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1 Introduction and summary

There has recently been considerable interest in defining and studying supersymmetric
gauge theories on compact manifolds. This stems from the fact that certain observables may
be computed exactly in such quantum field theories using localization. The first examples
of such computations in the literature typically studied round sphere backgrounds, but
more generally the observables also depend on the choice of background geometry, leading
to a richer structure. Such exact computations may be used to test and explore non-
perturbative dualities, and the focus of this paper will be the gauge/gravity duality.

In [1] the partition function Z of three-dimensional N/ = 2 supersymmetric gauge theo-
ries on a general class of background three-manifold geometries M3 was computed exactly.
In particular Z was shown to depend on the background geometry only through a certain
supersymmetric Killing vector field K.! There are rich classes of N' = 2 superconformal
gauge theories which have a large N gravity dual in M-theory. For these theories one can
compute the large N limit of the partition function using the matrix model saddle point
technique of [3]. When Mj is diffeomorphic to S% with the standard action of U(1)x U(1) on
S3 C RZ@R?, and writing K = b0y, +b20,, in terms of the generators 9, of U(1) x U(1),
one finds [1] the large N free energy F = — log Z satisfies

F ([b1] + [ba])?

li = 1.1
Ngnoo Fround 4|b1b2| ’ ( )

!This was also argued independently in [2].



where Froung i the large N limit of the free energy on the round three-sphere, which scales
as N3/2 [4].

In [5] the field theory result (1.1) was reproduced in a dual computation in four-
dimensional gauged supergravity. Here M3z = S arises as the conformal boundary of
a self-dual Einstein four-manifold My, where the supersymmetric Killing vector K also
extends over My. The asymptotically locally Euclidean AdS metric on My is conformally
Kahler, and supersymmetry requires one to turn on a graviphoton field A proportional to
the Ricci one-form of this Kéhler metric. A remarkable feature of the computation of the
holographic free energy in [5] is that one does not need to know the form of the Einstein
metric on My explicitly — rather (1.1) is proven for an arbitrary such metric.

In [6] the vacuum expectation values of BPS Wilson loops on the round sphere were
computed for a variety of gauge theories, and matched to regularized M2-brane actions
in AdS4 x Y7. Here the choice of internal space Y7 determines the gauge theory on Msj.
The purpose of this paper is to extend these computations to general supersymmetric
backgrounds M3 = 0M4. A Wilson loop is BPS if it wraps an orbit of K, and we will find
that the large N Wilson loop VEV satisfies

log (W)

— = § 1.2
N—oo log <Wround> b,bz > ( )
where
bi|+ |b
Spupy = 1212l (13)

Here ( Wiounda ) denotes the large N limit of the Wilson loop on the round sphere, whose
logarithm scales as N1/2, and 27¢ denotes the length of the orbit of K. Such orbits always
close over the poles of S3, i.e. at the origins of each copy of R? in S% c R? @ R?, where
the lengths are then ¢ = 1/|b;| and ¢ = 1/|bs|, respectively. For these Wilson loops (1.2)
becomes a function of by /be, exactly as in (1.1). The supergravity dual configurations are
given by M2-branes wrapping a supersymmetric copy of the M-theory circle in Y7 [6] and
a complex curve Yo C My, with boundary 0¥ C M3 being the Wilson line. Identifying
the logarithm of the VEV with minus the holographically renormalized M2-brane action,
we also prove that (1.2) holds in general, thus verifying the matching of this observable in
AdS/CFT in a very broad (infinite-dimensional) class of backgrounds.

The outline of the rest of this paper is as follows. In section 2 we review the geometry of
M3, the definition of the BPS Wilson loop and how it may be computed using localization
techniques in the large N limit to find (1.2). Section 3 analyses supersymmetric M2-branes
in My x Y7 backgrounds in M-theory and we also derive the formula (1.2) in supergravity.
Since our arguments are for general backgrounds they are somewhat implicit; in section 4
we therefore look at some explicit toric self-dual Einstein spaces, to exemplify our general
formulae. We conclude in section 5 with a brief discussion.

2 Wilson loops in N = 2 gauge theories on M3

The field theories of interest have UV descriptions as A/ = 2 Chern-Simons gauge theories
coupled to matter on Ms, where Ms is a supersymmetric three-manifold. We begin this



section by reviewing the geometry of M3, and then define the BPS Wilson loops of interest.
These have been studied on particular squashed sphere backgrounds in [7, 8] (see also [9,
10]), and the extension to the general backgrounds of [1, 11] is straightforward. After
explaining how the Wilson loop VEVs localize in the matrix model, we then take the large
N limit to derive (1.2).

2.1 Three-dimensional background geometry

The manifold M3 belongs to a general class of “real” supersymmetric backgrounds, with
two supercharges related to one another by charge conjugation [11]. If x denotes the Killing
spinor on M3 then there is an associated Killing vector field

K = x"y"x0, = 0y . (2.1)

This Killing vector is nowhere zero and therefore defines a foliation of the three-manifold.
This foliation is transversely holomorphic with local complex coordinate z. In terms of

these coordinates the background metric may be written as?

dsty, = (A + ¢(g)* + 4e"©dzdz, (2:2)

where ¢ ) = ¢(0)(z, 2)dz + ¢(0) (2, 2)dZ is a local one-form and w(g) (2, 2) is a function. We
introduce an orthonormal frame for the three-metric ds?WS:

6%3) = d¢ + ), 6%3) —1—16%3) = 2eV0/2dz, (2.3)

and will use indices i, j, k = 1,2, 3 for this frame.

