)mia
(i —1,4){(i,i + 1) '

It follows from (2.10) that both p; and n; scale linearly with ¢; under little group trans-

(2.10)

A =

formations, so the momentum (super)twistors scale uniformly, e.g. Z; — t;Z;. Therefore,
the Z; naturally live in projective space, CP? and CP?l*. With the external data given in
momentum twistor space, the superamplitude still scales uniformly as in (2.5). However,
as we shall see, one can split off the MHV superamplitude (2.2) as an overall factor; it
takes care of the scaling properties and leaves behind an object that is invariant under
little group scaling and therefore projectively well-defined.

The relations between the three different forms of the external data can be summarized
compactly as follows:

twistor space momentum space momentum twistor space
- Y5 X5 2.11
Wi = (i, Nl ) <= (AsAilm)  «— Zi = (Nis pi [ i) (2.11)
Fourier transform incidence relations
eq (2.6) eq (2.10)

Superamplitudes in N/ =4 SYM enjoy superconformal symmetry SU(2,2|4); the action of
this symmetry is linearized in (super)twistor variables. In the planar limit, the superampli-
tudes (at tree-level or more generally the loop-integrands) also have dual superconformal
symmetry SU(2,2|4) whose action is linearized in the momentum twistor description. The
generators of the ‘ordinary’ and dual superconformal symmetries can be arranged to gen-
erate an infinite-dimensional algebra called the SU(2,2|4) Yangian. Further details of the
representation of the amplitudes and their symmetries can be found in [17].

2.3 Grassmannian integrals

The complex Grassmannian G(k,n) is the space of k-planes in C™. A k-plane can be
described as a collection of k£ n-component vectors. Since any G L(k) rotation of the vectors
yield the same k-plane, the Grassmannian G(k, n) can be given equivalently in terms of kxn
matrices modulo GL(k). The dimension of G(k,n) is therefore kn — k? = k(n — k). Here,
we will list and briefly describe the three Grassmannian integrals relevant for amplitudes
in A" =4 SYM; the actual connection to the amplitudes is made in section 4.

2.3.1 Grassmannian with twistor space data W

In terms of twistor variables, W, the relevant Grassmannian integral was first presented
in [1]. For the N'MHYV sector of n-point superamplitudes, the associated Grassmannian is
G(k + 2,n) and in this space we study the integral

dfanB 64l~€|4l~€ (B X W)

Lox(W) = I (2.12)




Here k = k + 2 and the m;’s are the k x k consecutive minors of the matrix B,ie. my =
(12...k)g, ma=(23...k+1)p, ..., my = (n1...k—1)p. The integral (2.12) should be
understood as a contour integral; this will be discussed in section 2.3.4 and more concretely
in section 4.1.5 The external data enters the integral (2.12) only via the argument of the
delta-functions B-W = 3% | B,;W; with a = 1,2,..., k. Specifically, we have

k
WA (B W) = H (ZBMWi> 5@ (ZBM@> (2.13)
with the sum over i = 1,2,...,n. Note two simple properties of (2.12):

e Little group scaling, W; — ti_IWZ-, can be absorbed via a scaling of the i*" column
of B: By — t;By; for all o = 1,..., k. The ith column is included in exactly k
minors, so the scaling of the product of minors is tf and this precisely cancels the
scaling of the measure d**"B. Thus, En_,; is invariant under little group scaling; it is
projectively defined, just as are the supéramplitudes in twistor space.

° ﬁn_% produces objects of Grassmann degree 4k = 4(k + 2) which is the same as for
superamplitudes in the N*MHV sector.
2.3.2 Grassmannian with momentum space data (A, X |7)
In momentum space, the Grassmannian for n-point N*MHV amplitudes is also G(k+2, 7).
The integral can be written
< [d>B 0% (Bag At) 8% F) (BLA:) 8P (B fiia)
) GL(k) mims - My

: (2.14)

where k = k 4+ 2 and Bt is the (n — k) x n matrix parameterizing the (n — k)-plane
orthogonal to the k-plane defined by B; i.e. B(BH)T = 0.6

The momentum space Grassmannian integral (2.14) has 2n bosonic delta-functions
whereas the twistor space version (2.12) has 4(k + 2); the difference arises from the Fourier
transformations that relate (2.12) and (2.14), as we review in detail in section 3. The
first 2k delta functions in (2.14) require that the 2-plane defined by the n Ai’s must lie in
the orthogonal complement to the k-plane defined by B. The remaining 2(n — l;:) delta
functions require the A 2-plane to be in the orthogonal complement of BL; i.e. the A-plane
must be contained in B. Hence, the bosonic delta functions require the 2-planes defined by
A and X to be orthogonal: ), Aid; = 0. This is just momentum conservation. We conclude

®The integral (2.12) exhibits two conventions typical of this field. First, we write an integral over a
parameter space with r complex parameters to mean that the integral will be taken over a real r-dimensional
contour to be specified later. Second, let X be a parameter space on which some connected group G acts,
let dX be a G-invariant volume form on X and choose a left invariant volume form pug on G. We write
dX /G for the volume form on X/G so that, if we locally identify a patch on X with a product of a patch
on X/@G and a patch on G, then dX = (dX/G) x uc. We do not actually specify the measure ug, since it
only adds a global constant factor.

6B~ is defined only up to a GL(n — /;:) redundancy, but after fixing the GL(I%) of B we can choose a
canonical Bt to avoid ambiguities.



that 4 of the 2n bosonic delta-functions in (2.14) simply enforce a condition on the external
data, thus leaving constraints only on 2n — 4 of the integration variables B.
2.3.3 Grassmannian with momentum twistor space data Z

The G(k,n) Grassmannian integral with external data given in momentum twistor space
was introduced in [2]. For the N*MHYV sector with n external particles it is

dkxnc 5416\4]4:(0 . Z)
GL(k) MyMs - M,

Lop(Z) = ANV (2.15)
The k x k minors of the matrix C' are M; = (12...k)c, etc., and the overall factor is the
MHYV superamplitude (2.2).

As above we note that

e The integral on the r.h.s. of (2.15) is invariant under little group scaling Z; — ¢, Z;
after a compensating scaling by tz-_l of the i*® column of C. However, the MHV factor
scales as t; 2. Thus L,1(Z) — t; >L,.x(Z); this is precisely the scaling (2.5) needed
for superamplitudes in momentum twistor space.

e L., produces objects of Grassmann degree 4k + 8, with the “48” arising from the
MHYV factor. This is the correct count for superamplitudes in the N*MHV sector.

2.3.4 Contours

Beyond the comments about little group scaling and Grassmann degrees, we have not yet
established the connection between the Grassmannian integrals and superamplitudes. The
first step is to define what is actually meant by the integrals. The idea is the same in all
three cases, so we focus on the momentum twistor integral (2.15).

Fixing the GL(k) invariance of £, in (2.15) leaves an integral over k(n —k) variables.
Of these, the bosonic delta functions localize 4k. Thus, we are left with k(n—k—4) variables
to be integrated. The prescription is to interpret the integrals as k(n — k — 4)-dimensional
contour integrals. We can consider contours that select k(n — k — 4) simultaneous zeros
of the minors. For each such contour ~, the integral (2.15) computes a k(n — k — 4)-
dimensional residue 55711 The sum of certain sets of such residues turns out to be exactly
the N*MHYV tree superamplitude in momentum twistor space: denoting the corresponding
contour I'ee, we therefore have Eg,?ee)(Z) = AE@MEV(Z) We demonstrate the explicit
calculation of the individual NMHYV residues in section 4 and discuss the associated global
residue theorems in section 4.2. The NMHV ‘tree-contour’ I'i;ee is described in section 4.3.

The Grassmannian integrals (2.12), (2.14), and (2.15) are directly related. This was

argued in [3] and we now provide a streamlined proof.

3 Relating the three Grassmannian formulations

The twistor space and momentum space Grassmannian integrals (2.12) and (2.14) are easily
related via the half-Fourier transform (2.6); for completeness we review this below. The
derivation of the momentum twistor Grassmannian integral (2.15) from either of the other



two integrals requires more effort since one needs to reduce the Grassmannian G(k + 2,n)
to G(k,n). As noted in the Introduction, this was first done in [3]. We present here a
streamlined and more explicit version of the proof; this will be useful for deriving the
equivalent momentum twistor Grassmannian integral for ABJM theory in section 5.

3.1 From twistor space to momentum space

The Grassmannian integral in twistor space En;k (W) is converted to momentum space via
the inverse of the Fourier transform (2.6) that relates momentum space and twistor space.
Thus, the momentum space Grassmannian integral is given as

Lk (A7) (H/d% et m)cnk(w) (3.1)

Since Zn;k (W) is invariant under little group scaling, the expression L, scales as tl-_2
thanks to the scaling of the measure of the Fourier transform.

The only ji-dependent part of En;k (W) is 92k (B . ﬂ) as can be seen from (2.12). This
0-function enforces that B must be orthogonal to the 2-plane defined by fi, (viewed as
two n-component vectors). It is convenient to introduce the B* as the (n — k) x n matrix
parameterizing the (n — k:)-plane orthogonal to the k-plane defined by B; i.e. it satisfies
B(B*)T = 0. The constraints of 6% (B - i) can then be reformulated as i C B*. In other
words, fig is some linear combination of the rows of B

52k (Bmﬂi) = /dQ(n_fC)Ua (52” ([LZ — O‘@Béi) s (3.2)

where @ = 1,...,n — k. We can now easily perform the inverse-Fourier transform back
to momentum space. The delta functions (3.2) localize the Fourier integral (3.1) to give

€10 B*A 50 that integration of the o’s then yields 2(n—k) new delta functions §2("~ k) (B+-
)\). The result is the momentum space Grassmannian integral (2.14).

3.2 Derivation of the momentum twistor Grassmannian

Having derived the momentum space integral (2.14) from the twistor space one (2.12), we
now continue to momentum twistor space. The key step is the reduction of the integral
from G(k+2,n) to G(k,n).

The bosonic delta functions 52—+ (B -)) in (2.14) require that the A 2-plane lies in
the orthogonal complement of B+, so

J
11 / d*pg %" (Nj — paBaj) , (3.3)
B=1

where p2 is a 2 X k array of dummy integration variables.

As an aside, let us note that we could easily have found (3.3) directly from the inverse
Fourier integral of the twistor space integral (3.1) by writing 2% (B . ,&) as [ d%po e PaBajlty
and then carrying out the 2n Fourier integrals in (3.1) to find (3.3).



The GL(k) = GL(k + 2) redundancy of the B’s is transferred to the p’s. So we can go
ahead and fix part of GL(k + 2) by choosing

= (0000t 00

The 2n delta functions (3.3) then fix the last two rows of B to be the \’s:

Bi1 Bia -+ By

B=| By Bga -+ B |- (3.5)
A A AL
)@ )\g .. )‘721

Thus, after evaluating the p integrals, we find

. - d*>*nBa; 6% (Baihi) 6UF) (Bafi;)
=\ 4 Y. (8) e a ar’\ ar'lt
Lo (N A7) = 6" (X)) 6® (Nifg;) % GLU) % Ty - ;

(3.6)

with & = 1,2,..., k. The gauge choice (3.5) preserves little group scaling. Note that all the
delta functions in (3.6) are little group invariant using Bg; — t;Ba;. Again, the n minors
scale as tf = tf“, but now the measure only contributes t¥. So overall, the expression (3.6)
for L), scales as t;” 2 as anticipated.

In (3.6), T} indicates the translational redundancy in the Bg;-variables. The transla-
tional symmetry acts as

Bai — Bai + 1M +12a)?  for all i simultaneously, (3.7)

where 714 and 194 are any numbers. This is a mixing of the last two rows in the B-
matrix (3.5) with the other rows, and this leaves the minors m; unchanged. It is also clear
that on the support of the two delta functions 64 (Aij\i)é(s) ()\Jh) (that encode momentum
and supermomentum conservation), the delta-functions in the integral (3.6) are invariant
under such a shift.

So far, what we have done parallels the work [3]. At this stage, the authors of [3] fix
the translation invariance T} via 2k delta functions 0(Bga;A;). This breaks the little group
scaling and the associated Jacobian is therefore unpleasant. We proceed here in a way that
preserves little group scaling at every step and gives very simple Jacobians that can be
presented explicitly.

We change variables in the external data to go from momentum space to momentum
twistor space. The momentum supertwistors Z; = (A, i; | 1;) are related to the momentum
space variables via the relations (2.10). Using these relations, we directly find for each
a=12,... k:

> Baixi=—>_ Caipi, > Baiii =~ Caini» (3.8)
i=1 i=1 i=1 i=1
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where the reorganization on the r.h.s. directly gives

<i, 14 1>B&7Z’,1 + <7, — 1,i>Bd7i+1 + <Z + 1,7 — 1>B&i

Cai = (i —1,a)(i,i + 1)

(3.9)

A sign was absorbed which flipped the angle brackets relative to (2.10). The expression (3.9)
implies that Cg; — t; L, under little group scaling.