It is important to stress here that arbitrary choices for ¢y and w(g) (subject to M3
being smooth) lead to supersymmetric backgrounds. The corresponding Killing spinor
equation for y may be found in [1, 11]. Choosing the three-dimensional gamma matrices,
in the frame (2.3), to be simply the Pauli matrices, one finds that the Killing spinor
solution is

X = ela(¥:2:2) <XO> , (2.4)

where X is a constant and «(v, z, Z) is a phase. The latter will play an important role
later.

In much of what follows, and as in [1], we will assume that M3 = S% with a toric
structure, so that we have a U(1) x U(1) symmetry. If we realize M3 = S3 C R?2 @ R? then
we may write

K = b18¢1 + bgapz R (2.5)

where @1, @9 are standard 27-period coordinates on U(1) x U(1).

*More generally there is a conformal factor for this metric [11]. However, as in [5] we are interested in
conformal field theories with gravity duals, and we may hence set this conformal factor to 1.



2.2 The Wilson loop

In N = 2 supersymmetric gauge theories the gauge field A; is part of a vector multiplet that
also contains two real scalars ¢ and D and a two-component spinor A, all of which are in
the adjoint representation of the gauge group G. The BPS Wilson loop in a representation
R of G is given by

1 A
W = dimRTrR [73 exp <7£ ds(iAd;z" + 0|x!))] ) (2.6)

where 2°(s) parametrizes the worldline v C M3 of the Wilson loop and the path ordering
operator has been denoted by P. For a Chern-Simons theory the gauge multiplet has a
kinetic term described by the supersymmetric Chern-Simons action

Scs = g /Tr [.A ANdA+ %A NANA+ (2Do — )\T)\)Volg] , (2.7)

where k denotes the Chern-Simons coupling and vols is the Riemannian volume form on Mj.

The full set of supersymmetry transformations for a vector multiplet and matter mul-
tiplet may be found in [1]. For our purposes we need note only that localization of the
path integral, discussed in the next section, requires one to choose a Killing spinor, namely
X in (2.4). We then need the following two supersymmetry transformations

i 1
0A; = —%)\Tnx, o = —§>\Tx,

where 7; are the Pauli matrices. If one varies the Wilson loop (2.6) under the latter
supersymmetry transformation one obtains

1 .
W o §AT(TZ¢Z — D) . (2.8)
The Wilson loop is then invariant under supersymmetry provided
(i’ — |&)x =0 . (2.9)

Choosing s to parametrize arclength, so that |#| = 1 along the loop, it is straightforward

to show that (2.9) is satisfied if and only if the Wilson loop lies along the e%

3) direction.
From (2.3) we see that 6%3) is the one-form dual to the supersymmetric Killing vector
K = 0y. Thus the Wilson loop (2.6) is indeed a BPS operator provided one takes ~ to
be an orbit of K. Notice that the topology of M3 has not been used in this subsection,
and thus any Wilson loop wrapped along an orbit of K is BPS, regardless of the topology

of Mg.

2.3 Localization in the matrix model

The VEV of the BPS Wilson loop (2.6) is, by definition, obtained by inserting W into
the path integral for the theory on Mjs. The computation of this is greatly simplified by
the fact that this path integral localizes onto supersymmetric configurations of fields. This
is by now a fairly standard computation, and we shall simply summarize the main steps,



referring the reader to [1, 3, 12-14] for further details. In particular the localization of the
Wilson loop was explained in detail in [6] for the round S3 case. This section generalizes
that discussion to a generic supersymmetric manifold M3z = S3.

The central idea is that the path integral, with W inserted, is invariant under the
supersymmetry variation d corresponding to the Killing spinor x. We have written two of
the supersymmetry variations in (2.8), and the variations of other fields (including fields in
the chiral matter multiplets) may be found on the curved background M3 in [1]. Crucially,
82 = 0 is nilpotent. There is then a form of fixed point theorem that implies that the only
net contributions to this path integral come from field configurations that are invariant
under 0 [15].

For the N/ = 2 supersymmetric Chern-Simons-matter theories of interest, one finds
that the d-invariant configurations on Mz = S3 are particularly simple:

A; =0, o = constant, D = —oh, (2.10)

where the function h = 1 x (el €(3) A de( )), and with all fields in the matter multiplet set
identically to zero [1]. Here we may diagonalize o by a gauge transformation. The exact
localized partition function then takes the saddle point form [1]

Z = /da o bl O H 4sinh 2% \b p 7o H s llQ r) — plo) . (2.11)
ol 1 |b2! v/ |biba|
Here the integral is over the Cartan of the gauge group, k denotes the Chern-Simons level,
the first product is over positive roots @ € A of the gauge group, and the second product
is over weights p in the weight space decomposition for a chiral matter field in an arbitrary
representation Rpatter Of the gauge group. We have also defined

, sz;, (2.12)

the R-charge of the matter field is denoted r, and sg(z) denotes the double sine function.
In this set-up, the VEV of the BPS Wilson loop (2.6) reduces to

Too
W) = d Tt T | | 4sinh = nh —-
(W) Zd1 » / oe b2 A sin |b1 2 sin o]

s Q —r) — p(J) T eQWZU
><1;[ 5[2 (1—7) ’bleJTR( ) . (2.13)

Notice the integrand is the same as that for the partition function (2.11), with an additional

insertion of Trg (e?™)

arising from the Wilson loop operator. Note also that we have
normalized the VEV relative to the partition function Z, so that (1) = 1, as is usual in

quantum field theory. We have also defined

Y{ds = 2wl (2.14)
7



so that ¢ parametrizes the length of the Wilson line. More precisely, the integral (2.14) is
well-defined only for a closed orbit of the Killing vector K = 0y = b10,, +b20,,. A generic
orbit is closed only when by /by € Q is rational, so that K generates a circle subgroup of
U(1) x U(1). Writing by /b2 = m/n with m,n € Z relatively prime integers, these define
torus knots via v C T2 C S3, where the homology class [y] = (m,n) € H{(T?,Z) 2 Z & 7.
These have been studied in the present context in [8]. If on the other hand by /bs is irrational,
then the only closed orbits are at the two “poles” of Mz =2 S3, where Jp, = 0 and 0, = 0,
respectively. Over these poles 557 ds = 27 /|ba|, 27 /|b1|, respectively. Wherever the loop is

located, we denote its length ﬁ/ ds by 27f as above.

AL AN
2wt 2w

by its eigenvalues );. Localization has then reduced the partition function Z and the

For a U(N) gauge group we may write o = diag( ), thus parametrizing 2o
Wilson loop VEV to finite-dimensional integrals (2.11), (2.13) over these eigenvalues, but
in practice the formulae are difficult to evaluate explicitly. For comparison to the dual
supergravity results we must take the N — oo limit, where the number of eigenvalues,
and hence integrals, tends to infinity. One can then attempt to compute this limit using
a saddle point approximation of the integral. In [3] a simple ansatz for the large N limit
of the saddle point eigenvalue distribution was introduced. One seeks saddle points with
eigenvalues of the form

i = 2 NY? 4y, (2.15)

with z; and y; real and assumed to be O(1) in a large N expansion. In the large N limit
the real part is assumed to become dense. Ordering the eigenvalues so that the x; are
strictly increasing, the real part becomes a continuous variable x, with density p(x), while
y; becomes a continuous function of z, y(x).

Writing Z = e~ one then obtains a functional F|[p(x),y(z)], with = supported on
some interval [Zmin, Tmax]|, and to apply the saddle point method one then extremizes F
with respect to p(x), y(x), subject to the constraint that p(z) is a density

Tmax
/ p(x)de = 1. (2.16)
Timin

One then finally also extremizes over the choice of interval, by varying with respect to Zmin,
Tmax, to obtain the saddle point eigenvalue distribution p(z), y(x).

As it turns out, if one caries out the large N limit with the ansatz (2.15), one finds a
very simple relation between the round sphere results Fround and log ( Wiounq ) and their
squashed counterparts (with arbitrary b; and b3) F and log (W ). To obtain this result
for F, one may first relabel o as |b2|o in (2.11). The partition function then takes the
same form as that in [16], where the large N limit was computed in detail. In particular
in the latter reference it was shown that in the large N limit F[p(z),y(x)] is simply a
rescaling of the round sphere result by a factor (3Q)3/2332, provided one also rescales the
Chern-Simons coupling k as k — (2/8Q)? - k. This then leads to the large N result (1.1).

The same logic may be applied to the calculation of the Wilson loop. For the class of
N = 2 supersymmetric Chern-Simons theories coupled to matter on the round three-sphere



studied in [6], Zmax is always proportional to 1/ Vk. According to the above prescription,
the result for x,.x on a general background Mj is given by rescaling the round sphere result
by |b2|-(8Q/2) = (|b1]|+]b2|)/2. Here the factor of |bs| comes from the relabelling o — |b2|o,
while the factor of SQ/2 comes from the rescaling of the Chern-Simons coupling. Thus

_ ’b1| + |b2‘ :L,round

max 2 max

(2.17)

round

where x]oM

determines the supremum of the support of p(z) for the field theory on
the round three-sphere. For the theories studied in [6], the eigenvalue density is always a
continuous piecewise linear function supported on [Zmin, Tmax). Using this fact, the large N
limit of the Wilson loop (2.13) in the fundamental representation may be easily computed

with a saddle point approximation, and is
log (W)qrr = £+ Zmax N2+ o(NY?) (2.18)

Here recall that the length fﬁv ds is in general 27¢. The round three-sphere Wilson loop in
particular is obtained by setting by = by = 1 and ¢ = 1 and is, as shown in [6],

10g ( Weound Jgrr = 2iound N2 4 o(N1/2) (2.19)
We thus obtain
1 w b b
lim 08 (Wiaer - [buf & [baf (2.20)
N—o0 log <Wround >QFT 2

This is the field theory result for the VEV of a supersymmetric Wilson loop on a general
supersymmetric manifold Mz = S3. In the next section we will look at the M2-brane dual
to this Wilson loop, and show quite generally that the holographic dual computaton of the
VEV agrees with (2.20).

3 Dual M2-branes

In this section we analyse the supersymmetric M2-brane probes that are relevant for com-
puting the holographic dual of the Wilson loop VEV (2.20). The dual solution is con-
structed in four-dimensional gauged supergravity [5], and we begin by summarizing the
geometry of these solutions. We then look at the eleven-dimensional uplift, and finally we
compute the regularized action of the M2-brane.

3.1 Four-dimensional supergravity dual

In [5] it was shown that supersymmetric three-manifolds M3 of precisely the form described
in section 2.1 arise as the conformal boundaries of Euclidean self-dual solutions to four-
dimensional gauged supergravity. For M3 22 S3 the four-dimensional supergravity solution
is defined on a four-ball My = B*, and is asymptotically locally Euclidean AdS with con-
formal boundary Ms. The Killing vector K defined by (2.1) extends as a Killing vector
bilinear over My, and the four-metric is then Einstein, has anti-self-dual Weyl tensor, and



is conformal to a Kéahler metric. Supersymmetry also requires one to turn on a specific
graviphoton field A. After summarizing these solutions, and deriving some relevant for-
mulae, we then use them to study the BPS M2-branes dual to the Wilson loops of the
previous section.