We can rewrite the (k + 2) x (k + 2) minors m; of the B-matrix in terms of the k x k
minors of the C-matrix as [3]

mi = (Bl...Bk+2) = —<12)~-<k+1,k+2>(02...0k+1) etc. (3.10)

Defining the k x k minors of the k x n C-matrix to be M; := (C}...C}) etc, we thus have

mama -+ mn = (=1)"((12)(23) - - (n1))**"

MiMs - M, . (3.11)
(We drop the signs (—1)™ just as we drop 27’s in the Fourier transforms.) Thus, we now
have

3 (Aidi) 6 (Aiigs) d""Ba;  6*F(Capi) 6 (Caims)

Eue(h A7) = ((12)(23) - (1)) ) GL)x Ty MiMp--M, (3.12)

It is here understood that the C’s are functions of the B’s as given by (3.9).
Note that the Schouten identity guarantees the following two important properties:

e The C’s are invariant under the translations (3.7).
e The expression (3.9) implies that Cs;A; = 0.

We would now like to do two things: fix the translational redundancy and rewrite the
integral in terms of C’s instead of B’s.

Because of the translational invariance, the B’s are not independent variables: for
example we can use translations to set 2k of them to zero (see below). So after fixing
translational invariance, we will have kn — 2k = k(n — 2) variables to integrate over.

Step 1: fixing translation invariance. Let us use the translation invariance T}, to fix

the first two columns in Bg; to be zero, i.e. for all @ = 1,...,k we set Bg1 = Bgs = 0.
This gives

dkanA-

= (2t a By, (3.13)

where the included prefactor preserves the scaling properties of the measure. (This can be
derived more carefully as a Jacobian of the gauge fixing.)

Step 2: changing variables from B to C. We know how Cjy; is related to Bg; from
equation (3.9). We can use that relation to solve for k(n — 2) of the components of C' in

- 11 -



terms of the k(n — 2) unfixed components of B. Given our choice to set Bs; = Baz = 0,
we have the following system of k(n — 2) equations:

(i, 4+ 1)Bai—1 + <? + 1,? - ¥>Bdi + (i — 1,4) Ba i1 for3<i<n
(1 —1,4)(i,i+ 1)
(42) Bas + (23) Baa .
Csi = f =3 . 3.14
ai (23)(34) o (3:14)
(n1)Ban—1+ (1,n —1)Ban for i = m
L (n—1,n)(nl)
We can write this as Cdj' = B@%Q%j, with 4,7 = 3,...,n, for a square symmetric matrix

sz with nonzero entries only on and adjacent to the main diagonal. In appendix A.1, we
show that

(12)?
det = . 1
| det @] (12)(23) - - - (nl) (3.15)
Therefore the measure transforms as
dkn=2C . (12)(23) - - (n1)\
k(n—2 _ &t k(n—2
"B = Tawar © ( 22 ) d*=2c. . (3.16)

We take the absolute value of the determinant since the overall sign is irrelevant. Once
again, the little group scaling of dC' is compensated by the Jacobian factor so that the
overall scaling of the right-hand side matches that of dB on the left.

Step 3: restoring the full set of C variables. With the help of (3.13) and (3.16),
the integral (3.12) now takes the form

Lox(Z) = 3 (Aihi) B (i) 1 AP =205y 6% (Capri) 6% (Caimi)
n;k( ) - <12><23> ... <1n> <12>k GL(k) M{Ms--- M, Car 2a=C® .

&l1,2

(3.17)

We recognize the first factor as the MHV superamplitude AM1V from (2.2).

The restriction of Cs1 and Cyg in (3.17) follows from the relation (3.9) between the B
and C; it was used above to solve for k(n — 2) components of C' in terms of the B’s, but
the remaining 2k components of C' are then fixed as

n

Ban (27) o) Bas — (1) )
Ca1 = => (12 Cos =i Cat's Car= g5 == S Gy = 0L (3.18)

J=3

To verify the second equality in each relation, use (3.14) and rejoice in the beauty of the
sum telescoping under the Schouten identity.
Thus, when evaluating the integral (3.17), Cs1 and Cyo are functions of the other
k(n — 2) C-components. This is a restrict(io)n of the region of integration that we can also
0

impose via 2k delta functions 5(6@ - C4, ) for ¢+ = 1,2. Moreover, it follows from the
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explicit solution (3.18) that the constraints are equivalent to Ca;A; = 0. Thus we can
rewrite the delta function restriction as

5(Car — CD) 6(Caz — C) = (12) 6*(Cai\s) - (3.19)
foreach a =1,2,... k.
We then have

AMHV A" C 67 (Céw')‘i) 52" (Cdiﬂi) 5(4k)(0@i77") .

Lnin(2) = GL(k) MM, - M,

(3.20)

Although we chose to fix the first two columns of B to be zero, the answer is independent
of that choice; the factors of (12) cancel out. We can now write the result directly in terms
of the momentum supertwistors Z; = (Z;|n;) = (A\i, i|mi) as

BV A<y 54k(cdiZi) 5(4k)(cdi77i) _ v dFxn Oy, §4k|4k (C&izi)
GL(k) M Ms - -- M, " GL(k) MMs---M, "
(3.21)
This completes our derivation of the N' = 4 SYM Grassmannian integral in momentum

Lk (Z) =

twistor space from that in momentum space. A very similar procedure leads to an analogous
result in 3d ABJM theory as we explain below in section 5. In the intervening section, we
demonstrate an explicit evaluation of the N' =4 SYM momentum twistor integral (3.21)
in the NMHYV sector.

4 NMHY integrals and residues

In this section we evaluate the NMHV Grassmannian integral in momentum twistor space
and discuss some properties of the residues and their relations to on-shell diagrams. While
part of this is review, new material includes recasting the residue theorems in terms of the
homology and a precise description of how the residue relations and pole structures relate
to the boundary operation and the boundaries of cells in the Grassmannian.

4.1 Evaluation of the NMHYV residues

We focus on the momentum twistor Grassmannian, so for NMHV we have £ = 1 and (2.15)
is a contour integral in the Grassmannian G(1,n). The elements C' € G(1,n) are 1 x n
matrices modulo a GL(1) scaling,

C:[cl 02...071}7 (4.1)

with complex numbers ¢;. The Grassmannian integral is £,,1(Z) = AMHVT, 1 (2) with

1xn
)z 70 @)
0@ = § o e 046 2) 60 em) (42)
The oriented volume form on C" is d"C = AL, dc’, and the contour I' will be

specified below.
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The bosonic delta function §*(c;Z;) fixes four ¢;’s, and the GL(1) redundancy fixes
another. This leaves an integral with n — 5 variables. Now suppose the contour I' encircles
a pole where exactly n — 5 of the ¢;’s vanish. Such a contour can be characterized by
specifying which five ¢;’s are non-vanishing at the pole. Let us denote these five non-
vanishing ¢;’s by ¢4, ¢, ¢, ¢gq, and ¢, and the corresponding contour Yupede-

We now evaluate Iz;c‘fc‘ie (Z) “by inspection”. Appendix B gives a more careful evalu-
ation that also computes the sign of the residue correctly. It follows from (4.2) that the
residue where all ¢; vanish for ¢ # a, b, ¢, d, e is, up to a sign, simply

o (caZa +aply + ccle + cala+ CeZe) 5@ (cana + oMy + CeNle + Cana + 06776)

I’Yfzbcde Z —
m;l (2) CaCbCeCiCe
(4.3)
Now, the constraint enforced by the bosonic delta-function is trivially solved by
cq = (bede), ¢y = (cdea), c.= (deab), cq= (eabc), c.= (abcd), (4.4)

using the 5-term Schouten identity (or Cramer’s rule) that states that five 4-component
vectors are necessarily linearly dependent:

(igkl) Zm + (jklm) Z; + (klmi) Z; + (lmij) Zy + (mijk)Z; = 0. (4.5)
The 4-brackets are the fully antisymmetric SU(2, 2)-invariants
(ijkl) == —engcp Z{ 22 Z5 2P = det (Z2,2;21,7)) . (4.6)
We conclude that

6w (<bcde>77a + (edea)ny + (deab)ne + (eabe)na + <ab6d>ne>
I;Z;l - <bcde><cdea><deab><eabc><abcd> - [adee] 47

The expression (4.7) is manifestly antisymmetric in the five labels a,b,c,d,e. This fol-
lows from the standard evaluation of higher-dimensional contour integrals, as we review
in appendix B. In addition, the general results in the appendix tell us that the residue is
also fully antisymmetric in the labels ¢ # a, b, c,d,e. We can incorporate that by labeling
the residue (4.3), including the appropriate signs from the appendix, by the n — 5 values
11,12, .. .,0in—5 # a,b,c,d, e as {i1, 42, ...,in_5}, which is antisymmetric in its indices. Then
the final answer, which includes all of the signs from appendix B, is

1

I’fobcde —
i (n—5)!

gabcdeh 12 ...ip—5 {’il,ig, o 71’”_5} — [abcde] . (48)

This completes the calculation of the residues of the Grassmannian integral £,.; in mo-
mentum twistor space. The result,

Lyt = ANV [abede] (4.9)

shows that the individual residues produced by £, are the 5-brackets [abcde]. These are
the known building blocks of NMHYV amplitudes, both at tree and loop-level.
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4.2 NMHYV residue theorems

Since the residues [abcde] of the NMHV Grassmannian integral (B.5) are characterized by
five labels, a,b,c,d,e € {1,2,3,...,n}, as in (4.8), it follows that there are a total of (g)
NMHYV residues. These, however, are not independent. While it is difficult to derive the
residue relations — or even verify them — by direct computations, the constraints among
them follow quite straightforwardly from the Grassmannian residue theorems, as first noted
in [1]. In this section, we count the number of independent NMHV residues [abcde] and
examine the linear relations among them. Since the only input is residue theorems, these
relationships are also true off the support of the external momentum and supermomentum
delta functions in the overall MHV factor in the momentum twistor Grassmannian integral.

Let us begin by taking an abstract view of the integral (B.5). We are integrating over
C = [c1...¢y] modulo a GL(1) that identifies C' ~ sC for any s € C—{0}. Thus C can be
viewed as homogeneous coordinates of CP"~1. We are interested in the residues associated
with simultaneously vanishing ‘minors’ ¢;. FEach condition ¢; = 0 defines a hyperplane in
CP"!. In other words, we are interested in the n hyperplanes h; := {C' € CP" !|¢; =
0}. This is called a hyperplane arrangement in CP"!. Specifically, the residue [abcde]
corresponds to picking up the residue from the (n—>5)-dimensional toroidal contour (S1)"=°
surrounding the intersection of the n — 5 hyperplanes h; with i # a,b, ¢, d, e.

The bosonic delta functions in the momentum twistor integral (B.5) impose four con-
ditions among the n components of C. These homogeneous linear relations respect the
GL(1) scaling, so they reduce the space of interest from CP"~! to CP"~°. Consequently,
we are interested in the arrangement of n hyperplanes in CP"~°.

Now, suppose we focus on the complement of h,, i.e. ¢, # 0. We fix ¢,, to be some non-
vanishing value to eliminate the projective freedom, so CP"® — C"~°. The problem then
reduces to the study of n — 1 hyperplanes {hi}izl’_“,n_l in C*®. This step is equivalent
to fixing the GL(1) redundancy in the Grassmannian integral. The (n — 5)-dimensional
contours of (B.5) must therefore live in the hyperplane arrangement complement

X=C""—Jh. (4.10)
<n
A residue does not change under continuous deformation of the contour, so the result only
depends on the homology class of the contour. Thus, the key observation is that the number
of possible independent residues is the dimension of the homology class H,_5(X, C).

The geometry of hyperplane arrangements is well-studied in the mathematics literature
and the results include the following theorem [23]:

T
Theorem 1. Let X = CN — J h; be a hyperplane arrangement complement. Then
i=1

1. The cohomology H*(X,C) is generated by the forms da%z

2. Suppose {h;} is generic.” Then HF(X,C) is zero for k > N, and for k €

"When the ambient space is CV, we say that the hyperplane arrangement is generic if hi, Nhi, N---Nhi,.

has dimension N — r, for » < n. In other words, a hyperplane arrangement is generic if all intersections of
hyperplanes have the expected dimension.
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{0,1,..., N}, a basis for H*(X,C) is given by the forms

% Ao A dovy,
ail Oéik
ranging over subsets {i1,i2,... it} C {1,2,...,r}. In particular,
. k r
dim H*(X,C) = ok (4.11)

The algebra H*(X,C) (generic arrangement or otherwise) can be described in a com-
binatorial fashion and is called the Orlik-Solomon algebra.