The four-dimensional metric on the manifold My takes the form

1
dsi;, = 2 [V (dy + ¢)% + V(dy? + 4eVdzdz)] (3.1)
where

1
V=1- iyﬁyw,
d¢ = i0,Vdy A dz —i0:Vdy A dZ + 2i0,(Ve")dz A dZ, (3.2)

and w = w(y, z, z) satisfies the Toda equation
0.0:w + 0c” = 0. (3.3)

The metric (3.1) is equipped with the Killing vector K = 0y, which extends the vector (2.1)
on the conformal boundary, which is at y = 0. The coordinate y may be regarded as a
radial coordinate, y € (0,yp], with the conformal boundary at y = 0 and the origin of
My = B* being at y = yo > 0. The local complex coordinate z similarly extends that on
the conformal boundary Ms. The metric (3.1) is then entirely determined by the solution
w = w(y, z, Z) to the Toda equation (3.3).

Supersymmetry requires that the graviphoton gauge field A takes the local form

A= _iv—layw(dw +¢)+ iazwdz - iagwdz, (3-4)

where the field strength F' is defined by F' = dA. Indeed, the metric (3.1) is conformal to

the Kéhler metric ds%{ahler = des?\h, which is asymptotic to a cylinder R x M3 near to the

conformal boundary y = 0. The gauge field (3.4) is then % of the Ricci one-form for this

Kahler metric. These solutions were referred to as self-dual solutions in [5], since the Weyl

tensor is anti-self-dual® and F is anti-self-dual, i.e. *4F = —F. Moreover, the metric (3.1)

is Einstein with negative cosmological constant. We shall use the following orthonormal
frame for (3.1)

0 Lo 1/2 1 [ 2, .3 2 w12

el = -Vidy, e = =V '/ (dy+9¢), e +ied = —(Ve¥)/dz. (3.5)

Y Y Y
As already mentioned, the solutions of interest are asymptotically locally Euclidean
AdS (asymptotically hyperbolic), with the conformal boundary at y = 0. In particular

imposing boundary conditions such that w(y, z, ) is analytic around y = 0, i.e.

1
w(y, 2, 2) = w(p) (2, 2) + yway(z, 2) + §y2w(2)(2a 2)+0(y°), (3.6)

3With respect to the canonical orientation of the conformal K&hler metric.



then setting r = 1/y the metric (3.1) expands to leading order as

dr? _
ds?y, ~ =t r? [(dy + ¢())? + 4e¥©dzdz] (3.7)
when r — oco. Here we have also expanded the one-form ¢ tangent to Mjs

Dy, 2, 2) |rats = d0)(2,2) + Yoy (2, 2) + O). (3.8)

In fact by expanding (3.2) one can show that ¢y = 0. Equation (3.7) shows explicitly
that the metric is asymptotically locally Euclidean AdS around y = 0, and moreover there
is a natural choice of conformal class for the metric on the boundary M3 given precisely
by (2.2).

The four-dimensional geometry that we have just described, together with the gauge
field A, form a supersymmetric solution to Euclidean gauged supergravity. There is cor-
respondingly a Dirac spinor e satisfying the Killing spinor equation of this theory. In the
orthonormal frame (3.5) and using the gamma matrices

0w 0 il
r; = ! ; Iy = . , (3.9)
T 0 —ﬂIQ 0

with 7; the Pauli matrices, the Killing spinor € is given by

¢ — \/127/ (1 n V*Wro) ¢ (3.10)

¢ = <X> where x = (X(]) . (3.11)
0 X0

In particular the bulk spinor (3.10) precisely matches onto the boundary two-component

with

spinor x given by (2.4). The phase in (2.4) may be shifted locally by making gauge
transformations of A, since the Killing spinor is charged under the latter. However, for
these solutions one may write A as a global one-form on M,y. This requires making an
appropriate gauge transformation on the local expression (3.4), as we shall see in the next
subsection.

So far we have not imposed the U(1) x U(1) symmetry we imposed on the boundary
Ms3 at the end of section 2.1. Doing so will simplify the subsequent discussion. Thus as
in [5] we assume that the four-manifold My is My = B* = R? @ R? and that the torus
U(1) x U(1) acts in the standard way on R? @& R?. The Killing vector K = 8, is then
parametrized as

K = blatpl + b284p2 s (312)

again precisely as in (2.5) on the conformal boundary. It will be important to fix carefully
the orientations here. Since the metrics are defined on a ball, diffeomorphic to R* =2 R2@R?



with U(1) x U(1) acting in the obvious way, we choose d,, so that the orientations on R?
induce the given orientation on R* (with respect to which the metric has anti-self-dual
Weyl tensor). This fixes the relative signs of b; and by. Given that K has no fixed points
near the conformal boundary, we must also have b; and be non-zero. Thus by /bs € R\ {0},
and its sign will be important in what follows.

In order to construct such backgrounds one can start with a toric (U(1) x U(1)-
invariant) self-dual Einstein metric on a ball, which is asymptotically locally Euclidean
AdS. There are many examples of such metrics — we discuss the two simplest in section 4,
but as explained in [5] the moduli space is in fact infinite-dimensional (each metric inducing
a different conformal structure on the boundary Mz =2 S$3). One can then choose a Killing
vector (3.12), and then writing K = 0y the metric will necessarily take the form (3.1).
Thus in particular the choice of K determines the conformal Kéhler metric, which in turn
determines the instanton gauge field A and Killing spinor e. However, not all choices of K
in (3.12) give non-singular gauge fields. While the metric (3.1) is smooth by assumption,
the instanton F' = dA and Killing spinor € are singular where the conformal Kahler metric
is singular. Regularity is in fact equivalent to having either b1 /by > 0 or b;/by = —1.
Moreover, the origin y = yo of M, = R? @ R? is then at

1

R — 3.13
Yo ‘b1+b2” ( )

which notice is yp = oo when by /by = —1.