For our purpose, the ambient space has dimension N = n — 5, there are r = n — 1
hyperplanes, and we are interested in the dimension of the homology H,_5(X,C). It is of
course the same dimension as the corresponding cohomology H"®(X,C). Hence, by the
above theorem, the number of independent residues is

R = dim H,_5(X) = <Z B ;) = <" . 1) . (4.12)

The residue relations have a simple geometrical interpretation (see also [1]). Let
{i1,12,...,1n—5} denote the residue corresponding to the intersection of n — 5 hyperplanes
hiy Mhiy M-+~ N h;, .. As explained in the section 4.1, the residue is fully antisymmetric
in its labels. For example, when n = 6, the “hyperplanes” are just individual points {i} in
CP!; there are six such points. Since CP! is isomorphic to a two-sphere S2, any contour
surrounding all six can be contracted to a point. Hence the residue theorem states that
the sum of the six residues is zero. Thus there is one relation among six residues, leaving
five independent. This clearly agrees with the counting (4.12) for n = 6.

Let us now use this to understand the relations under which only (”21) of the (g)
residues are independent. Consider a choice of n—6 hyperplanes, h;, withk =1,2,...,n—6,
in CP"~5. Imagine that we take the S' contours surrounding each of these h; very small
so that we effectively look at the subspace CP! = S? of the intersection of those n — 6
hyperplanes. This subspace is (generically) intersected by the other hyperplanes h; at
6 distinct points. Just as for the n = 6 case, a contour in CP! that surrounds these six
points can be contracted a point, and the sum of the six residues must vanish: the resulting
residue theorem is

n
Z{il,iQ,---,in—ﬁaj}ZO- (413)
j=1

This holds for any choice of n — 6 labels i1,149,...,i,—6; hence we get a web of linear

n
5

(nf) residues are independent.

relations among the ( ) residues. The statement (4.12) is that under these relations, only

The counting of independent residues can be verified directly from the relations (4.13).

While there may appear to be (n’z‘a) constraints in (4.13), some of them are redundant.
Without loss of generality, consider only those for which all iy # n, Kk = 1,2,...,n — 6.
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There are (Z:é) distinct constraints of that sort. In each such sum, the index n will appear
exactly once, namely when j = n, so we can solve for each residue that includes n in terms
of residues which do not:

n—1
{iryiz, .. yin-en} ==Y {i1,iz, ... in—6,j} (4.14)
j=1
where i1, 49, ...,in_¢ # n. This determines all of the residues labeled by n in terms of all of

the others. Furthermore, since the first n — 6 indices form a unique set, all (z:é) equations
in (4.14) are independent.

The remaining equations in (4.13) have i = n for some k, but they do not provide any
further constraints. To see this, use the antisymmetry and (4.14) to eliminate the index n:

n n n—1
E {2.1,1:27...,2.”,7,71,].}:* E E {7:1,@'2,...,1:”77,771,]'}
j=1 j=1m=1

n—1 n
== (Z{il,ig, ... ,z’n_7,m,j}) =0. (4.15)
m=1 \ j=1

We conclude that all of the constraints with a fixed index n are redundant with the ones
in (4.14). Hence, the number of independent constraints are (Z:é) and therefore the number
of independent residues is

n n—1 n—1 n—1
— _ — = 4.1
(B R G R (e B (10
in agreement with the dimension of the homology (4.12).

4.3 Applications
4.3.1 Residue theorems as boundary operations
Let us now consider some applications of the NMHYV residue theorems. The case of n =6
is very well-known. There is just one constraint from (4.13),

{1} + {2} + {3} + {4} + {5} + {6} =0, (4.17)
or via (4.8) in terms of the 5-brackets it is the six-term identity

[23456] — [13456] + [12456] — [12356] + [12346] — [12345] = 0. (4.18)

The Lh.s. of this identity can be succinctly abbreviated as defining the boundary operation
8[123456]; the relation to boundaries is explain in section 4.4.4. More generally, we can
write the boundary operation as

n
8[abcd€f] — 0 — Z 6i1’£2...i7z—6a/b/c/d/e/f/ [a/ /Cldlel] — O, (419)
a W d el fr=1
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where {i1,...,i,_¢} are the complement of {a,b,c,d,e, f} in the set {1,2,...,n}. The
relation (4.8) between the 5-brackets and the residues now makes it clear that the boundary
conditions are equivalent to the residue theorems (4.13):

n

Z{ihi%' . -ain—ﬁaj} =0

j=1

{i17i27“~ain76} = {G"b)cyd:e:f}

d]abedef] = 0. (4.20)

4.3.2 Identities among R-invariants

Prior to the introduction of momentum twistors, the momentum space versions of the
5-brackets were denoted as R-invariants [10]:

It was observed that the R-invariants obey the two identities

k=2 k k-3 k—1
Riii2; = Rit2,i+1 and Z Z Rys = Z Z Ryt - (4.22)
s=3 t=s+2 s=2t=s+2
for any k = 1,2,...,n. These identities have been used in various applications, such as

proving dual conformal invariance of the 1-loop ratio function in N’ =4 SYM [10, 24, 25].
Let us now review how these arise as a consequence of the symmetries and residue theorems
of the 5-brackets.

The first identity in (4.22) follows straightforwardly from the antisymmetry of the
5-bracket [2]:

Riivoj=[i,i+1,i+2,j—1,j] =[i+2,j—1,j,4,i+1] = Riyaji41. (4.23)

For the second identity in (4.22), note that Rys = [1, s—1,s,t—1, t] vanishes for s = 2, so
on the Lh.s. of (4.22) the sum can trivially be extended to include s = 2. Then using the six-
term identity resulting from 8[1, s—1,s,t—1,t, k:] = 0, the 5-bracket [1, s—1,s,t—1, t] can
be eliminated in favor of the five other 5-brackets appearing in the identity. This includes
[s— 1,s,t—1,t, k] = [k:, s—1,s,t—1, t], which vanishes trivially for ¢ = k and for s = k—2.
Hence this part of the sum gives the desired r.h.s. of (4.22). We are left to show that the
sum of the remaining four terms vanishes; they are

k—2

k
> ([1,3—1,s,t—1,k}—[1,5—1,s,t,k]+[1,s—1,t—1,t,k]—[1,s,t—1,t,k]>. (4.24)
s=2 t=s+2

The sum of the first two terms telescopes to Zi:g [1, s—1,8s5+1, k] while the sum of
the last two terms collapses to — ZIS;S [1, s,s+ 1,5+ 2, kz] These two sums are identical
and thus the sum (4.24) vanishes. This completes the derivation of the identities (4.22).

4.3.3 Locality and the NMHYV tree superamplitude
For k = n, the second identity in (4.22) can be written

S [hi— 15— 1,5] =Y [ni—1,4,5—1,5]. (4.25)

1<J 1<j
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Note that in this representation, the first label on the L.h.s. plays no special role and can
be replaced with any momentum twistor Z,. Hence the sum of [*, 1—1,4,5—1, j] over all
i < j is independent of Z,.

Let us now study the pole structure of the 5-brackets. A given 5-bracket has five
poles, namely where each of the five 4-brackets in the denominator vanish. Consider two
5-brackets that differ by just one momentum twistor, e.g. [abcdac] and [abcdy]. They share
one common pole, namely <abcd>. The singularity occurs on the subspace where the four
momentum twistors Z, ;.4 become linearly dependent. Since Z, € CP? can be expressed
as a linear combination of any four other (linearly independent) momentum twistors, we
can write Z, = wyZy + wqZy + wpZy +weZ.. Using this, it is straightforward to show that
the residue at the pole <abcd> = 0 is the same for [abcdx] and [abcdy]. In other words,
the residue of the pole <abcd> vanishes in the combination [abcda:] — [abcdy].

It is natural to associate a boundary operation with the residues of the poles of the
5-brackets, written as

d]abcde] = [bede] — [acde] + [abde] — [abce] + [abed)] . (4.26)

The signs keep track of the relative signs of the residues.

It now follows that the cancellation of [abcd] in 0([abcdm] — [abcdy]) is equivalent to
the statement that the residue of the pole at <abcd> = ( vanishes in the difference of the
two five-brackets.

Physical poles in color-ordered tree-level scattering amplitudes are exactly those asso-
ciated with vanishing Mandelstam invariants (p; + p;41 -+ . ..)? involving a sum of a subset
of adjacent momenta. These are precisely associated with poles in the 5-brackets of the
form <z —1,4,7 — 1,j> because of the identity [2, 22]

(i—1,4,5—1,5)
(i—La{-1j)"

Poles not of the form <z —1,4,5 — 1, j> are spurious: they cannot appear in the tree-

(i + piv1+ .. -pjfl)Q = (4.27)

amplitude.
A straightforward algebraic exercise shows that
0  [xi—1i,j—j45)=> [i—145—341i] (4.28)
i<j i<j
This means that all spurious poles in the l.h.s. sum telescope to zero, leaving just the
manifestly local poles. For *x = ¢ =1,2,...,n, this sum — times the MHV superamplitude
— is exactly the expression one finds [26] as the solution to the BCFW recursion relation
based on a [g, ¢ + 1)-supershift of the tree NMHV superamplitude
AZMIY = AMNVN " i — 14,5 — 4] (4.29)
1<J
for Z, = Z,.® From the point of view of the Grassmannian, we see that (4.29) results
from a certain choice of contour. Thus, there are choices of contours for the Grassmannian

8When Z. is not selected to be one of the n momentum twistors Z; of the external data, the expres-
sion (4.29) is a CSW-like representation of the NMHV superamplitude.
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integral such that the result is exactly the NMHYV tree amplitude; such a contour what we
called the ‘tree contour’. Note that the insistence of locality, in the sense of having only
physical poles, allowed us to identify the tree contours.

It may seem puzzling that only a small subset of the residues produced by the Grass-
mannian integral appear in the BCFW-form (4.29) of the NMHV tree superamplitude:
residues of the form [q,i —1,4,5 — 1, j] are used, while residues such as [1,2,47 6, 8] or
[1, 3,5,7, 9] do not seem to play a role, other than through the residue theorems. It would
be peculiar if the other residues of the same Grassmann degree were not relevant for NMHV
amplitudes; it turns out that they are. It has been conjectured [1] that — in addition to
the tree superamplitudes — the Grassmannian integral also produces all the Leading Sin-
gularities of all amplitudes in planar N' = 4 SYM at any loop order. The 1-loop NMHV
ratio function [10, 24, 25] can be written in terms of the exactly the same types of residues
[q,i —1,4,5 — 1,j] as at tree-level, so one has to go to 2-loop order to encounter ‘non-
tree’ residues in the Leading Singularities [1]. Also, it has been demonstrated that no new
Leading Singularities appear beyond 3-loop order in the NMHV sector [27, 28], so the first
three loop-orders of the NMHV amplitudes are expected to utilize the full set of residues
produced by the Grassmannian integral £,.1.

4.4 Cells, permutations, and on-shell diagrams

So far we have described the evaluation of NMHV amplitudes in the language of contour
integrals and residue theorems, but we find that it is also instructive to take a more
abstract view and consider how it fits into the context of on-shell diagrams, permutations,
and cells of the Grassmannian. Since the calculations in section 4 were performed in the
momentum twistor formulation, we will discuss that case first, and subsequently develop
the corresponding story in the momentum space formulation.

Before delving into the details, it will be helpful to quickly review some terminology
from [4]. Subspaces of the Grassmannian G(k,n) can be classified into cells by specifying
the ranks of cyclically consecutive columns C;, that is rank (span(Ci, Citiye--s Cj)) for all
cyclic intervals [i,j]. The dimension of a cell is the number of parameters it takes to
specify a matrix representative modulo the GL(k) redundancy. Cells are uniquely labeled
by decorated permutations, which are “permutations” of the set {1,2,...,n} in which k
of the elements are shifted beyond n.? Throughout the remainder of this text, we will use
‘permutation’ and ‘decorated permutation’ interchangeably, but we will always mean the
latter. Each permutation labels a cell by encoding the linear dependencies of the columns
in a representative matrix of the cell. Treating the matrix columns ¢; as k-vectors, a
given permutation

o={o(1),0(2),...} = {a,b,...} (4.30)

encodes that ¢, is the first column with @ > 1 (mod n) such that c¢; is in the span of
{ca,c3,...,¢,}. Similarly, co is spanned by {cs,...,c}, and so on. Entries for which

9The decorated permutations will be familiar to practitioners of the juggling arts, where they are also
referred to as “juggling patterns.” The decoration encodes that balls can only be thrown forward.
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o(i) = ¢ imply that the ith column is identically zero. As an example, consider the 5-
dimensional cell in G(2,6) with representative matrix

(10611 6120614> (4.31)

0162162200

One can easily verify that this cell is labeled by the permutation o = {3,4,6,8,5,7}.

The cell with maximal dimension k(n — k) in G(k,n) is known as the top cell, and
it is the unique cell in which at a generic point none of the k x k£ minors vanish in a
representative matrix. Since none of the consecutive minors vanish, each column must be
spanned by the next k columns, and therefore the top cell is labeled by a permutation of
the form

Oiop = {1+ k,24k,...,n+k}. (4.32)

4.4.1 Momentum twistor space

The n-particle NMHV integral in momentum twistor space (4.2) is an integral over the
(n — 1)-dimensional top cell of G(1,n), which has a representative 1 x n matrix C, as
n (4.1). Since the minors of C' are determinants of 1 x 1 matrices (i.e. numbers), the top
cell is represented by matrices with all non-zero entries.

The external data enters through the delta functions §**(C'- Z). The four independent
bosonic delta functions fix all degrees of freedom for any 4-dimensional cell of G(1,n). In
order to reach a 4d cell from the top cell, one must set n — 5 of the minors to zero.
This is done in practice by choosing an (n — 5)-dimensional contour Ygpeqe that encircles a
point where only five of the coordinates, i.e. minors, are non-vanishing. For a given choice
of a, b, c,d, e, the result of evaluating the contour integral is an integral (that will be fully
localized by the delta functions) over a unique 4d cell labeled by the decorated permutation

a b c d e
Oabede = {1,2,...,a—1,bja+1,....¢,...,d,...;e,...;a+n,...,n}, (4.33)

where all entries are self-identified except those at positions a,b,c,d,e (marked above).
The bosonic delta functions fix the remaining degrees of freedom and leave the residue
{i1,i2,...,in—5}, which is related to the five-bracket [abcde] via equation (4.8). In the
momentum twistor Grassmannian integral, all 4d cells meet the support of the delta-
function at NMHYV level thanks to the 5-term Schouten identity (4.5). (This is specific to
NMHYV level; it is not the case for higher & amplitudes.)

4.4.2 Momentum space

The momentum space version of the Grassmannian integral was given in (2.14). For NMHV
we have k = k + 2 = 3, so the relevant Grassmannian is G(3,n). The top cell of G(3,n) is
(3n — 9)-dimensional and is labeled by the decorated permutation

Grop = {4,5,...,n+ 3} (4.34)

The representative matrices are 3 x n and for the top cell all 3 x 3 minors are non-vanishing.
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The momentum space Grassmannian integral (2.14) has 2n bosonic delta functions,
and as we noted in section 2.3.2, four of them ensure external momentum conservation;
similarly, eight of the fermionic delta functions impose supermomentum conservation. The
remaining bosonic delta functions fix all degrees of freedom in (2n — 4)-dimensional cells of
G(3,n). Each of these cells is labeled by a unique decorated permutation of the appropriate
dimension. Each permutation is also associated with a representative on-shell diagram (or
plabic graph) following the techniques introduced in [4]. For example, the permutation
o =1{3,5,6,7,9,8,11} is represented by the graph

.- (4.35)

The permutation is obtained from the graph by following the ‘left-right paths’ from each
external leg, turning left at white vertices and right at black vertices; the figure (4.35)
shows one such path, yielding o(4) = 7.

The value of each on-shell diagram is computed by associating each black /white vertex
with a 3-point superamplitude, MHV or anti-MHV, respectively. External lines carry the
information of the external data while for each internal line an integral must be performed
over the corresponding momentum and Grassmann-variables. For details, see [4]. The
point that will be important for us in the following is that the vertices enforce special 3-
particle kinematics, namely a white vertex with legs has A\, oc A\p o A while a black vertex
imposes the equivalent condition on the \’s.

In order to go from the (3n—9)-dimensional top cell in G(3,n) to a (2n—4)-dimensional
cell, we need to eliminate (3n—9) — (2n—4) = n—>5 degrees of freedom by taking an (n—>5)-
dimensional contour around singularities of the integrand. Of course one could evaluate
the integral by first changing variables following the procedure of section 3 and treating
the resulting integral in momentum twistor space, but we would like to treat the integral
directly in momentum space. Unfortunately, this turns out to be a difficult problem due
to the non-linear nature of the n consecutive minors in the denominator. It is not a prior:
sufficient to simply take n —5 of the minors to vanish. While this would land in a cell of the
correct dimension, there are many (2n — 4)-dimensional cells which cannot be reached by
this technique. This failure is due to the appearance of so-called ‘composite singularities’,
which occur when one or more of the minors factorize on the zero-locus of a subset of the
coordinates [1]. The dlog forms constructed in [4] resolve many of these difficulties, but
there are still some challenges associated with such forms as we mention in the Outlook.

4.4.3 Relating the spaces

In general, there are more (2n — 4)-dimensional cells in G(3,7n) than 4-dimensional cells in
G(1,n), so it may seem puzzling at first that the twistor and momentum twistor integrals
of section 3 are supposed to be equivalent. However, at this point we have not yet imposed
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the bosonic delta functions. NMHYV cells are special because all 4d momentum twistor
cells meet the support of the delta function. The same is not true of the momentum space
cells; all, and only those, cells which meet the delta function support also have momentum
twistor duals, but there are some momentum space cells of the correct dimension (2n — 4)
which do not intersect the delta function support and therefore have no corresponding cell
in the Grassmannian with momentum twistor formulation.

From the associated on-shell diagrams it is easy to see which NMHV momentum space
cells will not be supported for generic momenta: any two external legs that are connected
by a path containing vertices of only one color are forced by the delta functions at each
vertex to have parallel momenta. This condition is not satisfied for generic external data;
hence those residues vanish. For example, consider the 10d cell in G(3,7) labeled by the
permutation o = {4,5,6,7,9,10, 8}, which is shown below

2
3

4 = Al X A7 (4.36)

5
6

Since the momenta on legs 1 and 7 are not generically parallel, this cell is not supported
by the delta functions.

This feature can also be seen from the permutations associated with such cells. Going
from twistors to momentum twistors in section 3, we required that the B plane contains
the A 2-plane; see equation (3.5). If B does not contain a generic 2-plane, this imposes
a constraint on the external momenta; in other words, this cell does not intersect the
delta function support for generic external momenta. In terms of the permutations, the
requirement that B contains a generic 2-plane is that (o (i) —4) > 2 for all i (no column may
be in the span of its nearest neighbor, and in particular no column may be zero). To see
why, suppose that there exists some i such that (o(i) —i) = 0 or 1. Then b; € span{b; 41}
where b; is the i*" column of B. Any 2-plane A C B would have to satisfy (i,i + 1) = 0,
which is clearly not satisfied for generic momenta. Furthermore, recall that the overall
Jacobian of the transformation from twistors to momentum twistors, which is just the
MHYV superamplitude (see equation (3.21)), is singular precisely when (i,7 + 1) = 0 for
some i. In the example permutation above, o(7) = 8, so for the A plane to be contained
in this cell it would have to satisfy (71) = 0. Hence such a cell cannot have a momentum
twistor dual.

Given that the number of cells that meet the support of the delta functions is identical
in both spaces, it is not surprising that the permutations which label such cells are related.
The permutations for supported momentum space cells o can be obtained directly from
momentum twistor labels o by the following map:

Gli)=o(i+1)+1. (4.37)

The inverse map from momentum space permutations to momentum twistor permutations,
when it exists, was presented in eq. (8.25) of [4]. Since the momentum space permutations
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have physically meaningful on-shell diagram representatives, this map also provides a way
to associate representative on-shell diagrams with momentum twistor cells of dimension 4.

It is perhaps more surprising that non-vanishing residues in momentum space can also
be labeled by (n — 5)-index sequences similar to those which label the momentum twistor
residues (4.8). From (3.10), we see that the vanishing of the i*® minor in momentum
twistor space implies that the (i — 1) (consecutive) minor in momentum space vanishes as
well. Since there are no composite singularities in NMHV momentum twistor space, those
residues are uniquely labeled by the set of vanishing minors, {i1,%2,...,i,—5}¢c (not to be
confused with a permutation label). By (3.10), we can label the non-vanishing momentum
space residues by a similar list of vanishing momentum space minors:

{i1,i9, .. vinsto~{ir—1ia—1,... in_5 — 1}5. (4.38)

However, setting a collection of (n—5) distinct consecutive minors to vanish in momentum
space does not uniquely specify a cell in the Grassmannian. Instead one obtains a union of
cells, of which exactly one will have kinematical support. For example, suppose n = 7 and
we take the cell labeled by o = {2,3,4,5,8,6,7}, given by the vanishing of the 6" and 7"
minors. Then by (4.37), we have ¢ = {4,5,6,9,7,8,10}, and the minors labeled by columns
(5,6,7) and (6,7,1) vanish. There is exactly one other cell of dimension 2n — 4 = 10 for
which exactly these same minors vanish, namely ¢’ = {4,5,6,8,9,7,10}. However, ¢’
does not have kinematical support. This can be seen directly from the two corresponding
on-shell diagrams,

2 2
3 3
1 1
4 4
; ; (4.39)
5 5
6 6
& ={4,5,6,9,7,8,10} & ={4,5,6,8,9,7,10} .

The second one vanishes for generic external data since it requires Ag o< A7.

In general, the momentum space residue {i; —1,i5—1,...,i,_5— 1} p is just the residue
for the cell o. Recalling the Jacobian from section 3, we have the following relationship
between residues in momentum twistor and momentum space:

ANV Ly gy ipeshe = {in — Lda — 1, ins — 1} 5. (4.40)

It is also suggestive that, even though the general contours may be difficult to handle,
the residues relevant for physics may be easier to study since they will not involve any
composite residues. We leave this for future work.

10A diagrammatic representation directly in momentum twistor space has also been recently devel-
oped [29].
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4.4.4 Pushing the boundaries

In section 4.3 we used the boundary operation in two different contexts: one encoded the
residue theorems that give linear relations among 5-brackets, the other selected residues
of poles in the five brackets. Let us now see how these arise as boundary limits in the
momentum twistor space Grassmannian.

Let us begin with a 4d cell in the NMHV Grassmannian G(1,n). It is characterized
by having precisely five non-vanishing entries in the representative matrix, say cqp.c,d, -
The boundaries of this 4d cell are the 3d cells obtained by setting one extra entry of the
representative matrix to zero, i.e. there are five 3d boundaries. Suppose we go on the
boundary characterized by ¢, = 0. Then there is not generically support on the delta
functions in the Grassmannian integral, because they then enforce c,Z, + cpZp + c.Z. +
cqZq = 0. This is a constraint on the external data that requires the momentum twistors
Zap,c,d to be linearly dependent. That is equivalent to the statement that the 4-bracket
<abcd> vanishes and, as we know from (4.7), this is precisely one of the poles in 5-bracket
[abcd:c] associated with the residue of our 4d cell. Similarly, we see that the five poles of
[abcdx} are precisely in 1-1 correspondence with the 3d boundaries of the corresponding
4d cell. This justifies the terminology “boundary operation” used in the discussion in
section 4.3.3. The relative signs in (4.26) come from the orientations of the boundaries.

Two 4d cells labeled by non-vanishing entries ¢, p.c,d> and cqpcd,y, respectively, share
one common 3d boundary characterized by ¢, = 0 and ¢, = 0. As we know from the analysis
in section 4.3.3, the residue of the associated pole at <abcd> cancels in the difference of the
associated H-brackets, [abcd:c] — [abcdy}. Analogously, the shared boundary between the
cells cancels in the sum if they are oppositely oriented. The locality condition of having no
pole (abed) for (a,b, c,d) not of the form (4,i+1, j, j+1) translates to the requirement that
all shared boundaries not of the corresponding form must be oppositely oriented. These
locality conditions, together with the fact that the amplitude is a sum of 4d cells, determine
the formula (4.29).

The residue theorems (4.19) also have a boundary interpretation in the Grassmannian:
boundaries of 5d cells give different equivalent ways of writing the same amplitude formula.
We interpret the 4d cells associated with the 5-bracket residues as the boundary of a 5d
cell defined by having precisely six non-vanishing entries in the representative matrices, say
Cap,c,de,f- The six 4d boundaries of this 5d cell are associated with sending one of these six
entries to zero. Meanwhile, the Grassmannian integral on the 5d cell is a contour integral
on CP! with six poles, corresponding to the 4d boundaries above. The sum of the residues
at these six poles must therefore be zero by Cauchy’s theorem. This is our familiar residue
theorem (4.13), and we see now why it is natural to associate it with a boundary operation.