3.2 Global gauge for A

As remarked after equation (3.11), we will want to choose a gauge for A in which it is a
global, smooth one-form on My. The reason for this is that we will evaluate the Wess-
Zumino term in the M2-brane action in section 3.4 by using Stokes’ theorem for F' = dA,
which requires us to write A as a global one-form. This was also discussed to some extent
in [5], but for the computation of the Wilson loop we need a little more information.

The key point is to recall that A is proportional to the Ricci one-form for the conformal
Kahler metric ds%(ahler = deS%\h. When by /by > 0 the associated complex structure
identifies My = R? @ R? = C2. The orientation in which the Weyl tensor is anti-self-dual
is the same as the canonical orientation on C2. One can then introduce standard complex
coordinates z; = p;el¥i, i = 1,2, on C2. The spinor ¢ in (3.11), which is used to construct
the Killing spinor (3.10), is the canonical spinor that exists on any Kéhler manifold [5]. As
such we have

L, i=12. (3.14)

L%EZ 5

Denoting the complex structure tensor by .J we also have that J(V~19,) = 8, = K. Since
y is decreasing as we move away from the origin of C?, where recall that the origin is at
y = yo > 0, this means that for b; > 0 and by > 0 we must then identify ¢; = —1);, where
p; are the coordinates on U(1) x U(1) in (3.12). This is because for  any radial coordinate
on C? we have J(rd,) = a10y, + a20y, where necessarily a1,az > 0 (that is, the Reeb cone

~10 -



is the positive quadrant in R? — see, for example, [17]). On the other hand for b; < 0 and
b < 0 we instead have p; = +v;, i = 1,2.

The other non-singular case is by /by = —1. This is qualitatively different from the case
b1/ba > 0 in the last paragraph, as here yy = oo (3.13). Moreover, the origin y = yg of
M, = R?®R? is now identified with the point at infinity in C?, rather than the origin. One
can see this from the conformal Kahler metric ds%(ahler = deS?m, which is asymptotically
Fuclidean around y = yg. Thus now V*I(?y has the correct orientation for a radial vector
on C2, and we deduce that for by < 0 and by > 0 we have p; = —11, @9 = 41y, while for
b1 > 0 and by < 0 we instead have 1 = +1, w2 = —sa.

Putting all of the above together, we may compute the charge of the Killing spinor €
under the supersymmetric Killing vector K = 0y:

Lie = ive, (3.15)
where?
b b b
v = —sign [ — 1baf + [bo] ) (3.16)
b 2

Since in all cases the Kéhler structure is defined on C2, the canonical bundle is trivial
and one may indeed take A to be a global one-form on M,. We denote the restriction of this
global A to the conformal boundary M3 = My at y = 0 by A (). Then the formula (3.15)
for the charge of € under K = 9y, means that

1 i i _
Ay = ydy — Zw(l)(dw + b)) + Zazw(o)dz - Z@gw(o)dz : (3.17)

This is the restriction of (3.4) to y = 0, together with a gauge transformation A — A+~dy
which accounts for the charge (3.15). One can show independently that (3.17) then defines
a global one-form on M3 22 S3, which leads to another formula for v that was derived in
section 3.3 of [5], although we will not need this in the present paper.

3.3 Uplifting to D = 11 supergravity

In order to study the M2-branes dual to Wilson loops, we need to uplift the four-dimensional
geometry to an eleven-dimensional supergravity solution. More precisely, we are interested
in a class of NV = 2 supersymmetric My x Y7 backgrounds of M-theory in Euclidean sig-
nature. In Euclidean signature there are certain factors of i that appear relative to the
uplifting formula in Lorentzian signature of [18]. Again, this will be important for correctly
evaluating the M2-brane action.

The action of D = 11 supergravity in Euclidean signature is

1

S =
! (2m)8¢9

. .
(/d“x I [—R+ 2dC/\*HdO] —i—é/C’/\dC/\dC’) . (3.18)

4We also denoted the Wilson line curve by « : S* — M3 in section 2, but have chosen to use the same
symbol for the charge of € under K as this was also used in [1, 5].
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Here we have denoted by gi1 the eleven-dimensional metric, with associated Ricci scalar
R, C is the three-form potential and ¢, denotes the eleven-dimensional Planck length. The
equations of motion for the metric and C-field follow immediately:

1 1
RaB — E(GA010203G30102CS - EQABGz) =0,

d*11G+%G/\G:0, (3.19)

where we have defined G = dC and A, B,C = 1,...,11. It is also useful to define G7 =
i(+11G + 2C A G) so that the equation of motion for G is simply dG7 = 0.

An ansatz that leads to a consistent truncation to four-dimensional gauged super-
gravity in Lorentz signature was given in [18]. Here the internal space Y7 is taken to be
any Sasaki-Einstein seven-manifold Y7 with contact one-form 7, transverse Kéhler-Einstein
six-metric ds2 with Kéhler form wr = dn/2, and with the seven-dimensional metric nor-
malized so that Ric = 6gy,. The consistent truncation ansatz in Euclidean signature then
becomes

ds?;, = R?

)

1., 1\,
stM‘l + 7]"‘ §A +dST

3 1

As before, ds?w4 is the four-dimensional gauged supergravity metric on My with gauge field
A, field-strength F' = dA and volume form voly. The radius R is

21l,) 0N
o = @b N 3.21
6Vol(Y7) ’ ( )
where N is the number of units of flux
1
N=———— Gr . 3.22
G0 Jy, (322

Substituting the ansatz (3.20) into the equations of motion (3.19), we find the latter are
equivalent to the metric g, corresponding to ds?\/l,4 and F satisfying

1
R,uz/ + 3g;w =2 (F,upFup - 4F29uu> >
dssF=0. (3.23)

The ansatz (3.20) then solves the eleven-dimensional Euclidean equations of motion if and
only if the four-dimensional metric g,,, and gauge field A are a solution of four-dimensional
Euclidean gauged supergravity.