5 3d ABJM Grassmannian

The fascinating relation between cells of Grassmannian and scattering amplitudes of 4d
N =4 SYM has a parallel in 3d ABJM theory [8, 9]. Previously, an ABJM Grassmannian
was developed for external data in momentum space [11-14]. The purpose of this section
is to apply the strategy from section 3 to derive the ABJM Grassmannian in momentum
twistor space.
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5.1 Momentum space ABJM Grassmannian

ABJM theory is a 3-dimensional N' = 6 superconformal Chern-Simons matter theory with
4 complex fermions 14 and 4 complex scalars X4, transforming in the 4 and 4 under the
SU(4) ~ SO(6) R-symmetry. The physical degrees of freedom are the matter fields, and
the symmetries imply that the only non-vanishing amplitudes have even multiplicity, in
particular one can show that n = 2k + 4 for the N\MHYV sector. (For further discussion of
3d kinematics and ABJM amplitudes, see chapter 11 of the review [17].)

A 3d momentum vector p; can be encoded in a symmetric 2 X 2 matrix p?b. The
on-shell condition requires it to have vanishing determinant, so we can write pfb =NIN ? ,
with a,b = 1,2 being SL(2,R) indices. One version of the 3d spinor helicity formalism uses
these 2-component commuting spinors X' to encode the two on-shell degrees of freedom
needed for a null 3d momentum vector. As in 4d, we can form the antisymmetric angle-
bracket product (ij) := €Ny N I;, although in 3d there are no square-spinors. The N = 6
on-shell superspace for 3d ABJM theory involves three Grassmann variables 7’;; with
SU(3) € SU(4) R-symmetry indices I = 1,2,3. We are denoting the \.s (and 7/;;s) with
primes to distinguish them from a different formulation of the 3d spinor helicity formalism
to be introduced in section 5.2.

In on-shell superspace, the states of ABJM theory are organized in two on-shell super-
multiplets

1
O = X+ g v — S iy Xo —ninh v -
5.1
_ _ _ 1 _ _
U =y + iy X4 = S de — ninn X
The superfield @ is thus bosonic in nature while W is fermionic. The states of the color-
ordered tree-level superamplitude in planar ABJM are arranged with alternating ® and
U eg. A, (PPPV...), and as a result they do not obey the cyclic invariance i — i + 1
of superamplitudes in planar N' = 4 SYM. Instead, the planar ABJM superamplitudes are
invariant under ¢ — i + 2, up to a sign of (—1)"/2“.
The leading singularities of ABJM theory, and consequently the tree-level amplitudes,
enjoy an OSp(6]|4) Yangian symmetry [30, 31], and are given as residues of the following

Grassmannian integral [11-14]:

42k B! Sk(k+1)/2 (B’ . B'T)52é|312 (B’ . A’)

; (5.2)

where k = k42 = 2 and A, = (Xi|5}) is the external data given in 3d momentum space.

The denominator contains the product of the first k consecutive minors m), of B A1 The

'We note here that for k even this means that the states of the superamplitude are A, (PUOV .. .)
while for k& odd they are A,(¥®Wd...). This ensures the correct little group scaling in 3d, for which
the superamplitude is invariant for ® states and changes signs for ¥ states. Alternatively, one can replace
mima - --mg by y/mima---m,. The two forms are equivalent up to signs depending on the branch of
solutions to the orthogonal constraint [12].
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bosonic delta-functions enforce the %l;:(l;: + 1) constraints

- g
0=B-B" =) B,Bhy=> ByBjg", (5.3)
i i

with ¢ = 6% is the trivial metric and o, 8 = 1,2,..., k. Thus, in momentum space, the
Grassmannian for ABJM theory is an orthogonal Grassmannian (also known as an isotropic
Grassmannian in the mathematics literature) defined as the space of null l;:—planes in an n-
dimensional space equipped with an internal metric g”. The metric is trivial in momentum
space. We will denote an orthogonal Grassmannian as OG(I%, n).'2 Because of the quadratic
condition B’ - BT = 0, the orthogonal Grassmannian has two distinct components.

The dimension of the integral (5.2) is

(k—2)(k—3)

> , (5.4)

2/%2—/%2—%/%(12+1)—21%+3:
where the “+3” is because momentum conservation is automatically encoded in the bosonic
delta-functions; this will become evident in the following.

Note that in general the metric for a Grassmannian need not be diagonal nor pro-
portional to the identity. For example, positivity for cells of OG(I%,n) is defined with
the metric of alternating signs (+, —,+,---,—) [13]. In the following we will see that in
converting (5.2) into momentum twistor space, we will naturally encounter more general
metrics g and denote the corresponding orthogonal Grassmannian as OGg(];, n).

5.2 3d momentum twistors

We would now like to introduce 3d momentum twistors.'®> A natural way to define mo-
mentum twistor variables in 3d is to reduce it from 4d. With the 4d conformal group
SO(2,4) ~ SU(4), a natural way to introduce momentum twistors is to first define 4d
spacetime as a projective plane in 6d. This “embedding space” formalism [33-36] in-
troduces a 6d coordinate Y4B, which is anti-symmetric in the SU(4) indices A, B. 4d
spacetime is then defined to be the subspace Y2 = espcpYAPY P = 0 with the projec-
tive identification Y ~ rY (for r a real or complex number, depending on the context). A
solution to the constraint Y2 = 0 is to write Y45 as a bi-twistor:
vAP =242, (5.5)
To honor the projective constraint Y; ~ rY;, the Z;s must be defined projectively, Z; ~ rZ;.
Here i = 1,2,...,n label n points Y; in the embedding space.
Consider now the 3d analogue for which the embedding space is 5d. We can start with
the 6d space and introduce an SO(2, 3)-invariant constraint to remove the extra degree of

12We remark that in the theory of planar electrical networks, the orthogonal Grassmannian defined
with respect to the metric g% = d; j+i + 90, ;_ appears [15, 16]. Curiously, the combinatorics of ABJM
amplitudes and of planar electrical networks are very closely related, but there is as yet no conceptual
explanation of this.

13Gee [32] for an alternative definition.
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freedom. A natural choice is to impose a SO(2,3) ~ Sp(4) tracelessness condition on Y:

0—-1
YABQup =0, Qup = . (5.6)
10
This also implies that the bi-twistors Z; must satisfy:
ZAZE Qap=0. (5.7)

Note that (5.7) is projectively well-defined, so we can construct the 3d momentum twistor
as a familiar 4d momentum twistor Z; = (\;, it;) subject to the constraint:

(i,i+1) == Z8ZE1Qap = (idi1) — (pipah) = 0. (5.8)

We now need to identify the relation between \; and A,. Recall that in three dimensions,
a massless momentum can be parameterized as p; = E;(1,sin6;,cos6;), where E; is the
energy. In bi-spinor notation, we can deduce:

0;

—1 + cos b; sin 6; . —sin 2
ta\ip = Diab = Ei ( ' ’ ) - N, = Z@( 02 ) . (5.9)

sin 6; —1 —cosb; cos 3

Now since Z; is defined projectively, the components of Z; must have well-defined projective
scalings. This is not possible with Z; = (X, y1;) because p; is not invariant under the scaling
N, — t;\,. Consequently, y; = p; — pi+1 cannot have any nice homogenous scaling property
and neither can p;, since the latter is defined through the incidence relation pf = yfb)\;b.

The resolution is to parameterize the 3d kinematics in a fashion that is similar to 4d.
We define

_gsin % .
Nig = ( 511102‘2 ) ) Aia = —2EjNiq (5.10)

COS 3

such that we now have p; = )\,5\2 For simplicity, we set Ei = —2F; in the following. Note
that the number of degrees of freedom for each particle is still 2 and that p; is now invariant
under the following scaling rules:

)\i — ti)\i> EZ — ti_2Ei . (5.11)

Since p; (and hence y;) is invariant, p; has the same scaling property as A; through the
new incidence relation

HE =y =y i (5.12)

With the incidence relation (5.12) and the symmetry of the y;-matrices, the constraint (5.8)
is automatically satisfied

(idip1) — (is1N) = Nia¥®Nir1p — it 1,081 Aip = 0. (5.13)
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Thus we have deduced a suitable form of 3d momentum twistor which has a well defined
projective property. It has many of the same properties as its 4d cousin, for example (2.9)
holds, and one can directly derive the 3d versions of the relations (2.10):

i G L+ (i = Dpipy 4 (= Li+ D
Z G- 1,1 1) :
(it L+ (i — mina+ (- 14 Lmia
" EWIRESY ~

(5.14)

where we define #; := 1/\/ E;.

In summary, we have found that the new momentum space variables

1 ~ - _
Ai = \ﬁA;, Ai =\ Ei)\;, i = ni\ Ei (5.15)
E;

facilitate the introduction of 3d momentum supertwistors Z; = (\;, p;|n;), which are just
like the 4d ones but subject to the constraints (5.8). Also, in addition to the SL(4)-invariant
(1jkl) defined in (4.6), we now have a 2-bracket invariant

(i) == 2 2] Qap . (5.16)

As noted in (5.8), the projection from 4d momentum twistors to 3d ones is defined by (i, i+
1)) = 0. The 4-brackets and 2-brackets are related via a version of the Schouten identity:

(igkl) = (ig) (kD) + (R) (1) + (D) (GF) - (5.17)

This follows from the identity eapcp = —QaQcp — QacQps — Qappc. Note that
the r.h.s. of (5.17) has the same form as the 2d Schouten identity for angle-brackets,
but the Lh.s. has the non-vanishing contraction with the Levi-Civita symbol because the
momentum twistors are 4-component objects.

As a side-remark, we note that just as the parameterization in (5.10) can be viewed as
a descendant from the 4d spinor helicity variables, it also has another 2d sibling: the 2d
momentum twistors that correspond to taking § = 0 or 7 in (5.10):

By ~ 1 _ .
)‘i’9¢=0 = <(1)> =: )\+, At = EZ')\+, )\i’()i:ﬂ- = ( 0 > =\, AT =E. (5.18)

The superscript (+, —) indicates which of the two distinct light-cone directions contains
the corresponding momentum:

. 00 - E; 0
APt = pF = N AN\ =p = ¢ . 5.19
7 7 pl (O EZ>7 7 7 pz (0 0) ( )

These 2d momentum variables have been used to study scattering amplitudes of planar
N =4 SYM limited to 2d kinematics [37, 38].
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5.3 Derivation of ABJM momentum twistor space Grassmannian

We are now ready to convert the mtegral formula in (5. 2) to momentum twistor space.'

First we change variables B'; = V' E;Bai, N, = Ni/V Ei, 0, = 71i/\/ Ei, so that only the
variables in (5.10) appear in the bosonic delta functions:

2k?2 o ~ ~ ~
Lyi=Jp / 4B SF*HD/2(B i Bgigh) 6% (B - ) 6P (B-7),  (5.20)
’ GL(k)mimg---my,

where the factor )
~k/2
T — Ilioy B (5.21)
£ DR . pkpk-1 2 R 1/2 '
(E\E3E3--- EVE; - E2_,FEn_1)

comes from the scaling of the measure and the minors. The 2k-dimensional metric g is

E, 0 0 0

0 Es 0 0

g = Co o | (5.22)
0 0 0 Ey

Just as in 4d, the delta function (52’;(3 . 5\) requires B to be orthogonal to the A-plane, and
by momentum conservation (), A\;A; = 0), the B-plane must therefore contain the A-plane.
We can use this to gauge-fix part of the GL(k) as in 4d:

Bai
Boi= | A |, (5.23)
N

where & = 1,...,k and k = k — 2. With this gauge choice, the remaining delta func-

tions become!®

51%(1%+1)/2 (BaiBngij) 5312(3 ) 77) . 53(73)56(9) 5k(k+l)/2(BdiBngij) 62k\3k(Bd ) ]\), (5.24)

where A = (A7), P is the total momentum, and Q is the total supermomentum.
Now we can follow the steps from the A/ = 4 SYM analysis in section 3 to convert the
Grassmannian integral to one with momentum twistor external data:

1. The relation between the momentum space data and the momentum twistor variables
allow us to introduce a new variable Cy; = Bs;Qji, with @Q defined in (3.14) (see
also (A.2)).