3.4 BPS M2-branes

We are interested in calculating the action of M2-branes that are dual to Wilson loops of
the dual gauge theory on M3. These M2-branes wrap Yo X S}w, where the surface 3o C M,
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has boundary given by the Wilson line %9 = S* C M3 = My, and S}, C Y7 is a copy of

the M-theory circle. In particular we will show that submanifolds Yo C My parametrized

by the radial direction y in M4 and an orbit of the Killing vector K are complex with

respect to the complex structure J of the conformal Kéhler metric to dsfm. The wrapped

M2-brane is then supersymmetric.® Over the poles S* C M3 = S3 the topology of X5 is a

disc, where y € (0, 39| serves as a radial coordinate with the origin of the disc at y = yo > 0.
The action of the M2-brane is

(3.24)

Vol(23 x S3/) —I—i/ C

EQXSM

1
SM2 = 553
(2m)263

A supersymmetric M2-brane satisfies an appropriate k-symmetry condition, which may be
written as [19]

Pe;; = 0, where P = ;<1— :;SijkaiXManNakprMNp> , (3.25)
with 4, j, k indices on the worldvolume. Here €11 is the eleven-dimensional Killing spinor
for the background (3.20), which is constructed as a tensor product of the four-dimensional
spinor € and the Killing spinor on the internal space Y7. The r M are eleven-dimensional
gamma matrices, with X describing the M2-brane embedding. One can analyse (3.25)
precisely as the authors did in [6]. The upshot is that S}, C Y7 must be a calibrated circle
in Y7 [6], while taking Yo C My to be a surface at constant z, parametrized by y and ),
one finds (3.25) is equivalent to the projection condition

(1 - iF5F01)6 = 0. (326)

Here we have used the orthonormal frame (3.5), and I's = I'gI'1I'2I's with I',, defined
by (3.9) (in the orthonormal frame). Using the explicit form for € in (3.10) it is trivial to
see that (3.26) indeed holds. Moreover, 3 is calibrated with respect to the Kéhler form
for the conformal Kahler metric, making it a complex curve.

Let us now calculate the action (3.24) for our M2-brane. Using the self-dual four-
dimensional supergravity solution of section 3.1 and the uplift (3.20) the C-field is computed
to be

C = —iR? (—;r + %F A n) , (3.27)

where
I = 2;(d¢ + o) Ndo + ;?)(dw +¢) A2iVeVdz ANdZ, (3.28)
and dI' = —3voly. The area of the surface 3o in My is divergent, but can be regularized

by subtracting the length of its boundary, i.e. the length of the S' in Mg at y =90 — 0.

5More precisely the copy of Si; C Y7 must also be calibrated by the contact one-form 7 on Y7. Since
this internal space geometry is identical to the AdSs x Y7 backgrounds studied in [6], in this paper we focus
on the geometry of My.
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Notice this is then a local boundary counterterm. If we denote by M, f the manifold M,
with boundary M{ = {y = 6} (with 0 < § < yo), and similarly for £33 etc, the action of the
M2-brane is

1 R3
Sy = ——— — vola - 1i Iy, — Lzt F
M (2m)265 Js1 4 YOS 550 [/zg Yo /azg W +/Eg

Here we have written VOIS}V[ for the volume form on S}, induced from the metric g7, and

(3.29)

similarly for voly, and the metric gps,. Applying Stokes’ theorem for the gauge field term
F = dA we then compute®

s 1 / ol Tl R3 i /yo dy 1 1 / A
= —— AY 1 D —— e — P —
2 (2m)26 Jst o2 s |\Js 2 6V, 2, 2) 2rl Joxs

1
1 T/R? 1 1 1

Recall here that 27m¢ denotes the length of the orbit of K, as in (2.14). The contribution of
the M-theory circle S}, is exactly the same as for the AdS, x Y7 backgrounds studied in [6],

and is expressed in terms of the contact form 7 on Y7 and the Dirac quantized number N
of (3.22). The gauge field integral is easily computed, thanks to (3.17)

1
A= [ Ay = 22w —i—’y) . 3.31
9% 0% © < 4 (3.31)

Putting everything together, and using the formula (3.13) for yy, we have

log (W) = —Sye = £(|by +bo| +7) - M N2 (3.32)

gravity

Using the round sphere result of [6]

(277)2 fs]lw n
2 fy7 nA (dﬁ)3

log < Wiound >gravity = Nl/z ’ (333)

and the formula (3.16) for v, in both cases b1 /b2 > 0 and b; /b2 = —1 we obtain

bi| + |b
log < w >gravity = |1’2|2’£ -log < Wiound >gravity : (334)

In [6] it was shown in numerous families of examples that the large N limit of the Wil-
son loop on the round three-sphere and the M2-brane in AdS4 have the same VEV, i.e.
log { Wiound )QFT = log ( Wround ) gravity holds to leading order at large N. Assuming this

5The sign in front of the gauge field term arises because y is decreasing towards the boundary of My,
and hence dy points inwards from Ms. Thus the natural orientation of the boundary we take is opposite
to that in Stokes’ theorem.
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to be the case, equations (2.20) and (3.34) mean that we have shown very generally that
in the large N limit

lOg ( W >QFT = IOg ( w >gravity (335)

where now the field theory is defined on a general class of background three-manifolds M3,
with fillings My in four-dimensional gauged supergravity.

We conclude this section with two further comments. Firstly, it is interesting to note
that when the orbit of K is one of the poles of S3, where correspondingly ¢ = 1/|b;| or
¢ = 1/|ba| respectively, the Wilson loops are then functions only of |b1/bs|, just as for the
free energy (1.1). Secondly, in the case that b1 /by = m/n is rational and the Wilson line
wraps a generic orbit v C T2 C S® (i.e. not at either pole), then the curve X5 C My = C?
wrapped by the dual M2-brane is the Brieskorn-Pham curve {2 = 2z*} C C2. This follows
since supersymmetry pairs the orbit of K with its complexification in M, = C?, meaning
that Yo is swept out as a generic C* orbit of (21, 22) — (A™21,A"22), with A € C*. The
curve {27 = 2"} adds the origin in C? at y = yo, which is a singular point when m,n > 1,
although notice this does not affect our computation of the M2-brane action, which is
finite. It is well-known that (m,n) torus knots in S may be realized as links of the above
Brieskorn-Pham curves, and it is interesting to see that this construction is realized as the
holographic dual of the knot.

4 Examples

Our derivation of the formula (3.34) was necessarily somewhat indirect, as we have shown
that it holds for a very general (infinite-dimensional) class of solutions. In particular we
didn’t need to use the explicit form of the solution to the Toda equation (3.3). In this
section we illustrate our general results by discussing two explicit families of solutions,
where all quantities in the previous section may be written down in closed form. We will
focus on the four-dimensional part of the M2-brane calculation, in particular showing how
the factor £(|b1] + |b2])/2 in (3.34) arises explicitly in these cases. In order to do so we will
use the results of the previous section that allow us to write

log < w >gravity = Sblbe ’ log < Wround >gravity ’ (41)

1
Sbl,bQ = % (—/ VO]E2 —l—/ VOlag2 +/ A> . (4.2)
Yo 0Xo 0o

Here we cut off ¥ at y = ¢, and (4.2) is then understood to be the limit § — 0. We
compute (4.2) directly in the examples, confirming that (3.34) indeed holds in these cases.

where

AdS,. We begin with the metric on Euclidean AdS4, which can be written

2

o 0 (@07 +cos? vt + sin ddg) (4.3)

2 _
dsgaas, =
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Here ¢ is a radial variable with ¢ € [0,00), so that the origin of My = R* is at ¢ = 0 while
the conformal boundary is at ¢ = co. The coordinate ¥ € [0, ], with the endpoints being
the two axes of R? ® R? = R%,

Of course the metric (4.3) is conformally flat, which leads to a trivial graviphoton
A = 0. However, we may instead pick a general supersymmetric Killing vector K =
b10,4, + b20,,. This leads to a family of conformal Kéhler structures on C?, where the
explicit formulae for the conformal factor y and the metric function w(y, z,Z) may be
found in [5]. In particular one calculates the local gauge field given by (3.4) to be

(bl + ba/ g% + 1) der + (bz + iV + 1) deo
2\/(b2 +b1v/q? +1)2cos2 9 + (by + bay/q% + 1)2sin2 0

which is a non-trivial instanton on Euclidean AdS4. In fact this solution was first found
in [16] using very different methods. Omne can check that the field strength FF = dA
for (4.4) indeed defines a smooth, non-singular instanton on EAdS, precisely when b; /by >
0 or by /by = —1, with by/bs = +1 both giving trivial instantons. When by /by < 0 and
b1/ba # —1 the instanton is singular along one axis or the other.

Alocal = s (4.4)

Writing A as a global one-form and restricting to the conformal boundary at ¢ = oo
we obtain

badpr + bidp
2\/b% cos? ¥ + b3 sin® ¥

L . :
Ay = — —(sign(b2)dp; + sign(by)deps) . (4.5)

In particular notice this is well-defined at both poles ¢ = 0 and ¢ = w/2. The submanifold
¥, is parametrized by the radial direction ¢ in AdS; and the S' wrapping ¢1 or o when
¥ =0 or ¥ = /2, respectively.

We now turn to computing (4.2). Notice that the dependence on by and by arises only
via the gauge field A, and not from the metric. Indeed, we compute

{—/ voly, +/ V01322:| =27, (4.6)
Yo 0%

and

Ay = 7'['(‘%‘ — sign(by)) - sign(by) ity =0, (4.7)
) TF(W — sign(by)) - sign(be) ity =m/2.

The overall factors of sign(by), sign(bs) for ¥ = 0, 7/2 arise because the orientation of 93
is determined by K. Equation (4.2) immediately gives for all regular cases that

|b1] + |b2]

ifd=0
B 2|b1] ’
Souts = o] + ool if 9 =m/2. v
2|bs|
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In particular using the variable ¢ introduced previously, which is given by ¢ = 1/|b;| and
1/]be| for the ¥ = 0 pole and ¥ = 7/2 pole, respectively, we obtain for both poles and all
regular cases that

b b
Sy, = LAl T 1Bl

1,02 2 ) (4.9)

as expected.

Taub-NUT-AdS4. The Taub-NUT-AdS, metrics are a one-parameter family of self-dual
Einstein metrics on the four-ball, and have been studied in detail in [20, 21]. The metric

may be written

2 2 2
2 _Im =58, 9 2 2y/ 2 2 4s°Q(r) o
d84 = Q(r) d'f' +(T — S )(0'1 +O'2)+m0'3, (410)
where
Q(r) = (r ¥ 8)?[1 + (r F s)(r £35)], (4.11)

and o1, 09,03 are left-invariant one-forms on SU(2) ~ S3. The latter may be written in
terms of Euler angle variables as

o1 +ioy = e7(df +isindyp), o3 = d¢+cosfdy . (4.12)

Here ¢ has period 4, while 6 € [0, 7] with ¢ having period 27w. The radial coordinate r
lies in the range r € [s, o0), with the origin of the ball = R* being at r = s. The parameter
s > 0 is referred to as the squashing parameter, with s = % being the Euclidean AdSy
metric studied in the previous section. The metric is asymptotically locally Euclidean AdS
as r — 00, with

dr?
ds? ~ T T (0% + o5 + 45°03) (4.13)

so that the conformal boundary at r = oo is a biaxially squashed S3.