2. Rewrite the minors using (3.10).

1A similar attempt was initiated in [39] with a different definition of 3d momentum twistors. As a result,
projectivity was not well defined.
"“Note that for a = k — 1,k, we have \iBj,9" = X\i B, Ei = A\iB,.
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3. To invert the relation B4;(Qj;, we use translation invariance T}, to fix Bs1 = Ba2 = 0,
thus obtaining B&j = C&;(Q_l)ﬁ, with ¢ = 3,...,n. A simple expression for Q1 is
given in (A.13), and we verify its form in appendix A.2. This allows us to change
variables from B a; to C & We restore the integration variables to include Cgq, Cy

by introducing 62 (C - \).
This brings us to the following final form of the Grassmannian integral (n = 2k + 4):

ke §k(k+1)/2 (C&%(Qfl)%jCBk(Qfl)M gjf) §4kI3k (C . Z)
GL(k) MoMs -+ - M3 ’
(5.25)

Lox =J x 83(P) 5 (Q) x

where Z; = (Z;|n;) and

n mk+2)/2
J = ((12)(23) - (n1))" = I, 7

- . (5.26)
ESSPII (B i+ ) —i— Ln— i) B)%)

% n—i

It is straightforward to verify that the GL(1) weight of the integral in (5.25) cancels after
stripping off an MHV-like factor composed of the Jacobian (5.26) and the external delta
functions. It should be noted that here and in the remainder of this section, the angle-
brackets (ij) are now composed of the A-spinors, not the \'’s.

There is an unsatisfactory feature in (5.25): the sum in the constraint CQ*CQ'g =0
only runs over 7,j = 3,...,n, and therefore (Q_IQ_lg)gj cannot be interpreted as an or-
thogonal constraint on the Grassmannian C'. This is because an orthogonal Grassmannian
is defined with a metric G¥ whose indices run over the full n-dimensional space. However,
using the delta function support we can rewrite CQ'CQ~'g in terms of a non-degenerate
effective metric G¥ specified by the external data. To see this note that on the support of
the 6(C - \), we have

g—

[y

Cd%(Q_l)gj = Z Cailij) - (5.27)
i=2
For example, for k = 1, we have %,j’ =3,...,6 and
Cs2(23)
Cap(@ )5 = Coal2t) + Casl3) . (5.28)

C@2<25> + Cas (35) + Cd4<45>
C2(26) + Cs3(36) + Csa(46) + Ca5(56)

Note that Cg1 and Csg do not appear in (5.28). We can use C'- A = 0 to get an expression
in terms of a ‘conjugate’ set of Cy;’s, e.g.

Car(13) + Caa(43) + Cas(53) + Cac(63)
O~V — _ Ca1(14) + Cs5(54) + C6(64)
Caui(Q )5 = Car (15) + Clag (65) : (5.29)

Ca1(16)

~ 31—



To reveal the symmetric form of the effective (inverse) metric G defined via CdiCBjéij =

(CaQ H(CaQ g, we take the symmetric (in & and ) product of two copies of
C'AE(Q_l)%j., one in the form (5.28) and one in the conjugate form (5.29). For k = 1,

«

we find
0 0 —(11213) —(1|2+3|4) —(1|2+3+4|5) 0
0 0 0 (2|3]4) (2|3 + 4/5) (213 +4 + 5|6)
o1 4 4
2 * % 0 0 0 (4/56)
%k * 0 0 0
0 =« * * 0 0

where the terms denoted by x are related to the ones explicitly written via symmetry,
G’ = G. The notation (i|l|j) = (i|p;|j) uses A\ig"\; = p; (only | summed over). To
rewrite the entries of the effective matrix in terms of the momentum twistors, note that

(i|(ps + pis1 + - - + 2|3} = (v —y)ld) = Z ZPQap = (if) (5.31)

The constraints (5.8) on the external data is ((i,7 + 1)) = 0, so in terms of the double-
bracket (5.31), we can write the effective metric as

GY = (ij) for 2<i<j<n, GY = —(15) for 2<j<n. (5.32)

This defines a non-degenerate metric only for n > 4, since for n = 4 the only non-trivial
elements are C7({(13))C5 and C{(24))Cy which vanishes under the support of 6(C - Z).

While the metric is non-degenerate for n > 4, it is not manifestly cyclic symmetric.
Let us first inspect the orthogonality condition:

0= Y CaiCyGY= > CaiCy(ig) + (& B). (5.33)

1<i,j<n 3<i<j<n
The second equality is obtained using C'- Z = 0. Now, to see that the orthogonality con-
straint is indeed cyclic invariant, one uses C'-Z = 0 to show that >, ;<, 11 CaiCs; (i) =
> _3<i<j<n CaiCp;{(ij)), with the understanding that n + 1 equals 1. This suffices to prove

that the condition CGCT = 0 is cyclic invariant.
Next, we can simplify the sum of n cyclic copies of the orthogonality condition to find

an equivalent, manifestly cyclic invariant, form of the metric:

G2 = X i i)

G = n (i i+3) (5.34)

iy 1
[ GHHRH = (G ik

while G¥ = 0 for all other cases.
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We then have the final form for the cyclically invariant momentum twistor Grassman-
nian integral for 3d ABJM. It is an orthogonal Grassmannian whose metric (5.34) depends
on the external data:

k(k+1)

dknc o 2z (CdiGijCBj> (54k|3k(C . Z)

Lk = J x 8 (P)59(Q) x :
ik (P)o™(Q) GL(k) MoMs - -+ M43

(5.35)

with n = 2k + 4 and the Jacobian J given in (5.26). Note that the integral is indeed
projectively invariant under rescaling of Z; — t;Z; due to the form of the effective metric
GY in (5.32).

The momentum twistor space Grassmannian integral for ABJM theory and N = 4
SYM both have 4k bosonic delta functions §**(C - Z), but in addition the ABJM in-
tegral (5.35) has the extra orthogonal constraint. In A" = 4 SYM, the (k(n—k)—4k)
remaining degrees of freedom in the momentum twistor Grassmannian are localized by the
minors. For ABJM, k(k+1)/2 of the (k(n—k)—4k) degrees of freedom are localized by the
orthogonal constraint, so the dimension of the integral (5.35) is

k(k — 1)

1
2(k+2)k—k2—4k—§k:(k:+1): TR

(5.36)
the same as the dimension (5.4) of the momentum space Grassmannian integral (5.2). In
particular, we note that for n = 6 (i.e. k = 1) the integral localizes completely. Because
the orthogonality constraint is quadratic, there are two solution branches that the integral
localizes on and we must add them to obtain the n = 6 tree-level ABJM superampli-
tude. This matches the observation that there is only one BCFW-diagram for the n = 6
ABJM amplitude, but the kinematic constraint is quadratic, so the diagram yields a two-
term contribution. Those are the two terms given by the two branches of the orthogonal
Grassmannian. In the following, we study the orthogonality condition and evaluate the
integral (5.35) explicitly for n = 6.

5.4 The 6-point ABJM amplitude in momentum twistor space
For n = 6, the integral (5.35) becomes

dSc 6(ciGc;)é*(c- Z)5(3) (c-n)

£6;1 = Jogq4 X (53(7)) 5(6)(Q) GL(l) C2C3C4 7

(5.37)

where the Jacobian is given by (5.26) and is

o — {12)(23)(34) 45) (56) (61) TT2, 7" (5.38)
ESPE?(12)(45)EL P Ey(23)2(34)2E, ‘

If we had picked a representation of the original momentum space Grassmannian integral
with a different product of 3 consecutive minors in the denominator, the integral Lg.1 would
have a denominator c;c;4+1ci+2 and the associated Jacobian J; ;41,42 would be obtained
from (5.38) by relabeling of the lines.
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5.4.1 Orthogonality constraint and symmetry under ¢« — ¢ + 2

In the momentum space Grassmannian (5.2), the orthogonality condition B’ - BT = 0
implies the following relation among the minors:
k-1
mymi = (—1) m;_i_]%m;_i_l_i_’; , (5.39)
with k& = k + 2 and indices mod n. The relation (5.39) is key for proving that the Grass-
mannian integral (5.37) has the appropriate cyclic invariance under i — i + 2.

The equivalent relation for the minors of the momentum twistor space Grassmannian
will depend on the external data. Let us work out what it is for n = 6 and how it can be used
to prove that our momentum twistor Grassmannian (5.37) has cyclic symmetry i — i + 2.

Using C - Z = 0, direct evaluation of the orthogonality condition gives

0= CiGijCj
— é(a {(13)e3 + co{(24) cq + c3((35)) 5 + ca((46Y)cs + c5((B1)c1 + ¢ <<62>>c2>
= %C3<<35>>c5 — %c2<<26>>c6. (5.40)

Since the metric G¥ is cyclic invariant, other forms of the constraint can be obtained from
cyclic symmetry: there are three distinct ones:

c3((35))c5 = ca((26))ce,  ca{(46))ce = c3(31)er,  c5((B1))c1 = ca((42))co . (5.41)
It follows from the first two identities in (5.41) that

c _ (35)46) c <3456>C4C5. (5.42)

2T ey 31y 4P T (6123)

The second equality follows from (5.17). The property (5.42) is the equivalent of (5.39)
in momentum twistor space. The other relations c¢;cj+1 x ¢j+3¢i+4 (indices mod 6) are

obtained from cyclic relabeling of (5.42).

Let us now examine the cyclic symmetry ¢ — ¢ + 2. The only part that changes in
the integral of (5.37) is the product cacscq, which becomes cycscg. It follows from a cyclic
version of (5.42) that

1 1234) 1
= < ) (5.43)
caczes (4561) cacscs
It is not hard to see that the factor <1234> / <4561> is exactly compensated by the non-trivial
Jacobian: by (5.38) and its version with ¢ — i 4 2
Juso _ (12)Ea(23)2F3(34) _ (13)((24) _ (1234)

Tosa (4B (o6)2Be(61) (6] (51) ~ (4561) (541

Here we use the form (5.31) of the Sp(4)-product to write ((i,7 + 2)) = (i|piy1]i + 2) =

(1,14 1)FEiz1(i + 1,7+ 2) and the identity (5.17). Thus, we conclude that

Jasa  Jase (5.45)
C9C3Cy C4C5Cgq '

and that the n = 6 integral is invariant under ¢ — i + 2; the non-trivial orthogonality
condition and the overall Jacobian factor nicely conspire to give this result.
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5.4.2 Evaluation of the n = 6 integral

To evaluate the integral (5.37), we first use the bosonic delta function constraints for the
six-point momentum twistor space Grassmannian, which fixes four of the integrations. As
in section 4.1, we use the 5-term Schouten identity (4.5) to expand the constraint C'-Z =0
on a basis of four Z’s, although now we find it convenient to solve for ¢, cs3, c5, cg:

o, - CL(3561) - ea(3364)  er(5612) + ca(5642)
(2356) ’ (2356) ’ 5.46)
oo eul6123) en(6423) e (1235) + ea(4235) (5
(2356) ’ (2356)

Evaluating the delta-function this way will generate a Jacobian factor of 1/ <2356>. The
orthogonal constraint (5.40) becomes

(42)) (3456) (-4 <<31>>2<5612>> |

— (Ve — _ 2 N\URATERAT
0=l = 56y \ 4 71234y (3456)

(5.47)

We fix the GL(1) gauge by setting ¢; = <2356>; the result is going to be independent of
the gauge, but this choice will simplify the other ¢;’s. The solution to (5.47) is then:

((31))(5612)(2356)
\/B 9

where D = (1234)(3456)(5612) = — [°_, (4,7 + 2)).
The Grassmannian integral localizes on the two solutions (5.48):

I / §(ciGYe;)6 (e 2)6®) (c-m) 3 2(2356)  (2356) 6®)(c- )
v CiCi+1Ci+2 N 262 <<42>><3456> <2356> CiCi4+1Ci42 ca=cs ’
(5.49)
where ¢ depends on the organization of the external states (i.e. which 3 minors we se-

+ _
cy = =%

(5.48)

s=+1

lected at the starting point in momentum space). It is implicitly understood that on
the r.hs., e1 = (2356) and ¢y 356 are given by (5.46) with ¢4 as in (5.48). The factor
2(2356) /2c; (42))(3456) is the Jacobian of the orthogonality condition (see footnote 3),
the second <2356> in the numerator is the gauge-fixing Jacobian, and the 1/(2356) comes
from evaluating 6*(c- Z). The prefactors readily simplify and we get

53) (C . 77) B 53) (0'77)
VD cicit1cita ca=c} VD cicit1cita C4:C4_'

4

I = (5.50)

It is clear from (5.46) and (5.48) that the individual ¢;’s are expressions with square roots.
It may be worrisome to see such denominator terms arise from the Grassmannian integral;
after all, we would expect the denominators to be a product of physical poles. However,
the expectation is warranted; for each i, just write

)

+
I Where C. = C'|
—+ bl (2
Cl j ’

ca=c

s for i=2,3,5,6. (5.51)
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+
%

plications of the Schouten identities (4.5) and (5.17), one finds that each ¢ ¢; has a nice

The combinations ¢;¢; are manifestly free of any square roots. Furthermore, after ap-

factorized form involving only 4-brackets:

- — _ (5613)(6134)(2356 — _ (1245)(5612)(2356
o e = (2356)°, ey = : )26234§< ) , cje = ( >§2345§( L
5.52
£~ (1235)(5612)(2356)> 4+ o~ (6123)(6134)(2356) - (1235)(1245)(2356) (5.52)
€44 = T asey 2345y 0+ GG = (3456) o GG = (2456) :

Choosing i = 2 in (5.50) and using (5.52), we find

L= (24261 (- 1) [(35)) ((1236)(2456) — (5612)(2346)) + sv/D({(26)) (35)) + (25)) (36)))]
2= (1234)(5612)2(1245) (3461) (2356)5 '

s==

(5.53)

The result (5.53) for the 6-point amplitude has two terms because the orthogonal Grass-

mannian has two branches. To compare, the BCFW calculation of the 6-point amplitude

involves only one diagram, but it gives rise to two terms, just as in (5.53), because the

on-shell condition for 3d BCFW is not linear in the shift parameter z. See chapter 11
of [17] for a review of 3d BCFW and its application in ABJM theory.