While the Taub-NUT-AdS metric (4.10) has SU(2) x U(1) isometry, a generic choice of
the Killing vector K = b10,, +b20,, = (b1 +b2)0,+ (b1 —b2)O, breaks the symmetry of the
full solution to U(1) x U(1). In particular, this symmetry is broken by the corresponding
instanton A. On the other hand, in [20, 21] the SU(2) x U(1) symmetry of the metric was
also imposed on the gauge field, which results in two subfamilies of the above solutions,
which are 1/4 BPS and 1/2 BPS, respectively. In each case this effectively fixes the Killing
vector K (or rather the parameter by /bs) as a function of the squashing parameter s.

1/4 BPS solution: The supersymmetric Killing vector for this solution is K = —%&

and we have

1
bi=by = — - (4.14)
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Here ¢ = 1 — 2, ¢ = 1 + o is the change of angular coordinates. The boundary gauge
field A(O) is [21]

1
Ag) = 5(452 —1)os, (4.15)

which is a global one-form on M3 = S3. We may now take the surface X9 wrapped by
the M2-brane to be any S' orbit of the Hopf Killing vector 0, (at any point on the base
S? = S3/U(1),), together with the radial direction r. This is supersymmetric, and the
regularized volume of X5 is

[/ voly, +/ volaEQ} = 87s?, (4.16)
Yo 0o
while the gauge field integral is
/ Ag) = —2m(4s®> — 1) . (4.17)
[2)30
This leads to
b b
Spp =1 = 1R (4.18)

where ¢ = 4s is the length of K divided by 2.

1/2 BPS solution: The Taub-NUT-AdS metric (4.10) also admits a 1/2 BPS solu-
tion [20, 21]. There are thus two linearly independent Killing spinors, and an appropriate
linear combination preserves U(1) x U(1) symmetry, leading to the Killing vector

K = (25—}—\/452—1) a0, + (i—?s— \/452—1) o, | (4.19)

so that
1 1
bl = 477 b2 = *47+25+ \V 452*1 . (420)
S S
The boundary gauge field is

A(O) = SV 482 — 103 . (4.21)

This time we take the Wilson loop to wrap one of the two poles # = 0, # = 7. These are
both copies of S!, and X5 is again formed by adding the radial direction r. The boundary
gauge field is

Ag) bpote = { VIS Ly 00, (422
—25v/452 — 1 dipy ifd=m.
The regularized volume is again 8ms?, which then gives
S — { 25(2s +V4s2 —1)  if =0, (423)
’ 25(25 — /452 — 1) itg=m.
In both cases we indeed have
Sby by = |b1|;|b2|f, (4.24)

where ¢ = 1/|b1|, £ = 1/|bs| for the two poles.
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5 Discussion

In this paper we have derived the formula (1.2), (1.3) for the expectation values of large
N BPS Wilson loops, in both gauge theory and in supergravity. In particular the gauge
theories are defined on a general class of supersymmetric backgrounds Mz =2 S3, which in
the supergravity dual arise as the conformal boundaries of self-dual solutions to gauged
supergravity. A key feature of the gravity calculation is that we are able to evaluate the
regularized M2-brane action, that is identified with the Wilson loop VEV, without using the
explicit form of the metric and graviphoton field. This seems to be a general feature of such
computations of BPS quantities in AdS/CFT, and allows us to verify the correspondence
for these observables in a very broad class of solutions.

The results described in this paper lead to a number of questions, and possible future
directions to pursue. First, in supergravity we have restricted to self-dual solutions, while
more generally there are also non-self-dual solutions to gauged supergravity. A local study
of these solutions appears in [22], while global asymptotically locally Euclidean AdS solu-
tions were constructed in [21]. Presumably the methods we have used extend to this general
class of solutions. In particular the Wilson loop was computed for a charged topological
black hole background in [23], and successfully compared to a field theory calculation.
The non-self-dual solutions in [21] all have the feature that the bulk M, has non-trivial
topology, which in turn leads to issues in interpreting them holographically (and in par-
ticular uplifting to eleven dimensions restricts the choice of Y7, implying the solutions are
only relevant to specific gauge theories on Ms). It would be interesting to try to calculate
Wilson loops in such examples, and compare to a dual field theory computation. Indeed,
in [21] it was argued that in appropriate circumstances (W) = 0 in supergravity, via a
similar mechanism to that in [24]. Typically here the boundary M3 in such examples has
a non-trivial fundamental group, as in the large N gauge theory computation in [25], and
there is indeed evidence that if the R-symmetry gauge field on M3 has non-trivial topology
then the large N Wilson loop VEV vanishes also in the gauge theory.” Finally, it is now
clear that similar results should also hold in higher dimensions. A very similar formula
to (1.2), (1.3) was found to hold for certain supersymmetric squashed five-sphere confor-
mal boundaries and their gravity duals in [27, 28], and was conjectured to hold for general
backgrounds in those references. It would also be interesting to compute Wilson loops in
the general class of S' x S3 Hopf surface geometries in [29].
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"The matrix model behaviour is then much more complicated, and seems difficult to analyse analytically,
but very roughly speaking the Wilson loop VEV averages to zero due to the sum i;é w’; = 0, where w), is
a primitive pth root of unity. This arises from the fact that the dominant contribution to the Wilson loop

at large N comes from a non-trivial flat connection, with w]; related to its holonomies [26].
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