The expression (5.53) is probably not the ideal form of the 6-point residue, since
its expected properties are not manifest. For example, the result for the n = 6 ABJM
superamplitude should have ¢ — ¢ + 2 cyclic symmetry of the integral, as discussed in
section 5.4.1; dressing (5.53) with the Jacobian from (5.38) should make it invariant under
1 — 4 + 2, but this is not obvious.

Another point of concern about (5.53) are the apparent higher-order poles from the
denominator-factors <5612>2 and <2356>3. The former is not too worrisome: using the
identity (5.17) gives (5612) = —((51))((62)) = —(56)E(61)2E;(12). Numerator factors can
then cancel the individual angle brackets so that there are not double poles. The triple-
pole at (2356) = 0 would appear to be a worse problem because (2356) = (23)(56)yZ; o
(pe+p1+p2)?, which is not just a simple product of angle-brackets. However, it is not hard
to show that the numerator factors conspire to cancel the extra powers in <2356> so that
at most we have a simple pole at <2356> = 0. A detailed argument is given in appendix C.
We leave further analysis of the momentum twistor form of the n = 6 ABJM amplitude
for future work.

5.4.3 Singularities of the residues

As a warm up, let us briefly review how poles of the NMHV residues could be understood
as boundaries of cells in the N' = 4 SYM Grassmannian. Choose a contour Ygpeqe such
that the integral (4.1) picks up the residue where n—5 ¢;’s with i # a, b, ¢, d, e vanish. The
remaining five ¢;’s are then fixed by the four bosonic delta functions §*(c-Z) and the GL(1)
scaling, as discussed in section 4.1; the result is the 5-bracket [abede]. Its five poles can be
described in the Grassmannian integral by forcing an extra ¢; to be zero (as discussed in
section 4.4.4): for example, if ¢, = 0, the delta-function 6*(c- Z) says that Zy, Z., Zy, and
Z. are linearly dependent, and hence <bcde> = 0. This is precisely one of the five poles of
the residue [abcde].
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Now consider the ABJM momentum twistor space Grassmannian (5.37) for n = 6.
Since the integral is completely fixed by the bosonic delta functions and GL(1), there is no
contour to choose and the result is simply two terms that are conjugate to each other, one
for each of the two branches determined by the orthogonal constraint. Let us gauge-fix the
GL(1) by setting ¢; = 1 and then analyze the constraints of the bosonic delta-functions
when ¢ = 0. Via (5.40) and (5.41), the orthogonality condition with ca = 0 can be written

es((51) = ex({42))es = 0. (5.54)
So we must have ¢5 = 0, or ((51)) = 0. Examining each in turn:
e ¢y =c5 = 0: using Qap to dot Z3 and Z4 into the constraint ¢- Z = 0, we find
(13)) +¢c6((63) =0 and  ((14) + c(64)) = 0. (5.55)

For this to hold true with non-vanishing cg requires <6134> = 0. The relations in
¢-Z =0 can then be solved to find

_ (51) _ (6123) _ (13)
C3 = m, Cqy = <2346> s Ce = <<36>> . (5.56)

Thus cs = ¢; = 0 leaves the four other ¢; non-zero but imposes the constraint
<6134> = 0 on the external data. This is precisely one of the poles in (5.53).

e co =0 and ((51)) = 0. Dotting Z5 into ¢ - Z = 0 now gives c3((35)) = 0.

If ¢ = 0, then ¢+ Z = 0 gives ¢4((41)) = 0 and ¢4((46)) = 0. If also ¢4 = 0 then
we get a lower-dimensional subspace (co = ¢35 = ¢4 = 0). If ¢4 # 0, we must have
(41)) = ((46)) = 0 which in addition to ((51)) = 0 renders multiple 4-brackets to
be zero.

If instead c3 # 0, we must have ((35) = 0. Consistency of ¢ - Z = 0 then requires
(6134) = 0 and this combined with ((51)) = ((35)) = 0 puts several constraints on the
external data. The remaining conditions in ¢- Z = 0 do not completely fix the rest

of the ¢;’s.
We conclude from the above that the three ‘bounderies’ ¢; = ¢i4+3 = 0 in
the n = 6 orthogonal Grassmannian integral (5.37) correspond to poles of the form

<i+1, 142,144, i+5> = 0. These are exactly the three different 3-particle poles Pi2+27i+37i+4
of the amplitudes: for example Ph4 = 3%, o< (6134). One the other hand, boundaries of the
form ¢; = ¢;41 = 0 impose constraints among two-brackets (e.g. ((51)) = ((41)) = ((46)) =0)
which are akin to soft limits. Thus, as in the 4d case, we find that the cell boundaries of
the Grassmannian correspond to poles in the residues.

The fact that locality is partially hidden in the orthogonal constraint was already
observed in the derivation of the twistor string formula for ABJM theory [40],'6 where
locality is achieved as the momentum space Grassmannian is localized onto a Veronese

16 A twistor string whose vertex operators give the corresponding formula was later presented in [41].
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map [42], Bai(a;, b;) = a¥~*b¢. This reduces a G(k,n) down to a G(2,n) Grassmannian,
parameterized by (a;,b;). At 6-point, this localization was achieved by the orthogonal
constraint. For higher-points, only part of the orthogonal constraint is relevant to the
localization to the Veronese map. Thus we anticipate that for higher-points, the effective
metric will continue to play an important role for the realization of locality.

6 Outlook

In this paper, we presented a detailed review of the relationship between Grassmannian
integral formulas of different external data and provided a new derivation to establish their
equivalence. Using the new approach, we derived the momentum twistor version of the
Grassmannian integral for ABJM theory. Contrary to the momentum space representation,
which is an orthogonal Grassmannian with constant metric, the momentum twistor space
representation corresponds to an orthogonal Grassmannian whose metric depends on the
external data.

There are a number of interesting questions that can be tackled at this point. Recently
the planar amplitudes of N' = 4 SYM have been identified as a single geometric object, the
amplituhedron [5, 6]. It is defined in the Grassmannian G(k,k+4) via

vi=ciuZi;, (6.1)

where O 4; are cells in the positive Grassmannian'” G(k,n) and Z —Ii-z are (k+4)-component
vectors, ¢ = 1,...,n, built linearly from the momentum supertwistors (see [5] for details).
The array of n vectors Z frl are viewed as elements in the positive Grassmannian G(k+4,n).
The amplituhedron is then the “volume-form” in this space, and it has logarithmic singu-
larities at the boundaries of Y. It would be very appealing to derive this definition from
the momentum twistor space Grassmannian integral. As a first step, one should be able
to prove that the BCFW terms in momentum twistor space are associated with dimension
4k positive cells in G(k,n). In principle, this is accomplished by the momentum twistor
space on-shell diagrams introduced by He and Bai [29], where the individual cells are asso-
ciated with diagrams that are again iteratively built from the fundamental 3-point vertices.
On the other hand, from our analysis one might expect the existence of a straightforward
map from cells in the momentum space Grassmannian to cells in the momentum twistor
space Grassmannian. However as the minors of the two Grassmannians are related by
a multiplicative string of spinor brackets, a priori it is not clear that positivity in one
Grassmannian can be related to that of the other, even for the top-cell. Thus we see that
positivity of the BCFW terms in momentum twistor space is non-trivial result, and should
warrant further investigation.

Given that we have derived the momentum twistor space Grassmannian for ABJM
theory, one can ask if there exists a geometric entity like the amplituhedron for ABJM?
Supporting evidence for its existence includes the realization that BCFW recursion relations

The positive Grassmannian, or non-negative Grassmannian to be precise, refers to the property that
the k X n matrices are real-valued with all minors are greater or equal to zero.
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for the theory exists both at tree- and at loop-level, and when represented in terms of on-
shell diagrams, stratifies the positive orthogonal Grassmannian. Unlike N' = 4 SYM,
where positivity ensures locality, we have already seen that the orthogonal condition plays
an important role as well. What is unclear is whether or not the condition is to be viewed
as a condition on the cells, or on the space Y where the amplituhedron lives, perhaps
both. Another interesting question is if there exist on-shell diagrams for cells in ABJM
momentum twistor space Grassmannian such as those found for N' =4 SYM [29]. One of
the remarkable results in the on-shell diagram approach for cells of the momentum space
Grassmannian, is that the gluing and merging of diagrams preserves orthogonality [4, 12].
In momentum twistor space, the orthogonality is now defined with a momentum twistor
dependent metric. It would be very interesting if an iterative way of constructing cells
exists such that the orthogonality property of the smaller cells ensures that of the higher-
dimenions ones.

In this paper, we also studied residue theorems for the NMHYV level in momentum
twistor space and showed that an abstract homological point of view offered a clear geo-
metric description. For amplitudes beyond NMHYV, the combinatorics and geometry be-
come much more difficult, and it is no longer the case that every momentum twistor cell
of the appropriate dimension (d = 4k) has support for generic external data. Composite
singularities become the norm, even in momentum twistor space, so the residue calcula-
tion outlined in appendix B cannot be applied directly. Moreover, whereas the entries in
the k = 1 matrix (4.1) can be interpreted as homogeneous coordinates on CP"~!, higher
k Grassmannians do not have such simple geometric structure. Even the locations of
poles become more complicated for k£ > 1 due to the non-linear dependence of the minors
on the matrix entries. Instead of cutting out hyperplanes as in section 4.2, the minors
vanish on generally complicated surfaces. Understanding the geometric and homological
structure of such spaces in a general sense remains a subject of active research in the
mathematics community.

Despite the inherent mathematical challenges, the BCEW bridge decompositions of [4]
suggest a possible route forward. The technique provides a robust way to generate coordi-
nates on any cell of G(k,n) with the useful property that all singularities of the integration
measure are manifestly of the form da/a (similar to the de/c structure of (4.2)). This
eliminates the issue of composite residues at the cost of requiring multiple charts to cover
all singularities.'® The existence of such a convenient representation of the Grassmannian
integral offers compelling motivation to pursue higher k generalizations, and it will almost
certainly lead to further insights regarding residues, residue theorems, superamplitudes,
and locality constraints for all £ and n.
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A Matrix Q details

A.1 Derivation of det Q

Let QZ(-;)) be the full (degenerate) m x m transformation matrix from B to C variables,
ie. Cy = Bdng)). It can be obtained from (3.9) as

0 _ 9Cai Al
% =55, (A1)
Define QZ(-;-n) to be the (n — m) x (n — m) matrix obtained from QE?) by deleting the first
m rows and m columns. For example, the matrix needed in (3.15) is obtained by deleting
the first two rows and columns:

(42) 1
@y By O 0 0
1 (53) 1
By G s 0 0
0 1
Q=Q%= iR
0 0 0
0 1 (n,n—2) 1
(n—2,n—1) (n—2,n—1)(n—1,n) (n—1,n)
1 (1,n—1)
0 o 0 (n—1,n) (n—1,n)(nl)
(A.2)
With the definition Q™ = 1, we will prove the following claim by induction:
Claim. Fori > 0,
_ - 1,n —1)
det Q) = (~1)i~! L. | A
et (=1) (n—i,n—i+1)---(nl) (A-3)
Proof. For i = 1, we trivially have
(n—1) _ ( _(Ln-1) -1y _ _(Lin—1) Ad
Q ( {n—1,ny(nl) ) - det @ (n—1,n)(nl)’ (4.4)

i.e. the determinant satisfies the claim (A.3).
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For i = 2, the determinant of

e T

(n—2) _ n—2n—1)(n—1,n n—1n

Q = ) (1) (A.5)
=T} (=T, (n )

is calculated easily with a single application of the Schouten identity, and the answer is
(1I,n —2)

(n—2,n—1){(n—1,n)(nl)"

The result satisfies the claim. This establishes the base of the induction.

For the inductive argument, assume that the claim (A.3) is satisfied for all i < m < n.

det Q"% = —

(A.6)

We will prove it for i = m. The matrix Q" is of the form

A B 0 0 0
Bl C D "
0 D
Q(n—m) _ 0 0 (A?)
Q(n—m+2)
0 0
“:L‘- Q(n m+1)
with
A (n—m-+2,n—m) B 1 "
= == etcC.
n—mn—m+1)n—m+1n-—m+2)’ (n—m+1,n—m+2)
(A.B)

To evaluate the determinant, we expand on the first row of (A.7), and subsequently on the
second row, to find

det Q™) = Adet Q™Y — B2 det Q) (A.9)

By the inductive hypothesis, we may replace the two determinants on the right-hand
side and obtain:
(n—m+2,n—m)

det (n—m) _ _1)m
et (=1) n—mn—m+L{n—m+1,n—m+2)

(IL,n—m+1)
(n—m+1,n—m+2)---(nl)
1 (I,n—m+2)

* n—m+1ln-m+22n—-—m+2,n—m+3)---(nl)
) (1)
(n—m+1,n—m+2)
(I,n—m+1)(n—m+2,n—m) + (1, n—m+2)(n—m,n—m+1)
(n—m,n—m+1)---(nl)

(I,n —m)
(n—mn—m+1)---(nl)’

In the last line we used the Schouten identity. Thus by induction we have proven the
claim (A.3). O

= (-1

(A.10)
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The determinant given in (3.15) is simply the result for ¢ = n — 2, so

. (12) B (12)2
|4t QP = gy ) = 1) () (A-10)

A.2 Verification of Q!

The square, symmetric matrix Q is given by (for i, p € [3,n])

( <£+1’£_1> 2
- — , p=1
(t—1,3)(z,2+ 1)
1 .
AT p=i+1
Qi = (1,94 1) (A.12)
1 .
A p=i—1
<’L_172>
0, else.

The determinant is non-vanishing as shown above, so it is invertible. We claim that its
inverse is given by (for p, ] € [3,7])

(L)2p) -
Q= Sy e (A.13)
P _uggﬁ’ S,

It is straightforward to verify the claim by a direct computation of QiﬁQ;jl. The sum over

p produces three terms due to the three non-zero entries in each row of (A.12).

. 1 — )
0 Sy (12)
@ prJ (—1,7) | — (1i=1)(2j) j

s _ahed s
i li—1) ) o J =20 (A.14)
1

(i— 1,0 i+1) | —SAQ0 5 <
(17)(2,3+1)

P uﬂaffj>l} .
D 1 . i+ 7 ~ ~
(i, 4+ 1) iy s J S it
Examining the limits on j in each term, we see that there are three cases that should be
considered: j < 4,7 = 1,j > 1. We begin with j < i. Taking the relevant pieces from each
of the three terms in (A.14), we find

Qi - @i =)+ 1) + @)L+ Li— 1) + (25)(1,i + 1) — 1,7)
i li<i (12)(i — 1,2) (2,2 + 1)
(27) (1,5 4+ 1)(2 — 1,2) + (27) (1,5 4+ 1) (i — 1,7)

__= + (2] _0, A
120 - LG+ 1) ’ (8.15)
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where we used the Schouten identity to combine the first two terms. Note that when i = n,
the third term in (A.15) would not be present in the sum as there is no p = n + 1. This
does not lead to any inconsistencies because (1,n + 1) = (1,1) = 0, so the term vanishes
anyway. A similar computation shows that the product also vanishes for j > i (here the
first 7 = 3 term vanishes as needed since there is no p = 2).

Thus we are left to consider the case when j = 7. Replacing all the 7’s with ¢’s, we find

o @20 = 1)@+ 1) + 1) (20 + Li— 1) + (20 (1,0 + 1) (i — 1,7)
=t (12)(i — 1,2) (2,2 + 1)
i+ - 1L1) + 201+ 1) —1,1)

= = VA =1, (Alﬁ)
(12)(z — 1,2) (2,2 + 1)

Q{ﬁQ_l

pJ

where we have used the Schouten identity once to combine the first two terms, and again
to combine the remaining terms (as above, the respective i = 3,n terms cause no issues).
Hence Q;ﬁQ;jl = 5;3, so Q7! is the inverse of Q as claimed.

B Calculations of higher-dimensional residues

We present here a more detailed evaluation of the NMHYV residues of the momentum twistor
Grassmannian integral (2.15).

The starting point is the integral (4.2) with contour vupeqe, as defined in section 4.1.
To begin with, fix the GL(1) redundancy by setting

ca =00 £0. (B.1)

We can use a delta-function (¢, — cgo)) to enforce this choice. It comes with a Jacobian

factor c((lo) that compensates the little-group scaling.
Next we turn our attention to the bosonic delta functions 6*(c;Z;). They enforce the
condition Z?’:l ¢; Z; = 0. Since the Z;’s are 4-component vectors, we can use Cramer’s

rule (4.5) to write all Z; for j & {b,c,d, e} in terms of Z,, Z., Zy, and Z:
(bede) Z; = —({cdej) Zy + (dejb) Z. + (ejbe) Za + (jbed) Z. ) (B.2)

For generic external data, Zy, Z., Z4, and Z, are linearly independent, so for > ; ¢; Z; =0
to hold, the coefficients of each must vanish. This gives four constraints

(cdej) (o) (dejb) (o)
cp = Z c;j =:¢ , Ce = Z c; =:c.’,
idbede <bcde> it <bcde> 6.3)
(ejbe) . (o) (gbed) (o) '
Cq = Ci =:c;’, Ce = Ci =:cy’.
#g;d’e J <bcde> d #bz?;d,e J <bcde>
Thus we can write )
(0)
64 (ci2;) = bede) '_H 5(ci—c;) (B.4)
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Now, enforcing a delta function d(z—zp) can also be done by re-interpreting the integral
dz

zZ—20

as a contour integral ¢ with a contour that surrounds only zy [2]. We can therefore

write the NMHV Grassmannian integral as

dixn §54) ey
Tepede(Z) = ]{ OC o S0 (eim) , (B.5)
’ TCabede I1 (ci — c§ )) I cj  CaCbCcCdCe
i=a,b,c,d,e Jj#a,b,c,d,e

(0)

a,b,c,d,e
each j # a,b, c,d, e. This contour extends the (n—5)-dimensional contour v,peqe to encircle

where T'ypeqe is the n-dimensional contour that encircles each ¢ as well as ¢; = 0 for

the delta function singularities in the other five dimensions.

It is straightforward to evaluate the contour integral (B.5) and obtain the residue. By
the choice of contour I'gpege, all ¢;’s vanish on the pole except cq p.c.4.c, S0 we find from (B.1)
and (B.3) that

(0)

Cq Cp Ce Cg Ce — (<bccade>> <abcd><bcde><cdea><deab><eabc> . (B.6)

Including all the Jacobian factors, the residue is therefore:
0 6@ ((cgo)/<bcde>) (<bcde>na + (cdea)n, + (deab)n. + (eabc)ng + <abcd>ne>)

<dee> <c((10)/<bcde>) ’ <bcde> <cdea> <deab> <eabc> <abcd>

(B.7)

We can pull out the multiplicative factor from the fermionic delta function, which combines
with the Jacobians to exactly cancel the extra factor in the denominator. Hence the
residue is simply the result given in (4.7): IZ?I”C‘“ = [abcde]. Note that this is independent
of the gauge choice cEP). The expression (4.7) is manifestly antisymmetric in the five
labels a, b, c,d, e.

We can label the residue by the n — 5 values iy,i9,...,in_5 #* a,b,c,d,e as
{il, i9,. .. ,in_5}. This label is fully anti-symmetric and is related to the five-bracket via
1 i i . .
Iy = =50 gtbedeniz in s fi) iy ... in_5} = [abcde] . (B.8)

To see this, we recall the following results from the calculus of higher-dimensional con-
tour integrals.™

Suppose we have a set of m functions f;(z) of m complex variables z = 1 ...z,
which have an isolated common zero at the origin f;(0) = 0 and are holomorphic in a
neighborhood of a ball around the origin. Let g(z) be holomorphic in the same region and
non-vanishing at £ = 0. Then we have a meromorphic m-form

~ g(@)dzt AL A da™
YT T H@) . fml(@) (B-9)

9The derivation given here is similar to the example given in section 2.3 of [2]; see also section 5.1 of [1].

For a mathematical reference, see chapter 5 of [44].
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which has a simple pole at the origin. We define the residue:

- 9(0)
Resz—o = (271 m/w:, B.10
where J¢(z) is the Jacobian determinant for the functions f
8(f17 s 7fm)
=R B.11
T = S, o) (B.11)
The contour I' is given by
D= {o: |fi(2)] = &) (B.12)
and oriented such that
d(argfi) A ... ANd(argfn) (B.13)

is positively oriented with respect to the volume form in (B.9). In other words, any sign
that would be produced by (B.13) is compensated by reversing one of the circles in I'.
Therefore, the only signs can come from the Jacobian (B.11).

Now we are set to compute residues of the form (B.10). From (B.5), we have

(nmy W (em)

= (271 B.14
o(e) = (2mi) =0 S (B.14)

where we have absorbed some numerical factors in the normalization for future simplicity.
As a convention, we assign the first five functions fi(c),..., fs(c) to the delta function
singularities, i.e.
0 0
fi=co— D, fQZCb_Cz())a fs=cc— 9, f4:Cd_C,(1), fs=ce— 0.
(B.15)

The rest of the f;’s are assigned to the n — 5 ¢;’s that vanish at the location of the pole
encircled by T such that f; = 0 corresponds to the vanishing of the j*" minor of C.

The contour is oriented such that we first take f; — 0, then fo — 0, etc, which we
can use to define a labeling of the residues by the indices of the ¢;’s; for example, we can
assign them in increasing order

f6 :Cl,f7 :Cg,fg =c3,... > Res = {1,2,3,...}, (B.16)
or with a different ordering 7 on the labels ¢ # a, b, ¢, d, e,

fﬁ = Cr(1) 7f7 = Cr(2) 7f8 =Cr3) s — Res = {7(1)77(2)77-(3)7 . }

(B.17)
=sgn(7) x {1,2,3,...},

where sgn(7) is the signature of the permutation of the (n —5) indices i # a,b,c,d,e. The
antisymmetry of the Jacobian J¢ in (B.10) implies that the residue labels are antisymmetric
in their indices. Similarly, the residue is antisymmetric in the labels a, b, ¢, d, e. It follows
that the result is (B.8).
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C Pole structure of 6-point ABJM amplitude in momentum twistor
space

The result (5.53) appears to have a triple-pole at <2356> = 0. We show here that it is
actually no worse than at most a simple pole.
We first note that it follows directly from (5.17) that

(2356) =0 «—  ((25)(63)) + (26)(35) =0, (C.1)
and employing the Schouten identity we also have

0= (14))(2356) = —((13))(5642) — (15))(6423) = (13))(52))(64)) + (15) (63))((42)) .
(C.2)
Thus, by (C.1) and (C.2), the D that appears in the localization of the ¢;’s become a
perfect square

(2356)—0
— Y

D = —({(13))(24)) ((35)) (46)) ((51)) (62 (13)*(p2)*(46)*.  (C.3)

Now, we examine how each cf behaves in the limit <2356> = ¢ — 0. With our gauge choice
c1 = (2356) it is clear that ¢f = O(e) and by (5.48) we also have ¢ = O(e). Now, the four
other ¢;’s are given by (5.46) and they may appear to be finite as ¢ — 0; however, an extra
cancellation can occur between the two terms in the numerator. To see this, consider the
example of c?jf:

i = 02 (VD= () (e o) 220 { o) (C4)

where the limit follows from (C.3) and the outcome, O(e) and O(1), depends on the relative
sign + between the two terms and the sign of ((13))((52))((64)). This will be the same for
2, ¢5, and ¢g, and it can easily be demonstrated, using (C.1) and (C.2), that in the limit
(2356) = € — 0, we will either have

ey, e e, i =0(e) and ¢y ,c5,¢5,c5 = O(1) (C.5)
or vice versa. Suppose ((13))((52))((64)) is such that we have the case (C.5): then

53 (ctn)  ss6)=em0 O(?)
cycser " 0(e3)

~0(1), (C.6)

while
6B (c™m)  @sse)=es0  O(e3) or O(e2) or O(e') or O(1)
Cy C3Cy O(e) ’

(C.7)
i.e. it is no worse than O(1/e€), which signifies the (expected) simple pole. Thus we have

shown that despite the apparent 1/¢® pole in the limit (2356) = ¢ — 0 of the n = 6
result (5.53), there is at most a simple pole.
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